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Abstract

A method is proposed for the calculation of free oscillations of circular cylindrical shells taking into
account the non-linear interaction of their bending deformations. Cases are studied in which a shell is
characterized by eigenfrequencies, which are in close proximity or multiple frequencies. Based on analysis
of the averaged equations, a number of solutions have been constructed. These solutions are used to
investigate the particular qualities of the energy exchange and interaction of the modes of the shell. Phase
patterns corresponding to interaction of conjugate forms (2-D model) and forms of various wave-forming
parameters (4-D model) are studied. The impact of initial conditions on deformation shapes of free multi-
mode-oscillating shells is considered.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

A large number of works are devoted to the analysis of thin-walled cylindrical shells under the
geometrically non-linear formulation of their bending vibrations. Systematical reviews of these
works are presented in articles by Evensen [1,2], Kubenko and Kovalchuk [3], monographs by
Volmir [4], Kubenko et al. [5], Bogdanovich [6], and in other publications.

Usually, simplified one- and two-mode calculation models were used for the investigation of
shell constructions. Those models allowed the determination of a number of important, and
experimentally confirmed, regularities in the types of non-linear deformation of shells. However,
the above-mentioned models are unacceptable for the description of many of the non-linear
phenomena based upon the interaction of several forms of bending oscillations. Interconnectivity
of these forms creates, under specific ‘resonance’ conditions, pre-conditions for the realization of
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intense energy exchange between various vibration modes, and qualitatively new deformation states
of shells. In the scientific literature, cases are described in which a ‘latent’ internal energy exchange
between the bending forms had lead to breakdown situations in some thin-walled objects. Fatigue
failure of these objects was preceded by a rather complicated stressed deformed state.

In particular, bending waves of variable parameters were observed travelling in a
circumferentially direction, non-stationary cyclic processes of transition from one bending form
to another, superposition of several forms (having different wave-forming parameters), etc.

To substantiate these and similar phenomena, it is necessary to develop a non-linear dynamic
theory of shells as systems of multiple degrees of freedom that could enable a description of the
characteristic features of the energy exchange and interaction between the various forms.
Problems of this type, though they have a scientific and applicative significance, are not
sufficiently covered in the literature. The initial investigations in this field were first carried out
over 30 years ago by Evensen, Dowell, Olson, Fyng, and Ventres [1,7-11] and others, who
considered the induced non-linear oscillations, as well as auto-oscillations (flutter), of circular
cylindrical shells taking into account the interaction of conjugated (and non-conjugated in the
case of flutter) bending forms. Further investigations have been carried out by Matsuzaki and
Kobayashi [12], Ginsberg [13], Chen and Babcock [14], and Kubenko et al. [15,16]. In recently
published studies by Amabili et al. [17-19] and others, various problems of non-linear dynamics
and stability of circular cylindrical shells filled with a liquid (including a mobile one), which can be
simulated by systems of multiple degrees of freedom, were discussed. When approximating the
dynamical deflections of the shells, conjugated and non-conjugated bending forms were taken into
account. This enabled the authors to study the effect of non-linear interaction between the various
forms on induced oscillations of the shells, as well as on their dynamical instability conditioned by
a mobility factor of the liquid.

The purpose of this work is the investigation of the main regularities of non-linear interaction
of both the conjugated and the arbitrary bending forms of free-oscillating circular-cylindrical
shells. Cases are considered in which the eigenfrequencies meet definite (resonance) relationships.
A method for the calculation of parameters of the shells’ multi-mode oscillations (two and four
fundamental modes were taken into account) in resonant conditions is proposed. The first
solutions of the shells’ motions describing the energy-exchange processes among various modes
are constructed and analyzed. Phase patterns following from averaged equations of motion of the
studied shells are considered.

2. Initial dynamical equations

To describe the process of multi-mode dynamical deformation of a shell, middle-bending
equations of the Donnell-Mushtari—Vlasov type [4] of the following form are used:

2. 3 2. 2 2 A 2 2
Douy PP Pwih P B¢ 139 P .
h o0x% 0y>  0y? ox? 0x0y 0x0y R 0x? or?

| - Pw\> Pwetw 1w
— — —————— 1
E v'e <8x8y> (1b)

The definition of the symbols in these equations is given in Appendix D.
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Suppose the free resting-on conditions (SS1/SS1) are realized at the end sections of the shell

O*w

@:0, v=0 N,=0 for x=0,x=1. (2

w=0,

To clarify a substantial part of the question of the non-linear interaction of the oscillating shell
forms, its deflection is approximated by the four-mode expansion

w =f1(¢) cos s1y sin Ax + f5(¢) sin s1y sin Ax + f3(f) cos s,y sin Ax
+ f4(1) sin soy sin Ax + f5(2) Wo(x). 3)

Here fi(¢) (k = 1—4) are the unknown time-dependent functions and represent the generalized co-
ordinates of the shell; 1=/, =mn/l and s;=mn;/R (i=1-2) are the wave-formation
parameters.

As can be seen, this expansion simultaneously includes forms having both the same and the
different wave-forming parameters. The last term of Eq. (3) is introduced to reflect specifically the
large-deflection deformation of the shell. Consider the well-known, and confirmed by numerous
experiments, effect of “predominantly inwards buckling” [4]. Taking into account Eq. (2), an
axially symmetric function Wy(x) is set in the form

Wy(x) = sin* Jx. (4)

Some authors (for example, Volmir [4] and others) represent the function Wy(x) in the form
Wy(x) = sin’ Zx. Other authors (for example, Evensen [1,2] and others) determine this function
from the periodicity condition of the circumferential displacement v (in this case the function f5(7)
can be expressed in terms of the functions f;(z), k = 1—4). However, the boundary conditions (2)
are partly satisfied in both these approaches, because the condition 6°w/8*x = 0 is not satisfied at
the end sections of the shell. The function Wy(x) in form (4) satisfies both conditions (2) and the
physical effect referred above.

Substituting Eq. (3), and accounting for Eq. (4), in Eq. (1b), the functions of stresses ¢ are
defined, supposing that

¢=0¢,+ ()
Here, ¢, is a particular solution of this equation, with
}, = ¢ cOs 51y Sin X + ¢, sin 51y sin AX + ¢h3 COs 52) sin Ax
+ ¢4 sin $2p SIn AX + 5 cos 24X + P cos 251y + ¢5 cOS 252y
+ ¢pg 8in 251y + g sin 255y + ¢y cos 51y sin 3Ax + ¢ cos spy sin 31x
+ ¢, sin sy sin 3Ax + ¢ 5 sin sy sin 34X + ¢4 cos(s; — s2)y cos 2Ax
+ ¢15c08(s1 — $2)y + Py cOS(s1 + 52)y €08 24x + Py COS(51 + 52)y
+ ¢z sIn(s] — $2)y €OS 24X + ¢ g SIN(S] — $2)Y + Py Sin(s; + 52)y cos 24x
+ ¢y SIn(S] + $2)y + oy COs 44X + o3 COS 51Y SIn SAX
+ (byy SIN 51 SIN SAX + D)5 COS $2) SIN SAX + Pyg SIN Sy sin SAx. (6)
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Here ¢; (j=1-26) are functions of time whose values are listed in Appendix A. Function ¢, of
Eq. (5) represents by itself a homogeneous solution that has, taking account of conditions (2) and
the condition of periodicity of the shell [4], the following form:

3fs

o = % {[s%(fﬁ +1)+ 505 + 101 - ?}xz. (7

Then, using the Galerkin method, equations for determination of the unknown functions fi(z) are
derived, which are a part of Eq. (3):

S+l fi +kn(F + N0+ ko(s D0 +kis fi fs+ ks fi fs =0,
frt+ ol o+ kn(ff + 00+ k(s + 0+ ki o fs + ks fa 3 =0,
ft s i+ kan(fF + 5+ k(s + D + ks fo fs + ks f f5 =0,
fa+ 03 fa+ kan(ff + )+ k(s +10fa + ks fa fs + kas fa f§ = 0,
Js + 03 fs + ki (ff +13) + kol + 1) + kss(FF + 105 + ka5 + f)fs = 0. (8)

Values of the frequency parameters o, (i=1, 2, 3) and coefficients kj at the non-linear terms are
given in Appendix B.

Eqgs. (8) serve as a base for calculation of the processes of energy exchange and interaction
between bending forms corresponding to the wave parameters s, and A. The calculation technique
essentially depends on the presence or absence of the internal resonances [15,20] in system (8),
where system (8) is usually first simplified taking account of the conditions of f5(7) < fj(#)(j =
1 —4)and w3 >»w; (i =1 — 2) [4]. This provides a possibility of determination of the function f5
from the solution of the quasi-static problem. Supposing, in particular, that 8*(fs)/6°=0, from the
last equation of Eq. (8) it is found that

[k31(f12 Jrfzz) + k32(f32 Jrf42)]

5= @+ kalf7 +1) + kaalF + 0T ®
Expanding Eq. (9) in a series gives the approximate value of function f5 as
o= = o U 2+ ktf A+ g k67 4137
+ ksoksa(f5 + 17 + (ksikaa + kaaks3)(ff + U5 + D1+ -+, (10)

which characterizes the axial-symmetric item of the w net deflection (3).
Taking into account the above, the initial system of Egs. (8) can be represented in the form of
four equations constructed with respect to the “dominant” generalized co-ordinates f; (k=1-4).

3. Interaction of the conjugated forms

Initially, suppose that the shell’s eigenfrequencies w; and w, are not in close proximity and not
multiple frequencies. In this case, intensive interaction between the forms of the wave parameters
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s1, 2 and s, A is absent [15]. At the same time, intense energy exchange will be realized between the
conjugated forms of cos(s;y)sin(Ax) and sin(s;y)sin(1x), as well as cos(s,y) sin(4x) and sin(s,y)
x sin(Ax). Consider characteristic features of such an energy exchange for the forms of wave
parameters s;, 4 (the energy exchange for the second pair can be treated analogously).

Expansion (10) is substituted into the first two equations of Eq. (8) and the terms up to the fifth
power inclusive with respect to functions f; and f> are taken in account. It may be noted that the
non-linear terms of these equations are small in comparison with the rest of the (linear) terms
because all of them are proportional to the small parameter &y = Wy, /R [14], where wy,, is a
maximal radial deflection of a shell. Taking this into account, the Bogolyubov—Mitropolsky
method [20] may be used to construct the approximate periodic solution for the present equations.
In accordance with this method it can be assumed that

f1 = acos(wt + ),
fr =bcos(wt + R), o= w. (11)

In order to determine the parameters of amplitude (¢ and b) and phase (3; and 3,), the
following simultaneous equations are obtained:

2
da _ % [y, + c1(@® + b)) sin 20,

=
db_ @b [y, + c1(a® + b?)] sin 20
dt 8w M : ’
a@ :M(3a2 + 2b° + b* cos 20)
dr 8w
4, 74
+ ot B2 )+ T B+ B o520
1
b@ :M@bz + 2a* + a* cos 20)
dt 8w
b 4, 14
+ é% [(a2 + D)@+ 26%) + # +a(2b* + a*) cos 29} : (12)
1

Here, the following notations are used:
kisks

= ki ——5—,
2
w3

k
€= %(k13k33 + kiaks1),
W3

0=29 — 9. (13)
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From investigation of these equations, the first two of them give a solution of the type
@+ =G, (14)

where Cy is the integration constant. After introduction of a new variable ¢ = a*>/C3, system (12)
can be converted, taking account of Eq. (14), to a pair of equations

% = k&(1 — &) sin 26,
dr
do  k (15)
Frit) (2¢ — (1 — cos 20).
Here k = (7, + 1 C3) (3 /8w.
Based on these equations, one more solution can be derived:

£ — &) sin? 0 = C; = const. (16)

The solutions obtained describe, in essence, the energy-exchange processes occurring between
the conjugated modes. Integral (14) is, in particular, evidence of the competition that takes place
between amplitudes a and b of bending forms cos(s;y) sin(4x) and sin(s;y) sin(4x), respectively.
Integral (16), in its turn, characterizes a ‘“‘redistribution” of energy between the amplitude & and
phase 3 parameters of the shell.

From Egs. (15) stationary solutions of type & = &y = const, 0 = 0y = const can be obtained.
These solutions correspond to the two following classes:

0=kn, <=& (0<G<D), (17)

_ (k= Dr

0 5o

E=1/2. (18)

Here, k=0,+1,+2,....

It should be noted that the solutions £=0 and 1 correspond to decoupled oscillations of the
shell occurring according to the forms of cos(s;y)sin(Ax) and sin(s;y)sin(4x). All the other
solutions are a superposition of both the forms. To investigate the stability of the equations
obtained, qualitative analysis of the singular points of the equation

dé  2¢(1 - ¢&)sin20
d6— (2¢ = 1)(1 — cos 20y

obtained from the system of Egs. (15) was performed. Specifically, it was found that the singular
points of a “saddle” type correspond to the stationary solutions (17) in the configuration space (&, 0).
Therefore, these are unstable solutions. The singular points of the “centre” type correspond to
solutions (18). Thus, the stable solutions are represented by formula (18); these correspond to
deformation of the shell in the form of a circular running wave, as follows from Eq. (3). In fact, in this
case, if one does not account for the form of wave parameter s, the deflection w is of “wavy” form:

w = ag cos(s1y+ (w1t + 319)) sin Ax + f5 sin Jx (ag, 810 = const). (19)

Note that, to realize the “running” waves (19) it is necessary to give the specified initial
conditions, namely the initial amplitudes of the forms cos(s;y) sin(Ax) and sin(s;y) sin(Ax) must be
equal, i.e., a(0) = b(0). Moreover, the phase displacement 0 of the exciters of both the forms must
be chosen as follows: 0 = +7/2. The stationary solutions are absent for other initial conditions
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and generally the deflection w will be represented as a superposition of two waves:
w = [a(1) cos(wt + 91(1)) cos 51y + b(r) cos(wt + 9(1)) sin 51 y] sin Ax + f5(¢) sin® Lx,

where a, b, 3; and 3, are the time-dependent functions, which can be obtained from Eq. (12), and

the function f5(¢) is found from relationship (10).
It is important to emphasize that the single-mode types of deformation (the “‘standing-wave”

deformation) are impossible in principle in the shell considered as a result of an instability of the

solutions £ =0, 0 =krnand (=1, 0 = km.
Consider a numerical example. Let a shell be characterized by the following parameters:

h
E=2x10""Pa, p=78x10*kg/m’, 2= 3.125 x 1073,

[/R=245 R=0.16m, u=03. (20)
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Fig. 1. Amplitude ¢ (a) and phase velocity d0/dz (b) for free vibrations of the shells at: 1—a(0) = b(0) = i/2;
2—a(0) = h, b(0) = h/2; 3—a(0) = h/2, b(0) = h, when 6(0) = n/4.
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Fig. 2. Phase trajectories of free shell vibrations of £(0) = 0.5 (curve 1), £(0) = 0.8 (curve 2), £(0) = 0.2 (curve 3) at
0(0) = = /4.

Minimal eigenfrequency of the shell w; ,,;, = 283.8 Hz corresponds to the mode of m =1,
ny = 6. The results of numerical integration of system (15) by the Runge-Kutta method,
accounting for Eq. (20) and initial conditions a(0) = b(0) = //2 (curves 1), a(0) = h, b(0) = h/2
(curves 2), a(0) = h/2, b(0) = h (curves 3), and 6(0) = n/4 are presented in Fig. 1. As seen from
the graphs, the amplitude parameter ¢ (Fig. 1a) and phase velocity df/dz (Fig. 1b) represent by
themselves the oscillating in time functions with their periods being essentially dependent on the
levels of imposed initial amplitudes &£(0). Note that these periods characterize the time of the
energy transmitting (full or partial) from one form to another. The energy transmitting process is
a “‘self-controlled” one; in a real shell it will continue up to the moment of exhaustion of the
energy, initially added to the shell at the moment of initiation, and spent to compensate for the
work of internal and external friction forces. This process will be continuous because in the shell
equations (la,b) no account is taken of damping. Curves 2 and 3 possess the same period of
“oscillations™ in view of coincidence of their values at a*(0) + b*(0) = C3.

Fig. 2 illustrates the phase patterns of free oscillations of the shell, where curves 1, 2, and 3 are
drawn with the same initial data as the corresponding curves in Fig. 1.

4. Interaction of the non-conjugated forms

When considering the general case of the interaction of the forms it would be expedient to
represent system (8), using the following substitutions:

fi = A(H)cosa(t), fr = A(¢) sin o(t),
Sy = B(t)cos f(2), fa = B(2)sin (1), 21)
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in the following form (convenient for the investigation) [5]:

A+ (0 —d)A+ 79, 4> + 61AB* + | A’ + d\ A*B* + e/ AB* =0, Ad+ 240 =0,
B4 (03— BB+ 7,8 + 6,BA> + 2B° + dhB*A*> + e;BA* =0, Bf+2Bf=0. (22)

Values of parameters vy;, J;, ¢;, d;, e;, (i = 1, 2) are presented in Appendix C. Egs. (22) were derived
taking into account the terms up to the fifth order inclusive with respect to functions A4 and B,
which are defined by relationship (10).

If one takes into account variables (21), deflection w (3) takes a form

w = A cos(s;y — o) sin Ax 4+ Bcos(sy — f) sin Ax + Csin* Ix, (C = f5), (23)

which gives an obvious physical picture about the character of the multi-mode deformation of a
free-oscillating shell. This deformation can represent by itself, in particular, a superposition of
standing waves (with a(f) = a9 = const and f(t) = f, = const) or running waves (with
a(1)#0, f(1)#0). In order to investigate an interaction of these waves, construct approximate
periodical solutions of system (22). In so doing, a method set out in Refs. [5,16] will be used.

By analyzing Egs. (22) by the method in Ref. [20], to a first approximation, the following
relations between the resonances were found:

01X, X200, oxRo/2. (24)

These situations create preconditions for the realization of an intense energy exchange between
forms of the shell. Consider the solutions corresponding to these relations.

4.1. The internal resonance w;~ w;

The study of internal resonance is restricted to non-linear terms of the third order in Egs. (22).
Periodical solution of the said equations are represented, in accordance with Ref. [5], in the form

A= /uy+uvsinyy, Y, =2wt+ 9)),
B=\/uy +vysiny,, Y, =2wt+ %),

(uy tan(y,/2) + v1)
M, ’
(up tan(y,/2) + v2)
M, '

o = ¢ + arctan

p = ¢, + arctan (25)

Here, u;, v;, ¢;, 3; (i = 1, 2) are the unknown functions of time that are to be determined from
the averaged equations [16]:

du1 N L1y . du2 o 10y .
W = —5] %Sln 20, ? = 52 %SIH 20,
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doy Uiy . dvy o wuvy .
ﬁ = —51 %Sl 20, E = 52 gSln 20,
d9 1 vaU)
a 10 <3y1u1 + 201up + 4 o cos 0) R
dg 1
2 3})21/!2 + 20uy + 2A 1 + 6> @COS 20 |,
dt 4w U2
do, M, cos260 sin260
skt R S _
dt 4w [yl + 11)2( o u )} ’
do, M, cos20 sin20
7z — 2
dt 4w [Vz + o0 ( vy U ﬂ ’ (26)

with M; = \/u? —v? (i=1,2), 0=59% — 91, A :a)g—w%, w = o).
From the first two equations of this system one can obtain an integral of the form

uy + ur = Co, (27)
where

Co = 2%0% [A%(0) + A%(0)(@? + 62(0)) + B*(0) + B*(0)(” + *(0))] = const.

Two more integrals
W -1 =C, —-v3=0C, (28)

where

_ 2(0)4%0) C — $*(0)B*(0)
- =g

b

& (29)

w?

are obtained by considering, correspondingly, the first-and-third and the second-and-fourth

equations.
And, finally, from the first, fifth, and sixth equations, a more complicated solution is derived as
N2
Gu, — o LiL;cos20 = C; = const. (30)
2 2w

Here, the following notations are used:
1
2w
1
N=—[3 — 40
20 [BO;+72) 2],

G =—[Co(3y, —201) + 2A1],

Ly = \/(Co —up)* — Gy,

Lzzwu%—Cl. (31)
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In general, the solutions determined allow a method of distribution of the initially added energy
among the various modes of the shell oscillations to be traced. To determine a period of the
energy transmitting from one mode to another, it is necessary to investigate the system of
equations

du1 i 51

? = —7 L1L2 sin 29

@—G—Nu __ o [ L? — L3(Cy — uy)] cos 20 (32)
dr - : 2(1)L1L2 = 210 : ’

derived from Eq. (26) taking into account integrals (27) and (28).

Thus, the input problem concerned with interaction of the non-conjugated wave shapes was
reduced to analysis of two equations (32), which were set up concerning the parameters of
amplitude u; and phase 0. If the values of these parameters are determined, then the other
parameters u,, vj, U2, @, and ¢,, involved in the averaged equations (26), will also be known.
The phase velocities & and £ are defined by the formulae o = wM,; /A% and b= oM, /B>

To give a numerical illustration of the solution, consider a shell with parameters (20) and
length-to-radius relation of / = 2.442R. In this case, two of its eigenfrequencies, which correspond
to modes m=1, ny =5, and m=1, ny, =8, are practically coincident with one another
(w1~ wy~337.5Hz). Figs.3 and 4 show the results of integration of Egs.(32) with initial
conditions of two types: (0) = f(0) =0 (Fig.3) and a(0) = f(0) = @ (Fig.4). The initial
conditions of the first and second types correspond to those cases, when deflection w from formula
(23) represents a superposition of standing and running waves respectively. Curves 1 are obtained
with 4(0) = 0.75h, curves 2—with A(0) = 1.5k, and curves 3—with 4(0) = 2A. In the figures, the
notation 4, = u; /h* is used. Also, 0(0)=n/4, A(0) = B(0), A(0) = B(0) = 0 are accepted here. In
accordance with relationships (25) and (28), the initial value of the function u; is of the form
u1(0) = (1/20)[@(0) + a*(0)(w? + a*(0)]. To clarify the results obtained, consider relationships
(21), (25) and (28), (29). From these it follows that the energy exchange in the problem considered
is, similar to the case of interaction of the conjugated forms, a time-periodic process or close to it.
The “oscillations” of the amplitude parameter A;(¢) characterizing the mode m = 1, n; = 5 are a
pre-condition for the corresponding “oscillations” of By(f) = u, /h?> parameter of the second mode
m=1, n, =8 and vice versa. Periodicity of amplitude parameters #; and u, causes a
corresponding modification of parameters v; and v, which follows from formulae (28).
Furthermore, periods of the “oscillations™ depend essentially on the values of initial amplitudes
A(0), B(0) and phase velocities c(0), f(0). These values determine the constants C; and C, (see
formulae (29)) entering into Egs. (28) and (32). If the 4(0) amplitude increases, periods of the A(?)
functions will decrease. This is evidence of the “hardening” type of geometrical non-linearity
taken into account in the calculation model (22). It should be noted that such non-linearity is
characteristic of this particular example. Another “‘softening” type of non-linearity, in which the
shell’s oscillation periods increase with increases in the amplitudes, is possible if one takes
different parameters of the shell and other initial conditions.

It should be noted that the function 6(¢) has qualitatively different forms in the above two cases.
For instance, if 4(0) = $(0) = 0, these functions are close to sinusoidal, whereas in the second case
(a(0) = f(0)=0) their appearance is close to periodically repeating pulses.
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Fig. 3. Changes in time of the (a) amplitude 4; and (b) phase velocity d0/ds at I/R =2.442 and 1—A(0) = 0.75h,
2—A(0) = 1.5h, 3—A(0) = 2/ in case d(0) = (0) = 0, 6(0) = = /4, A(0) = B(0).

Figs. 5 and 6 illustrate the impact of variation of the shell’s parameters (in particular, its length /)
on the amplitude A(¢) and phase velocity 0(¢). The results of numerical integration of Egs. (32) are
presented in Fig. 5. They were obtained with initial conditions 5(0) = (0) = 0, and those presented
in Fig. 6 with 6(0) = $(0) = w. Curves 1, 2, and 3 in both the figures are drawn for / = 2.442R,
[ = 2.340R, and [ = 2.450R, respectively. The frequency “detune” 4 = w, — w; in each of these
cases is equal to A1 = 0,4, = —3.1 Hz and 43 = 1.4 Hz.

Therefore, even a slight “detune” between the frequencies corresponding to different modes
essentially affects the nature of the modes interaction, because the ““detune’” noticeably influences
the values of 4,(¢) and 6(¢), which, in turn, affect the parameters ¢,(¢), »(¢) and B(%).

In Figs. 7 and 8, phase trajectories are shown, which have been drawn on the basis of Egs. (32) under
a trivial initial conditions (in this case C; = 0, C; = 0). Curves 1, 2, and 3 shown in Fig. 7 correspond to
the similar curves presented in Fig. 3a, and those shown in Fig. 8 to the curves of Fig. 5a.
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Fig. 4. Changes in time of the (a) amplitude 4; and (b) phase velocity at I/R=2442 and 1—A(0) = 0.75h,
2—A(0) = 1.5h, 3—A(0) = 2/ in case 0(0) = (0) = w, 0(0) = n/4, A(0) = B(0).

A form of the phase trajectories for initial conditions of the second case (a(0) = £(0)#0) is
more complicated because of presence of pronounced beating in the 4;(¢) functions (see Figs. 4a

and 6a).

4.2. The internal resonance wi~2w,

Investigation of the form of interaction in this case needs the non-linear terms of the fifth order
to be accounted for in the equations system (22). Solution of this system will coincide in its form
with Eq. (25), but here, instead of the ,, phases, it is necessary to adopt

wt

Uy = 2ot +81), W, = 2(7 + 92) (@ = ). (33)

The first-approximation equations for determination of the u;, v;, 3; (i = 1,2) parameters take the
following form:
du_eni3 oo Qi dns
dt 4w dt 2w

0s 20,
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0(0) = n/4 at: 1—[/R=2.442; 2—I[/R = 2.43; 3—I/R = 2.45.

dl)] u11J2 dl)z d2M2U1U2 =

- 20, — = —-—=cos2

= e cos 20, T Y cos 20,

ddy 13 v? 3 2 ulvz

W:%[E Pu + 01y + ¢ <2u%+51> —|—§d1u1u2—|—e1< +7_4—Ul sin 20

A9y A 3 st o224+ 2) 23 duntes (12 + B 120 G 2 (34)
—dt—wzzhz 2U] 2 275 221221 3 40, 5
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where
0=29 —2%, A =w)—owl/4 (35)
In this case, from Egs. (34), instead of Eq. (27) the following solution is obtained:
2
adl + % Cy = const. (36)
€l d

Two more solutions will retain form (28). The fourth integral essentially differs from Eq. (30)
and corresponds to the dependence
G2 7 G3 3 e_

G + b + 2w} — — L1 sin 20 = C; = const, (37)
2 8w



260

V.D. Kubenko et al. | Journal of Sound and Vibration 265 (2003) 245-268

371.2

256

128

OA et

-128

-256 |

-371.2
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The time-dependant functions u; and 0 of Eq. (37) satisfy the following system of equations:
du1 B eleL%

TR, cos 20,
do L
a:G1+G2u1+G3u1+G4s1n29. (39)
Here
G :;(4dL2u —eiL*u), wu :d<C —%>
4 8(0L2 24U 141q4%1), 2 2 0 er 5

2 2
L1 :\/d22<C()—eill> —Cz, LQZQ/H%—CL (40)

Some numerical results of analysis of Egs. (39) are presented in Fig. 9. A shell with parameters
(20) has been considered with its length being equal to / = 2.415R. Under this condition, a sub-
harmonic resonance w;~2w, taking place, with w; frequency corresponding to the mode of
m=1,n=11, and w, frequency—to the mode of m =1, n =7.
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Fig. 9. Changes in time of the (a) amplitude 4; and (b) phase velocity dd/dr at A(0) = 2k, I/R = 2.415, 4(0) = B0y =
0,0(0) = n/4.
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A(0) = B(0) = 2h, 4(0) = $(0) = 0,0(0) = /4.

Fig. 9 illustrates characteristic features of variation in time of the amplitude parameter 4; and
phase velocity 0 for the case of d(0) = f(0) = 0 for a free oscillating shell. As can be seen, the
“oscillations” of A4,(f) and 0(¢) functions correspond to typical beating. The energy transmitting
from one mode (m.,n;) to another (m,n,) and vice versa will be, in some moments, realized
completely (i.e., one of the forms will not be excited in these moments, whereas the other form will
be characterized by a maximal deflection from the middle surface).

Fig. 10 shows the impact of the dimensionless parameter //R to free vibrations of the shell;
moreover curves | are for //R = 2.40,and curves 2 for //R =2.43. It is seen clearly that the
periods of beatings of A,(¢) and 0(¢) are essentially sensitive to some, even a slight shift of a shell
from its intrinsic resonance.

Figs. 11 and 12 show phase patterns corresponding to the free periodical oscillations of the shell
for the resonance under consideration. Fig. 11 is obtained for initial conditions of the
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type d(0) = (0) = 0, A(0)=2h, 0(0) = n/4; Figs. 12(a) and (b) are for 4(0) = 1.51 and A4(0) = 24,
respectively (in both cases it was accepted that &(0) = S(0) = w, 0(0) = n/4).

5. Conclusions

A method for the investigation of the free non-linear oscillations of cylindrical shells is
suggested that accounts for interaction of the conjugated forms and forms of general type. The
method is based upon the averaging-method concepts of Bogolyubov and Mitropolsky, which
have been employed for the solution of equations of the special form (Eq. (22) type) describing the
multi-mode oscillations of shells.

As a result of the investigations, it has been established that the effects of the interaction of the
forms are manifest mostly in conditions of internal resonances. Construction of a number of first
solutions became possible in the course of producing these resonances. These integrals have
established definite ‘energy-transmitting’ connections between the various modes (within the
regime of free oscillations of a shell). Employment of the solutions obtained enabled a solution of
the initial system of high-degree dynamical equations to be reduced to the analysis of two
equations constructed relative to the base variables: amplitude parameter u; of one of the modes
and phase parameter 0 (or 0).

Processes of the interaction of the modes essentially depend upon stated initial conditions for
the functions d(7) and fS(z), occurring in expression (23) for deflection value w. In particular, these
processes are qualitatively different in the cases of a(0) = 0 (f(0) = 0) and ¢(0) 50 (f(0)#0). This
is seen if Figs. 3 with 4, 5 with 6, and 11 with 12 are compared. On the other hand, the character of
initial conditions for «(¢) and (¢) determines whether the total deflection is a superposition of the
traditional standing waves, or of the running waves. Variation of the initial values of amplitudes
A(0) and B(0), in its turn, is a pre-condition for the corresponding variation of periods of the
energy transmitting from one form to another.

In conclusion, it should be noted that the method suggested can be extended to the case of
arbitrary number of the interacting modes. The only condition is that the eigenfrequencies of the
modes have to meet the specific resonance relationships.

Appendix A

Time functions ¢; = ¢,(#), (j = 1-26) used in correlation (6) are given by

_EXVfi 5 _EXf s

o} —m(l —51Rf5), ¢, —m(l — s1Rfs),
_EXfs 5 EXf s

¢35 —m(l — s1Rf5), ¢4 —m(l — 5, Rfs),
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Appendix B

In Egs. (8) the frequencies w? and constants Ky are given by

1[D E
2
= — —A —_—
W] p[h (i’sl)—i_RzA(i,sl)]’

1[D E)
2 _ | = A
ab_ihMLm+Ruw&J

, 64 (80/14 35 E)

%5=35,0n Tar

E E
ki =15 (438D = g (sisy + M),

Es? 27¢
kiz = SIF-I- / ],

PR |8  A(,s1)
s EXNST 1 L4 ]
YT T 4G s) | AGhs) | AGAL )|

E
koy = kiy, k= — (A* + 357
21 12, ko 16p( + 355),

p Es§5+ 2

BT U0R(8 T AL

k_E/14s‘2‘ [ S
*T T Asy) | AGBhs) | AGhsy))

16 16 32 32
ksy =32 ki, k3o =35 ko3, ksz =35 ki, kaa = 35 koa,
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Appendix C

The coefficients y;, d;, ¢;, d;, £; (i = 1,2), used in Eq. (22) are given by

kazks)
72 = kn — — Q5
@3
kisk kask
o=k — =252 6y = ko — o,
@3 @3
_ k3

P (kp3ksa + kasksy),
3

1
dy = — [ki3(ksokss + k3iksa) + 2ki4ks1k3s],

d_

e}
w3
1
e} [k23(k31ksa + kaokss) + 2kaaks ks,
3

k
h = —4 2 (eisksa + kiaks), b = —3; (ka3kss + kaaks1).
@3 @3

Appendix D. Definitions of symbols

adiarl sagging of a shell

stress function of the middle surface
density of shell material

middle surface radius

length of a shell

shell thickness

time

radial and circumferential co-ordinates
Young’s modulus of shell

Poisson coefficient

A(M,N) operator of the form A(M, N) = (M? + N?)?

T S =

T eSS
=

A= 2dm=mn/l, sp =ni/R, (k=1,2) wave-formation parameters

m number of longitudinal waves

Ny number of complete circumferential waves

w; shell eigenfrequencies

D the flexural rigidity of the shell < E7h3>
12(1 — p?)

v operator of the form V* = V?V? = 8—4 +2 i +
ox* 0x20y?

fi(0) the generalized co-ordinates of the shells

a, b amplitude of bi-mode vibration of the shell
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91, phase parameters of the vibrations
A, B amplitude of bending waves in shells
o f phase parameters of bending waves
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