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Abstract

A multi-degree-of-freedom (m.d.o.f.) system excited by a rough moving surface has been developed to
study friction-induced oscillations. The normal degrees of freedom allow for oscillatory normal forces,
while the normal-tangential coupling of friction produces parametric excitation in the slipping equations of
motion. After a modal change of variables, first order averaging has been used to produce a set of
autonomous equations of motion. Eigenvalue analysis of the averaged equations has produced stability
predictions for the steady sliding position. Numerical integration of the original system of equations has
verified the existence of locally unstable oscillations for a system excited by a rough surface input. The
combination of velocity-dependent friction and a harmonically varying normal force have been shown to
produce large-amplitude oscillations, in some cases leading to stick—slip responses.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The role of friction in the contact of mechanical components presents a problem of great
interest and importance. The consequences of friction between two elastic bodies in sliding
contact may be desirable, as in the stopping power of automobile brakes, or undesirable, as in the
audible noise of brake squeal. Friction-excited oscillations are the usually undesirable result of the
combination of friction behavior at the contact of two elastic bodies and overall system dynamics.
Characterizing the relationship between the generally non-linear friction—velocity relationship and
the dynamics of a particular contacting pair is paramount to understanding problems such as
automatic transmission wet clutch engagement. Many researchers have studied friction-excited
oscillations, concentrating on different aspects of the problem.
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Of particular importance in the study of friction-excited oscillations is the variation of contact
force. The problem was first examined critically by Tolstoi [1], who constructed a low speed
friction apparatus to determine the influence of the normal degree of freedom (d.o.f.) on friction.
He experimentally observed a friction force reduction when the normal d.o.f. resonance was
excited. This resonant reduction in friction was attributed to the difference in mean separation of
the bodies for the resonant and non-resonant cases. Godfrey [2] also recognized the interaction
between system dynamics and friction by experimentally examining the influence of vibration
between sliding components. Further discussion of mean separation and the real area of contact
was seen in Budanov et al. [3]. They concluded that higher sliding velocities produced more violent
asperity collisions and therefore a larger separation of the bodies. Rice and Ruina [4] used a state-
dependent friction law and examined sliding stability. They determined the critical system stiffness
value for stable sliding.

More recently, Hess and Soom [5,6] studied the interaction between friction and vibration. They
predicted stability of steady sliding in a friction-excited system and augmented the Greenwood and
Williamson [7] model for elastic contact with the rotation degree of freedom. Normal-angular
coupling was also studied by Martins et al. [§], and later extended by Tworzydlo et al. [9]. In both
works, a power law was used to model the constitutive behavior at a sliding contact interface. These
works consider the kinematic coupling of the normal and angular modes, a phenomenon not unlike
that observed in the study of brake squeal by Earles and Lee [10], among others. De-stabilizing
effects in these models manifest themselves as non-symmetric (i.e., non-conservative) stiffness terms,
possibly resulting in either flutter or divergence instabilities of linearized equations.

In this work, a new mechanism of instability has been investigated. Arising in systems with non-
constant normal forces and velocity-dependent friction coefficient, the instability is the result of
dynamic coupling of the tangential and normal modes of the slider. While many studies have
focused on the friction-excited oscillations associated with a negative friction curve slope, the
present work considers a friction-related steady sliding instability in a multiple-d.o.f. system
possessing a friction law not restricted to negative slope. Due to the interaction of the oscillating
normal force and the non-zero slope of the friction curve, a parametric damping term arises in the
slipping equations of motion. This parametric excitation gives rise to combination resonances the
stability of which have been determined using the first order averaging method of Krylov and
Boguliubov [11]. The stability criterion developed for the combination resonance relates system
damping to friction characteristics, normal force variations, and frequency tuning. The
relationship between forcing frequency and system natural frequencies is critical. Unstable
oscillations for the combination resonance are not excited by the negative damping-type
instability of a negative friction curve slope. Rather, they are related to the magnitude of the
friction curve slope and the tuning relationship of the forcing and natural frequencies.

2. Mathematical model and problem statement

The idealized system model is shown schematically in Fig. 1. Composed of m, 2-d.o.f. contact
subsystems and one slider to which the contact subsystems are attached, the system has a total of
2m + 1-d.o.f.s. Each contact subsystem is excited in the normal direction by a rough surface
translating below, while the tangential d.o.f. is excited due to the normal-tangential coupling of
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Fig. 1. A system schematic: (a) top view; (b) side view.

friction. The more massive slider, conversely, possesses a single tangential d.o.f., and it is coupled to
each subsystem via a spring and dashpot. Therefore, the massive slider represents the large-scale
motion of an elastic body in contact with a moving rough surface. The small subsystems represent
the contact dynamics on a micro-scale; i.e., the subsystems model the contact of the elastic body and
the moving surface on an asperity scale. The contact subsystems each have the potential for sticking,
while the slider continuously slips. The rough surface input to each subsystem is independent;
consequently, sticking of each contact subsystems occurs independently of the other subsystems.

Because of the piecewise description of the motion (i.e., sticking and slipping), the mathematical
model is also developed piecewise. Consider the normal motion of one of the subsystems, say
subsystem i, due to the rough surface moving below. The normal motion governing equation for
the ith generalized co-ordinate is

miXi + Cni(Xi — Xini) + Kni(Xi — Xin;) = 0, (1

where i indicates the d.o.f. and » indicates that these are the normal d.o.f. stiffness and damping
parameters. x; and X; are the input displacement and velocity, respectively, for the ith d.o.f.
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The normal contact equations have been modelled using linear stiffness and damping elements in

preparation for a stability analysis of the steady sliding solution later in the paper. It will be shown

later that small, steady state normal oscillations drive the sliding instability for this system.

Therefore, a linear approximation for the normal contact governing equations will not invalidate

the conclusions of the stability analysis, and is the starting point for the normal contact model.
The slipping equation of motion for the ith tangential response co-ordinate is

miy; + ciyi + kiiyi = Fri+ ciys + ke iys, (2)
where
Fri(t) = w;(Vier, ) INi(0)] sgn(Viyer,i), (3)

and where the subscript 7 indicates that these stiffness and damping parameters are for tangential
motion. y; is the coefficient of friction for the ith d.o.f. and N; is the normal force for the ith d.o.f.
yy 1s the displacement of the slider, while y; is the tangential displacement of the ith subsystem.
The normal force is time-dependent and composed of two parts; one part is the static (constant)
normal force, denoted by N,;, while the other is the normal force fluctuations due to normal
response, denoted by m;X;:

Ni(t) = N, + m;X;. 4)

The time dependence of the normal force is the result of a normal direction oscillatory response,
X;.

The friction model under slipping conditions can then be described as follows. The friction
coefficient ;(V;.1;) is a function of sliding velocity, thus capturing the well-documented variation
of friction with relative velocity. The normal force is a function of time, resulting from normal
oscillations in the subsystems. The friction force, therefore, is a function of both sliding velocity
and normal motion, as described in Eq. (3).

Tangential motion during sticking for the ith d.o.f. is prescribed as

Vi=Vierin 7i=0, (5

where Vs is the (reference) velocity of the surface moving beneath the ith contact subsystem.

Next, consider the slider to which the 2-d.o.f. contact subsystems are attached. The slider is
considered to have only tangential motion. It is excited only by its coupling to the subsystems, and
it is attached to global ground via a spring and dashpot. The equation of motion for the slider is

i=m
mgps + cgps + ksys = Z F;, (6)
i=1

where F; is the reaction force developed in the ith subsystem spring and dashpot. The matrix
slipping equation of motion can then be assembled:

M{Q} + C{Q} +K{Q} =F, (7
where {Q} is given as

{Q} = [y YymX “'xm]Ts (8)
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and M, C and K have the following forms:

mg 0 - 0 0 0
0O m - 0 O 0
0 0 0 0
M=|0 0 my, 0 0 1, C)]
0 0 0 m 0
0 0 0 0
0 0 0 0 My
(ko + 3 ki —ky o~k O 0]
—kiy ki e 0 0 0
: 0 ’ 0 0 0
K= —kim 0 Kim 0 0 (10)
0 0 0 Kn.1 0
: 0 0 0 0
i 0 0 0 0 knm |
C has the same form as K. F is defined as
F=[0 Fri « Fypm 0 - 0", (11)

Normal excitation to the system is provided by the rough surface translating beneath the
contact subsystems. In order to investigate roughness-related phenomena, a sinusoidal profile
with characteristic height /,,; is used:

. (2nX;
Xinji = hasp,i Sll’l( 7; l> ) (12)
i

where X; is the distance travelled and 4; is the wavelength of the surface beneath the ith d.o.f. X;
includes one component due to the motion of the surface itself and one component due to the
tangential response of the subsystem.

In the zero surface roughness case, the normal force is constant, and the steady sliding friction
force for the ith d.o.f. is

F}',z’,ss = :u( Vref,i)No,i- (13)

It is assumed that for the small surface roughness features, the long time solution of Eq. (7) in the
phase space consists not of discrete points, but of small closed trajectories, representing periodic
motion. The stability of these periodic solutions is investigated, and conditions for the existence of
parametric instabilities are derived in terms of friction curve slope at the steady sliding position.
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3. Linearized equations of motion

The goal of this analysis is to determine the stability of the long time solution to the system of
equations (7). For small roughness features (i.e., small /4, ;), the oscillatory part of the normal
force, Eq. (4), is small, and the long time solution to Eq. (7) involves small, periodic, non-sticking
solutions (small, closed trajectories in the phase space). If the trajectories are small, then as a first
approximation, the small tangential response is neglected when calculating X;. Therefore,

1Yi ~ Vre_/',ita (14)
and the rough surface input to the ith co-ordinate becomes an explicit function of time:
Xinji = hasp,i sin(a)(,,,-t), (15)
where
27V o i
w0,y = ==L (16)

The normal direction input no longer relies upon the tangential direction response. This
decoupling allows for explicit solution for the displacement variables corresponding to the normal
response co-ordinates. The steady state normal response for the ith d.o.f. is

X[(l) = M[ COS(C&)O’,'I — d)l) (17)
In Eq. (17),
1/2
k2 i 1 (Cnio,i :
M; = hasp,i = ( 27 ,) > P (18)
_(kn,i - miwg,,’) + (Cn,i0,7)

gy = tan™! | CiPei | ot | Fni | (19)

kn,i - miw(,ji Cn,iWo,i

The remaining variables are contained in the vector {Q}:
{Q} = [ys Y, ym]T> (20)

which has been reduced to only m + 1 unknowns.
Using the steady state solution (17) in the friction force equation (3), the non-linear friction
force for the ith response co-ordinate is written as

Fri = t(Viet)INo i — miMio?, ; cos(wo it — ,)]. (21)

Note that sgn (V,.;) has been dropped because continuous sliding is assumed to occur for small
oscillations about the steady sliding position.

In order to investigate the stability of periodic solutions to the decoupled equations, the friction
force is linearized using a Taylor series expansion about the steady sliding position:

=4+ St e (22)
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where
du
d Vrel 1%

rel = qu/'

1= w(Veer),  Si= (23,24)
It is assumed that the same friction—velocity relation describes the contact of each subsystem,
although the contacting velocities Vs, of the subsystems are independent. Using the linearized
friction coefficient (22), the linearized friction force becomes

Ff,,' = A,‘ =+ 5,‘ =+ ﬂi COS(C{)O,,'t — (]’)l) + Vi COS(CUO,,'Z — ¢i))./,', (25)
where
Ai =i Noi, 6;=SiNoj, B;=—Muo,ut, v =—-Muw,,S: (26)
Using the modal transformation
{0} = R{z}, (27)
where R is the mass-normalized matrix of eigenvectors, yields the system equations of motion
L} + €] — PO} + @ in} = {4}, (28)

where
iy = {z} = [QX7 {4}, {4} =R"[0 4y - 4,]",

0 0 0
.0 o1l — 0 A
(= RT [0 HeOS@ert =) R, (29)
0 0 . 0
0 0 Y COS((J)(,’ml - ¢m)
0 0 - 0
=k |0 0| b
B 0 0 0 ’
0 0 - &,
(B = R0 By cos(@oit —d1) B,y cOS(@omt — b,)]'-
The explicit form of the inhomogeneous forcing for the ith co-ordinate is
j=m+1
Bi = Z R;if; cos(w,, jt — ¢)), (30)

J=l1

where f?_,-i are the entries in the modal matrix R. As is revealed by Eq. (30), B,- contains terms with
the forcing frequencies of each subsystem due to modal coupling.
4. Stability analysis

Small physical damping has been assumed in the analysis. Furthermore, according to Eq. (26),
the two friction-related damping terms, J; and y;, are both proportional to the slope of the friction
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curve S;. Conversely, the forcing parameter f3; is scaled by the steady sliding friction coefficient "
If it is assumed that the linearized slope of the friction curve S; is of the same order as the light
damping, it is logical to scale the following parameters as

[E]=¢é], T=el, O<exl. (31)

However, it is not assumed that the steady sliding friction coefficients w* are small; hence the
inhomogeneous forcing terms are not rescaled by e.
Eq. (28) is now rewritten as

L7} + e[€] — T®1} + Q2{n} = (B} (32)

The Cartesian transformation (1,#)— (A, B) is used to express the ¢ = 0 solution to system (32):

j=m+1
N(1) = A;cos(Qit) + Bisin(Qit) + Y Fycos(w,, it — ), (33)
j=1
j=m+1
(1) = —A; Qi sin(1) + BiQ; cos(Qit) — > Fy,, jsinw,, jt — ¢)), (34)
j=1
where
Rif,
F = b 35
The resulting set of 2m + 2 first order differential equations is
A = Qi sin(Qi1) (A, B, 1), Bi=— Qi cos(Q;1) fi(A, B, 1). (36,37)
In Egs. (36) and (37), the non-autonomous function f; is
Jj=m+1 k=m+1
fi= Z { &j— Z Ty cos(woxt — ¢p)
=1 k=1
k=m+1
X | —4;Q;sin(Q1) + BiQ;cos(Qt) + > —Fieo sin(wot — ¢>k)] } (38)
k=1

Using definition (38), the first order Egs. (36) and (37) are expanded in Fourier series in order to
reveal the resonance frequencies of the system. These non-autonomous equations contain terms
the circular frequencies of which are sums and differences of all the systems natural frequencies Q;
and forcing frequencies ,;. These time-dependent equations will be reduced to autonomous
equations via first order averaging. The averaging operator of Krylov and Boguliubov [11] is
given by

Afy = Jim — [ ) (39)

The averaging operator is applied termwise to the first order Egs. (36) and (37); the surviving
terms are those which are constant and those with circular frequencies nearly equal to zero. The
resulting averaged (autonomous) equations contain the critical information for stability
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prediction. Each of the resonance conditions is examined individually below. In the subsequent

analysis, it is assumed that the system natural frequencies are distinct, thus precluding the
existence of the i—j internal resonance.

4.1. Case I: Qixw,, ;

In this case, the averaged equations are

—Fjjw, ;& :
A 1 [ 204 g os(=) + Fyosin(=¢))
=3¢ T )
Bi —20 G i U sin(—¢;) + Fjio cos(—¢;)
where ¢ is the detuning parameter:
Wy, j = Ql' + é&o0. (41)

The eigenvalues of the coefficient matrix in Eq. (40) are
Jp = —&; Fi(4o), (42)

indicating a stable periodic solution #,(¢) as long as the effective modal damping ¢; is positive.
4.2. Case II: Q;+Q;xw,\

After detuning according to

Wo ) = Qi + Q; + ¢o, (43)
the averaged equations are
[ Cii —7i% V5% i
| 2 T Ko How-0)°
/.li o —Cji ] V& C
Bi{ _ . 2 Mok — ) Hwor — 2))
Aj _Vij(wo,k — ) C yij(a)o,k — Q) g @ 0
B 4Q; 4Q; 2
=i @0k — €2) g Vii(Wo ke — €2) c 0 9
| 4Q; 4Q; 2 i
A;
B;
X 4 , (44)
B

where
C =cos(—¢;), S =sin(—¢). (45,406)
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The eigenvalues of the coefficient matrix in Eq. (44) are

\ 1 ) )
A234 =g —(&i + &)+ 2o+ \/(éii - fjj)z + F?j —da? +dio(E; — )| (47)
For eigenvalues with negative real parts, the critical value of modal parametric excitation is
\/\f Cjj
Py = 230205\ )" 140 (48)
(511 + i]]

The averaged equations for the difference resonance case Q; — Q;~ w,  are obtained by changing
the sign of Q; in Eq. (44). The stability prediction of Eq. (48) is precisely the same for the
difference resonance case.

4.3. Case Ill: Qirxw, ; X wyx

For the detuning

Wy, j + o = Qi + €0, (49)
the averaged equations are
—Cji —Fixwo i Iy
{Al} o {Ai} b (50)
. p=¢ + . 50
B,- _él‘,’ Bl' Flkwo kFl/
20 —HE T in (— g, — ¢y)
The eigenvalues of the coefficient matrix are
lp=— %4—1(20’) (51)

The linearized response is stable for positive effective modal damping &;. The results given are
also applicable for the difference case Q;xw,, j — W, .

4.4. Non-resonant motion

For the case of no special frequency relationships, the averaged equations are:
—&.
A; TH 0 A;
b =¢ , (52)
Bl' 0 __éll Bi
2
which clearly indicates that for positive effective damping &;; the linearized response is stable.
The stability conditions are summarized in Table 1; however, several points deserve further
discussion. Consider the interesting case of internal combination resonance, Case II. Note that the
stability boundary I, ; found in Eq. (47) forms a hyperbola in the (I'j, o)-parameter space
which is symmetric with respect to the g-axis. Recalling the definition of I'j, Eq. (29), it is clear
that for a negative slope of the friction curve, I'; could be less than zero. The product of the

velocity-dependent friction and a special frequency relationship, this friction-related instability
relies upon the existence of a sufficiently large parametric excitation amplitude.
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Table 1

Summary of stability criteria

Frequency relationship Stability condition 1 Stability condition 2
Case I: Qirw, ; £i>0 N/A

Case II: Qi+ Qi &i>0, &;>0 [Ty <L eric il

Case III: Q;~w, j+wyx £i>0 N/A

No special relationship £i>0 N/A

Before turning to numerical analysis to corroborate the linearized stability predictions and to
investigate the global effects of local instabilities, it is instructive to discuss the relationships
between the various system operating parameters. It is clear that increasing the system damping
makes the effective damping ¢;; larger. However, increasing the static part of the normal force N, ;
plays two different roles depending upon the sign of the friction curve slope. For the positive slope
case, increasing the static normal force has a stabilizing effect, while for the negative slope case,
increasing the static normal force has a destabilizing effect. Larger slope magnitudes produce
larger parametric excitation amplitudes, but depending upon the sign of the slope, they produce
either more or less friction-related damping. The interaction of the various system parameters is
quite complex; a numerical example reveals some of the subtlety.

5. Numerical results and discussion

In order to demonstrate the utility of the stability predictions developed above, the 3-d.o.f.
system shown in Fig. 2 is examined. The system under consideration possesses two d.o.f.s in the
transverse direction (y direction), one d.o.f. in the normal direction (x direction). The system is
excited by the moving surface with sinusoidal roughness below it. The model allows for sticking of
the contact subsystem, velocity-dependent friction, and oscillatory normal force due to the rough
surface input, expressed as

Xin(T) = sin 2n Vo)1 1), (53)
where
I71‘ejf' = Vref/haspa /i = /I/hasp-

Therefore, the normal motion for the decoupled system is governed by

" / 2 / 2
X'+ x + wpx = (X, + ), Xin, (54)
where
Cn 1 /k,
(= . Wy =—o[—.
mimi Wy \| my

Solving for the normal response allows the linearized friction force to be written as follows:
Fy(Vyers©) = (Vi) IN, — M. cos (w,T — ¢)], (55)
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Fig. 2. The 3-d.o.f. system used for the numerical study.

where
N, = No/mla)%, M= M/mla)%, W, = w,/wy. (56)
The dimensionless tangential equations of motion for the decoupled system are
1 o], l+a —al, [1+k —k 0
—+ —+ _ _ = , 57
[0 m ]y g —C Cl y -k k1 y Ff(‘L') 57)
where
o =mmg, T =cje, ko=kifk, o] =kj/m, (58)
¢ ,
4= , t=aowt, (--)y=d/dz(--).
L G i, () /dz(--+)

The input parameters used for numerical study of the model and the stability predictions are
given in Table 2.

The friction—velocity relation used in the simulations is shown in Fig. 3 and described
mathematically by

(59)

{075 0.0Vl Vil <150,
"oz, Vot > 15.0.

For the parameters used in this study, the effective modal damping ¢; is non-negative for all
reference velocities. As a result, the negative slope of the friction curve is insufficient to produce
the negative damping-type instabilities of Case I (Q;xw, ;), Case Il (Q;xw, j+w,;) and the
non-resonant case. The numerical study will focus on the Case II (2;+Q;~w,;) internal
combination resonance.

Following the procedure outlined above, the normal response is decoupled from the tangential
response, and the resulting 2-d.o.f. system has non-dimensional natural frequencies of

Q2 =0.9950, w, =31.7807. (60)
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Table 2

Input parameters

my = 0.01 i =16.67
ki =10.0 =10

¢ =10 ¢ =0.015
k,=0.1 ¢, =0.1
o, = 1/10.0 N, = 0.05

Fig. 3. The piecewise linear friction law.

The surface frequencies w, of interest are given by
W, ~2Q2; =1.9900, w,~Q2 —Q; =30.7857, w,~Q2>+ Q =32.7757

and
w,~20Q, = 63.5614.

Linearized analysis in the neighborhood of each of these frequencies produces predictions
concerning the stability of the steady sliding position as a function of forcing frequency (i.e.,
sliding speed). The stability map for the two combination resonances for the conditions listed in
Table 2 is shown in Fig. 4. The frequency ranges producing unstable local responses are

W — Q1 = 30.74<w,<30.83.
W+ Q2 = 3272<w,<32.83,

Wy x202, = 62.70<w,<64.45.

Note that since 2; is much smaller than ,, the additive- and difference-type combination
resonances occur at nearly the same frequency. As a result, the conclusions drawn about stable
and unstable responses, and their impact on global system dynamics, are similar for both cases.
Therefore, the results for the w, ~ 2, — Q, difference combination resonance are presented. Also
shown are the results for the w,~2Q, parametric resonance. The three non-linear, uncoupled
equations of motion (54) and (57) have been integrated numerically, and the results are reported
below.

Consider first the case of the difference-type combination resonance, w,~ 2, — Q. In Fig. 5,
the stable response corresponding to w, = 30.16 consists of small-amplitude periodic oscillations.
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Fig. 5. The slider response for w, = 30.16.

However, for the forcing frequency w, = 30.78, the local response is unstable, and the oscillations
grow slowly. The response contains three frequency components, the natural frequencies of the
system and the forcing frequency. The amplitude envelope for these growing oscillations is shown
in Fig. 6, with a close-up view shown in Fig. 7. The multi-frequency makeup of the response and
its slow growth are evident in Fig. 7. In both cases w, = 30.16 and w, = 30.78, the system clearly
has one dominant frequency, that being the first natural frequency 2; = 0.9950. Superimposed on
this low frequency is a higher frequency component related to both the forcing frequency and the
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Fig. 7. A close-up of the slider time response for w, = 30.78.

second natural frequency. For the two cases shown, the high-frequency component of the
response shows a beating phenomenon, indicative of the slight frequency mistuning of the forcing
frequency and second natural frequency. For the case w, = 30.78, the amplitude of high-
frequency oscillations is not significantly higher than that for the case w, = 30.16. However, the
frequency tuning is correct for the existence of the w,~ 2, — Q; combination resonance. The
unstable oscillations result in a large-amplitude response, in this case leading to a steady state
stick—slip response. The same phenomenon can be observed for the w,~Q; + Q, additive
combination resonance, for which an unstable local response is predicted for 32.72 <w, <32.83.
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Fig. 9. The slider response for w, = 62.0.

Fig. 8 shows the stability map for the case w,~2€,, clearly indicating an unstable local
response for the frequency range 62.70 <w, <64.45. Time histories for the non-linear decoupled
equations with forcing frequencies in the stable and unstable regions are shown in Figs. 9—13. The
stable, small-amplitude steady state response associated with the forcing frequency w, = 62.0 is
demonstrated in Fig. 9. Conversely, the unstable local response predicted for the forcing
frequency w, = 63.5 produces the small-amplitude response of Fig. 10. Again, the unstable
oscillations initially grow but then decrease to steady state, small-amplitude oscillations with
frequency €2, as shown in Fig. 11. This phenomenon can be interpreted in terms of the tangential
motion time response of the contact subsystem, shown in Fig. 12. The velocity time history shows
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Fig. 10. The envelope of the slider time response for @, = 63.5.
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Fig. 11. A close-up of the slider time response for w, = 63.5.

a locally unstable response growing with frequency €25, as shown in the close-up of Fig. 13, here
resulting in stick—slip oscillations. These steady state oscillations produce a forcing function on
the slider of frequency ;. Because the natural frequency of the slider is much lower (2; = 0.9950)
than the forcing frequency, the high frequency forcing function produces a high-frequency low-
amplitude response. Indeed, the resonant response of the slider is of lower magnitude than the
non-resonant response, although the smaller mass oscillates with large amplitudes in the resonant

case.
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Fig. 12. The velocity response envelope for mass 1 for w, = 63.5.

15
10
£
. 5
8
2
] 0
[~
>
2 s
2
-10
-15
4000 4002 4004 4006 4008 4010

Time (sec)

Fig. 13. A close-up of the velocity response of mass 1 for w, = 63.5.

6. Conclusions

A general multi-d.o.f. model has been examined analytically for the existence of friction-related
instabilities of the steady sliding position. Excited in the normal direction by a rough moving
surface, and in the tangential direction by the non-linear coupling of friction, the system has been
analyzed for resonance frequencies using first order averaging on the modal response equations of
motion. Eigenvalue analysis of the averaged equations yielded stability criteria for the steady
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sliding response. Numerical integration of the original system equations has verified the stability
predictions.
The major conclusions of this work are as follows:

1. Friction-related sliding instabilities may arise in the multi-d.o.f. system with time-varying
normal forces. While not friction-excited in the sense of the negative friction curve slope case,
the unstable oscillations are friction-related because they originate from the interaction of the
oscillatory normal force and the velocity-dependent friction coefficient. This parametrically
excited instability is not possible for smooth contact; i.e., the case with constant normal force.

2. Non-linear friction laws (i.e., change in slope, or sticking at zero relative velocity) can bound
locally unstable oscillations. In this case, the prescribed motion of sticking is the growth-
limiting mechanism.

References

[1] D.M. Tolstoi, Significance of the normal degree of freedom and natural normal vibrations in contact friction,
Wear 10 (1967) 199-213.

[2] D. Godfrey, Vibration reduced metal-to-metal contact and causes an apparent reduction in friction, ASLE
Transactions 10 (1967) 183-192.

[3] B.V. Bundanov, V.A. Kudinov, D.M. Tolstoi, Interaction of friction and vibration, Soviet Journal of Friction and
Wear 1 (1980) 79-89.

[4] J.R. Rice, A.L. Ruina, Stability of steady frictional slipping, Journal of Applied Mechanics 50 (1983) 343-349.

[5] D.P. Hess, A. Soom, Friction at lubricated line contact operating at oscillating sliding velocities, Journal of
Tribology 112 (1990) 147-152.

[6] D.P. Hess, A. Soom, Unsteady friction in the presence of vibrations, in: I.L. Singer, H.M. Pollock (Eds.),
Fundamentals of Friction: Macroscopic and Microscopic Processes, Kluwer Academic, Dordrecht, 1992,
pp. 535-552.

[7] J.A. Greenwood, J. Williamson, Contact of nominally flat surfaces, Proceedings of the Royal Society. London A
295 (1966) 300-319.

[8] J.A.C. Martins, J.T. Oden, F.M.F. Simoes, A study of static and kinetic friction, International Journal of
Engineering Science 28 (1990) 29-92.

[9] W.W. Tworzydlo, E.B. Becker, J.T. Oden, Numerical modeling of friction-induced vibration and dynamic
instabilities, Applied Mechanics Reviews 47 (7) (1994) 255-274.

[10] S.W.E. Earles, C.K. Lee, Instabilities arising from the frictional interaction of a pin-disk system resulting in noise
generation, Journal of Engineering for Industry 98 (1) (1976) 81-86.

[11] N.N. Krylov, N.N. Boguliubov, Introduction to Nonlinear Mechanics, Princeton University Press, Princeton, NJ,
1947.



	Friction-induced sliding instability in a multi-degree-of-freedom system with oscillatory normal forces
	Introduction
	Mathematical model and problem statement
	Linearized equations of motion
	Stability analysis
	Case I: Omegaiapomegao,j
	Case II: OmegaiplusmnOmegajapomegao,k
	Case III: Omegaiapomegao,jtimesomegao,k
	Non-resonant motion

	Numerical results and discussion
	Conclusions
	References


