Available online at www.sciencedirect.com

SCIENCE DIRECT® JOURNAL OF

@ SOUND AND

ACADEMIC VIBRATION
PRESS Journal of Sound and Vibration 268 (2003) 839-842

www.elsevier.com/locate/jsvi

Letter to the Editor

Analysis of the simple harmonic oscillator with
fractional damping

R.E. Mickens®*, K.O. Oyedeji®, S.A. Rucker®

# Department of Physics, Clark Atlanta University, P.O. Box 172, Atlanta, GA 30314, USA
bDepartment of Physics, Morehouse College, Atlanta, GA 30314, USA
¢ Department of Mathematical Sciences, Clark Atlanta University, Atlanta, GA 30314, USA

Received 6 March 2003; accepted 11 March 2003

The simple harmonic oscillator (SHO) with fractional damping is characterized by the
following second order differential equation:

F+x=—ex)"3, &>0, (1)

where ¢ is a positive parameter. Note that this equation is of odd parity, i.e., if x—> — x, then the
equation is invariant except for a non-essential overall negative sign. Also, observe that the
damping term, on the right-side of Eq. (1), is equal to the velocity raised to the one-third power.
This expression is always real valued since the cube root of a real number has a real value with the
same sign as that number itself.

The purpose of this note is to show that all solutions to Eq. (1) are damped and oscillatory. The
method of first order averaging [1-3] is then used to calculate an approximation to this set of
solutions. Further, the analysis indicates that the system only executes a finite number of
oscillations before it reaches its equilibrium state. An estimate of this number is made.

Eq. (1) can be written as a system of two first order differential equations [1,2]

dx dy 1/3
. = — _x—gyl/3, 2
=y = —x—a @
The corresponding trajectories in the (x, y = dx/d¢) phase space are determined by the solutions
to the equation
dy x4+ ey!/3
il <— . 3)
X y

It follows from Eq. (2) that a single equilibrium or fixed point exists at (X, ) = (0,0). Note that
Eq. (3) is invariant under the transformation

X> =X, yo =) “4)
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Consequently, trajectories in the (x, y) phase space have inversion through the origin symmetry

[2].
Consider the following Liapunov function for Egs. (1) or (2) [4]:

2 2
Yy X
V ==+ = 5
(D=5 +3 5)
This function is the energy integral for the undamped SHO and has the property
V(ix,y)>0, x#0 and yp#0. (6)
Taking the time derivative of V' (x, y) and replacing x and y by the expressions in Eq. (2) gives
dv
== oty +xy =~ (7)
Since ¢ > 0, it follows that
dv
—<0, 8
T (8)

from which it can be concluded that

. (xXP )
i (£52) 0

Thus, all solutions, x(¢), of Eq. (1) eventually decrease to zero. The implication of this result is the
fixed point at (X, y) = (0,0) is globally stable.

The method of first order averaging [1-3] can now be applied to Eq. (1) to calculate an
analytical approximation to its oscillatory solutions. This solution is

(1) = a(?) cos[t + ¢(1)], (10)

where the “amplitude” a(z) and ““phase’ ¢(¢) are given as solutions to the following equations for
the particular problem given by Eq. (1):

da e [T an

o= _<_2n)a1 3 /0 (sin )*> dy, (11)
do € / o 1/3
T <—2na)al 3 /0 (siny)'/° cos y dy. (12)

These calculations are made under the requirement 0 <e<1. The integral, on the right-side of
Eq. (12), is zero. This follows from the fact that the integration limits can be changed from (0, 27)
to (—n, ). Over this range of Y values, the integrand is odd; consequently, the integral is zero.
Therefore, it follows that

¢(t) = ¢y = constant. (13)
It can be shown that [5]

(simp)“/3 =co+c1cos2y +crcosdy + -, (14)
where ¢y = 0.580, ¢; = —0.464, etc. Using this result, the integral in Eq. (11) can be evaluated to
obtain

da 1/3
— = —(eco)a’". (15)

d¢



R E. Mickens et al. | Journal of Sound and Vibration 268 (2003) 839-842 841

The solution to Eq. (15), with the initial condition, a(t) = ap, is

- N\?
v =an( ") (16)
where the “characteristic time”, 7*, is given by
3a2/3
= e (17)

A closer examination of Eq. (16) shows that for times, ¢ > ¥, the amplitude a(z) is pure imaginary.
Physically, a(?) can always be selected to be non-negative and real [2,3]. Placing these two issues
together means that Eq. (16) should be rewritten as

*— 1\
—_ 0<r<r,
a(t) = “°< * ) . (18)

0, t>r*.

Thus, the amplitude of the oscillator is zero for 7> ¢* and as a result only a finite number of
“cycles of oscillations” occur.

An estimate of the number of oscillation cycles, NV, which take place before the amplitude goes
to zero, can be calculated. First, for 0 <¢< 1, the angular frequency of the free oscillations is [2,3]

o(e) = 14 O(e). (19)
Second, since the period is
2
T(e) = -5 = 2n + O(e) (20)
(&)
and because the oscillations stop after the time ¢ = ¥, then
# 3at
N=—=-"20_ 21
T A4nce 2l

If the results of Egs. (13) and (18) are substituted into Eq. (10), then the damped oscillations of
Eq. (1) are represented by the relation

-

3/2
— <<t
X() = a()( = > cos(t + ¢p), 0<t<¢ 22)
0, t>r*

It is also of interest that the only other known non-linear, damped oscillator for which a finite
number of oscillations occurs, is the Coulomb damped oscillator. An analysis of its solutions and
related behavior is given by McLachlan [6] and Mickens [2].

The work presented here is an extension of previous studies on the so-called non-linear
“fractional oscillators [7,8]. The equations modelling such systems either have terms in their
elastic forces which are fractional powers of the position x and/or also contain terms for the
damping which have fractional powers.
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