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Abstract

The vibration of sheet metal during zinc coating processes can lead to non-uniform coating thickness and
overall poor product quality. This vibration develops from two principal mechanisms, namely, the run-out
associated with the supporting rollers and/or bearings, and the time-varying tension associated with the
manufacturing process. This study focuses on the second of these mechanisms (time-varying tension) that
becomes significant under conditions leading to parametric resonance. The parametric resonance of the
sheet metal is captured in a proposed model of a plate subject to time-varying and non-uniform edge
tension. The model accounts for these effects as well as the non-linear stretching of the plate mid-plane as a
result of transverse plate vibration. The linear vibration characteristics of the plate are studied first and are
then used in deriving a single mode approximation of the non-linear, parametrically excited plate model. A
perturbation solution of this model reveals the major parameters that influence parametric resonance in this
application. Theoretical results for plate vibration are compared to experimental measurements of sheet
metal vibration in a production facility. This comparison demonstrates that the model accurately captures
the physical mechanisms responsible for sheet metal vibration and therefore, the physical parameters (such
as damping) have the greatest impact on this vibration.
© 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

The manufacturing of paper, film, plastic and sheet metal requires the handling of very thin and
wide materials that are transported by rollers. The vibration of these materials or “plates” can
adversely affect the quality of the finished product. For example, the zinc coating of steel sheet
metal requires drawing the sheet through a bath of melted zinc and then drying the sheet in air
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between two rollers as the zinc solidifies. In this process, the vibration of the sheet metal may lead
to uneven zinc coating and poor product quality. The plate vibration derives from two principal
mechanisms. The first mechanism is an external excitation that results from the eccentric rotation
of the roller(s) and/or supporting bearings. Eccentric roller/bearing rotation produces motion
normal to the sheet at the “boundary” formed by the roller. This excitation mechanism can be
reduced by detuning the roller rotation frequency from any natural frequency of the sheet and/or
by reducing roller eccentricity by frequent servicing/changing of the roller’s bearings. The
bearings experience rapid wear as they are also submerged in the zinc bath. The second
mechanism is a parametric excitation that develops from the time varying tension experienced by
the sheet metal plate. For instance, consider the experimental measurements of dynamic tension
reported in Fig. 1(a). The magnitude of the time-varying tension is of the order of 10% of the
mean tension, and it is a likely source of parametric resonance. The crowned shape of the roller
also creates spatially varying tension in the width direction, and this is known to affect the linear
vibration characteristics of wide plates [1]. This study focuses on the parametric resonance of
plates by considering time-dependent, non-uniform tension, and non-linear mid-plane stretching.

Studies of plates, translating between two rollers, have considered many mechanical
phenomena including plate vibration and wrinkling. The rollers are most frequently assumed
to form either simply supported or clamped boundaries [1,2] while the two lateral edges are
considered free. In cases where the plate tension is uniform, the linear plate vibration
characteristics are well understood [3]. This understanding has also been extended to some cases
of non-uniform plate tension. For instance, Ulsoy and Mote [1] evaluate the vibration of wide
band saw blades subject to non-uniform edge tension applied at the roller/band interface. The
membrane stresses produced by non-uniform edge tension have been computed using finite
element [4] and Fourier series methods [2,5].

Time-dependent plate tension represents a source of parametric excitation and modelling this
effect requires consideration of the mechanics of mid-plane stretching. Moreover, the analysis of
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Fig. 1. Measured (a) tension and (b) vibration (displacement) data of plate in production sheet metal coating process
(v=159 m/min, f,=3.52 Hz).
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finite amplitude vibrations of parametrically excited plates requires consideration of the non-
linearities introduced by mid-plane stretching as captured in Von Karman plate theory [3,6]. Such
models have extensively been used to evaluate the non-linear response of rectangular plates with
all edges simply supported; see, for example, Refs. [7-11]. One-mode approximations for non-
linear and parametrically excited plates lead to a parametrically excited Duffing oscillator as
developed, for instance, in Refs. [11-13].

The objective of the present study is to extend our understanding of parametrically excited
plate vibration by considering the effects of non-uniform and time-dependent tension
for rectangular plates with two simply supported edges and two free edges. In addition,
this study contributes an understanding of how parametric plate vibrations develop in the
context of steel sheet metal processing. We begin by developing a model for this
application.

2. Plate model
2.1. Non-linear plate equation of motion

Consider a thin, flat, rectangular plate of length L and width B moving between two rollers that
form simple supports and that also provide tension as illustrated in Fig. 2, where %, § and Z are the
co-ordinates. The tension applied at these boundaries is non-uniform in the width direction, in
general. The two lateral sides of the plate are free. The thickness of the plate is /s and the plate
translation speed is v. For the motivating application (sheet metal forming), the translation speed
is well below the critical speed v, = /To/pBh for a highly tensioned plate. Here, T is the
(spatially averaged) steady tension at the rollers, and p is the plate density. In particular,
v/v,<0.04 for this application and the effects of the superimposed translation speed will therefore

Tension

Fig. 2. Plate moving between two rollers with translation speed v subjected to tension.
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be ignored [1]. The non-linear equations of motion capturing mid-plane stretching are [3,6]
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where w(x, y, ?) is the transverse plate deflection (in the z direction), D = ER3/[12(1 — v?)], E is
Young’s modulus, v is the Poisson ratio, and V* = &*/ox* 4- 20*/0x?0y> + &*/oy* is the bi-
harmonic operator. Here the co-ordinates x, y and w are normalized with respect to the span
length L or x =Xx/L, y=p/L and w =W/L. F(x,y,t) is an Airy stress function from which we
compute the normal stress in the x direction 7Y, the shear stress T,, and the normal stress in the y
direction 7), using

T, = &*F/0y*, T, = 0*F/ox?, Ty, = —20°F/0x0y. (3)

2.2. Natural frequencies and mode shapes under non-uniform tension

Consider next the equations of motion linearized about a pre-stressed state that is planar and
created by applied, non-uniform tension at the two rollers. The Airy stress function for this
equilibrium state satisfies V*F = 0 subject to the following boundary conditions that define the
conditions assumed at the rollers and free edges:

Ti(x,y) =T(y) at x=0,1,
T)(x,y) =0 at y =0,s,
Ty(x,y) =0 at x=0,landy =0,s, 4)

Here, s = B/L is the plate aspect ratio, and 7'() is the prescribed non-uniform traction normal
to the edge of the plate at the roller supports. For the special cases of rectangular plates subject to
either uniform or linearly varying edge tension 7T'(y), the resulting stress components 7)(x, y) and
T\y(x,y) both vanish throughout the plate domain [2,14]. In all other cases, these stress
components do not vanish and no exact solutions exist for their determination, in general.
Approximate solutions can be determined using, for example, finite element [4] or Fourier series
[2,5] methods. In this study, a modification of the methods employed in Refs. [2,5] is used to
determine the stress distribution of a plate subject to a non-uniform edge tension that is
symmetrical with respect to the center of the roller. A symmetric edge tension naturally arises in
the motivating application due to the fact that the rollers are “crowned” (i.e., high in the middle).
This edge tension is prescribed by

T.(0) =K, sin(g y) + Zp: B, L

p—24 PT

+Ds,(5)(y = 3)sin (pr(y=3)) | 5. 3)
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where the coefficients Kj, B, may be selected to describe a specific symmetric tension distribution
(boundary condition) and the functions Dj,(s) and D, ,(s) are defined in Appendix A. The
functional form above leads to a simpler solution for the Airy stress function than that developed
in Refs. [2,5] yet it is still dominated by the first (sinusoidal) term.

The resulting Airy stress function can be shown to be

F(x,y) = K, sin<§y> [Cncosh G(x — %)) + Cyy (x — %) sinh (g(x - %))]

+ i B, cos(pnx) [Dlp(s) cosh (pn (y - %)) + Dy (s) <y _ %) sinh (pn (y _ %))} . (6)

p=24

where the coefficients Cyy, C,; are given in Appendix A. The associated stress components are
illustrated in Fig. 3 for an example plate. As shown in Fig. 3, at the edges x = 0, 1, T\(x, y) satisfies
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Fig. 3. Stress distributions under parabolic type of non-uniform tension. (a) T(x,y), (b) T, (x,y) and (c) Ty, (x,y). In
this example, s=1/4, H/L=8.7055x 107>, K; =T, and j = 10.
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Eq. (5) and resembles a symmetrical sine function. The boundary conditions 7,(x,y) =0 at y =
0,5 and T\,(x,y) = 0 at all edges are also satisfied. The overall spatial variations of these stress
components resemble the results of Lin and Mote [2], for which the tension distribution for a
sinusoidally varying edge tension was computed.

The linear transverse vibration characteristics of the plate, subject to the in-plane stresses
above, are now evaluated using a standard Ritz series. The comparison functions in this series are
selected to satisfy the assumed simply supported conditions at the rollers and the free conditions
at the two lateral edges. The m x n separable Ritz series

m,n
e =Y an¥i()Xi), %)

j=0k=1

for the eigenfunction W is formed in which aj represent unknown coefficients and Y;(y) and
Xi(x) are known comparison functions for a uniform beam satisfying simple—simple and free—free
boundary conditions, respectively, as given in Appendix B [15].

The eigenvalue problem defining the plate natural frequencies and mode shapes is developed
from the linear form of Eq. (1)

LIW] = AMW], ®)
where /. = w? is an eigenvalue (w is a natural frequency), and the linear operators L and M are
given by

L=-T,0/ox* — T,0%/oy* — Ty, 0%/dxdy + DV*, (9a)
M = p. (9b)

The operator L captures the dependence of the eigensolutions on the non-uniform edge tension
through the in-plane stress components 7', 7) and T,. Standard use of the Ritz method yields the
plate natural frequencies and mode shapes that are briefly described below.

Consider first the effects of non-uniform edge tension on the plate natural frequencies and
mode shapes. The non-uniform edge tension is illustrated in Fig. 4 and consists of a large mean
tension 7 = 2.8 ton with a small super-imposed parabolic variation in the width direction of
magnitude 7. Fig. 5 illustrates the variation of the lower natural frequencies with increasing non-
uniformity (75/T)) for four plates having distinct aspect ratios. The modes are distinguished by
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Fig. 4. Definition of a prescribed parabolic tension variation in the width direction.
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Fig. 5. Dependence of the natural frequencies of the lower vibration modes upon the non-uniformity of the tension.
Non-uniformity refers to 7>/ Ty, reported as a percentage. (a) L = 2B, (b) L =4B, (c) L =8B, and (d) L = 16B.

the indices (m, n) that denote the order of modes in the y and x directions, respectively, as
defined in Appendix B. Note that as the plate aspect ratio (B/L) increases and the non-uniformity
increases, the natural frequencies of the higher order modes (m = 2,3,4) decrease more
rapidly than those of the two lower order modes (m = 0,1). Moreover, the mode shapes
for the higher order modes (m=2, n=1 and m =3, n=1) depend strongly upon the
non-uniformity (7,/7y). For example, the mode W>, can, in general, be well represented
by

Wi = (aYo + bY2) X, (10)
where the two parameters ¢ and b are determined by the non-uniformity and the aspect ratio. The

dependence of @ and b on T,/Ty is shown in Fig. 6 for the case of L = 4B.

2.3. Discrete single-degree-of-freedom model for non-linear parametric vibration

The mode shapes discussed above are now used to develop a single-degree-of-freedom
approximation for non-linear plate response. We begin first with discretizing the Airy function for
the plate subject to non-uniform, time-varying tension and finite amplitude (non-linear) vibration.
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Fig. 6. Dependence of coefficients ¢ and b upon the non-uniformity of the tension (L = 4B).

The Airy stress function can be decomposed into
Ftotal(xaya l) = F(xay) + Fnon(X,y, t) + %V(t)(y - S/2)2‘ (1 1)

Here, F(x,y) is the equilibrium (static) component as given by Eq.(6) and this captures
the effects of the steady but non-uniform edge tension. The component F,,, (x, y, t) captures the
additional mid-plane stresses developed by (non-linear) transverse vibration. Finally, the
component %r(t)(y—s/2)2 captures an assumed time variation of the mid-plane stresses
due to a time-varying mean edge tension that is superimposed on the non-uniform edge
tension. For instance, if the (spatial) mean edge tension varies as 7(¢) = Ty + AT(¢), then
r(t) = AT(¢). In this study, the time-dependent tension AT(f) will either be assumed to be
harmonic or assumed known from experimental measurement. Attention now focuses on
developing an expression for Fy,,(x,y,t) from a single mode approximation of the vibration
response.

Consider a single-degree-of-freedom approximation to the non-linear system (1) and (2) using a
single mode of vibration as developed in Section 2.2 Thus, let

w(x,y, [)% WZlf(t) = (aYO + bYZ)le(l), (12)

in which f(¢) is an unknown modal co-ordinate associated with the known vibration mode
W>1(x, y). This vibration mode is further described by the two parameters ¢ and b introduced in
Section 2.2 The associated Airy function must satisfy

V4 Fpon = ER[(*w/0x0y)* — (8*w/0x>)(&*w/dy?)]. (13)

Eq. (13) captures the non-linear stretching of the mid-plane of the plate provided the edges at
the rollers are immovable. This later condition requires

Uly=01 =0 (14a)

with the remaining boundary conditions:
Ny = 0?Fppn/0x* =0 at y = 0,s, (14b)

Ny = —2 8 F,,/0x0y = 0 at all edges. (14c)
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At x =1, Eq. (14a) can be re-written [6—11,13] as
1 1
Ul = / (ex — L (Ow/Ox)?) dx = / [(Ny — vN,)/Eh — L (0w /0x)*] dx. (15)
0 0

Substituting Eq. (12) into Eq. (13) gives
V4 Fyon/ Eh = 2 (D[ (X, Y, X[ Y — X! Yo X\ Y)) + DPA(X Y5 XY, — X' Y, X, YY)
+ab(2X1’Y6X1’Y2’—X1”Y0X1 Yé’—Xl”YzXl Yé’)], (16)

where X| = 0X;/0x, X| = &*X,/0x* and Y], = 0Y,,/0y, Y = 0*Y,,/0y* for m = 0,2. Fp can
now be decomposed as

Fnon :fz(t)[azFaa(xa J’) + abFab(xay) + szbb(x, y)]a (17)

where the spatial functions F,,, F,, and Fp, are evaluated using the procedure in Appendix C.
From the total Airy function given by Eq. (11), the associated stress distributions are

T)tcotal = 82Flotal/ay2 =T+ N:fz(t) + I’(l),

T = & Fpora/0X* = T, + N, f(0),

T;;[al = _282Ftotal/axay = Txy + N;yfz([)a (18)
where Ni = N,/ f*(1), N, = N,/ f*(1), and Ny, = Ny, / f(2).

Standard use of Galerkin’s method using Eq. (12) in Eqgs. (1) and (2) leads to the single non-
linear equation governing the modal co-ordinate f(z):

J(© + 2600 (1) + [0t + 3,0 (DL (1) + B, £ (1) = 0, (19)

where o, f,, 7, are given in Appendix D and wy is the natural frequency of the mode considered.
Note that o = »j and that modal damping ¢ has been added.

3. Analysis of parametric resonance
Assume that the time-varying tension is described by the single harmonic
r(t) = cos wt. (20)

Analysis of the linearized form of (19) will provide the stability boundaries that separate stable
from unstable trivial solutions. Subsequent analysis of the non-linear form will be used to assess
the limit cycles that bifurcate from the trivial solution.

3.1. Linear system

Substitution of Eq. (20) into Eq. (19) and elimination of the non-linear term yields
f+ 2cwo f+ (w% +y.cosmt) f =0, (21)
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in which ¢ is small, non-dimensional small parameter defined by ¢ = /L. Letting 2cwy = 2C,
v, = 2¢y in Eq. (21) produces

f+2Cef + () + 2ey cos wt) f = 0. (22)
The solution of Eq. (22) can be represented by the first order multiple-scales expansion [13]
S = /o (z0,71) + &fi(z0, T1), (23)

where 7, = &"t for n = 0, 1. This expansion is used to evaluate the (principal) parametric resonance
centered about o = 2wy. Letting w = 2wy + ¢o, where ¢ is a detuning parameter, and using a
standard multiple scales analysis [13] leads to the instability boundaries

—\/7? /0 — 4C? <a<\/y?/w} — 4C2. (24)

The trivial solution is unstable for values of the detuning parameter between these bounds. As
expected, non-trivial periodic solutions bifurcate from the trivial solution at the stability
boundaries as seen in the following analysis of the non-linear system.

3.2. Non-linear system

The non-linear parametrically excited plate is governed by

f+2Cef + (02 + 2ep cos wi)f + eff> = 0, (25)
where f = f8, / &. The zeroth order solution is written as
fo = AR + Aepe e, (26)
and it captures modulations on the 7; time scale. Introduce the polar form
A(ty) = Saq(1))e”™, (27)

where a4(t;) and ¢(t;) denote a slowly varying amplitude and phase, respectively. Steady
solutions for a4 and ¢ provide the amplitude and phase of a periodic solution to Eq. (25). The
steady amplitude obeys [13]

{C? + (Qoau — §pasy/w0)’}ay = §r'ay fop. (28)

Thus, the trivial solution (¢ = 0) is always a solution, and the non-trivial solutions are given

by
GB/wo)ay =Lot /1y /w} — C2, (29)
GB/wo)ay =ot /572w — C2>0. (30)

The stability of these non-trivial solutions may also be assessed by evaluating the eigenvalues of
the amplitude and phase modulation equations after linearization about a known periodic
solution. The stability depends upon the excitation amplitude parameter y and the detuning
parameter ¢. Three distinct types of behaviors are found as illustrated in Fig. 7 [13]. In region I,
only the trivial solution exists and it is stable. Thus, the response from any initial condition decays

provided
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Region 11

Region 11

Region 1

0
(&)

Fig. 7. Three regions that determine qualitatively distinct behaviors of periodic response [13].

to zero as also predicted by the linear system. In region II, a stable non-trivial solution as well as
the unstable trivial solution co-exist so that all initial conditions produce a limit cycle. In region
I11, the trivial solution regains stability and the two non-trivial solutions co-exist; one stable
(larger amplitude) and the other unstable (smaller amplitude). As a result, solutions always
decay to zero or converge to the stable solution whose amplitude is computed from

G B/wo)dy =10+ (/32 /wi — C2. Thus, in this region, two stable periodic solutions co-exist

and the initial conditions ultimately determine which of these two periodic motions represent the
long-term response.

4. Parametric resonance in sheet metal coating process

An example sheet metal coating process is studied that reveals the importance of parametric
resonance in producing vibrations of the sheet metal. These vibrations in turn may lead to
variations in coating thickness that can degrade the quality of the finished product.

A schematic of this process is shown in Fig. 2 where the plate of steel sheet metal is covered with
molten zinc that solidifies as the plate translates between the two rollers shown. The plate has
dimensions L = 22.5m (length), B=1.209m (width), and % = 0.421 mm (thickness), and it
translates with speeds ranging from v = 140 to 180 m/min.

Fig. 1(b) illustrates the measured displacement of the plate sampled using a proximity sensor
that is located at 1 m from the roller that is submerged in the zinc bath and also at the centerline of
the plate (sensor location: x = 1/22.5, y = 1.209/45). The time record shown is for a period of
96s. The data were then analyzed by computing the harmonic wavelet [16]. The resulting time-
frequency map is illustrated in Fig. 8. Apparent at all times is a pronounced peak at f, = 3.52 Hz
that corresponds to the rotation frequency of the two rollers. Thus, it is clear that the rollers are
responsible for the majority of the plate vibration and this derives from roller and/or bearing run-
out. Moreover, a secondary peak at twice the roller frequency is often present. Also observable is
a peak at the fundamental natural frequency of the plate f,, = 3.69 Hz in Case B (from 16 to 325s),
Case D (from 43 to 53s) and Case F (from 83 to 965s) that show large peaks and Case C (32 to
435s), Case E (53 to 83 s) that show small peaks. This sustained response at the natural frequency is
expected when the plate is parametrically excited as discussed next.
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Fig. 8. Time—frequency map of vibration data in Fig. 1(b).

The likely source of parametric excitation is the time-dependent tension that develops in this
process due to multiple mechanisms including unsteady process speed, unsteady roller dynamics,
roller/bearing run-out, and the like. The fundamental vibration mode may experience parametric
resonance when these tension fluctuations are reasonably significant and also occur at frequencies
near to twice the fundamental natural frequency. To investigate this, data for dynamic tension
were collected using a roller instrumented with load cells to measure bearing reactions, hence
dynamic tension. Fig. 9 shows the harmonic wavelet map of the dynamic tension data given in
Fig. 1(a). The frequency range of 2f,+0.15 = 7.38+0.15 Hz is identified by two dashed lines.
Note that, although the dynamic tension data have a wide range of frequency components, their
contributions, except the identified frequency range, to the response are insignificant as shown in
Fig. 8. The greatest amount of dynamic tension in this range occurs for Cases B, D and F. In
each of these cases, there is a significant corresponding peak at f,, in Fig. 8. In addition, Cases A
(0-16), C and E in Fig. 9 have dynamic tension peaks in this range but narrower and smaller than
Cases B, D and F, thus there are very small peaks at f,, in Cases C and E and no peak in Case A of
Fig. 8.

The model and analysis of Section 3 may be used to estimate the magnitude of the plate
vibration due to parametric resonance for the experimental conditions described above. To this
end, we shall focus on Case A (no observable parametric resonance) and B (clearly observable
parametric resonance) beginning with an estimate of the magnitude of the dynamic tension for
both cases. This estimate may be obtained from the power spectra in Figs. 10(a) and (b) which are
the power spectra of the tension data of Cases A and B, respectively, and which lead to
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Fig. 9. Time—frequency map of tension data of Fig. 1(a).

AT /Ty = 0.53% for Case A and AT /T, = 0.89% for Case B. The coefficients § and y in Eq. (25)
are 3.42 x 10° and 1.51 x 10° for Case A, and y = 2.54 x 10° for Case B. The damping ratio ¢ is
an unknown but important factor in determining whether the parametric resonance exists. This is
clearly seen in Fig. 11 that shows how the stability boundary depends upon the damping ratio in
the range from 0.002 to 0.005. Consider the case of ¢ = 0.003 and zero detuning ¢ = 0. For Case
A, 7 = 1.51 x 10° which places this case within the stable region for the trivial solution and no
parametric resonance is expected. By contrast, for Case B, 7 = 2.54 x 10°, and this falls well
within the unstable region for the trivial solution and a stable (non-trivial) periodic solution exists.
Should the damping ratio actually be as large as ¢ = 0.005, then Case B lies in the stable region for
the trivial solution and no parametric resonance would be observed. Likewise, should the
damping decrease to ¢ = 0.002, then Case A lies in the unstable region and parametric resonance
would then be observable. Thus the damping ratio has an expected and pronounced effect on the
parametric resonance.

For the purpose of illustration, consider again the case ¢ = 0.003 and the response of the plate
due to both parametric and external excitation as predicted by the non-linear single-degree-of-
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Fig. 11. Dependence of stability boundary on the damping.

freedom model

F42eo0f+ RO f + Bof(0) = Ge(2). (31)

Here, R(t) = [, (=T()&*W [ox> + DWN*W)dD"/ [,. pW?*dD", D is the integration domain,
T(?) is the recorded tension data from the sheet metal coating experiment as given in Fig. 1(a), and
q.(t) = Q. cos (w,?) represents an assumed harmonic moving boundary excitation due to roller
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Fig. 12. Power spectra obtained from model for (a) Case A, and (b) Case B.

eccentricity of amplitude O, and frequency w, = 2nf,. The amplitude Q, is unknown but can be
estimated from the measured plate response data. Direct numerical integration of Eq. (31) for
Cases A and B leads to the computed response power spectra shown in Figs. 12(a) and (b),
respectively.

To arrive at these results, we adjusted one parameter, namely the (unknown) magnitude
of the eccentricity Q.. In particular, Q. was tuned to minimize the error between the
measured (Fig. 13) and the predicted (Fig.12) response power spectra. These results
demonstrate that the response for Case A is dominated by the roller eccentricity while the
response for Case B is nearly equally partitioned between the roller eccentricity and parametric
resonance. Moreover, the overall agreement between the measured and predicted power spectra is

very good.

5. Summary and conclusions

A non-linear model is proposed for describing the parametric resonance of a plate subject to
non-uniform and time-varying edge tension. A one mode approximation of the response is used to
develop a non-linear single-degree-of-freedom model that is analyzed using a perturbation
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Fig. 13. Power spectra obtained from the measured response for (a) Case A, and (b) Case B.

method. This analysis reveals the conditions under which the plate is likely to experience principal
parametric resonance of its fundamental mode due to time-varying tension. This theory is then
used to explain experimental results for sheet metal vibration in a production sheet metal coating
process.

Analysis of the experimental data reveals that sheet metal vibration originates from two
major mechanisms: (1) external excitation due to roller/bearing run-out, and (2) parametric
excitation due to time-varying tension. Measurements of the time-varying tension confirm the
existence of frequency components at twice the fundamental natural frequency of the plate.
Measurements of plate vibration confirm predictions from the theoretical model that the
measured time-varying tension is sufficient to generate plate parametric resonance. In this case,
the model also reveals that the parametric resonance is strongly influenced by the plate damping.
Finally, increasing plate damping may provide a means to eliminate the parametric resonance in

this application.
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Appendix A
Co = 2s%[sinh(rt/2s) + (1 /2s) cosh(m/2s)] _ 2ssinh(n/2s)
e n2[r/s + sinh(x/s)] 27 ln/s + sinh(n/s)]
po—_S sinh(pms/2) B s cosh(pms/2)
Y7 pafpns + sinh(prs)] 7 pr[pns + sinh(pns)]

Appendix B

Xi(x) =sinknx, k=1,2,..., (B.1)

Yo(y) = Ao, (B.2)

Yi(y) = Ai(y —s/2), (B.3)

Y;(y) = Aj[sin(B;y/s) + sinh(B,y/s)] + Bj[cos(B;y/s) + cosh(B;y/s)], j=2,3,4,..., (B.4)

where A; = cos f; — cosh ;, B; = —(sin ; — sinh f8;) and cos ; cosh f; = 1. Note that Eqgs. (B.2)

and (B. 3) descrlbe the two rlgid body modes of a free free beam

Appendix C
Using N, = *F,,/0)?, = 0%F,,/0x* and substituting Eqgs. (12) and (17) into Eq. (15)
leads to
1 1 /ow 0°F, 82F
T . — N.) — 2 aa aa X/QYQ
F 2< ) f()[ <Eha > VEhox2 T 10
0 Fy  O'Fp
B> _x2y?
* <Eh6y2 "Ehox? b2
0%Fy  OFu
b - XY Ys )| C.1
a <Ehay2 Ehax: XY 2)] €D

Next, we separate terms having constant coefficients and terms proportional to a?, b*> and ab.
Consider a particular solution F}/, that satisfies

VAF? JEh = (0D (X, Y5 X, Y5 — X Y2 X1 V3. (C.2)
F} can be written as

F iy = (cos 2mx)gpp() + hn(), (C.3)

where gp5(y) and hyp(y) are functions of y. However, the stress distributions from Eq. (C.3) do not
satisfy conditions (2.14b) and (2.14c), but do satisfy lebxy|x:0,1 = 0 as required. Consider an Airy
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function Flfb given by
Fl, =[C} cosh{2n(y — 5/2)} + CIZ(y — 5/2) sinh{2n(y — 5/2)}] cos 2nx
+ [DI} cosh{2n(y — s/2)} + D}2(y — 5/2) sinh {2n(y — 5/2)}] cos 2nx, (C.4)
that satisfies the homogeneous equation V*F};, = 0. The first term, denoted F};, when added to a
term of the particular solution Fj, = ng + Fl, satisfies &*Fp, /ale},:(),s = 0 by selection of the
coefficients Cy, C/7 and this guarantees 6°F}}} /0x0y],— 14,0, = 0. The second term, denoted F}7,
when added to a term of the particular solution Fp, = F gb + F Zb satisfies 0° Fyy / 0x0yl,—gs = 0 by

selection of the coefficients D}, D}’ and this guarantees &°F /0°x|,_ , = 0. Thus Fy, that satisfies
the boundary conditions for the stresses is

Fy, = Fl, + F},. (C.5)
It can easily be shown that
1/ 2
— - X,°Y =0. :
/0 (Eh8y2 VEhowe ~ X1 T2 Jdx =0 (C6)

By similar procedure, F, satisfying V*F,;/Eh = f *(t)ab(— X Yo X1 Y}) can also be found.
Let

Fg=F! +F, (C.7)

where F/ is given by Eq. (C.8) and Fa’; is the homogeneous solution that allows F;, to satisfy the
boundary conditions. The particular solution is

F, = (08 2n)ga() + has(0), (C8)
where g,(y) and h,(y) are also functions of y. In this case,
1/ 2
a Fab a de 1)
—y —X,"YoY, ) dx=0. C.9
/0 <Eh8y2 "Ehox2 1 70 2> ~ €9
Finally, F,, which satisfies V*F,,/Eh = 0 is
Eh
Fua =537 00 = 5/2, (C.10)
from which
1/ 2
O°F, O°F,
v — X 2YF ) dx = 0. C.11
/0 (Eh@y2 "Ehox2 ! 0) ~ 10

This method described above can be applied to all vibration modes that consisted of Yy X; and
Y> X, including Wy, = YoX; and Wy = Y, X|.
Appendix D

Let

s 1 2 2 2
W Ew Ew
Ay = T W—" - T W—+ T W——+ DWV*W | dx dy, D.1

W /0/0< X2 792 T oxoy > e (D-)
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sl e OPW L PW . W
Bw—/o /0 <_NXWW_N)}W8—J/2+NWWM> dXdy, (D2)
K 1 aZW
Cy = / / <—ATW—2> dxdy, (D.3)
0 0 6x
K 1 _ K 1
G:/ / WM[W]dxdy:p/ / w2 dxdy. (D.4)
0o Jo 0o Jo
Then the coefficients
A
o, = ?W = w%, (D.5)
By
= — D.6
bo="4 (D.6)
Cw
= — D.7
’y&‘ G ( )
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