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Abstract

The axial propagating wave of the n = 2 circumferential mode in a pipe can cause large vibration when
the wave cuts on and may cause fatigue damage or transmit structure-borne noise along the pipe. For this
reason, a control system (passive or active) is desirable. In this paper, a PZT modal actuator for the n = 2
mode, which could be used in an active control system, is described. It is constructed from a set of PZT
elements bonded to the pipe. By arranging them in form of the n = 2 mode, only the motion of that
particular mode is generated and is proportional to the applied voltage. With two PZT modal actuators,
which are in forms of sine and cosine functions, the orientation of the propagating wave of the » = 2 mode
can be modified to any angle. In this paper a theoretical model for the actuator is developed and is validated
by some experimental work.
© 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

In recent years, the application of piezoelectric actuators for active vibration control has been
increasing due to the property of piezoelectric material in that it is able to convert electrical to
mechanical energy. In addition, it is relatively lightweight, can be tailored into shapes [1], and can
be readily integrated into a structure without grossly changing the mechanical properties of the
system. However, the main problem for single-channel control systems is that of spillover [2],
which is the effect of the unobserved and uncontrolled modes. This effect will degrade the
performance of the control system. To avoid this problem, a modal actuator can be employed to
selectively actuate the vibration of a particular mode. A modal actuator can be made by shaping a
piezoelectric material into the shape of the mode needed to be actuated.

Two commercially available types of piezoelectric materials are lead zirconate titanate (PZT)
and polyvinylidene fluoride (PVDF). Because it is easily shaped, much effort has been
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concentrated on developing PVDF as a modal actuator. Such applications on beams and plates
have been reported by Burke and Hubbard, Jr [3], Lee [4] and Lee and Moon [5], and on pipes by
Tzou [6] and Sung et al. [7]. However, this type of piezoelectric material is not very suitable for
many actuator applications as discussed by Brennan et al. [8]. This is because it has relatively low
stiffness, which does not facilitate effective mechanical coupling to the structure, and small
dielectric constant (d3;), which implies that it needs a high applied voltage as reported by Tani
et al. [9] and Qiu and Tani [10]. Having high stiffness and high dielectric constant, PZT is more
appropriate for actuator applications. Such applications on a finite pipe have been described
Lester and Lefebvre [11] and Lalande et al. [12]. They used a pair of PZT elements bonded on the
opposite sides of the pipe (inside and outside) to generate a pure moment and a pure in-plane
force. However, in both pieces of work the actuator was not a modal actuator, and in reality it is
difficult to locate the PZT elements on both sides (inside and outside) of a pipe.

In this paper, the design of a PZT modal actuator for a thin-walled pipe is described. An
analytical model that relates the voltage applied to the modal actuator to the dynamic behaviour
of an infinitely long pipe is developed. Before this can be done, however, the transfer function
relating the radial displacement of the pipe to the excitation voltage applied to a single PZT
element has to be derived. Once this has been done a modal actuator can be designed using a
number of elements. To validate the model some experimental work is also conducted.

2. Excitation by a single PZT element

The co-ordinate system for an infinite in-vacuo pipe of mid-surface radius a and wall thickness /
is shown in Fig. 1(a), where w, v and u are the radial, tangential and axial pipe displacements

(b)

Fig. 1. Cylindrical co-ordinate system and mode shapes of a pipe.
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respectively, 0 is the azimuthal angle and ¢ is a reference angle clockwise from the vertical.
Because of the closure of the pipe in the circumferential direction, the mode-shapes in
this direction take the form of sine or cosine functions. The first four modes are illustrated in
Fig. 1(b), where n denotes the modal order, which conventionally starts at »=0; n also
denotes the integer number of circumferential wavelengths that fit into the circumference of the
pipe at the cut-on frequency of the nth mode. For each mode, there are eight axial waves, four are
right-going and four are left-going. The characteristics of these waves are described in
Refs. [13,14].

Fig. 2 depicts a single PZT element bonded to the outer layer of a pipe. When a voltage is
applied, it will generate in-plane forces, ¢; and ¢y, and moments, m,; and my, in the axial and
circumferential directions respectively [15]. These forces and moments simultaneously excite the
pipe, and the equations of motion can be formulated by considering the force and moment
equilibrium of the pipe element as follows [16]
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where p is the density of the pipe, s = x/a is the non-dimensional axial distance along the pipe,
Ns, Ng, Nos, Ny, Qs, Qp, and My, My, My, My are internal forces and moments. By substituting Qy,
0Oy, from Egs. 1(d) and (e) into Egs. 1(b) and (c¢) and using Fliigge’s shell theory [17] to express the
internal forces and moments in terms of the pipe deformation, the equations of pipe motion
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Fig. 2. A PZT element bonded to an infinite pipe; (a) Axial direction, (b) cross-section of the structure showing the co-
ordinate system.
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(Egs. (1a—¢)) can be written in matrix form as follows

0q;
A A A | | uls,0,0) Os
Ay An A o(s, 0,1) | =2 oo Odo (2)
21 22 23 PR _K aag 69 B
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K = Eh/(1 —v?) is the membrane stiffness, f = h/a\/ﬁ, E and v are Young’s modulus and
Poisson ratio of the pipe, respectively.

To develop Eq. (2), the displacements, applied forces and applied moments are transformed to
the wavenumber domain. Using the Fourier transform, the displacements of a pipe can be written
as [18]

u(s, 0,1) = — / anUn(lén)cos(ne)eJ'(’%zS*ﬂ/Hf) dk,,

O p=0
1 o] o8]
_ (k,ls wt)
u(s, 0, 1) = 3 /_ ) nz;(onV (k) sin(nf)el 0 dk,,
w(s, 0, 1) = / Zgn W, (k) cos(n0)e =0 df,. (3a-c)
D p=0

where 7 is the circumferential mode number, &, = 1 for n =0 and &, =2 for n>1, k, is the
non-dimensional axial wavenumber of the mth mode (the axial wavenumber multiplied

by the radius of the pipe), w is the angular frequency, U,,(le,,), V,,(lg,,) and I/Vn(lgn) are
the axial, tangential and radial pipe displacements of the nth mode in the wavenumber domain,
respectively.
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In the dynamic model, the excitation forces, ¢, and ¢y, and moments, n, and iy, are assumed to
be uniform over the PZT surface [19] and can be represented by the unit step function as follows
(omitting terms of e ! for simplicity).

s = qso[H(s — Lo) — H(s + L)IH (O — ¢) — H(0 + ¢)],

g0 = qoo[H(s — La) — H(s + Lo)I[H(0 — ¢) — H(0 + ¢)],

mg = my[H(s — Lq) — H(s + L)IH (O — ¢) — H(0 + )],

my = moo[H(s — Lg) — H(s + Lo)I[H(0 — ¢) — H(0 + ¢)], (4a-d)
where ¢y, go0, and my, mgg are the static forces and moments generated by the PZT element in the
axial and circumferential directions, respectively, L, = L/2a is the non-dimensional length of the

PZT, L is the length of the PZT and H is the unit step function, which can be expressed in the
term of the delta function ¢ [20]

S—380
He =50 = [ o) ds. )
The delta functions of 6(s — L,) and 6(0 — ¢) may be expressed as
—_ 1 ” ‘lén(s_La) A _ — 1 < 'n(ﬁ—(/))
3(s) = 5 / ) ¢ dk, and 80— ¢)= %n;wé . (6a,b)

By substituting for the delta function from Eq. (6) into Eq. (5), the differences between the unit
step functions at the edges of the PZT in the axial and circumferential directions can be written as

1 [* 1 . L a
H(s— L,)— H(s+ L,) = - / le—sin(knLa)eJk“S dk,,
o0

HO—¢)— HO+ @) = —lz%sin(ngo) cos(nb). (7a,b)
n n=0

Substituting for the displacements given in Eq. (3), and for the forces and moments given in
Eq. (4) with the unit step function from Eq. (7) into Eq. (2) yields

2
- EQSO
Ly L Ly Un(kn) 2 mgo
— a . oA = (2
Ly Ly L Vaky) | = X sin(ng) sin(k, L,) knﬂ( a +q00> , (8)
L3l L32 L33 Wn(lgn) i quO + &m 0+ in’l()()
ar \ nk, n "k ]
where
(1= 14v) -
L=+ 20 pw - Lo =T,
~ ~ 1—v ~
L3 = vk, + Bl — uﬁznzkm Ly = Ly,

2
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BG-v

Ly = (43 +n* — @, Ly=n+ Tﬁznl%,

(I—-v)
2

Lyy=Li3, Lyp=1Ly, Ly=1+p+ ﬁz(lei +n?) = 2fn" — Q%

Inverting the matrix L, the amplitudes of the displacements can be written as

1

i} _QSO
Un(kn) In Ly Iz 1 myo

- a . N =~|—
Vaky) | = _2ﬁ sin(ne) sin(k,L,) | Iy In 1Dy kn( a * qoo) > )
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where I is the inverse matrix of L. The radial displacement in the wavenumber domain is
given by

Withn) = — 2 sin(ng) sinf, L)

S 1 le”
<q WOp, + 4 90 400 ) ~ + nlz3)meg + —hsmy |, (10)
k, nk, ak;, an

where I3 (k,) = (Lo1Lsy — LasL31), /Ll Iso(kn) = (L12L3y — LyiL3y),/IL, and
I33(ky) = (L1 Ly — LixLy), /LI, (11)

As described by Variyart [15], the relationship between the induced forces and the induced
moments in the pipe to the voltage applied to the PZT element, V, are g0 = qoo = g4V, my =
mgo = gmV, where g, and g, are the static gains of the PZT element generating the forces and
moments respectively. Substituting these relations into Eq. (10) gives

2a sin(ne) sin(k,La)g,V

W(ky) = [(k Ly + nly + I3) + (nly + (7 + k2)133) gm} . (12)

K nlgn <1

Omitting terms of e 1’ for simplicity, the radial displacement for a particular mode in the
frequency domain is obtained by substituting Eq. (12) into Eq. (3c) to give

Wi(s.0) = — mmwm@um

X [(@131 +nl3 + I33) + (nl3 + (’12 +i2)3) 5—m

] dk,. (13)
9q

Assuming that np <1 and knL, <1, then sin(np)~n¢e and sin(le,,La);lénLa), respectively and the
amplitude of the radial displacement becomes

La - I - m r
947 cos(nb) / [(k,,lg,l + nls + D) + (nlp + (7% + ) 3) jg ] dk,. (14)
— q

ac, @ V
W(s, 0) = T 2K



W. Variyart, M.J. Brennan | Journal of Sound and Vibration 268 (2003) 305-321 311

As discussed in Refs. [13,14], [L|, in Eq. (11) can be expressed as |L|, = Hizl(len — lé,,b), where Ky
is the wavenumber solution of the pipe for the nth mode and is frequency dependent. So, for each
frequency, there are eight poles (wavenumbers) at k, = k,;;, and simplified expressions for these
are given in Appendix A. The integral can be evaluated using residue theory [20]. Only four poles
need to be evaluated, which means that only the waves in the positive direction are taken into
account. However, because of the symmetry, the solutions for the waves in the negative direction
are the same. The solution to Eq. (14) can be expressed as [20]

2a8,,q)Lagq

W, (s, 0) = =

4 .
cos(nb) Z Res,elms, (15)
b=0

where

Res,;, = (12,11,13’1 +nly + ;) + (nly + (n* + k b)133) g’”}
q

Ly (k) = (Lot Ly — LooLa) /1Ll By(ku) = (LiaLay — Ly L3, /ILLL,,

a|L|nb

Ly(kwy) = (i1 Loy — LizLoy),p /ILL s, L[, =
8knb

It should be noted that in the development of the expression for the radial displacement of the nth
mode, the orientation has been taken to be zero for simplicity. The radial motion of the pipe in
general form can be determined by substituting for 0 with (0 — ¢) to give

2 0 4 A
W(s, 0) = ‘“’i‘;}“{g‘f 33 e cos[n(® — p)IRes, . (16)

n=0 b=1

Finally, the transfer function between the voltage applied to the PZT element and the radial
velocity of the pipe is given by

W(s, 0)

. , 2a<pLagq km
T. = —jow = an cos[n(0 — ¢)] ZRes pe s (17)

3. n = 2 modal actuator

A single PZT element generates radial motion of all modes as shown in Eq. (17). To generate
only the radial displacement of the desired mode, a set of PZT elements is required. Arranged in
the form of such a mode, it can force the pipe to vibrate only in the desired mode and hence is
called a modal actuator.

Excited by a single PZT element, the radial motion obtained from Eq. (17) is a function of three
separate parameters, ¢, 0 and s. The radial motion, W, at an angle ¢, may be rewritten in a
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simple form as
o0
Wi(g,) =V _ Aycosn(0 — ¢,)], (18)
n=0
where

2 L
A, = -2 sngq Z Res, el

The sine and cosine functions have the property of orthogonality over a series of discrete,
equally spaced points [20]. By applying this property to the above expression, the radial motion of
a particular mode can be derived. A set of PZT elements can be arranged to satisfy the discrete
orthogonality condition. They are positioned around the pipe with equal angle of
¢ =0,2n/N,4n/N, ...,2n, where N is the number of circumferential positions or the number
of PZT elements. The angle interval between the positions of the PZT elements is ¢, = 2n(p./N),
where p. is the circumferential position of the PZT element on the pipe. Substituting for
the discrete angle, ¢,, into Eq. (18) multiplying by cos(2zmp./N) and summing over all of
the PZT elements, gives the radial response of the cosine modal actuator, W¢, for the mth
mode as

=

—1

we = Z W(¢,) cos (2nm%>

P-=

||
'i| M% N

z: [cos(n@) cos (27mfv) + sin(n) sin <2nn )} cos <2nmp ) (19)

With the assumption of N tending to infinity, applying the property of orthogonality gives

N—1 0
Z Z A, cos [n(H — ot
— — N
p-=0 n=0
1 N
—=NV*“A,, cos(mf), m#0or m#—,
_ )2 2
= N (20)
NV*°A,, cos(mf), m=0orm= >

where VS = V¢ cos(2nm(pz / N)) is the required voltage for the cosine modal actuator. However,
when N is finite, there is spillover to the modes greater than N /2. It can be seen in Eq. (20) that
the required voltage for the cosine modal actuator has to be varied as the cosine function of the
position of the PZT elements and the desired mode. For the sine function, the positions of the
PZT elements around the pipe are given by ¢ = n/N,3n/N,...,(2N — 1)/N n. The angle of
interval between the positions of the PZT for a sine modal actuator is ¢, = 2n/N ( -+ %) Similar

to the analysis of the cosine modal actuator, the radial response of the sine modal actuator for the
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mth mode is given by

N-1 o0
s s _ &
W = Z V: A, cos {n (0 2nn Nﬂ
p-=0 n=0
1 . N
EN V3A,, sin(mf), m#0 or m# >
= ) N
N.V*A4,, sin(m0), m=—, 2D

2
0, m=0,

2nm 1
Vs = V*sin|——| p- +=
= v 5 (o4

is the required voltage for the sine modal actuator.

Egs. (20) and (21) imply that the minimum number of the PZT elements required to form the
cosine or sine modal actuator are N = 2m. With N > 2m, where m>1, the total radial response
obtained from both sine and cosine modal actuator is given by

Wit — %NAm[VS sin(mb) + V¢ cos(m0)]. (22)

By letting V¥ = V" sin(m¢,,) and V¢ = V' cos(m¢,,), where V' = 1/ (V*)* + (V¢)* is the total
voltage supplied to the modal actuator, and ¢,, = 1/mtan~!(V*/V°) is the orientation angle
relative to the cosine modal actuator, Eq. (22) becomes

1
Wiet — ENV”’ZAm CcoS [m(@ - ¢n())] : (23)

where

For the m = 2 mode, the minimum number of the PZT elements required for either the cosine or

the sine modal actuator is 4 (N = 2m). Substituting for N into Eq. (20) gives
N—-1 o

we=v->"Y" 4,cosmb)cos (np2%> [cos(7p.)]. (24)

p-=0 n=0

Using the property of orthogonality, the above equation becomes
W¢ = NV‘[A,, cos(mb) + Az, cos(3mb) + As,, cos(Smb) + ---]. (25a)

This shows clearly that for the desired mode of m = 2 with four PZT elements the cosine modal
actuator excites the pipe modes n = 2, 6 and so on. The sine modal actuator for the m = 2 mode is
also obtained by similar analysis and is given by

W* = NV°[A,, sin(mb) + A3, sin(3mb) + As,;, sin(5mb) + ---]. (25b)

The total radial response can be determined by combining Eqgs. (25a) and (25b) and substituting
V¢ and V* to give

W't = NV''{ 4, cosm(0 — ¢,,,)] + Azn cos[m(30 — ¢,,,)] + Asy cos[m(50 — ¢,,)] + - }.  (26)
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4. Experimental work

An experiment was carried out to validate the transfer function of a single PZT element and
subsequent experiments were conducted to validate the theoretical model of the modal actuator.
The objective was to develop a modal actuator for the » = 2 mode using the smallest number of
PZT elements possible without causing significant spillover to the higher modes of the pipe. Thus,
the minimum number of PZT elements for the modal actuator was used and its effectiveness
evaluated.

A schematic of the experimental set up to measure the transfer function for a single PZT
element is shown in Fig. 3, in which one PZT element was used rather than a set of PZT elements.
Since the 5.5m long pipe, whose properties are given in Table 1, was assumed to have infinite
length (which means there are no reflected waves from the ends of the pipe), anechoic terminations
in the form of sand boxes were fixed at both ends of the pipe. Each PZT element was
manufactured by Morgan Matroc Limited with the shape of a rectangular plate of
4 x 8 x 0.25mm>. Some important properties of the elements are listed in Table 2, which were
used in the prediction of the pipe response. The PZT element was bonded on the pipe at a position
equidistant from both anechoic terminations. A random signal voltage from an HP 3566A Signal

300
mm Accelerometer
Modal Actuator : ﬁ,
| / .
Anechoic \' Anechoic
Termination O O Termination
'T Conditioning
Amplifier
Amplifier HP Analyzer
? [ o 0
L |

Fig. 3. Experimental set-up for evaluation of the modal actuator for the » =2 mode of the pipe (or a single PZT
element).

Table 1

Properties of a PVC pipe

E (N/m?) p (kg/m®) v a (mm) h (mm) n
3.974 % 10° 1460 0.33 33.2 2.2 0.035
Table 2

Properties of a PZT element (Morgan Matroc [1]) used for modal actuators
E. (N/m?) p. (kg/m®) V2 d31 (m/V) h- (mm)
61 x 10° 7450 0.31 274 x 10712 0.25
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Fig. 4. Arrangement of the n = 2 PZT modal actuators; (a) Diagram, — cosine function actuator, — — sine function
actuator, (b) photograph.

Analyzer was supplied to the PZT element via a power amplifier. The resulting motion of the pipe
was measured at the distance of 300mm from the position of the PZT element by an
accelerometer moved to 32 positions located around the pipe. The radial motion could thus be
decomposed into each mode of the pipe using the method of modal decomposition, which is
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described later. Hence, the expression for the transfer function of a single PZT element bonded to
the pipe could be evaluated by comparing it with the experimental results for each mode.

An experiment was also carried out to validate the model for the » = 2 modal actuator. Eight
PZT clements were bonded to the pipe as shown in Fig. 4 (four elements for the sine modal
actuator and other four elements for the cosine modal actuator). As described in the previous
section, the voltage supplied to the PZT elements for the cosine modal actuator has to be varied as
the cosine function of V¢ = V¢ cos(2nm(p2 /N )). Hence, only the PZT elements at the positions of
p=0,2, 4and 6 were activated with + V¢, — V¢, +V¢ —V*, respectively, while those at the other
positions had zero input voltage. Similar to the cosine modal actuator, the sine modal actuator
required the voltage to be supplied to the elements at positions of p =1, 3, 5 and 7 with + V7,
—V*, + V5, — V¥, respectively, while those at the other positions had zero input voltage. The radial
motion of the pipe was excited by the cosine modal actuator and the measurement method was
similar to that of the transfer function for the single PZT element. Finally, to explore the change
of the orientation angle, both sine and cosine modal actuators were simultaneously actuated first
with the same magnitude of input voltage and secondly with the input voltage of the sine modal
actuator equal to half of that of the cosine modal actuator.

To compare the predictions with the experimental results, the complex elastic modulus of the
pipe, E' = E(1 + jn) where 7 is the loss factor, was used to take account of structural damping.
The static gains of each PZT element g, (for forces) and g, (for moments), which were used to
calculate the response of the pipe, are given by [15]

_ W2(1 + pro)
1+ prod + 60+ 4o + prod)
(1 + o)

gq Vd31,

m = hvd ,
g 2[1 —+ ‘[17,'0((4 —+ 6a + 40(2 + /.LTOC3)] Yasi
where
1 -V E. 1—v E. E
=h,/h = = _ = dv= z
o u/: l// I—VEE’ )% 1—\)2’ T Ean Y l_vz

h., E. and v, are thickness, Young’s modulus and Poisson ratio of each PZT element.

To compare the response for a single mode, the modal decomposition technique described by
the authors [21] was applied to a set of measured frequency responses to give the amplitude of the
transfer function, A,, and the reference angle, ¢

1 1 Np—1 21pg 2 1 N, —1 . (27mpy 2
e e ] ()

1 Nyp—1 . 27'5]90
N_m ZPO:O T.Ds Sin (N— d>

m
d 1 Npyp—1 27'Cp9
N—m Po=0 Tp() COS< Nm d

where d is the mode of interest, py is the position of the measurement, N,, is the number of
measurements around the pipe and 7, is the measured transfer mobility at the position py.
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10*
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-160
10
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Fig. 5. Amplitude of the transfer function of the pipe for the » = 1—3 modes and all modes, which are excited by a
single actuator;- - - - prediction (Eq. (17)), — measurement.

It should be noted that the modal decomposition method was not effective for the n = 0 mode
because of the very small motion of the pipe Ref. [21]. Examination of Fig. 5 shows that for the
n = 1—3 modes and the combination of all modes, the predictions of the behaviour of the pipe
excited from a single PZT element are consistent with practice except at low frequencies, where the
motion of the pipe is very small.

As mentioned earlier, the elements of the cosine modal actuator require the input voltage as
+Ve, =V +Ve, —V< atan angle of 0, n/2, m, 3n/2, respectively. With such an input voltage, the
response of the n = 2 mode of the pipe is strengthened and that of the other modes is cancelled as
shown in Fig. 6. The very small response of the n =4 mode can be seen clearly in Fig. 6a.
Excitation of the n = 6 mode, which is spillover due to there being insufficient elements in the
modal actuator, was also expected to be excited, and appears in Fig. 6, but the response measured
is less than that predicted. This is probably because of the effect of the mass loading from the
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Fig. 6. Amplitude of the transfer function of the pipe; — Measurement, —— only the 7 = 2 mode; ... combination of the
n =2 and n = 6 modes; —-— response of decomposing the n = 4 mode; (a) The n = 2 cosine modal actuator, (b) the
n = 2 sine modal actuator.
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M ode Shape of the Pipe Excited by Modal Actuaors
(Measured at the cut-on frequency of the n=2 mode, 430 Hz)
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Fig. 7. Orientation angle of the pipe arising from the excitation of both modal actuators; --- cosine, — — sine, — both;

(a) the same amplitude of the input voltage; (b) the input voltage of the sine modal actuator equal to half that of the
cosine modal actuator.

accelerometers as discussed in Ref. [21]. The effect of this spillover occurs at the relatively high
frequency of 5532 Hz for the » = 6 mode, and so may be ignored. It can be seen in Fig. 6 that
there is reasonably good agreement between practice and theory.

The change in the orientation angle when using both sine and cosine modal actuators can be
seen in Fig. 7. With the same voltage supplied to both modal actuators, the predicted angle is
¢ = 22.5 degrees, while it is ¢ = 13.3 when the input voltage of the cosine modal actuator is twice
of that of the sine modal actuator.
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5. Conclusions

Expressions for the radial motion of a pipe excited by a single PZT actuator, and sine and
cosine modal actuators for the » = 2 mode have been derived. They have also been successfully
validated by experiment. It has been shown that a sine or cosine modal actuator for this mode can
be created by using only four PZT elements, which is the minimum number for such an actuator.
With this number of PZT elements, spillover of the n = 6 mode occurs. However, it has been
shown that this may be largely neglected because it occurs at a high frequency.

When both modal actuators are used, the orientation angle of the response with respect to the
cosine modal actuator can be controlled. By exploring the mode shape of the pipe generated by
both actuators simultaneously, it has been shown that the orientation angle of the pipe can be
readily adjusted by controlling their input voltage.

Appendix A. Simplified wavenumbers
This appendix summarizes the simplified low frequency wavenumbers (poles) reported by

Variyart and Brennan [14].
For the n = 0 mode,

Ry=B By=R, Bk = +iJa -0 - ke, (A1)
For the n = 1 mode,
~ ~ 1 ~ ~ ~ N ~
Kk = ————|(1 = k) + k) + Kk +2k2 |,
A =0 —k%)[( k] + k) + k£ 2k,
By = £/ (1 =21 — R/ (A2)

For the n>2 modes

U@~ 202) + /(1 v + 32 )@ — @) + Q]

k2, = — ,
" Bk,
n2 —20%) — \/(1 — v+ 3Q2 ) Q7 - Q) + Q;‘O]
k2, = \ A3
"2 1—12— Q>+ 6Q% A.3)
. 17 (1—v2—Q%)\ . (1—v*— Q%
2 2 i /3 \+— V¥V —=e) 1/3 - ==
Kyzpa = —1° + 6l (32 T +iv/3( 3217 + [T ,

where

Qz B ﬁ2n2(n2 o 1)2
> co n2 + 1

b

1+\/1+—(1_U - @)
27(1 — 1?)* p*n
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is the cut-on frequency of the pipe
Q? 207 4 20° ~

B=—"0 B="""andki=— - 0%
R ) A

are the non-dimensional wavenumbers of longitudinal, torsional and flexural bending waves of a
pipe normalized to its radius.
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