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Abstract

In this paper, the use of free- or fixed-interface modes in exact substructure displacement expansions is
briefly summarized. Then the substructural displacements are expressed exactly in terms of mixed modes,
i.e., the displacements consist of linear combinations of fixed- and free-interface modes. This yields a new
exact mixed-mode substructure method. It is demonstrated that the exact substructure methods with fixed
or free interfaces are two limiting cases of this new mixed-mode exact method. Thus, the exact substructure
method variants with free-interface, fixed-interface or mixed modes form a systematic theory of
substructure methods, which is unified by the new mixed-mode variant. This new exact variant not only
has this important theoretical significance but also has great practical significance because it can lead to new
approximate methods and to a deeper understanding of existing ones, e.g., quasi-comparison function
methods, dynamic condensation methods or substructure modal synthesis methods.
© 2002 Elsevier Ltd. All rights reserved.

1. Introduction

The substructure modal synthesis (SMS) method is one type of substructure method and is a
modelling technique, which permits a complex structure to be represented by a reduced number of
d.o.f. through modal transformation. SMS techniques are well known and popular in structural
dynamic analysis and are very useful when solving large complex structural dynamic problems,
especially for structures consisting of several obviously distinct substructures. They have been
used widely in the aerospace and automotive industries and involve the structure as an assembly
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of substructures, which are then assembled together by satisfying compatibility and equilibrium at
their interfaces.

Since Hurty presented his paper [1] on SMS in 1965, numerous variants of the SMS method
have been presented. The Rayleigh—Ritz procedure permits them all to be described easily, but
there are different substructure displacement representations, which need to be introduced by
means of different mechanics analysis processes.

Due to the lack of a systematic framework, the variants of the SMS method were developed
individually. The framework needed to unify them is now presented in this paper.

Compared to SMS, the exact substructure method (ESM) is another class of substructure
methods, in which the number of d.o.f. of the structure is not reduced, thus giving the entire exact
modes of the whole structure, i.c., the modes which would be obtained by using a direct analytical
method.

There are three different forms of exact substructure displacement expansion expressions,
namely the free-interface modes form, the fixed-interface modes form first presented in Ref [2],
and the mixed modes form proposed in this paper. Hence, there are three different forms of
dynamical analytical methods based on these.

A review of ESM with either free or fixed interfaces is presented in Sections 2.1 and 2.2. It is
shown that the variants of SMS with either free or fixed interfaces are essentially different
approximations to the ESM with free or fixed interfaces. This relationship between the variants of
ESM and SMS gives new insights into the substructure method and is necessary for the
systematization of such substructure methods. Hence, if new ESM variants can be constructed,
related new SMS variants could be set up in terms of both the substructural displacement
approximations and the synthesis procedures.

Using this approach, a new ESM variant using mixed modes is constructed in Section 3. By
analytical means, the exact displacements are expressed exactly, as mixed modes consisting of
linear combinations of the fixed- and free-interface modes. The exact results for the original whole
structure, which would be obtained by using a direct analytical method, can instead be obtained
exactly by using the new ESM proposed. This is proved by strict analytical derivation and
demonstrated by numerical examples. It is also demonstrated that ESM with fixed or free
interfaces are two limiting cases of this new ESM variant. Thus, the ESM variants using free, fixed
or mixed modes form a systematic theory of substructure methods.

As already stated, the new mixed-mode ESM variant has great practical as well as theoretical
significance. Hence, it is shown to have the capacity to lead to some new approximate methods or
to a better understanding of existing ones, e.g., the assumed modes method using quasi-
comparison functions [3,4], new dynamic condensation and new SMS variants. One of these,
which was published recently [5], approximates the new ESM presented here by ignoring higher
order mixed modes.

2. Three exact displacement expansion expressions

The equation of motion of each undamped substructure is

mX + kX = f (1)
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where m, k, X and f are, respectively, the mass and stiffness matrices and the displacement and
force vectors. This equation can be partitioned into

SSRLE R -
mj; my | | X ki K || X; fil

where the subscripts i and j indicate internal and boundary d.o.f., respectively, and f;=0, i.e. the
forces corresponding to interior d.o.f., are all zero for the eigenvalue problem.

2.1. Exact displacement expansion expression using free-interface modes

The free vibration equation of any substructure with its interface free is Eq. (1) with f = 0. The
corresponding eigenvalue matrix Ag, normal mode matrix @y and the relationships of
orthonormality satisfy the equations

&S mbp =1, & kdp=Ag (3)
in which
0
Ap = Ag s Pp = [Prr Ppr D),
Ag, 4)
Ap = [/11251,/1,292, ’Ii‘L} Ay = [;“%(L—o—l)”{%:‘(bo—b’ “‘a’ljzs(LJrH) )

where subscript £ indicates elements associated with free-interface substructures, @gg is the
matrix of rigid-body modes, Ag is the diagonal matrix which comprises the L lowest non-zero
eigenvalues A, the diagonal matrix A g, comprises the remaining H (higher) eigenvalues A and @ g
and @ g, contain the modes corresponding to Ag; and Ag,.

From Egq. (1), the exact representation of modal co-ordinates for the substructure displace-
ments X can be obtained analytically as

X =(k—mo’) 'f = ®p(Ap — L) PLf

= Xer+ Xpi+ Xpn = Perqpr + Prqp + Pengpn = Peqr, (5)
where
Qir = —0 " Pppf, qp = (A — ' Ig) ' Py f,
dpy = (Apy — 0 1) 'L f, Xer = Perqpr, Xp = Priqp.
Xpn = Ppnqp, Pp=|Per Pr Pp,

~ T
=iz 45 5] - (6)
According to classical modal theory, the complete set @g of free-interface modes is the

complete set of substructure displacements and constitutes the complete space, while Eq. (5)
represents the modes expansion theorem and g are the modal co-ordinates.
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Applying Eq. (5) to substructures enables the synthesis equation of exact free-interface
substructure methods to be derived. Thus, the publications of Hou [6], MacNeal [7], Ruben [8],
Craig and Chang [9], Wang et al. [10], Qiu and Tan [11] and Ying et al. [12] construct a systematic
logical progression of SMS variants, which essentially are different approximations to the ESM
variant which uses free-interface modes. Thus, this ESM formulation is the theoretical basis of all
practical approximate SMS variant methods which use free interfaces.

2.2. Exact displacement expansion expression using fixed-interface modes

For a fixed interface denoted by j, the displacement vector is

X X
X) = = (7
Xy 0
and so Eq. (2) simplifies to

m Xy + kiXpi =0, miXp + kiXp = f bj» (8)

where the subscript b indicates that the element is associated with a fixed-interface substructure
and f; is the force vector at the fixed interface. The corresponding eigenvalue matrix A5, normal
mode matrix @, and relationships of orthonormality satisfy the equations

D kD, = DLkiDy = Ay, P, mDy = D,.m;dy; = I, 9)
in which, with [ ... ] denoting a diagonal matrix,
Ay 0 Dy,
A pr— pr— p— ¢ ¢ h )
b [ 0 Ay, b 0 [ bl bi ]
A 30,73, 30 ) A = [ By gy o B | (10)

where the diagonal matrices A, and Ay, involve, respectively, the L lowest eigenvalues and the
remaining H (higher) eigenvalues and @;; and @, contain the corresponding modes.

The next step is to use an analytical method to obtain an exact expression for the substructural
displacements, as follows. If the interfaces had not been fixed, the first row of Eq. (2) would give

(ki — o*mi)X; + (kj — o*my)X; = 0. (11)

Therefore, the displacements X; at the internal d.o.f. i and X can be expressed exactly in terms of
the boundary displacements X; as

i

X,':tciX,', X = :Tch,

J

(12)

t. -
Tc = [ I ]a t = —R((,{)z)(k,] - wzmij),
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R(0”) = (ki — 0’my) ™" = (ki — o*my)~" (kiy — 0’ my + o*my)ke;!
=[I + (ki — my) 'milk;' = k;' + 0*R(o*)m;k;'. (13)
Here T, and R(w?®) are the exact constraint mode and dynamic flexibility matrix of the

constrained substructure. Substituting Eq. (13) into Eq. (12) and using Eq.(9) gives exact
constraint modes, for use with the complete set of fixed-interface normal modes as follows

ti = —k; 'kj+ * @pi(Ap — 1)) D mDy, (14)
T, = @y + *Pp(Ap — 1)) ' B md, (15a)
D= ["“], (15b)

I
to = —k; 'ky. (15¢c)

Substituting Eq. (15a) into Eq. (12) gives the exact displacements X in terms of the complete set
of fixed-interface normal modes as

X=X+ Xp+ Xpn = Ppgp, (16)
where

Xoo=PoX;, Xpi=DPpqy, Xon = Pongpy,

T
Gp= [Py Py Dy, C_IB:[XJ-T ay 4| (17)

gy = O (Ap — LD mDX;, qy, = 0 (Ap — 1) PL,md X,

Eq. (16) means that the static constraint modes @y, plus the complete set @, of fixed-interface
normal modes, form the complete set of substructure displacements X and g are modal co-
ordinates, so that the space constituted is complete, as was also true for the alternative exact
expansion expression of Section 2.1.

Applying Eq. (16) to substructures enables the synthesis equation of fixed-interface ESMs to be
derived. Thus, the publications of Hurty [1], Craig and Bampton [13] and Qiu et al. [2] build a
systematic logical progression of methods, which essentially involve different approximations to
the ESM variant which uses fixed-interface modes. Hence, the fixed-interface variant of ESM is
important because it is the theoretical basis of all practical approximate fixed-interface modal
synthesis methods.

2.3. Relationships between rigid-body modes and static constraint modes

From Eq. (15), @ is the modal matrix associated with the so-called static constraint modes,
while ¢, is the static displacement matrix corresponding to the internal d.o.f., i, of which the /th
column is the displacement vector due to X; having a unit value as its /th element, with all its other
elements assumed to be zero. Now the interface constrained force f',; can be expressed as

foj = kij — kiiky; 'k, (18)
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so that
k®, =
.chj

For any substructure with fixed interfaces, the number of interface d.o.f., j, cannot be less than the
number of rigid-body d.o.f., R, of the substructure with its interfaces free. There are statically
determinate constrained modes @, and redundant constrained modes @... Let

D= |:¢L‘R D ] 5 (2021)

chj = [fch fccy' ] . (20b)

of the statically determinate constrained modes must satisfy the static

s
: (19)

The interface force f.g;
equilibrium equations

fchLR =0, (21)
where there must exist an R x R matrix Lz and a J x R matrix L;,
Ly
L; = . 22
’ O] (22)

The f ; of the RHS of Eq. (19) must satisfy the equilibrium equations, which are also of order R.
Hence, using Egs. (20b)—(22) gives

0 0 0
L, = = =0. (23)
f ooy feoiLs feriLr
Substituting Eq. (19) into Eq. (23) gives
0
k®L; = kg = L;,=0, (24)
chj

where, see Egs. (20a), (22) and (24),

Ly

@pr=DPoyL; = [P D] = @ rLp (25)

which shows that @ gz must, by definition, be rigid-body modes. Hence, Eq. (25) shows that the
rigid-body modes @ gr can be represented as a linear combination of the statically determinate

constrained modes.
From Eq. (25),

D.gr = Prrq p, (26a)
Gr = Lp(LrLp)~". (26b)

Substituting Egs. (20a) and (26a) into Eq. (16) gives another form of the exact displacement X as
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where

1T
D= [ Prr Pee Py P |, qBE:|:q11::R Xz/' 2y th} ’

Xgj q _
X = qscOXj = [qch Qcc]{ X / } = [dsER gbcc] { ;R }v 9ER = chXRj' (28)
¢ ag

Eq. (27) is equivalent to the statement that the complete set of substructure displacements X is
equivalent to the complete set @, of fixed-interface normal modes, plus rigid-body modes ®gr
and redundant constrained modes @,..

2.4. Exact displacement expansion expression using mixed substructure modes

Because it implies the modes expansion theorem, Eq.(5) can be used to represent any
substructure displacements. Thus, the fixed-interface modes can be expressed exactly in terms of
the free-interface modes as

[(Doc Dy | = Prrgypr + Prigyr + Perdyp- (29)

For any substructure, the lower modes are usually obtained more easily than the higher ones,
whether from test data or from numerical analysis. Therefore, it is easier to find the redundant
constrained modes @.. and the lower fixed-interface modes @;; than to find the higher free-
interface modes @g;,. Let Hg be the number of higher free-interface modes @ gy, for a substructure,
while L. is the total number of redundant constrained modes @®.. and lower fixed interfacial
modes @, retained. If the number of higher modes is chosen so that L. = Hg, to ensure that the
total number of modes used equals the number of substructure d.o.f. (=N), Eq. (29) gives exactly

Ppy = ([Peec Poi | — Perdyer — Pridpe)de (30a)

9on = U Doendisn) (30b)

i.e., the higher free-interface modes have been expressed in terms of some lower mixed modes.
Substituting Eq. (30a) into Eq. (5) gives Eq. (31) and then substituting Egs. (20a) and (25) into
Eq. (31) gives Eq. (32):

X =Pprqpr + Priqp + ([d’cc d’bl] — Perqper — PEGyEND 19 EN
=Dprqp + Pecq, + Puiqy + Priqp, (31)
X =D0q.,+ Prqr + Pryq, (32)
where

dce =49endEn> 9r = 9ER — 9pERYCE> 49E = 9E1 — 9bEIICE

q. Lrqy
dce = > oo =
qp

4.
Hence, the substructural displacement X has been expressed exactly in terms of lower mixed
modes, i.e. as a linear combination of the static constraint modes @y, the lower free-interface

(33)
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modes @z and the lower fixed-interface modes @;;. This is a third possible exact expansion
expression, in addition to those of Sections 2.1 and 2.2.

If R#0 and j = R, i.e., the number of rigid-body d.o.f. equals the number of interfacial d.o.f.,
then the redundant constrained modes @.. vanish. Hence Eq. (31) simplifies to

X = @Prrqp + Prqr + Ppq, (34)

3. New ESM mixed-mode variant
3.1. Substructure dynamic equation for mixed-modes ESM

Eq. (32) can be written as

X = &g (352)

D= Dy Py Dy, (35b)
T

q=1lab ar 4], (35¢)

Then substituting Eq. (35a) into Eq. (1) and pre-multiplying by @' leads to the exact substructure
dynamic equation of the new method

(k, — &*my)q =f,, (36)
where
ko ko O my mog Moy Lo f;
kn=|keo Am ke |, my=|mg Iz mg |, f,= | Pyf|,
0 kg Ay myy  mpg Ip 0

ko =@ k®, kpy = ki = PLkdy, kpo=kip = @l kdpg,
my =PLmdb, myp =my, = d mbp,

T T T T
mpy, =my, = Ppmdy, my, = my, = @ ;mdy,;. (37)

3.2. Whole structure dynamic equation for mixed-mode ESM

For simplicity, attention is restricted to cases with only adjacent substructures « and f, but the
extension to more general cases is not difficult. Using Eq. (36) for both substructures gives

knoc 0 no 0 o no
o™ | _ | S|, (38)
0 kn[ﬁ’ 0 myp q[)’ fnﬁ
From Eq. (35) and the interface compatibility relationship X, = X},

T
Q0. =N1Q. Q= |ab, ah, by 4k 4y | (39)
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so that
4,5 = NO, (40)
where
Ni=[-®g 0 Ly Ppy 0],

ap=[a 4] V= [T] @)

Substituting the transformation of Eq. (40), pre-multiplying by NT, and using the interface
equilibrium equation, f, + f;s = 0, transforms Eq. (38) into the exact whole structure dynamic
equation of the new exact mixed-mode variant of ESM, i.e.,

(K — 0’M)Q =0, (42)
where
1| ke 0 | M 0
K=N N, M=N N. (43)
0 Ky Ny

Eq. (42) is a linear dynamic equation for the whole structure and includes completely the
contribution of all the higher modes. So this new ESM variant not only gives exact results but also
has a simple form with linear synthesis equations.

3.3. Case of statically determinate interface for mixed-mode ESM
If the number of interface d.o.f., j, equals the number of rigid-body d.o.f., R, the substructural

displacements have been shown to be given in terms of the mixed modes ®@g;, @gr and P by
Eq. (34), i.e., by

X = éq, (44a)

D= [P Py Dy, (44b)
- T

7=[q% 4 4] - (44c)

Substituting Eq. (44a) into Eq. (1) and pre-multiplying by &' leads to the exact substructure
dynamic equation

(I-‘n - w2ﬁ1n)‘7 :ﬁ (45)
Here, proceeding exactly analogously to the derivations of Egs. (36)—(43), the exact whole
structure dynamic equation is

_ _ _ T
K-o'#0=0. 0= 4}, 4, aky 4% ] (46)
and by using Egs. (3), (9) and (24),

i 0 0 Ay K
Ky = C Kp= |0 TP,
0 Kp kyg  Ap
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- _ T
Ir imrp Mgy ¢Eij_ j
= = = 7 T
m, = |mgg  Ip g |, f,= | Pgf; |
myr  mpp Iy 0

7 Al T = =T T
ke, = k},E = ¢Elk¢bla MRg = Mpp = ¢ERm¢E/»

= =T T ~ =T T
mpgp = mbR = ¢ERm@b1, megp = mbE = ¢E,m¢b1,

- Kg, 0 0
I S | E |, 0]
k=N "0 M= 0 0 0 | M=N\TE IR,
np 0 0 KE("B mn/f

o I
N = Pppy [~ Pryn 0 Prryp Py 0], N=| 1,

T N
qmﬁ = |: q%oc qgoc qITa q%/ﬁ q%ﬁ qgﬁ i| ’ qaﬁ = NQ (47)

4. Numerical example for new mixed-mode ESM

4.1. Example 1

Consider axial vibration of the mathematical model of the whole bar shown in Fig. 1(a). This
uniform free—free bar can be divided into two substructures, each of which is further divided into
two identical bar elements, see Fig. 1(b) and (c). Hence, N=23 and the stiffness and mass matrices

of each bar element are
1 -1 1 0
K=k , M =m . (48a)
1 1 0 1

(a) whele beam

- oy
[ T k& 5 [ «]
_ NS
= +
L+ [ 2 | L3 | 4 |
(b) sah. } (c) sub. 2

Fig. 1. Free—free bar with two substructures of equal length.
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In order to enable the accuracy of the proposed exact method to be checked, the
exact eigenvalues and eigenvectors of the whole mathematical model of the bar were
obtained as

oo, A V2K k242K ok (48b)
2 m m 2 m m
1 V2 V2 V2 1]
11 0 -
|

d=—+1l1 0 -2 0 1] (48¢)

vam\ 0 -1 -l

1 -v2 V2 V21

These solutions are the datum results.
For substructure 1, the exact eigenvalues and modes with its interface fixed were obtained as

wzzz—ﬁk’ﬂﬁﬁ (49)
2 m 2 m
1 V2 V2
Dy= Dy Dy | =——=| 1 -1 49b
b= [Py Dy N (49b)
0 0

whereas with its interface free they were found to be

2
o = 0,528 (502)

m m

1 1 V2 1

Op=[Ppr Pp <DE,,]:2— 10 -1}, (50b)

The displacement of substructure 1, i.e., X, can be represented exactly in terms of the above two
kinds of modes, i.e., the mixed modes @, as

X =Pq, (51)

for which the interface displacement X; is

1
2y/m

where the mixed modes @, consist of two kinds of lower modes of substructure 1, being the rigid-

body mode @ zr and the lowest mode @ with free interface, see Eq. (50b), and the lowest mode
@, with interface fixed, see Eq. (49b), so that the number of modes used is equal to number

Xy (_\/Equ + qr1), (52)
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of d.o.f. N (=3) and

1 V2 V2

_ 1
P = [Ppr P Py)=—=|1 0 U, g =[ax @ @] (53)

Zﬂl—ﬁ 0

From Eq. (36), the vibration equation corresponding to the displacement X of substructure 1 is

- - - 0
(ki — ’m)g, = fi, f= ; (54)
[
where the generalized stiffness, mass and force matrices are given, using Egs. (37) and (53), by
7(1 = é}rklél, m; = @leltﬁl, jl = lef (55)

Similarly, for substructure 2, the vibration equation is

) L 1
(ky — *m)q, = fr, Xoj = m(— \/5‘152 + qro)s

Vm

k2 = i(], m, = my, (563)
fr= [ 0 ] . (56b)
£y,

Combining Egs. (38), (54) and (56a) gives the vibration equation for the mathematical model of
the whole bar as

(Kix — 0’ M12) gy, = Foo, (57)
where, see Egs. (38) and (41),
_ ki 0 i} w0 ) f
K= o= | | Fo=1,
0 k 0 m f2
_ T
9 = [q}TU 9er 9 9k 9k ‘Igz] : (58)

The compatibility and equilibrium relationships between the interface displacements and
interface forces of substructures 1 and 2 are

Xy = Xy, (59a)

fij+f=0. (59b)
Egs. (52), (56b) and (59a) give

qri = \/Equ +4qp — \/E‘IEz (60)
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and so Egs. (39)—(41) give the transformation as
q12 :N12Qa (61a)

[ V2

: (61b)

|
o»—‘ooo%
[\]

S O = O O =
- o O O O O

0
0
1
0
0
0

S O O O =

(61¢)

Q>
Il
=
=
(3]

qp> |

Substituting Eq. (61a) into Eq. (57) and pre-multiplying by NITZ gives the exact vibration equation
for the mathematical model of the whole bar as

(K — 0*M)Q=F =0, (62)
where, from Eq. (43),
K= NLK,N;,, M=N,MN,. (63)
The eigenvalue equation is
|K— o*M| =0. (64)

Substituting Eq. (63) into Eq. (64) and expanding gives

2
w’ <w4 - 2w2% + o.5}%> (w2 — %) <w2 — 2%) =0 (65)

which generates exactly the answers given in Eq. (48b), i.e., the exact eigenvalues for the
mathematical model of the whole bar. Then substituting Eq. (48b) into Eq. (64) generates exactly
the modes given in Eq. (48¢), i.c., the exact eigenvectors for the mathematical model of the whole
bar. This shows that the exact eigenvalues and eigenvectors can be obtained by using the new
mixed-mode ESM variant.

4.2. Example 2

Consider axial vibration of the mathematical model of the whole bar shown in Fig. 2(a). This
uniform free-free bar is divided into two unequal substructures, see Figs. 2(b) and (c), then
substructure 1 is further divided into six identical bar elements, so that Ny = 7, and substructure 2
is further divided into eight identical bar elements, giving N> = 9. Hence, the stiffness and mass
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HEEEEE

(a) whole bhar

W

(b) sub. 1 (c) suh. 2

Fig. 2. Free—free bar with two substructures, with the length of substructure 1 being 0.75 x length of substructure 2.

matrices of the bar elements are

I -1 1 0
K:4k[ ], M:0.25m[0 ] (66)

-1 1 1

Because there were so many d.o.f. an analytical solution was not obtained. Instead a high
accuracy eigenvalue calculation program was used to obtain the datum solution for this example
and also for Examples 3 and 4 below. The results are shown in Table 1, for which exceptionally
high accuracy was used throughout to give the very high accuracy of the table, including in the
free- and fixed-interface mode calculations. Similar accuracy was also used in Examples 3 and 4.
The ESM calculations used the same high accuracy program as was used to obtain the datum
solution and this procedure was also used for Examples 3 and 4.

The N, (=7) modes used by the ESM calculations for substructure 1 were: one rigid-body mode
(R =1); the lowest Lg; free-interface modes, and the lowest L. free—fixed interface modes, with
the left-hand end free. Similarly, the N,(=9) modes used by the ESM calculations for
substructure 2 were: one rigid-body mode (R, = 1); the lowest L, free interface modes and; the
lowest L, free-fixed interface modes, with the right-hand end free. Table 1 gives five different
combinations of Lg;, L., Lg» and L.y, as cases A—E. Hence, it can be seen that the mixed-mode
ESM has Lg + L. + R; = N, for substructure 1 and Lg, + L., + Ry = N, for substructure 2.
The errors of the synthesis frequencies for cases A—E are listed in Table 1.

For case A, the lower fixed-interface modes @, are absent, L,y = L., =0, Lgy = 6 and Lgy = 8
so that L+ R= N, i.e., case A is the free-interface ESM case. Similarly, for case E the free-
interface modes @ g; are absent, i.e., Lg; = Lgpp =0, L.y =6and L, = 8,sothat L.+ R= N, i.e.,
case E is the fixed-interface ESM case.

4.3. Example 3

Consider vibration of the mathematical model of the whole beam shown in Fig. 3(a). This
uniform free—free beam, with /=0.5m, can be divided into two substructures of equal length



Table 1
Error (%) of synthesis frequencies (w; = 1,2, ..., 15) for the free—free bar of Fig. 2

Free-interface Mixed—-mode Fixed interface Datum w(x+/k/m)
ESM ESM ESM

Case A B C D E

Ni(=7) Lg 6 5 3 1 0
L 0 1 3 5 6

N»(=9) Lg> 8 6 4 2 0
L, 0 2 4 6 8

Error ( x 100%) 1 — — — — — 0.334221388864416754097781432086e—15
2 4.20e—31 5.10e-28 2.80e—25 3.40e-29 0.0 0.633366722437185112733758570679
3 3.10e—31 7.90e—27  3.30e—25 1.80e-28 0.0 1.258768490851790419180581796130
4 2.10e—31 3.10e—26 1.60e-23 8.30e-29 0.0 1.868340515139444023041335946636
5 3.50e—31 1.30e—26  5.80e—24  3.70e—28 0.0 2.454417073412801924481543978217
6 1.90e—31 1.10e—26  4.90e—24 1.30e—28 0.31e—30 3.009627912902036810916916473987
7 1.20e—31 9.30e—26  4.60e—24 1.20e—28 0.26e—30 3.526990935159738900257769226702
8 1.20e—14 6.50e—15 1.40e—11 3.00e—28 0.0 4.000000000000000000000000000000
9 1.50e—31 5.50e—26  3.60e—23 1.90e—29 0.20e—30 4.422706743986201768007416708876
10 2.10e—31 3.90e—25  3.00e—22 1.00e—27 0.84e—30 4.789795384552552045228136989966
11 8.70e—32 6.40e—25 1.50e—20 1.10e—28 0.20e—30 5.096649569054138578680564878991
12 5.50e—32 3.80e—24  6.10e—21 1.70e—27 0.73¢e—30 5.339410428079908986847482609419
13 2.60e—31 2.40e—23 1.00e—19  4.70e—28 0.14e—29 5.515025102974482927641624733981
14 1.00e—31 2.00e—23 1.70e—20  3.60e—27 0.14e—29 5.621285137307053356933797642722
15 1.80e—31 4.20e—23  3.00e—20  4.20e—26 0.12e—29 5.656854249492380195206754896845

LSL=LEL (£00T) 99C uonniqrq puv punog fo puinop | i 32 mo) ‘g-

ISL
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(a) whole beam
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(11 2]3]4] (5[5 [7[%8]
(b) sub. 1 (c)sub. 2

Fig. 3. Free—free beam with two substructures of equal length.

[=0.25m, each of which is further divided into four identical beam elements, see Figs. 3(b) and
(c). Hence, N=10 and the stiffness and mass matrices of the beam elements are

12 6 —12 6l 156 22/ 54 —13]
EI| 6/ 4° —6 2P _pAl| 221 4P 131 3P

K=— M = 67
’ 420 54 13/ 156 221 |’ 7

Pl—-12 -6 12 221
6/ 21> 221 4P —131 =312 221 4]

where E is Young’s modulus, p is mass density, / is cross-sectional second moment of area, A4 is
area and EI/pA = 0.1 m*/s%.

Two rigid-body modes, the lowest five free-interface modes and the lowest three free—fixed
interface modes, were the N(=10) modes used for each substructure, with the left-hand ( right-
hand ) end free for substructure 1 (2). The results are given in Table 2 and again indicate that the
mixed-mode ESM gave the exact results expected.

4.4. Example 4

Consider in-plane vibration of the mathematical model of the whole rectangular plate with free
sides shown in Fig. 4(a), for which length 4a=2m, width 2b=1m and thickness #=0.02m.
Young’s modulus £ = 10.5 x 10°Pa, u = 0.3 and mass density p = 1 x 10 kg/m3. The plate was
divided into the two substructures shown in Figs. 4(b) and (c), each of which was treated as a
single square plate element. Hence N=28 and the element stiffness and mass matrices were both
(8 x 8) matrices. Further details of the stiffness and mass matrices are not given for reasons of
space, nor are the results tabulated, because it is sufficient to record that the mixed-mode ESM
gave the 12 natural frequencies to an accuracy of, at worst, 8.6 x 10~'¢ % when the N(= 8) modes
used were three rigid-body ones, the lowest three free interface ones and the lowest two fixed
interface ones.
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Table 2
Synthesis frequencies (f; = 1,2, ..., 18) for free—free beam of Fig. 3 (v = 2xf)
i Mixed—mode ESM Datum
£ (Hz) Error (%) f (Hz)
1 0 0
2 0 0
3 45.50214540 1.97¢—13 45.50214540
4 125.4914907 2.0le—13 125.4914907
5 246.3890073 5.05e—15 246.3890073
6 408.6039666 2.94e—14 408.6039666
7 613.6316784 3.34e—16 613.6316784
8 862.6159881 3.97e—14 862.6159881
9 1144.350291 3.82¢—14 1144.350291
10 1603.172312 1.80e—13 1603.172312
11 2020.985894 4.57e—12 2020.985894
12 2547.696916 3.55¢—15 2547.696916
13 3190.630241 8.96e—11 3190.630241
14 3973.896293 1.17e—11 3973.896293
15 4909.563874 3.52e—09 4909.563874
16 5922.807511 2.77e—10 5922.807511
17 7765.700339 5.02e—09 7765.700339
18 7818.807397 3.68e—10 7818.807397
4a=2?m
?2b=1m

(a whole plate

rar ]

)

S

s

() sub.1 (c) suh.2

Fig. 4. Free plate with two substructures of equal length.
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5. Discussion of the importance of the new mixed-mode ESM
5.1. Two limiting cases of the new mixed-mode ESM

R is the number of rigid-body modes, L. is the number of redundant constrained modes @, and
lower fixed-interface modes ®,;, and Lg is the number of lower free-interface modes ®g; for a
substructure with N d.o.f. Therefore, the mixed-mode ESM has Lg + L.+ R = N. When the
redundant constrained modes @,.. and the lower fixed-interface modes ®,; are both absent, L. = 0
and so Lg + R = N. Then Eqgs. (31) and (42) reduce to the substructure displacement Eq. (5) and
the whole structure dynamic equation of free-interface ESM. Alternatively, if the free-interface
modes @ are absent, Ly =0 and so L.+ R= N. Then Egs. (32) and (42) reduce to the
substructure displacement Eq. (16) and the whole structure dynamic equation of fixed interface
ESM. Therefore, ESM using either free- or fixed-interface modes are limiting cases of the new
mixed-mode ESM, which is thus a unifying theory for understanding and systematizing all ESM
variants.

Obviously, all SMS variants are essentially different approximations to ESM. Hence, an
important aspect of the new mixed-mode ESM is that it enables new approximate methods to be
developed that also use mixed modes or approximations to them, e.g., see Qiu et al. [5S] and the
assumed modes method using quasi-comparison functions [3,4] briefly described in the next sub-
section.

5.2. Assumed modes method using quasi-comparison function

The new mixed-mode ESM includes two types of finite series of modes in the substructural
displacement X, see Egs. (31) and (32). If these two types of mode are replaced by two types of
admissible function, the result is the assumed modes method using quasi-comparison functions
[3,4], as described further below.

Meirovitch and Kwak [3] demonstrated that the usually used form of the classical Rayleigh—
Ritz method could have impaired convergence characteristics due to the following implicit flaw. If
the eigenvalue problem is formulated as a variational problem, the Rayleigh—Ritz method consists
of constructing a sequence of approximate solutions from the space of admissible functions. These
admissible functions can be expressed in the form of a series of trial functions and the accuracy of
the sequence of approximations is improved by increasing the number of terms in this series. The
trial functions are commonly taken as members of the same family of functions, but unfortunately
solutions thus obtained are often characterized by poor convergence. The cause is that natural
boundary conditions are often very difficult to satisfy when using relatively few admissible
functions. The fact that Rayleigh—Ritz theory guarantees convergence provided the admissible
functions are from a complete set is small comfort in computational work, where good accuracy is
required from as few terms as possible.

To overcome this predicament, Meirovitch and Kwak [3] proposed constructing the
approximating sequence from the space of quasi-comparison functions, instead of merely from
the space of admissible functions. Quasi-comparison functions are linear combinations of
admissible functions that act like comparison functions. The aim is to select admissible functions,
which are able to satisfy the natural boundary conditions. This involves using several different
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types of admissible function. It is this variety of admissible functions that permits accurate
satisfaction of the natural boundary conditions while using only relatively few terms.

Meirovitch and Kwak [4] state that the concept of quasi-comparison functions is particularly
powerful in substructure synthesis using assumed modes, such that when they are used to
approximate the motion of substructures the connection conditions between substructures can be
satisfied to any required accuracy by only a finite number of terms. Hence, eigensolutions
obtained by using quasi-comparison functions as the assumed modes exhibit superior
convergence.

5.3. New mixed-mode SMS variants

Because higher modes of substructures are usually harder to obtain than lower ones, it is harder
to find the higher mixed modes than to find the lower ones. However, the higher modes are usually
of little value in practical engineering, and so by ignoring them the new ESM degenerates easily
into a recent SMS [5]. The main difference between the two methods is that Ly + L.+ R = N for
the exact method, whereas Lg + L. + R<N for the approximate method.

For this recent SMS, when the lower free-interface modes ®@f; are absent Lg =0 and L, +
R < N, so that the substructure displacements of Eq. (32) become those of the Craig and Bampton
method. In contrast, Eq. (31) reduces to give the substructure displacements of Hurty. Hence the
Craig-Bampton and Hurty methods are both limiting cases of the new SMS. Alternatively, if the
redundant constrained modes @, and the lower fixed-interfacial modes @,; are both absent,
Eq. (31) reduces to give the substructure displacements of Hou’s method, which is therefore
another limiting case of the new SMS.

Some earlier authors, e.g., Craig and Chang [9] and Wang et al. [10], presented synthesis
methods using Rubin’s representation, the exact free-interface modal synthesis technique [11,12]
and the exact fixed-interface one [2]. These all involve non-linear synthesis formulas based on
using only lower modes in the synthesis process. The resulting non-linear equations are then
solved iteratively, and this may require considerable computer time if the required precision is
high. In contrast, the new SMS proposed in Ref. [5] only uses linear whole structure dynamic
equations, even though the contributions of some or all of the higher modes have been included.
The fact that the new SMS not only has a simple form with linear synthesis equations, but also
gives high precision and efficiency, is demonstrated by recent numerical examples [5].

5.4. Convergence characteristics of the new mixed-mode ESM and mixed-mode SMS variants

Because the new mixed method has Lg + L.+ R = N, the substructural displacement X of
Eqgs. (31) or (32) is expressed accurately in terms of some lower mixed modes. The new mixed mode
ESM includes two types of finite series of lower order modes in the substructural displacement X.
The error caused by neglecting the higher modes can be compensated for by selecting lower order
modes from the other type of finite series. Therefore, the result is always accurate. As Example 2
proves, the five different cases are all ESM and they are all able to produce the result to an
accuracy of at least 19 significant figures in Table 1, except for the eighth mode.

For any substructure, the lower modes are usually easier to obtain than the higher ones,
whether from test data or from numerical analysis. Because the calculation of the higher
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free-interface modes @gy,, or the higher fixed-interface modes @y, is very complicated, it is not
easy to apply free- or fixed-interface ESM. Therefore, it is easier to find the redundant constrained
modes @, and the lower fixed-interface modes @, than to find the higher free-interface modes
@p;,. Alternatively, it is easier to find the lower free-interface modes @ than to find the higher
fixed-interface modes @,;,. Hence the new mixed modes method does not need to calculate the
higher free-interface modes, and therefore is much simplified. This is the advantage of this new
method. The criterion for selecting the substructure modes used is to select those that are the
easiest to calculate.

For all of the mixed-mode SMS variants, the more they differ from the above method, i.c., the
fewer the number of modes selected, the greater the inaccuracy of the result. Because the
approximate methods all have Lg + L. + R< N, the substructural displacement X of Eqgs. (31) or
(32) is only expressed approximately in terms of some lower mixed modes. Egs. (31) or (32) both
contain two finite series of modes and so the two important parameters are the truncation
frequencies fpnv(= wgy/21) and fyn(= wpy/27) of, respectively, the lower free-interface modes
@y and the lower fixed-interface modes @;;. When the frequency f(= w/2n) of the structure is
less than fzy and fpn, X can be represented relatively accurately by Eqgs. (31) and (32). Suppose
that the truncation frequencies fgy and f,y for all substructures are the same and that f,y <fzn.
Numerical examples [5] demonstrate that: when f <f,n(<fgy) the substructural displacements X
can be approximated well by Egs. (31) or (32), so that the accuracy of the system synthesis
frequencies f are very good; when fpy <f <fgn, the accuracies of the synthesis frequencies f are
also good and; in contrast, for fgy <f the error increases rapidly as f increases.

The fact that good synthesis frequencies are found when f' <f,n(<fgy) is a very important and
useful result in practical engineering. In the recent SMS [4], the truncation frequencies fgy and fpy
are determined for all substructures and then the lowest of these values are used. The number of
lower free- and fixed-interface modes required is not large, being chosen to ensure that f,y <fzy
and f'<fgy. Hence, the linear synthesis equations of this recent SMS give a synthesis procedure
that is very easy, reliable and computationally efficient.

7. Conclusions

There are three different forms of structure displacement representation: the usual form of
Eq. (5); Eq. (16) as first presented in Ref. [2], and Eq. (31) or (32), as proposed in this paper.
Hence, there are three different forms of dynamical analytical methods and three different forms
of ESM (with free interfaces, fixed interfaces and using mixed modes) associated with them.

In this paper, ESM variants with fixed interfaces and free interfaces have been reviewed and are
significant because the usual variants of SMS are essentially different approximations to them,
involving dynamic condensation.

This paper expresses substructural displacements exactly as mixed modes consisting of linear
combinations of the fixed- and free-interface modes, leading to a new ESM using mixed modes.
The key point of this ESM variant is that the higher free-interface modes are expressed in terms of
some lower mixed modes by means of an exact expression. This new ESM has been proved by a
strict analytical derivation and demonstrated by numerical examples. It has also been
demonstrated that ESM with fixed or free interfaces are its two limiting cases. Thus, ESM with
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free interface, fixed interface or mixed modes form a systematic framework of ESMs which are
unified by the new mixed-mode ESM.

It has been demonstrated that all variants of SMS are essentially different approximations to
these ESM variants. This makes the unifying function of the new mixed-mode ESM particularly
important, e.g., it relates together the assumed modes-method using quasi-comparison functions
and some new SMS variants, involving dynamic condensation. The new mixed-mode ESM may
also make possible the development of new SMS methods and hence give new insights. For
example, a recent mixed-mode SMS [6] is limited to the methods of Craig and Bampton and of
Hurty when the lower free-interface modes @g; are absent and to Hou’s method when instead the
redundant constrained modes @,.. and the lower fixed-interfacial modes ®;; are both absent.
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