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Abstract

The steady state response of an elastic layered plate (laminate) which is subjected to a moving laser
source illumination is studied. The response of the laminate is obtained using the transfer matrix approach.
The application of the photo-thermal source (laser) to the upper surface of the laminate is formulated as
equivalent stresses applied at the illuminated boundary. The equivalent stresses are derived with the use of
the causality principle. It is shown that the generated displacement field is sensitive to the variations of the
laminate inner structure and also to the variations of the elastic properties of a bonded elastic half-space.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The past two decades have witnessed an intensive research in laser acoustics. This is an
interdisciplinary area which was originated in collaboration between researchers from acoustics,
quantum electronics and integral optics. By bringing lasers into acoustics and non-destructive
material evaluation (NDE), many useful techniques have been designed, e.g., new sound
transducers and receivers and optical data processing [1]. In particular, pulsed laser sources may
generate wide-bandwidth acoustic signals, thus providing a new method for non-destructive, non-
contact material evaluation [2,3].

Many papers are devoted to the analysis of laser-generated ultrasound in a half-space or in thin
plates [4-6]. The majority of the papers are related to pulse propagation, which arises due to a
short laser pulse applied at the same area of a solid. In the present paper, an acoustic field is
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considered which is generated by a laser beam which uniformly scans over the surface of a
laminated solid. The power intensity of the laser beam is assumed to be harmonically modulated.

The ultrasound generation by a moving photothermal source in a fluid has previously been
addressed, see for example an extended review in Ref. [7], or in Ref. [8]. However, for solids
(especially for laminated solids) this problem has not been studied. The major advantage of a
moving photothermal source is that the characteristics of the acoustic field generated by a moving
source can be adjusted either by changing the modulation frequency of the laser beam or by
changing the velocity of the laser spot motion over the specimen surface. The most effective
adjustment of the acoustic field characteristics can be achieved by choosing the proper law of
motion of the photothermal source, since the directivity and the frequency spectrum of the
radiation are defined by the law of source motion.

The response of the laminated solid in the Fourier domain is obtained using the transfer matrix
approach [9,10]. This approach with some modifications depending on the situation appears to be
a standard procedure for such problems.

2. Problem statement

Consider a multi-layered elastic solid, which consists of n planar homogeneous and isotropic
elastic layers, with thickness 4; (j =1, ...,n). The upper surface of the laminate is subjected to
laser pulse illumination, as depicted in Fig. 1.

The origin of the co-ordinate system is placed at the lower boundary of the bottom layer and
the total thickness of the entire laminate is denoted by H. As will be shown later, the laser or
photothermal source may be represented as an equivalent elastic boundary source consisting of
distributed normal and shear loading boundary conditions. Accordingly, only a purely
mechanical load will initially be considered (no thermo-effects).

Consider an elastic layer with number /. In Cartesian co-ordinates and in the absence of body
forces, the displacement vector of the elastic media, u, can be represented in terms of three scalar
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Fig. 1. Model and reference system.
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potentials [11],
u=Vp+Vxye +VxVxi,e., (1)
where e. is the unit vector in the direction of z-axis, and ¢(x,y, z, 1), ¥,(x, y,z, 1), Y, (x, ,z,t) are

scalar potentials. Then, the equations of elasticity reduce to the following equations for the
potentials:

1 &% 1 &%y
V2 2 £
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where a = /(2 +2u)/p,b = +\/u/p are the velocities of the compressional and shear waves
written in terms of the Lamé constants A and u and the mass density p. Using Eq. (1) and the
following stress—displacement relations

ou. Ou, Ou. ou, Ou.
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the stresses can be expressed in terms of the potentials as follows:
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In Egs. (2) and (3), a, b, u, 2 and p refer to the particular layer. Inside the laminate the stress
tensor and displacement vector have to be continuous across the boundaries of the layers, so that
the following relations at each layer-to-layer interface are valid:

u(j)(x,y,z =zji_1,1) = u(-’;l)(x,y,z =zi,t), j=1,...,n

oD = o, e = e, 4P = @

Application of a Fourier transform over the time and plane spatial co-ordinates

Fiky, ko, 2, 0) = / / / F(x,p, z, el @Rk dx dy dt, (5)
to Egs. (2) results in a set of ordinary differential equations with respect to the z-co-ordinate:
2 7 5 a2lﬁ .
27 £ 2 _ _
ﬁ+06¢—0, azz—i-ﬂlpg—o, e=1,2 (6)

with corresponding general solutions in terms of up- and down-going waves inside the layer
¢ = A1) o goe T HEE) gy <2,

lpl — Blei/f(Z*Z/-l) + B2e*iﬁ(2*2/—1),lp~2 — Cleiﬁ(Z*Z/-l) + C2e*iﬁ(2*2/-1), (7)
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where o = w?/a® — k?, f* = w?/b* — k*, k> = k} + k3. The stresses given by Eqs. (3) in a Fourier
domain can be written as follows:

Jor* o 524; 531;2 2 a‘ﬁz
L S, W [ R £ R PRl £
Oz a2 ¢+ 2u <8zz + 0z3 Tape oz’

. op 4 T -
Tz = 2lk1,u<a—f WLaTl/jzz) + 1k2,u%+ lpwzkl%,

zZ
. . op o 2, ¥
Ty; = 21k2,u (E + ? - lkl‘uE +1pw kzlpz. (8)

Now, the substitution of solutions (7) into Egs. (8), results in a matrix relation written for the
Fourier transforms of the displacement vector and the stresses evaluated at the top of the layer
z=z (z1—z1-1 = h)

i (hy) D,
ljlil)(/’l]) i i D>
ﬁ(j)(hl) gllF 1) 916‘( 1) Ds
oy |\ D
() gor(h) ... ges(/) Ds
20 Ds
or in short notation
{VO(hy)} = [g(h)]{D}, ©)

with {VO(h;)} the state vector, D> =A1+ 4>, D34 = Ci+C,, Dsg = By + B, respectively. The
matrix [g(/;)] is given in Appendix A. At the bottom of the layer z = z;_;, another relation, similar
to Eq. (9), can be obtained. At the same time, using the boundary conditions (4), one can deduce
that the same relation holds at the upper surface of layer (/ — 1)

(VO0)} = [gO)D}  with (VD)) = {VO(0)). (10)

Substitution of the solution of system (10) with respect to {D} into Eq. (9) results in the matrix
which connects &, ..., &) with #{~, ..., #"D throughout the layer with number /

(VO = [s"14v 0y, (11)

where

[s”1 = [g(h)][g0)] ",

the elements of matrix [s)] being given in Appendix A.

Next, the index / in Eq. (11) is set equal to n. Successive application of Eq. (11) in ascending
order then leads to a relation which maps the state vector (which contains the displacement and
the stresses) from the lower surface of the laminate to the top surface

(VO3 = [S]HVO3, (12)



A. Kononov, R. de Borst | Journal of Sound and Vibration 266 (2003) 171-187 175

where S is the total transfer matrix

[S] = [s" " M]...[s"].

It should be noted here that the transfer matrix method, as indicated by some authors [12], can
be prone to numerical instability especially in the case of a large number of layers. This problem,
which is clearly due to finite precision of computations, can effectively be resolved using numerical
libraries with arbitrary precision (such as the CLN library).

The transfer matrix will now be verified for two test cases. For the first test case an aluminum
layer is considered which is stress-free at the top and which is in welded contact with an
aluminum half-space (material properties are given in Appendix B). This implies that at the top of
the layer

~

g — 7

zz X.

LN

=#)=0 (13)

S

and that at the bottom the displacement and stresses have to be continuous, so that the state
vector {V©} is defined as

(VO} = [H]{4), 42, 43}7, (14)

where matrix [H] describes the half-space response (the matrix is elaborated in Appendix C).
Substitution of Egs. (13) and (14) into system (12) with subsequent rearrangement of the terms
together with the condition of non-zero solutions results in an algebraic system with respect to
Ay, Ay, A;. The determinant of this system yields an implicit relation D(w,k) =0 for the
determination of (w, k)-pairs for the free waves propagating in the structure. In the present case, it
is known that a free-wave solution exists in the form of surface or Rayleigh waves, which are non-
dispersive, see the straight (dashed) line in Fig. 2. It is important to note that the graphs in Fig. 2
(and in the subsequent figures) plotted in the dimensionless co-ordinates: frequency Q = w/w*
and wave vector K = k/k*, where w* = ¢y/Hy, k, = 1/Hy and ¢y = 1000 m/s, Hy = 10~* m are
the scaling velocity and thickness, respectively.

15 T T T T

Fig. 2. Dispersion relations for the lowest modes in the aluminum layer and for Rayleigh waves in the aluminum half-
space (dashed line).
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For the second case, an aluminum layer in a vacuum is considered, i.c., the boundaries of the
layer are stress-free. So, according to system (12)

s + 5127/75,0) + 51300 = iV,

sl + i) + 53 = !,

suit) + 530l + 533 = i,

sl + sqpill) + 5430 = 0,

ss1il) + s5il)) + 5530 = 0,

sl + S62ﬁ§,0) + 5630 = 0. (15)

As in the previous example, the determinant of the last three equations results in an implicit
dispersion relation for the wave modes propagating in the layer. Moreover, using the first three
equations one can obtain the separate dispersion relations for the symmetric and antisymmetric
modes. In doing so, it was assumed that a plane wave propagates along the x-co-ordinate, so that
ii, = 0. Further, for the symmetric modes one may set that # = #©, ) = —#® and for
asymmetric modes @) = —i?, @) = 79, respectively. Fig.2 represents the results of the
numerical elaboration of the dispersion relation (only the lowest modest are shown).

3. Solution of the thermo-elastic problem

Now turn to the problem of determining the equivalent elastic boundary conditions when the
photo-thermal source is applied. Consider an isotropic elastic half-space with z<0. A laser beam
incidents normally on the stress-free surface of the half-space. Further, it is assumed that the
absorbed laser energy density is smaller than the specific heat of vaporization of the half-space
material, and the thermal mechanism of sound generation is considered. The heat source is
generated in the solid due to adsorbtion of the energy of the laser beam. Within the frame of the
theory of thermoelastic stresses, the problem can be stated as follows [13]:

1 &%¢ 1 &%y
2 _——_—— = 2 _ — & = =
A% 2o mo, Vo, 7 on 0, ¢=1,2,
100 1 .
VO—-—=—0, 0=0cf(r,0), (16)
y Ot K

where the half-space surface at z = 0 is stress-free and the heat flux across the solid surface is
neglected:

00
Ozz = Tyz = Tyz = 0, E(LZ =0,1)=0, (17)

where m = n(L + 2u/3)/(A + 2u) = n(3 — 4b*/a?)/3 and 5 is the volumetric thermal expansion
coefficient, p is the density, ¢, is the specific heat constant at constant strain, x is the thermal
conductivity, y = k/(pc,) is the thermal diffusivity, 0 = T — Ty, T is the reference temperature, Q
describes the power absorbed per unit volume, ¢ is the constant which is inversely proportional to
the so-called skin thickness, f(r, #) defines the transverse and temporal distribution of the power
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density in the laser beam. In the thermoeclastic case the stresses in terms of the displacement
components are defined as follows:

a z
o =2p a—‘; (V. — (4 + 20)m0),

0 8ux+8uz 0 %+auz
=M Tax ) T MG oy )’

These expression can be rewritten in terms of scalar potentials ¢, V¥, ¥,:

2 3 2 2 3
0 @_Qa‘h —2u @4_@_8!#2 ,
or? 0z0r> ox2  o9y2 023
>y Y, Y, S,

-9 _

a <azax + 8x622> Y5y T P oo

> P, Y, 3y,

_ _ _ 18

e = (azay + 8y622> Hozox ~ P oy (18)

where the temperature 0 has been eliminated from o, using the first equation of Eqs. (16) for the
potential ¢. In the Fourier domain (after application of Eq. (5)), Egs. (16) and (17) yield

62d~) 27 N azlpa 27

¥+a¢_m9: 022 +ﬁ wz_oa 8_152, (19)
P0 L~ Qole a0
72 X 0=— - 1k, ka, ), g(/q,kz,Z:O,w):O, (20)

where 3> = k* —iw/y. The solution of Egs. (20) is given by

o tofe L) i - Ok
K(E — 1)

v

Accordingly, the solutions of Egs. (19) read

~ mKO P mﬁKO Y .
= 4 —— et Ak, ko, ) e,
W, = Bk, ky, w) e,y = Clky, ko, ) e, (21)

where the branches of radicals are fixed as follows R(y) > 0, 3(x) > 0, I(f) > 0. Substitution of
these expressions into the Fourier-transformed stress conditions at the boundary z = 0 results in a
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linear algebraic system with respect to the unknowns 4, B, C:

— u(B* — kDA = 2ip > C + pmKyo? <(a2 i e i x2)>
— omko <(a2kj<2) - x(af lf y2)+(a21f52) - x(aflf %2)> o
2uki0A + pPksB — ik (B — K*)C + 2ungé< G ;i‘ 5 (aziil 52)) =0,
2uky0d — upky B — ipky (B2 — k) C + 2umKo€<( f_z},z) (aziiz éz)) =

-1

Now one has to take into account that £~10° m~!, so that terms with order 1 /52 can be

neglected. Thus, one arrives at the system

(B> — k?)
(o + 72)’

k1A + PkaB — ik (B> — k2)C = —2mQufik1, kr, )

— (B? — k*)A = 2ipk*C = mQufik:, kr, )

( 2 + )
ks
Ko + 1)
An analogous system of equations can be written for the following classical elasticity problem
(with stresses written in a classical form):

2 A — By B — ika(B2 — KA)C = —2mQqfikr, ka, ) (22)

1 82(;3 1 aznp
Vip———=0, V,——=—22=0, e¢=1,2
a* or? ’ & b2 or? » ET S
at z=0: o0.= Z(X,y, t): Txz = X(X,y, t)a Tyz = Y(X,)/, l)' (23)

In the Fourier domain the problem described by Eqgs. (23) leads to the following algebraic system:
— (B = K)A = 2> BC = Z(ky, Ky, )/ i,
2ki0A + PlyB — ik (B> — k) C = X(ky, ks, )/ 1,
2kr0d — Pk B — ika(p? — kK2 C = Y(ky, ko, )/ . (24)

Clearly, the left-hand of Eqs. (22) and (24) are identical. Thus, the right-hand of Egs. (22) can be
interpreted as a Fourier image of the equivalent stresses applied at the boundary. So, under the
following assumptions which were made implicitly: (a) the heating is localized within a very thin
layer of the top layer of the laminate, (b) the thermo-diffusion depth is small compared to the
thickness of layer (i.e., half-space space can be used instead of layer, (c) the exposition time of the
laser is relatively short and (d) thermal radiation losses from the surface can be neglected, the laser
or photothermal source may be represented as an equivalent elastic boundary source consisting of
distributed normal and shear loading boundary conditions. Similar boundary equivalent
conditions were found by Spicer [14] and they were also used in Ref. [6]. It should be noted
that the same boundary conditions can be obtained if one specifies the heat flux at the boundary
instead of the heat source.
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From Egs. (22) it can be concluded that equivalent boundary conditions in the space—time
domain are presented by the convolution integral

oi(x,p, 1) = / / /K,(r -t t—17)f(F,7)drdr, j=2z2x,). (25)

The kernels Kj(r,t) are functions of time and the co-ordinates depend on the properties of the
body. They can be found by the substitution f(¥,7) = d(7)d(F). In doing so, one arrives at the
following expressions for K, and K,:

Ky = —2r0% 391, K, =2 FO%S(r)S(t), (26)

where

a’t/y

ev?, <0
8 l — 9 9
® { 1, t>0,

and TI'g = Qob*m/c.. As can be understood from general considerations, the value of the
equivalent stresses can depend only on the values of the ‘““thermo-force™ f at previous times and
not at subsequent times (the causality principle), so that Eq. (25) must be rewritten in the form

0i(x,p,1) = /l / /K,(r —r,t—1)f({F1)drdr, j=2zx,y. 27)

However, Eq. (26) still violates the causality principle, since the stresses (effect) appear for
negative ¢, i.e., before the cause—a laser impulse. This appears as a consequence of the non-
limited speed of the heat propagation. The problem can be solved by letting 9(¢) = h(¢), where h(?)
is the Heaviside step-function. This leads to the following Fourier images of the kernels:

5. i) > ki 5 k>
K=1ly——— K,=2I'yv— K, =2I(—, 28

which subsequently results in the following expressions in time—space domain (for details see

Appendix D):
1 ¢ 1 r
- (322 ) (0 -o(s22))

K, = —2I0h(?) %5@), K, = —2Tyh(r) %S(r), (29)

where 4, =& + Gi and @(..) is the error function. It should be noted that Eqs. (29) have to be
understood in the sense of distributions [15]. The obtained results for K, ), are similar to those
derived by Rose [16]. However, using the dipole approach that was used in Ref. [16], one obtains
that K, = 0, which is apparently due to the limitations of the method. A more rigorous derivation
of the corrected stress expressions with respect to non-causality problem can be done using
relations similar to the Kramer—Kronig relations that express the relations between real and
imaginary parts of the susceptibility function [17].
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4. Moving photo-thermal source

Consider a laser beam, which is scanning uniformly with a constant speed } along the surface
of the laminate. The power intensity of the beam is monochromatically modulated with the
modulation frequency €. Then, the heat source generated in the top layer can written as

1 (x=V)*+)?
0 = 0.51y(1 + exp(—iQol))ie‘fﬁ e P, (30)

where it was assumed that the laser beam has a total power intensity /y and that the spot radius /
has a Gaussian spatial distribution of power intensity. According to the previous subsection, in
the Fourier-domain this heat source is equivalent to the following distributed stresses applied at
the surface (the superscript 0 indicates that these stresses are thermal stresses):

i(* - k%)
o\/k* —iw/n

k k
, =24, & =24-, (31)
- w - (0]

where

nb*mly _KP

A= e 3 (8w —kV)+8w—kV—Q)).

Ce

Also assume that the lower boundary of the laminate is in stiff contact with an elastic substrate
which occupies the lower half-space. The goal is to find the z-component of the top layer
displacement, which can be measured in principle and used further by, for instance, the Fabry-
Perot interferometer [18].

The laminate response is described by matrix (12) which has to be supplied with proper
boundary conditions at the half-space interface

[SHV?} = (V®} with (VO = [H]{4), 45, 45} T, (32)

where the stresses in the state vector {V™} are given by Eq. (31) and the matrix [H] is given in
Appendix C. So one arrives at the system

&y ki ks

i kot kan ko 4
i || ks ko ks Al
G,. | ke ke ks Aj ’
0 ksi ksy ks3

70 ke1 ke ke3

yz

where k;; = sihi;. The last three equations can be solved with respect to the unknowns 41, 4,, 43,
which, in turn, can be used for the determination of the unknown aﬁ”). Finally, the z-component of
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Fig. 3. Normal displacements of the laminate bonded to a steel half-space due to uniformly moving laser V =
2.7,y = 0.0, the laminate consist of (a) 1 aluminum layer. (b) 5 alternating layers aluminum + resin.

the top layer displacement can be written using the following inverse Fourier form:
u(x —Vt,y,t) = / /F(kl,kz, w =k V)Ci(kl(xiVl)Jrkzy) dk; dk,
+ / / F(ky, ka0 =k V 4 Qp)e!*r = V0+key=i20 0 qje di,. (33)

The results of the numerical evaluation of the integral in Eq. (33) for the different problem
parameters are shown in Fig. 3.

As seen in Fig. 3(a), the laser spot excites the steady state displacement field in the laminate.
These displacements appear as a result of the thermal expansion of the laminate material which is
heated by the laser. Also, it is seen that no waves are generated. When the structure becomes more
complex (5 layers), the laser spot when moving at the same speed, generates waves in the laminate,
see Fig. 3(b). Note that the graphs have been plotted in the dimensionless co-ordinates: { =
(x — Vt)/Hy, n=y/Hy. These results can be understood qualitatively using the following
arguments. The zeros of the denominator of the integrand of Eq. (33) that correspond to the wave
dispersion of the system, can be found from the system

o=k-V+Q,

D(k] . kz, CO) = 0,

where the first equation is the so-called kinematic invariant and the second is the implicit
dispersion relation of the system, i.e., the denominator of the integrand in Eq. (33). A graphical
solution of the system is shown in Fig. 4.

Fig. 4(a) shows that in this case there are no crossing points between the kinematic invariant
and the dispersion curves (except for w = 0,k = 0) and thus no waves are generated in the system.
In contrast, Fig. 4(b) shows that there are crossing points and therefore waves are generated by
the moving laser spot.

It is clear that the dispersion properties of the combined system strongly depend on the
properties of the bounded half-space. This can be confirmed by the graphs shown in Fig. 5, where
a polyester resin half-space was used instead of a steel half-space. As shown in Fig. 5, in this case
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Fig. 4. Dispersion curves of laminated structure bonded to a steel half-space with kinematic invariant V' = 2.7,Q, = 0.,
the structure consist of (a) 1 aluminum layer, (b) 5 alternating layers aluminum + prepreg (- - - kinematic invariant).
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Fig. 5. Dispersion curves of laminated structure bonded to a polyester resin half-space with kinematic invariant, the
structure consist of (a) 1 aluminum layer V' = 1.1, Qy = 0.02, (b) 5 alternating layers aluminum + prepreg V' = 0.6, Qy =
0.17 (- - - kinematic invariant).

Fig. 6. Normal displacements of the laminate bonded to a polyester resin half-space due to uniformly moving laser, the
laminate consist of (a) 1 aluminum layer V' = 1.1,Qy = 0.02, (b) 5 alternating layers aluminum +resin V' = 0.6,Q, =
0.17.

each mode can be excited separately, which can be useful in NDE applications. The corresponding
spatial displacement fields are shown in Fig. 6.

The displacement field shown in Fig. 6 appears to be quite complicated and also it differs
substantially from the fields generated, for instance, by moving mechanical loads [19]. In
particular, the displacement field generated by a moving mechanical load is localized in the
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vicinity of the load (sub-critical case). In the thermoelastic case, the field extends over some
distance away from the laser spot, because of the temperature relaxation processes.

5. Conclusions

In the present paper, the steady state response of an elastic isotropic layered plate subjected to a
moving laser source illumination has been studied. The response of the layered plate in Fourier
domain has been formulated using the transfer matrix approach. The application of the photo-
thermal source (laser) to the upper surface of the laminate, has been reformulated as equivalent
stresses applied at the illuminated boundary with the use of the so-called thermal stresses
approximation. For the analysis a laminated structure has been used which consists of alternating
layers of aluminum and so-called prepreg (usually, fiber-reinforced resin or epoxy) which is used
in the acrospace industry. The sensitivity of the generated displacement field to the variations of
the laminate inner structure has been demonstrated. The model provides a useful tool for the
determination of which modes are generated by a laser source in a layered system. It can also be
used to determine how sensitive the generated modes are to changes in density, thickness, or
elastic properties of the layers. Future work will focus on the analysis of different laws of motion
of the laser spot in order to obtain an optimal radiation pattern which can be used further to
determine the properties of layered structures using an inverse method.

Appendix A

The matrix [g(/,)] is given by

ikic, —k1s, tkocp —kasy, —ik1 Psp —kiPcp
iksrc, —kys, —ikicy ks —iko sy, —kyfcp
—0iSy, 1oic, 0 0 k2cp ik2sy
—ud’ec, —ipd’s, 0 0 —2upkis,  2ippkic, |’
—2iukios, —2ukioac, —ipkyfsy —pkofey,  —ip k16%¢c, ,uklézs;,

ipkras, —2ukauc,  iwkifsy  pkifey  —ipkadicy  pkadtsy

where ¢, = cos (ah)), ¢, = cos (Bhy), s, = sin (ahy), s, = sin (Bhy), % = p* — k?, k> = k} 4 k3. The
matrix [g(0)] can be obtained by letting /; = 0 in matrix [g(/;)], so that

ik, 0 ik, 0 0 —kip
ik> 0 —ik; 0 0 —kaf
0 o 0 0 k2 0
EOI=1_52 0 0 0 2iupk’
0 2ukije 0 —pkoff —ipk 6> 0
0

0  —2uk pki\p o —ipk:8* 0
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The inversion of this matrix results in the following matrix:

—2ik,  —2ik 1
v v 0 o 0 0
00 0
» e ko0 0 0 0
upk> Pk
0 0 2 0 iky : ik :
w Wi uWk
—k & —kyd? —i
/szlW /)’kZZW 0 ,u/j’II/V 0 0

where W = w?/b*. According to the definition
[s“1 = [g(h)lgO)] "
This, after elaboration, results in the following relation:
1
P ()
(51 = -4a”,

where the elements of the auxiliary matrix [q”] are (index / omitted)
. Sa
qi1 = Wep + 2ki(ca — ¢p), qia = 2kika(ca — cb), 13 = ik <52 i 2 ﬁsb>,

Kk sy k3 (sa sb> kiko (sa sb>
qu=—-1—ca—c)qis=W—+—(——2 .6 =—\—— 7|,
I wp u\o B po\oe B
. Sa
Q1 = 12, g2 = Wep + 2k3(ca — ¢p), qo3 = ika (52 i 2 ﬁsb),

ko sy K3 (s S
Qo4 = —i—(Ca — ), @25 = 16, G2 = W —5 + 2= ==,
Ju up B

o\ o
q31 = ik <2O€Sa — & S—b> g3 = iky (2 o5, — 0 S—b>,
B B
1 kZSb
q33 = We, + 2k2(6‘b —C4), Q34 = ;(T + OCSa> 435 = 414, q36 = {24,

qa1 = 2ipk16°(ca — ), qur = 2iptksd*(cq — cp),

S
qa3 = —#<4ﬁk25b + 545):‘144 = 33,445 = 413, Q46 = ¢23,

p

s
gsy = —pkik; <(k2 - 3/32)% + 40€Sa> . 453 = 441,954 = 431,955 = 411,956 = q12,

gs1 = —u (((ﬂ2 R IAE +K) 4k%ocsa),

S
qd61 = 452, 4e2 = — I <((ﬁ2 - k%)z + klz(ﬁz + k%)) Eb =+ 4k§°‘Sa> . 463 = q42,

qe4 = 432,465 = 412,966 = {22.



A. Kononov, R. de Borst | Journal of Sound and Vibration 266 (2003) 171-187 185

It must be emphasized that in all the final results such as expressions for the displacement
components or dispersion relations, W is not included (since it mutually cancelled), hence it was
assumed that

s“1= 1a"1

Appendix B

The following material constants were used in the paper:

Material Density (f;—%) Long. vel. (%) Shear vel. % Layer thick. (m.)
Aluminum 2790 6380 3130 4x1074
Steel 7700 5760 3120 0
Prepreg 1400 2730 1300 3x 107
Polyester resin 800 2550 1280 o0

Thermal diffusivity y for aluminum is taken as y~ 1.0 x 107> (”ff).

Appendix C

In the half-space z< 0 the scalar potentials can be written in the down-going wave form
=A™,y =Ae Jy = Aze
Consequently, these potentials lead to the following form of the state vector evaluated at z = 0:
ik, ks kip
ik, —iky kofp

o —io 0 k2 A4

vOy = . A

Vo —ud 0 2ippi> 2
A3

ukio pkaff —ipky 6°
Qukre —pki o —ipknd*

Appendix D

The inverse Fourier transform for K, and Ky can be found without difficulties. However, the
same operation for K. is not so obvious. Consider the following integral

1 < .
K.(r,f) = &3 ///KZ elkr=on q¢) dKk,
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in which
- (ﬁ k2) il (wz/b2 2k?)

i o/k* —iw/ \/?a)\/kz/y—iw.

This integral diverges in a classical sense. However, it can be treated in the sense of distributions,

so that
iFO 1 62 ei(k r—ot)
K.(r,H) = — ———24 ——dwdk.
1) w%ﬁgwﬂ l)///?wwmmtu

Next, consider the internal integral
+ o0

e—l wt

—w Wy/g— 1w

The integral can be evaluated using the method of contour integration. The contour of integration
for ¢t >0 is shown in Fig. 7.

For t<0, the contour of integration should be closed in the upper half-plane, where there are no
singular points (/y = 0). The branch cut in the complex plane @ in chosen such that the condition
R(/K2/y —iw) = R(y) > 0 is satisfied everywhere along the path. The contour integration gives

0, <0,
Iy = e(=20)

2ni (—g1)
+ 2ie f dz,
Y " iz +g)

I = do with g¢=k?y.

t>0,

where the remaining integral is standard,
0, <0,

Iy = i
0 _% QD(\/@)’ t>0.

Accordingly, the next integral is

o (/K3 + k3
I, = //+ ( + \/7) ellkix+kzy) dk, dk,,

k2+k2

Fig. 7. Contour of integration for ¢ > 0 in complex w-plane, (+) and (—) show signs of the radical, respectively.
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which, in a polar system of co-ordinates: k| = k cos (¢), k1 = ksin (¢p), x = rsin (i), y = rsin (),
after integration over ¢, is simplified to

+ 00
I =2n / Jo(kr)®(k /1) dk,
0

where Jo(..) is the Bessel function of the first kind. The last integral can be found in the standard
integration tables

2n r
L =—1[1—-—® .
Finally,
1 & 1 r
K.=-Toh(®)===——-24 — (1 -
= =T ()<b2at2 L> 2 2 i
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