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Abstract

Aero-engines operating with supersonic fan tip speeds generate an acoustic signature containing energy
spread over a range of harmonics of the engine shaft rotation frequency. These harmonics are commonly
known as the ‘‘buzz-saw’’ tones. The pressure signature attached to a supersonic ducted fan will be a
sawtooth waveform. The non-linear propagation of a high-amplitude irregular sawtooth upstream inside
the inlet duct redistributes the energy amongst the buzz-saw tones. In most modern aero-engines the inlet
duct contains an acoustic lining, whose properties will be dependent on the mode number and frequency of
the sound, and the speed of the oncoming flow. Such effects may not easily be incorporated into a time-
domain approach; hence the non-linear propagation of an irregular sawtooth is calculated in the frequency
domain, which enables liner damping to be included in the numerical model. Results are presented
comparing noise predictions in hard-walled and acoustically lined inlet ducts. These show the effect of an
acoustic liner on the buzz-saw tones. These predictions compare favourably with previous experimental
measurements of liner insertion loss (at blade passing frequency), and provide a plausible explanation for
the observed reduction in this insertion loss at high fan operating speeds.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Aero-engines operating with fan tip speeds which exceed the speed of sound are known to
generate an acoustic signature which contains energy spread over a wide range of harmonics of
the engine shaft rotation frequency. Variously referred to as ‘‘multiple pure’’, ‘‘combination’’ or
‘‘buzz-saw’’ tones, this noise source has been a prevalent feature of aircraft noise since the entry
into service in the 1970s of higher bypass ratio aircraft engines.
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Typically the dominant tones generated by a supersonic ducted fan will have frequency less
than the blade passing frequency (BPF). Therefore buzz-saw noise is usually identified by its lower
pitch, compared with high-pitched tonal noise (BPF harmonics) generated by a subsonic fan.
Buzz-saw noise is clearly audible during take-off and climb, and will affect the cabin and
community noise levels. This noise source remains a current concern with the advent of larger
aircraft engines, the likelihood of more stringent noise regulations and a public demand for lower
aircraft noise levels.

Research reported during the 1970s including Refs. [1–6] offered a reasonable explanation of
the basic generation and controlling mechanisms of the buzz-saw noise in terms of the non-linear
propagation of a high-amplitude irregular sawtooth pressure signature within the engine inlet
duct.

The generation of buzz-saw noise is usually described in terms of a simple plane two-
dimensional model of the ‘‘rotor-alone’’ pressure field inside the inlet duct of an aero-engine (cf.,
Fig. 1). The fan is represented by a cascade of rotor blades. The Mach numbers of the uniform
inlet flow and rotor blade tips are Ma and Mt; respectively. In a frame of reference rotating with
the fan, there will be a flow impinging on the rotor blades with relative Mach number Mrel : For
Mrel > 1 the rotor-alone pressure field consists of a series of shock waves and expansion fans,
which extend upstream of the fan. The pressure signature in a direction normal to the shock fronts
is a sawtooth pressure waveform. On assuming that the flow is only supersonic over a small radial
extent, close to the rotor blades’ tips, then the sawtooth will be confined radially to a location
close to the duct wall. The sawtooth will spiral upstream inside the inlet duct in a helical path.
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Fig. 1. Shock-wave generation by a supersonic fan (after McAlpine and Fisher [11, Fig. 1]).
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Shortly upstream of the fan most of the energy in the sawtooth frequency spectrum is located at
harmonics of BPF. Stratford and Newby [6] have shown that close to the fan’s leading edge, small
variations in the sawtooth waveform are predominantly caused by blade stagger angle variations.
There will be energy in the frequency spectrum of an irregular sawtooth at harmonics of the
engine shaft rotation frequency F; namely engine orders (EO). The EO harmonics are spinning
modes which are steady in a frame of reference rotating with the fan/rotor. In this paper all the
EO harmonics (including the BPF harmonics) will be known as the rotor-alone tones, whereas the
buzz-saw tones will only specifically refer to the EO harmonics with frequency less than BPF.

The shocks in an irregular sawtooth will propagate at slightly different speeds relative to each
other. Therefore, the redistribution of energy between the EO harmonics occurs during the non-
linear propagation of the initially high-amplitude sawtooth waveform. By the end of the duct the
blade-to-blade periodicity in the sawtooth will be lost, and the dominant energy in the frequency
spectrum will typically be located at EOs whose frequencies are less than BPF, i.e., the buzz-saw
tones.

There has been less research on the full three-dimensional problem concerning the generation
and propagation of buzz-saw tones. The most recent analytical work on the full three-dimensional
problem appears to have been by Sijtsma in 1995 [7]. Sijtsma presented a new non-linear analysis,
capable of including the effect of acoustic lining, which predicted that buzz-saw noise will be
significantly reduced by a passive acoustic liner in the aero-engine inlet duct. More recently CFD-
based predictions of buzz-saw noise have been presented in an extensive report by Gliebe et al. [8].
(The terminology MPT—multiple pure tones—is used in Ref. [8].) Gliebe et al. conducted three-
dimensional CFD simulations of several fan blade passages to investigate how modifications to
the fan blades affected the MPT noise. They found that forward swept blades and blade sorting
(changing the order of the blades around the fan disk) showed predicted MPT noise reductions.
The effect of an acoustic liner on the buzz-saw/MPT noise was not considered in Ref. [8].

In this paper, predictions of buzz-saw noise in an acoustically lined aero-engine inlet duct are
obtained by calculating the non-linear propagation of a sawtooth pressure signature. This
approach is based on the plane two-dimensional model of the rotor-alone pressure field inside an
aero-engine inlet duct proposed by researchers in the 1970s.

In 1970 Morfey and Fisher [9] calculated the non-linear attenuation of a regular sawtooth in
terms of the ‘‘time of flight’’ T ; where

T ¼ a0t=l ¼ ðz=DÞK ; ð1Þ

and

K ¼ ðB=pÞ
M4

relffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

rel � 1
q ðMa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

rel � 1
q

� MtÞ
�2: ð2Þ

Note that a0 is the undisturbed speed of sound ðm s�1Þ; l is the inter-shock spacing ðmÞ; B is the
number of fan blades and D is the duct diameter ðmÞ: Eq. (1) relates the time of flight of a wave
spiralling around a cylindrical duct in terms of the axial distance propagated ðzÞ:

Then for a regular sawtooth the shock strength ps is given by

psðTÞ ¼ P0s=ð1 þ ððgþ 1Þ=2gÞTsÞ; ð3Þ
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where P0 is the mean static pressure, g is the adiabatic constant and s ¼ psð0Þ=P0 is the (non-
dimensional) initial shock strength. Morfey and Fisher [9] derived Eq. (3) by using weak-shock
theory.

Recently, Fisher et al. [10] used the sawtooth model in order to predict the noise from a
supersonic ducted fan. Eq. (3) was used in Fisher et al. as a first approximation to describe the
non-linear attenuation of a regular sawtooth in a hard-walled inlet duct. The non-linear
propagation of an irregular sawtooth is calculable in the time domain. However, the main
limitation of this approach is that there is no provision for the inclusion of the effect of the inlet
duct wall on the attenuation of the waveform. In most modern aero-engines the inlet duct will
have an acoustic lining covering a large portion of the available duct wall area. Fig. 2 is a sketch of
a soft-walled (i.e., acoustically lined) cylindrical inlet duct (not to scale). The performance of an
acoustic liner in an inlet duct will depend upon the mode number and frequency of the sound, and
the speed of the oncoming flow. Fisher et al. recognized that in order to predict the effect of an
acoustic liner on the rotor-alone tones, the problem should be transformed into the modal/
frequency domain, enabling liner attenuation to be simply included in the model.

Following Fisher et al., in 2001 McAlpine and Fisher [11] considered the prediction of buzz-saw
noise generated by an aero-engine by using two numerical simulation models. These models were
identified by the acronyms time domain numerical solution (TDNS) and frequency domain
numerical solution (FDNS). Both models calculate the non-linear propagation of an irregular
sawtooth (representative of the pressure close to the inlet duct wall) in the time (TDNS) or
frequency (FDNS) domain. In Ref. [11] the FDNS model was developed to be applicable with
hard- or soft-walled inlet ducts. However in Ref. [11] results were confined to comparisons
between the FDNS model and experimental data measured in a hard-walled inlet duct, (using
data obtained by Rolls–Royce plc during the European Community research programme
FANPAC). These comparisons suggested that the FDNS model may be used as a simple method
to predict the rotor-alone tones in a hard-walled inlet duct.

In particular, by transforming the problem into the modal/frequency domain, the effect of cut-
off in a hard-walled inlet duct at the low frequencies is included in the prediction. The effect of
cut-off is not easily included in a time-domain model. Therefore in Ref. [11] the TDNS model was
only used during the validation of FDNS. In theory the FDNS model may also be used with an
acoustically lined inlet duct, provided that an estimate of the liner performance is known.
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The construction of an initial sawtooth to approximate the rotor-alone pressure field near the
fan is described in Ref. [11]. This method relies on some prior knowledge of the amplitudes of the
rotor-alone tones close to the fan plane. However the phases of these tones are not required,
although without the phases it is not possible to construct a unique waveform. Therefore a sample
of waveforms are constructed (each with a different set of initial phases for the rotor-alone tones)
and the results from a series of FDNS simulations are averaged in order to generate a ‘‘mean’’
prediction. These simulations provide an estimate of the variation in the results due to small
changes in the initial pressure signature (which may be thought of due to changes in the order of
the blade stagger angle variations).

Experimentally, it is difficult to measure the ‘‘exact’’ sawtooth waveform near the fan because the
required data sampling rate must be very high. In principle, if the location and amplitude of the
shocks could be accurately ‘‘captured’’ by using a sufficiently high sampling rate, then the measured
pressure signature close to the fan could be used as input to FDNS. This would permit a better
comparison between experiment and theory because the initial phases of the rotor-alone tones would
be known. In simplistic terms a measured sawtooth pressure signature may be viewed as a single
‘‘observation’’ for a fan. The numerical simulations may be viewed as predictions for a sample of
‘‘observations’’ for a fan, say undergoing a series of tests. This provides an estimate of the sensitivity
of the tone levels to small changes in operating conditions (during each test). Thus the final ‘‘mean’’
FDNS prediction does not represent a precise attempt to predict the experimental data.

Both TDNS and FDNS are simple numerical prediction models. On a modern PC the run-times
are about 60 s and 1 h; respectively. Therefore in order to generate a ‘‘mean’’ prediction, in
practice, the FDNS model requires several hours computational run-time. This is predominantly
due to the large number of EO harmonics to be calculated during each simulation. This number of
harmonics largely determines the computational effort required, and a reduction in the number of
harmonics to be calculated will improve the suitability of using FDNS as a simple prediction
method.

In Ref. [11] the amount of numerical dissipation included in the FDNS model, in order to
truncate the Fourier series expansion of the sawtooth waveform, was determined by comparison
between the results from FDNS for a regular sawtooth, and the analytic theory (i.e., Eq. (3)). In
Ref. [11] it was demonstrated that by calculating a large number of harmonics, up to frequencies
of 100 � BPF; then results obtained for frequencies up to about 10 � BPF were comparable with
regular sawtooth theory, provided there was sufficient dissipation included in the model. In this
paper one demonstrates that less harmonics need to be calculated if the amount of dissipation is
determined more precisely. The result is a more accurate simulation, with a run-time more
comparable with TDNS.

The numerical dissipation largely dissipates energy at high frequencies (typically up to
100 � BPF). In weak-shock theory it is implicitly assumed that the energy is dissipated by the
shocks; this process is more efficient at high frequencies.

Section 2.1 briefly reviews the FDNS model developed in Ref. [11]. Then in Section 2.2 the non-
linear propagation of a regular sawtooth with damping is considered. An analytic expression is
derived (similar to Eq. (3)), with the rather idealized assumption that the damping is independent
of mode number and frequency. It is shown that for a regular sawtooth the time or frequency
domain approach will yield identical results provided that in the frequency domain all the modes
are included in the calculation.
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The effect of a realistic acoustic lining (with damping properties dependent on mode number
and frequency of the sound, and the oncoming flow) may be included in FDNS. There will then be
an additional source of dissipation in the numerical model. In theory the two sources of
dissipation in FDNS are associated with significantly different frequency ranges. (An acoustic
lining in an aero-engine inlet duct will usually be designed to provide maximum attenuation at
frequencies close to the first few BPF harmonics.) In Section 2.2 a comparison between FDNS for
a regular sawtooth (with damping), and analytic theory shows poor agreement. There is too much
numerical dissipation in FDNS when the liner has reduced the tones to linear amplitudes.

In Section 2.3 the numerical dissipation required in the FDNS model with liner damping is
determined more precisely. A method is outlined which improves the FDNS results (when
compared with the analytic theory for a regular sawtooth), and requires significantly fewer
harmonics to be calculated. This has the added benefit that the computational effort required is
substantially reduced. In order to identify the changes to the FDNS model which are implemented
in Section 2.3 in this paper, define FDNS(1) to denote the model in Ref. [11], and FDNS(2) to
denote the model in this paper. (Note that the only difference between the two models is the
numerical dissipation term.)

There is currently limited experimental data measured in acoustically lined inlet ducts for
comparison with results from FDNS. In Section 3 experimental measurements of the liner
insertion loss reported by Sarin and Rademaker in 1993 [12] are discussed. Ref. [12] details
measurements of the liner insertion loss at the end of an inlet duct for the BPF tone. The insertion
loss is a measure of the liner performance, although as will be seen it does not necessarily equal the
predicted linear liner performance (see Section 2.2).

In Section 3 FDNS predictions of the rotor-alone tones in a hard-walled and acoustically lined
inlet duct are compared. In particular the liner insertion loss for the BPF tone is predicted at two
(supersonic) fan operating speeds. The experimental measurements and numerical results both
suggest that at high fan speeds the liner insertion loss will be approximately zero. The results are
discussed critically.

2. Theory

2.1. FDNS(1)

The FDNS model was described in McAlpine and Fisher [11], and only the necessary details are
repeated in this paper. The non-linear propagation of an irregular sawtooth pressure signature is
calculated by using

@p=@t þ ½ðgþ 1Þ=2r0a0� p @p=@x ¼ 0; ð4Þ

where p is the deviation from P0; r0 is the mean density, and the spatial co-ordinate x (with
velocity a0) is the direction normal to the shock fronts (cf., Fig. 1). (In Ref. [13, pp. 648–656],
Eq. (4)—the ‘‘simple wave equation’’—is derived from the non-dissipative Euler equations by
using the method of multiple scales.) On assuming the weak-shock approximation remains valid,
then the propagation of a waveform including weak shocks may still be described by Eq. (4)
(cf., Ref. [14, p. 176]).
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On substituting the non-dimensional variables,

T ¼
a0t

l
; X ¼

2p
B

x

l
and P ¼

gþ 1

2g

� �
p

P0
ð5Þ

into Eq. (4), the non-dimensional ‘‘simple wave equation’’ will be

@P=@T þ ð2p=BÞP @P=@X ¼ 0; ð6Þ

where B is the number of rotor blades (or equivalently the number of N-waves in the initial
sawtooth).

The sawtooth is then expressed in terms of a complex Fourier series

PðX ;TÞ ¼
XN

m¼�N

CmðTÞeimX ; ð7Þ

where C�m ¼ *Cm (B denotes complex conjugate), and C0 	 0: The rotor-alone pressure field
attached to a supersonic ducted rotor is thus expressed as a summation of Fourier modes; each
mode m is steady in the rotor’s frame of reference. The angular frequency o and azimuthal
wavenumber m of these modes are not independent. The ratio o=m (circumferential phase
velocity) is constant, and equals 2pF: Therefore the azimuthal wavenumber m is equivalent to the
engine order (EO).

On substituting Eq. (7) into Eq. (6) the Fourier coefficients Cm may be calculated by integrating
the set of coupled spectral differential equations:

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !
: ð8Þ

In FDNS(1) the Fourier series is truncated at the m ¼ Nth term, where NE100 � B: The
accumulation of energy in the modes near m ¼ N is negated by the inclusion of numerical
dissipation in the model. Burgers equation is the simplest model equation which includes non-
linearity and dissipative effects. (The simple wave equation is simply Burgers equation without
dissipation.) Therefore by using the non-dimensional Burgers equation

@P=@T þ ð2p=BÞP@P=@X ¼ ðe=B2Þ@2P=@X 2; ð9Þ

Eq. (8) are approximated by

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !
� e

m2

B2
Cm: ð10Þ

Then a linear attenuation term �sðmÞ Cm may also be added to Eq. (10)

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !
� e

m2

B2
Cm � sðmÞCm ð11Þ

to include (approximately) the effect of ‘‘cut-off’’ in a hard-walled, or liner damping in an
acoustically lined inlet duct. In order to initiate this calculation one needs an initial set of Fourier
coefficients CmðT0Þ at an arbitrary position upstream of the fan ðTET0Þ: Subsequently Eq. (11)
may be integrated numerically in order to obtain CmðTÞ:
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In Ref. [11] the FDNS(1) model was used to predict the rotor-alone tones in only a hard-walled
inlet duct. The results were compared with experimental measurements, and there was reasonably
close agreement between the predictions and data, particularly for the buzz-saw tones. In a hard-
walled duct sa03 EO m is cut-off. Typically only several of the low-frequency buzz-saw EO
modes will be cut-off. However in an acoustically lined inlet duct it is anticipated that sa0 for
all m:

In FDNS(1) a relatively large number of EO harmonics were calculated ðN ¼ 100 � BÞ in order
to generate accurate results. With N ¼ 100 � B; provided there is sufficient dissipation at the
high-frequency modes close to N; then results at considerably lower frequency mode numbers,
approximately 1–10 � B; will not be adversely affected by truncating the Fourier series. However
in order to reduce N then the numerical dissipation is required to be calculated more precisely.

2.2. Regular sawtooth with damping

Consider a regular sawtooth, and without loss of generality consider a single N-wave (i.e.,
B ¼ 1; see Fig. 3). The Fourier coefficients Cm for an N-wave (with the shock positioned at
X ¼ p) are

Cm ¼ ðiPs=2pmÞ cos mp; ð12Þ
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where Ps is the (non-dimensional) shock strength, and it is now understood that m is equivalent to
the BPF harmonic number. Now substitute Eq. (12) into Eq. (8) to obtain

dPs=dT ¼ �m2P2
s AðmÞ; ð13Þ

where

AðmÞ ¼ �
1

2

Xm�1

l¼1

1

ðm � lÞl
þ
XN

l¼mþ1

1

lðl � mÞ
: ð14Þ

The infinite summation in Eq. (14) is convergent, and it is straightforward to show that

m2AðmÞ ¼ 1: ð15Þ

Therefore Eq. (13) reduces to

dPs=dT ¼ �P2
s ; ð16Þ

(now independent of m) which may be integrated to obtain

psðTÞ ¼ P0s=ð1 þ ððgþ 1Þ=2gÞTsÞ; s ¼ psð0Þ=P0: ð17Þ

Eq. (17) describes the non-linear attenuation of a regular sawtooth, and was originally calculated
by Morfey and Fisher [9] by using weak-shock theory.

Now consider the non-linear propagation of a regular sawtooth through an attenuating
medium with absorption properties independent of mode number and frequency. Then the BPF
harmonics of the waveform will all be attenuated at the same rate, and the profile will remain a
regular sawtooth. Eq. (6) is modified by the inclusion of a linear damping term

@P=@T þ ð2p=BÞP@P=@X ¼ �sBP; ð18Þ

where sB is a real constant, prescribing the attenuation rate of all the BPF harmonics in the
sawtooth. Now on substituting Eq. (7) into Eq. (18)

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !
� sBCm; ð19Þ

and then substituting Eq. (12) into Eq. (19)

dPs=dT ¼ �P2
s � sBPs: ð20Þ

Eq. (20) may also be integrated to obtain

psðTÞ ¼ P0se�sBT=ð1 þ ððgþ 1Þ=2gÞTsð½1 � e�sBT �=sBTÞÞ: ð21Þ

Eq. (21) describes the non-linear attenuation of a regular sawtooth propagating through a fluid
with absorption independent of mode number and frequency. Eq. (21) was originally derived by
Fisher et al. [10] as a first approximation to describe the non-linear attenuation of a regular
sawtooth in an acoustically lined inlet duct.

In the limit as sB-0; Eqs. (17) and (21) are equivalent. Further, Eqs. (17) and (21) may be
approximated by

psðTÞE
P0

ððgþ 1Þ=2gÞT
and psðTÞE

P0

ððgþ 1Þ=2gÞT
e�sBTsBT ; ð22Þ
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when Tsb1 (and also assuming that sB5s). It is well known that for a regular sawtooth p2
r:m:s: ¼

p2
s=12; and the overall sound pressure level (OASPL) is given by

OASPL ¼ 10 log10ðp
2
r:m:s:=P2

ref Þ ¼ 10 log10ð
1
12

p2
s=P2

ref Þ: ð23Þ

Also the SPL of the BPF tone for a regular sawtooth is given approximately by

SPLEOASPL � 2:16 dB: ð24Þ

Therefore the SPL of the BPF tone in a hard-walled and acoustically lined duct will be given
approximately by

Hard-walled:

SPLE182:34 � 20 log10 T ; ð25Þ

Lined:

SPLE182:34 � 20 log10 T � 20sB T log10 e þ 20 log10 sBT : ð26Þ

Define the liner insertion loss to be the difference between the SPL by the end of the inlet duct
when the duct wall is hard and acoustically lined. From Eqs. (25) and (26) the predicted liner
insertion loss for a regular sawtooth will be

20sBTL log10 e � 20 log10 sBTL; ð27Þ

where T ¼ TL by the end of the inlet duct. Note that 20sBTL log10 e is the predicted linear liner
insertion loss, and 20 log10 sBTL is a non-linear correction. Therefore prediction of the SPL at the
end of an acoustically lined inlet duct may not necessarily be determined by simply subtracting the
linear liner performance from the measured SPL in a hard-walled duct. Overall in the lined duct
there will be less non-linear attenuation because the tones will decay more rapidly to linear
amplitudes because of the presence of the acoustic lining.

Fig. 4 shows a comparison between FDNS(1) results for a regular sawtooth with damping, and
the analytic theory (i.e., Eq. (21)). (An arbitrary value for sB is used in this example.) Results are
shown for 1, 5 and 10 � BPF: The comparison between the results is good at BPF, but poor at 5
and 10 � BPF: With the inclusion of damping the BPF harmonics are rapidly attenuated to linear
amplitudes. In practice when P51 (i.e., linear acoustics) Eq. (11) should reduce to

dCm=dT ¼ �sðmÞCm: ð28Þ

However Eq. (11) reduces to

dCm=dT ¼ �ðe m2=B2 þ sðmÞÞCm; ð29Þ

and there will remain too much dissipation in the FDNS(1) model. The inclusion of damping
increases the attenuation of the BPF harmonics (compared with a hard-walled duct when s 	 0
for all the BPF harmonics) and the excess dissipation in Eq. (29) is likely to adversely affect the
results. In FDNS(1) the numerical dissipation rate e is a constant. In a hard-walled inlet duct (of
typical length) this assumption is reasonable because it is unlikely that the harmonics will be
attenuated to linear amplitudes.

However in an acoustically lined inlet duct the harmonics are more likely to be attenuated to
linear amplitudes, and it will be necessary to reduce e accordingly. Therefore in Section 2.3 the
numerical dissipation rate e is determined more precisely by reducing e following the decay of a
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regular sawtooth waveform when Tb1: This change appears necessary when calculating the
rotor-alone tones in an acoustically lined inlet duct.

2.3. FDNS(2)

Once again consider a regular sawtooth (i.e., a single N-wave, B ¼ 1 and m is the BPF
harmonic number) and now re-arrange Eqs. (19)

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !

�
imp
B

2
XN

l¼Nþ1

Cl
*Cl�m

 !
� sBCm: ð30Þ

In 1996 Pishchal’nikov et al. [15] proposed a novel method to reduce the number of Fourier
harmonics necessary to be computed for waveforms with a single shock. Essentially they derived
an analytic expression for the term in Eq. (30) containing the infinite summation; the amplitude of
the shock Ps was determined by using a matching condition at m ¼ N: Then Eqs. (30) may be
numerically integrated with the number of harmonics N reduced to about 10 (for a single shock).
They did not discuss an extension to this method for waveforms containing more than one shock.
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In this paper a similar method to that proposed in Ref. [15] is used in order to reduce the
number of harmonics N to be calculated in FDNS(2). On substituting Eq. (12) into Eq. (30)

dPs

dT
¼ �m2Aðm;NÞP2

s � m2
XN

l¼Nþ1

1

lðl � mÞ

( )
P2

s � sBPs; ð31Þ

where

Aðm;NÞ ¼ �
1

2

Xm�1

l¼1

1

ðm � lÞl
þ
XN

l¼mþ1

1

lðl � mÞ
: ð32Þ

Following Ref. [15], Eq. (31) is equivalent to

dPs

dT
¼ �m2Aðm;NÞP2

s � m
XN

l¼N�mþ1

1

l

( )
P2

s � sBPs: ð33Þ

However in FDNS(1), on substituting Eq. (12) into Eq. (11)

dPs=dT ¼ �m2Aðm;NÞP2
s � em2Ps � sBPs; ð34Þ

with e a constant. Compare Eqs. (33) and (34), and in FDNS(2) redefine e such that

e ¼ %eðm;NÞPsðTÞ ¼
1

m

XN

l¼N�mþ1

1

l

( )
PsðTÞ; ð35Þ

with non-dimensional shock strength Ps given by

PsðTÞ ¼
e�sBT

ð 2g
gþ1

Þ1
s
þ ð½1 � e�sBT �=sBÞ

ð36Þ

from Eq. (21). The dissipation rate e is now a function of the BPF harmonic number m; the
number of terms N in the Fourier series, and the amplitude of the shock Ps:

It is straightforward to extend this definition of e (35) to be used in FDNS(2) for an irregular
sawtooth. Eq. (35) defines e ¼ %eðm;NÞPsðTÞ for a regular sawtooth with m the BPF harmonic
mode number. For an irregular sawtooth m is now the EO mode number. By using linear
interpolation between successive BPF harmonic mode numbers, a linear piece-wise continuous
function %eðm;NÞ may be constructed which is valid for all EO mode numbers m: Higher order
interpolation is not required.

Ps (the non-dimensional shock strength) has been calculated for a regular sawtooth assuming
that the attenuation rate sB is a constant. Therefore all the BPF harmonics are attenuated at the
same rate, maintaining a regular sawtooth waveform. For an irregular sawtooth Eq. (36) will
remain a valid expression giving the reduction in e with increasing T provided that the assumption
that all the BPF harmonics are damped at the same rate is a reasonable approximation. This will
depend on the nature of the acoustic lining in the inlet duct.

An alternative estimate for Ps may be calculated from the overall SPL. At each step in the
Runge–Kutta integration the OASPL may be calculated by summing up the energy in all the
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Fourier harmonics. For a regular sawtooth, from Eqs. (23) and (5)

OASPL ¼ 10 log10ðð2gP0Þ
2=12ðgþ 1Þ2P2

ref Þ þ 10 log10 P2
s : ð37Þ

By rearranging Eq. (37) Ps may be determined from the OASPL.
For an irregular sawtooth propagating in an acoustically-lined inlet duct the notion of a single

shock strength characterizing the waveform is no longer valid assuming that in practice the liner’s
performance will be frequency dependent. In this case the factor PsðTÞ multiplied by %eðm;NÞ in
Eq. (35) is best determined from the OASPL at each step in the numerical integration. (This will
slightly increase the computational effort because the OASPL has to be calculated at each step in
the integration.) Now PsðTÞ is a parameter determined by the overall energy in the waveform. As
this energy is dissipated by the acoustic lining the numerical dissipation in FDNS will decrease
proportional to the overall energy remaining in the waveform. The FDNS(2) results shown in
Section 3 are calculated with Ps determined by the OASPL.

In summary, in FDNS(2) the coupled spectral differential equations are now

dCm

dT
¼ �

imp
B

Xm�1

l¼1

Cm�lCl þ 2
XN

l¼mþ1

Cl
*Cl�m

 !

� %eðm;NÞPsðTÞ
m2

B2
Cm � sðmÞCm; ð38Þ

where sðmÞ simulates the effect of liner damping. The linear attenuation rate sðmÞ is dependent
upon mode number m (or frequency), and is calculated by setting

sðmÞ ¼ RefikzD=Kg ¼ �kziD=K ; ð39Þ

where kz ¼ kzr þ ikzi is the axial wavenumber for the least attenuated radial duct mode with
azimuthal mode number m; and K is defined by Eq. (2). The calculation of sðmÞ for a locally
reacting acoustic lining is described in Ref. [11]; brief details are included in this paper in
Appendix A.

Now in Section 2.4, it is shown that for an irregular sawtooth this modification is sufficient to
generate accurate results, with N reduced from 100 � B to 10 � B: This leads to a large reduction
in the run-time.

2.4. Validation of FDNS(2)

Firstly, consider a regular sawtooth with damping, and compare the respective results from
FDNS(1) and FDNS(2) with the analytic theory (i.e., Eq. (21)). Fig. 3 shows an N-wave
calculated by using FDNS(1) and FDNS(2). The initial waveforms in Fig. 3(a) are propagated
over the length of a typical inlet duct. In theory the waveforms are predicted to maintain their N-
wave shape because all the harmonics are attenuated at the same rate. By the end of the inlet duct
(see Fig. 3(b)) the waveform calculated by FDNS(1) no longer contains a shock, because there is
too much dissipation in the model. However by using FDNS(2) the N-wave maintains its shape.
(Note that in Fig. 3(a) and (b) Gibbs phenomenon is clearly visible on the high- and low-pressure
sides of the shock.)

Fig. 5 shows a comparison between FDNS(2) results for a regular sawtooth with damping, and
the analytic theory, using the same arbitrary value of sB used in the previous example shown in

ARTICLE IN PRESS

A. McAlpine, M.J. Fisher / Journal of Sound and Vibration 265 (2003) 175–200 187



Fig. 4. Compare the results obtained by using FDNS(1) with N ¼ 100 � B; and FDNS(2) with
N ¼ 10 � B; in Figs. 4 and 5, respectively. There is now exact agreement between the FDNS(2)
results and regular sawtooth theory. (The numerical dissipation term used in FDNS(2) was
derived by using the regular sawtooth theory, and therefore the results are expected to show
precise agreement with this theory.)

Secondly, consider a ‘‘typical’’ irregular sawtooth waveform constructed close to a ducted fan.
This example uses the identical irregular sawtooth constructed in Ref. [11] (Section 2.3, Figs. 11
and 12) when validating FDNS(1) with the time-domain model TDNS. Figs. 6 and 7 show a
comparison between results from FDNS(1) and FDNS(2) (again with N ¼ 100 � B and 10 � B;
respectively). Fig. 6 shows the first four BPF harmonics plotted against T ; (i.e., plotting the
attenuation over the length of a typical inlet duct). Fig. 7 compares the EO frequency spectrum at
two axial stations in the duct located (a) near the fan, and (b) near the end of the inlet duct. In the
examples in this paper there is clearly exact agreement up to frequencies of 4 � BPF: Therefore
these results (Figs. 6 and 7) together with Figs. 11 and 12 in Ref. [11] demonstrate the equivalence
of results obtained by using either TDNS, FDNS(1) or FDNS(2).

The run-time (over a typical duct length) for TDNS and FDNS(1) is about 60 s and 1 h;
respectively. With the reduction in the number of harmonics to be calculated in FDNS(2), the run-
time for FDNS(2) is now also about 60 s; comparable with the time-domain model. However
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FDNS includes the effect of cut-off in a hard-walled duct and an acoustic lining in a soft-walled
duct.

3. Results

In McAlpine and Fisher [11] experimental data obtained by Rolls–Royce plc during the
FANPAC research programme was compared against simulation results from FDNS. The
measured data was all obtained in a hard-walled inlet duct. In Ref. [11] results from FDNS
compared reasonably well with measured EO frequency spectra in the FANPAC hard-walled inlet
duct (at two axial stations located at z=D ¼ 0:25 and 0.5). While it is hoped in the future to
present detailed comparisons with measurement from lined inlet ducts, in this paper the capability
of FDNS is demonstrated by considering a ‘‘model’’ fan and inlet duct, with a locally reacting
perforate acoustic lining (known as a SDOF—single degree of freedom—liner).

In 1993 Sarin and Rademaker [12] reported in-flight measurements obtained in an untreated
(hard-walled) and acoustically lined inlet duct of the Rolls–Royce Tay 650 engine, of a Fokker
100 aircraft. Modal measurements were obtained upstream of the acoustic lining by using a
microphone array positioned around the circumference of the engine intake lip. The SPL of the
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BPF tone was measured at the engine intake lip, with and without the acoustic treatment, over a
range of engine speeds. The results were shown in Ref. [12, Fig. 8, p. 7], and are recreated in Fig. 8
in this paper. This illustrates the measured liner insertion loss as a function of the engine fan speed
(nominal load—NL). (Note that the NL specified in Ref. [12] was corrected for atmospheric
conditions at the flight altitude.)

In Fig. 8 the measured level in the hard-walled inlet duct increases rapidly above E60% NL:
This is close to when the fan tip speed becomes sonic. Between 65% NL and 80% NL the
measured liner insertion loss is between 10 and 20 dB: However above 80% NL the liner insertion
loss is approximately zero. In Ref. [12] it was also reported that buzz-saw noise became important
at fan speeds above 76% NL in the hard-walled inlet. However with the treated configuration the
dominant tones were the BPF harmonics. It was suggested that the decrease in the SPL of the BPF
tone measured in the hard-walled inlet duct at high speeds may be caused by the occurrence of
buzz-saw noise.

A direct comparison between these experimental measurements and FDNS results is not
possible because additional information not in Ref. [12] is required. Measurements in Ref. [12]
were obtained under flight conditions. Thus the Mach flight number rather than the inlet duct
Mach number (Ma) is known. Therefore at each engine operating speed (NL) only Mt; and not
Ma; is accurately deducible from the information detailed in Ref. [12].
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Hence results in this paper are presented based on flow speeds with relative Mach number Mrel

approximately 1.2 and 1.4. Mrel is chosen to be the parameter to identify the different FDNS
predictions because in the authors’ experience MrelE1:2 corresponds to when buzz-saw noise first
starts to become significant. Sarin and Rademaker note that buzz-saw noise is significant for
speeds above 76% NL: Therefore it is likely that the moderate supersonic operating speed
MrelE1:2 corresponds approximately to a NL between 70% and 80%; the higher supersonic
operating speed MrelE1:4 is likely to correspond to a NL above 80%.

FDNS results are calculated for a ‘‘model’ ’fan with 22 fan blades, diameter D ¼ 1:16 m and
design r:p:m: ¼ 8393: The acoustic lining extends over a length equivalent to 0:45D; has porosity
r ¼ 5:5% and depth h ¼ 0:028 m: The impedance of this lining is calculated by using Eqs. (A.6)
and (A.7) (cf., Appendix A). The specification for this ‘‘model’’ fan, inlet and lining is based on
the description in Ref. [12] of the Rolls–Royce Tay 650 engine.

Measurements of the EO frequency spectrum close to the fan are not available from Ref. [12] to
use for the initial conditions in the FDNS simulations. Therefore the initial sawtooth waveform
(approximating the rotor-alone pressure field at the fan face) is constructed by inferring from
Ref. [12] that close to the fan the BPF tone level is E170 dB; and the buzz-saw tone level is
approximately 20–30 dB less than BPF. It is assumed that the highest levels in the buzz-saw tones
occur at frequencies close to 1

2
� BPF: (See Ref. [11] for examples of EO frequency spectra
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measured close to the fan face in an inlet duct. The FDNS set-up procedure is also outlined in
Ref. [11], and not repeated in this paper.) It is assumed that the initial waveform located close to
the fan face will be the same with or without an acoustic liner in the inlet duct. The non-linear
propagation of this waveform ensures that the accuracy of this initial estimate of the irregular
sawtooth will have less effect on the subsequent results obtained at the end of the inlet duct,
compared with a linear propagation model.

The predicted linear liner performance at MrelE1:2 and 1.4 is shown in Fig. 9. The modal
attenuation rates predict linear attenuation for a length of lining ¼ 0:45D (i.e. the length of
acoustical lining in the inlet duct). At each speed the peak attenuation is at a frequency less than
BPF. At MrelE1:2 the attenuation at BPF ðEO ¼ 22Þ is about four times greater than at
MrelE1:4: There is also a broader band of EOs predicted to be well-attenuated at the lower speed.
It is straightforward to calculate that at MrelE1:2 in a hard-walled duct EO 1–4 are cut-off,
whereas when MrelE1:4 only EO 1 is cut-off.

FDNS predictions of the attenuation of the BPF tone in the inlet duct, and the EO frequency
spectrum near the intake lip (up to 4 � BPF), are shown in Figs. 10 and 11, respectively.

In Fig. 10 the attenuation of the BPF tone against distance upstream in the inlet duct is compared
at each speed with the comparable attenuation of a regular sawtooth waveform (by using Eqs. (3)
and (21)). This estimates the attenuation of the tone in the absence of any buzz-saw energy.
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In the hard-walled inlet duct the difference between the FDNS and regular sawtooth
predictions of the attenuation of the BPF tone is slightly greater at the higher speed (compare
Fig. 10(a) and (c)). The presence of high-amplitude buzz-saw tones will facilitate non-linear
attenuation of the BPF tone through sum and difference non-linear spectral interactions between
all the EO harmonics (compared with a regular sawtooth in which all the energy and hence non-
linear interactions are confined to the BPF harmonics). At higher speeds less of the low-frequency
EO buzz-saw modes will be cut-off, enabling the likelihood of more attenuation of the BPF tone.
Also the waveform will be swept more times around the inlet at the higher speeds leading to a
longer ‘‘time of flight’’ T in the duct. In a hard-walled inlet duct the level of the BPF tone at the
end of the duct will typically become slightly lower with increasing Mrel (or equivalently increasing
NL). However there is likely to be more buzz-saw noise at the higher speeds.

Comparing the level of the BPF tone at the end of the inlet duct at the two supersonic speeds; at
MrelE1:4 the BPF tone is about 7 dB less compared with the corresponding level when MrelE1:2:
Note that Sarin and Rademaker measure a reduction in the level of the BPF tone of slightly over
10 dB in the hard-walled inlet duct when the operating speed is increased from about 70% NL to
85% NL (see Fig. 8).
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Fig. 10. Predicted attenuation of BPF tone (calculated using FDNS(2)), - - - regular sawtooth and — irregular

sawtooth: (a) hard-walled inlet MrelE1:2; (b) lined inlet MrelE1:2; (c) hard-walled inlet MrelE1:4 and (d) lined inlet

MrelE1:4: Inlet and fan based on specification outlined in Ref. [12].
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In the lined inlet the BPF tone is well-attenuated at MrelE1:2 compared with the higher speed
(compare Fig. 10(b) and (d)). At MrelE1:2 there is predicted to be about 40 dB of linear
attenuation (cf., Fig. 9). The overall attenuation is predicted to be about 55 dB—the additional
15 dB is due to non-linearity. However at MrelE1:4 there is only predicted to be about 10 dB of
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linear attenuation, and the overall attenuation is now predicted to be about 25 dB: The
attenuation of the BPF tone in the lined inlet (at this higher speed) more closely resembles the
predicted attenuation in the hard-walled inlet duct (compare Fig. 10(c) and (d)).

In the lined duct at MrelE1:4 the lining will still slightly attenuate the BPF tone; however, at
this speed the low-frequency EO buzz-saw tones are well-attenuated by the lining, reducing any
non-linear interactions involving these EOs. In the hard-walled inlet duct the BPF tone’s
attenuation is facilitated by these high-amplitude buzz-saw tones—therefore at MrelE1:4 the
overall difference in the BPF tone level between the hard-walled and acoustically lined inlet duct,
at the engine intake lip, is approximately zero.

The non-linear attenuation predicted by the analytic theory for a regular sawtooth (Eqs. (3) and
(21)) appears to be a reasonable first approximation in order to determine the attenuation of the
BPF tone in an engine inlet duct. However this theory (with an acoustic liner) assumes that all the
BPF harmonics will be attenuated at the same rate. Therefore with an acoustically lined duct this
theory is only likely to be applicable in order to predict the BPF tone, because in general the liner
performance at the higher BPF harmonics will change significantly compared with at BPF. (Note
that sB is set equal to sðBÞ in Eq. (21).)

These predictions (consistent with the observations in Ref. [12]) show that at moderate sonic
operating speeds, when there is good liner performance, there will be a significant liner insertion
loss at BPF. However this insertion loss is not maintained at higher speeds because of the loss of
liner performance at most EOs, apart from (some of) the low-frequency EO buzz-saw tones.
Although the liner insertion loss at BPF may lessen with increasing speed, the buzz-saw noise is
likely to be reduced at all fan speeds with this type of SDOF perforate liner.

In Fig. 11 predicted EO frequency spectra (near the intake lip) are compared between the hard-
walled and acoustically lined inlet duct, at both MrelE1:2 and 1.4. Fig. 11(a) shows the estimated
EO frequency spectrum used in each simulation to represent the pressure field at the fan face. The
benefit of the lining is most clearly apparent at MrelE1:2: In this model simulation the only tones
which do not suffer any sizeable attenuation are the low-frequency EOs 1–4 (which are cut-off),
and at EOs close to the anti-resonance frequency. The BPF harmonics remain clearly visible tones
in the EO frequency spectrum.

However the benefit of the lining is predicted to be considerably less at MrelE1:4: Sizeable
attenuation is only seen at some of the low-frequency EO buzz-saw tones. Clearly in an
acoustically lined inlet duct the reduction in the buzz-saw tones will lead to an improvement in the
noise levels, compared with the hard-walled inlet duct. However overall the benefit over the whole
frequency spectrum is perhaps less than would be expected when compared with the considerable
tonal noise reductions predicted at the lower (supersonic) operating speed.

Fig. 8 shows that Sarin and Rademaker measured at most about 20 dB liner insertion loss over
the supersonic fan operating speeds. The measurements plotted in Fig. 8 are the mean SPLs at
blade passing frequency. Sarin and Rademaker note that at the fan face the sound field is
dominated by rotor-alone components (i.e., m ¼ EO); however ‘‘y a non-uniform flow
distribution, non-cylindrical inlet duct and intercostal hard-walled strips (note: in the acoustically
lined duct) cause strong scattering of modes.’’

In the hard-walled inlet duct the modal scattering is confined to a small number of modes
adjacent to rotor-alone. The amplitudes of the scattered modes appear comparable to the rotor-
alone component. However in the acoustically lined inlet duct there is strong scattering of the
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modes, and in particular when NLo80% the amplitudes of the non-rotor-alone modes appear
significantly greater than the rotor-alone component.

In general the scattered modes will be less well attenuated by the acoustic lining. Therefore
when NLo80% a significant contribution to the SPL (measured at BPF) will be from the non-
rotor-alone modes.

While the current paper was in preparation Rademaker et al. [16] published mode detection
results from a Rolls–Royce model fan rig as part of the RESOUND project. Results in Ref. [16]
clearly illustrate that when the fan speed is less than about 80% NL the amplitude of the rotor-
alone tone, compared with the amplitudes of the various scattered modes, is up to about 20 dB
less measured at the end of the inlet duct.

In this paper FDNS predictions of the liner insertion loss for the ‘‘model’’ fan predict about
40 dB at the lower supersonic speed. This apparent large discrepancy with the measured insertion
loss in Ref. [12] is to be expected in light of the modal measurements in Refs. [12,16]. The
measured liner insertion loss at lower supersonic speeds is likely to be significantly less than
predicted by FDNS which only calculates the rotor-alone pressure field.

In summary, when considering the rotor-alone and buzz-saw noise, the change in performance
of this SDOF acoustic liner, with change in operating speed, appears to be the most significant
factor in determining the benefit of the lining. At high speeds the predicted liner performance is
poor for all frequencies other than some of the low-frequency EO buzz-saw tones. Therefore it is
anticipated that at high speeds the noise reduction in a lined duct will primarily be in the buzz-saw
tones. There is little benefit predicted at higher frequencies.

In a hard-walled inlet duct the dominant tones are likely to be buzz-saw, whereas in a soft-
walled inlet duct the dominant tones are likely to be the BPF harmonics. These FDNS results are
consistent with the observations reported in Sarin and Rademaker, and suggest a plausible
explanation for the apparent reduction in liner insertion loss which has been measured at high
operating speeds in aero-engine inlet ducts.

4. Conclusions

McAlpine and Fisher [11] described a numerical simulation model, termed FDNS, which was
used for the prediction of the rotor-alone tones generated by an aero-engine. In most modern
aero-engine inlet ducts there is an acoustic liner. In this paper FDNS is used to predict the tones
generated by a supersonic fan in a lined inlet duct. The performance of a (locally reacting)
perforate liner is determined by calculating the predicted linear attenuation of the rotor-alone
modes. Then this is used in the FDNS model to calculate the non-linear propagation of an
irregular sawtooth pressure signature attached to a supersonic ducted fan inside an acoustically
lined aero-engine inlet duct. The number of harmonics which are calculated by FDNS(2) has been
reduced by a factor of 10 compared with FDNS(1), by deriving a new ‘‘dissipation rate’’ e which
depends on the mode number m; the number of harmonics N and the time of flight T : This
considerably reduces the computational effort required. Note that the essential physics associated
with the FDNS methodology remain unchanged from Ref. [11].

The predictions obtained by using FDNS compare the EO frequency spectrum in both a hard-
walled and acoustically lined inlet duct (at MrelE1:2 and 1.4). The liner performance is predicted
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to change quite significantly with increasing fan operating speed. At the higher speeds there is
predicted to be less reduction in the SPL of the tones with the inclusion of the liner. At these
speeds the liner performance is poorer, compared with the lower supersonic speed. The liner is
predicted to only significantly attenuate the low-frequency EO buzz-saw tones. For all high-
frequency ð> BPFÞ EO tones the predicted liner attenuation is low. Therefore the attenuation of
the BPF tone in a hard-walled inlet duct, by non-linear interactions with the buzz-saw tones, will
be comparable with the attenuation of the BPF tone in an acoustically lined inlet duct, by the
lining. The liner insertion loss for the BPF tone is predicted to be small, and possibly even
negative, at high fan speeds. The benefit of the liner at these higher speeds is confined to a
reduction in the buzz-saw tones.

In a hard-walled inlet duct the dominant tones are predicted to be buzz-saw; in a lined duct the
BPF harmonics are likely to remain to be significant tones in the EO spectrum. This is consistent
with experimental observations reported in Sarin and Rademaker [12].

The calculation of the liner performance assumes the liner is uniform, and does not
include any allowance for the curvature of the liner inside the inlet duct. Also the liner in an
aero-engine is unlikely to be in one section. There will be hard axial strips between segments
of the liner. This may lead to the generation of ‘‘liner scattered’’ tones. These are similar to
‘‘interaction’’ tones, where the modes are scattered out of rotor-alone, and may be poorly
attenuated by the liner, compared with the rotor-alone modes. Therefore by the end of the
lined inlet duct the dominant tones may not be rotor-alone. (Sarin and Rademaker have
shown that the rotor-alone modes may not be the dominant modal content by the end of the
inlet duct.)

The FDNS model requires further comparison with experimental measurements from an
acoustically lined inlet duct in order to ascertain the accuracy of this prediction method. However
this model provides a simple approach to the problem of noise prediction for a supersonic ducted
fan in an aero-engine. Further work is required to assess the noise sources in a lined duct, in order
to determine whether the rotor-alone tones will be the dominant noise source. Preliminary results
in this paper suggest that an acoustic lining in an aero-engine inlet duct is likely to reduce the
buzz-saw noise, but not necessarily the BPF tonal noise.
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Appendix A. Calculation of linear modal attenuation rates in an acoustically lined cylindrical duct

Currently the predicted linear attenuation, at each EO, is calculated by using linear duct
acoustics theory. For a cylindrical duct containing a uniform axial flow Ma; (see Fig. 2), a
harmonic noise source (with frequency o) is introduced into the duct, resulting in a harmonic
pressure field pðr; y; z; tÞ ¼ #pðr; y; zÞ expðiotÞ which satisfies the convected Helmholtz equation

ðik þ Ma @=@zÞ2 #p ¼ =2 #p: ðA:1Þ

It is well known (e.g., Ref. [17]) that on separating the variables r; y and z a modal solution of
Eq. (A.1) will be of the form

#pmnðr; y; zÞ ¼ AmnJmðkmnrÞ exp½ið�kzz7myÞ�; ðA:2Þ

where

kz ¼
k

ð1 � M2
a Þ

�Ma7 1 � ð1 � M2
a Þ

kmn

k


 �2
� 
1=2

" #
; ðA:3Þ

m and n are integers, Amn is a constant and Jm is the Bessel function of the first kind of order m:
Modal solution (A.2) has azimuthal and axial wavenumber m and kz; respectively, and radial
eigenvalues denoted by kmn:

The boundary condition for a duct of radius b with a locally reacting wall with (non-
dimensional) specific acoustic impedance Z reduces to the eigenvalue problem:

kmnb J0mðkmnbÞ=JmðkmnbÞ ¼ �ikbAð1 � Makz=kÞ2; ðA:4Þ

where A ¼ 1=Z is the (non-dimensional) specific acoustic admittance. (In a rigid duct A 	 0:)
From Eq. (A.2) the linear attenuation of mode ðm; nÞ where m and n are the azimuthal and

radial order, is given by

@ #pmn=@z ¼ �ikz #pmn: ðA:5Þ

Eq. (A.5) in terms of the non-dimensional variables (5) is equivalent to

@ #Pmn=@T ¼ �ðikzD=KÞ #Pmn; ðA:6Þ

where K is defined by Eq. (2). The linear attenuation rate sðmÞ (in Eq. (38)) is calculated from
Eq. (A.6) by setting

sðmÞ ¼ RefikzD=Kg ¼ �kziD=K ; ðA:7Þ

where kz ¼ kzr þ ikzi is the axial wavenumber for the least attenuated radial duct mode with
azimuthal mode number m:

In Ref. [11] only the real part of ikzD=K was used in FDNS(1) because this term was only used
to approximate cut-off in a hard-walled inlet duct. In a soft-walled inlet duct an acoustic liner will
affect both the amplitude and phase of the modes. However in this paper again only the real part
of ikzD=K is used in FDNS(2). This simulates the absorption properties of the acoustic lining (and
at this time simplifies the problem by omitting liner phase shift effects from the prediction). In
FDNS(2) with an acoustically lined inlet duct set sðmÞ to be the real part of ikzD=K where for
each EO m; calculate kz for the least attenuated radial mode, typically the ðm; 1Þ duct mode.
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The liner absorption is calculated by three-dimensional linear duct acoustics theory. There is no
radial dependence in the FDNS method. The sawtooth waveform is assumed to be located at a
fixed radial distance in the inlet, nominally at the duct wall r ¼ b: Therefore for each m the linear
liner performance is predicted by the least attenuated radial mode. For most m this will typically
be the first radial order, i.e., n ¼ 1: This paper does not attempt to address questions concerning
any modification to the radial sound field due to the attenuation by the acoustic lining. However
one notes that while this paper was in preparation Br!eard et al. [18] published some CFD-based
numerical simulations of tonal noise in a lined inlet duct using a non-linear model. Fig. 9 (p. 6) in
Ref. [18] shows the radial pressure field in a lined duct (at BPF) calculated by the non-linear CFD
model compared with the first radial mode predicted from linear theory (i.e., Eq. (A.2) with
m ¼ B and n ¼ 1). The two plots appear to be in close agreement.

Finally, the (non-dimensional) specific acoustic impedance Z of the SDOF locally reacting
acoustic lining is for simplicity assumed to be

Z ¼ R þ iXc; ðA:8Þ

where R is the face-sheet resistance and Xc is the cavity reactance. Motsinger and Kraft [19]
suggest the following estimates for R and Xc:

R ¼ 0:3Ma=r and Xc ¼ �cotðkhÞ: ðA:9Þ

r is the face-sheet porosity and h is the cavity depth of the liner’s honeycomb structure.
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