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1. Introduction

There have been extensive research works on the vibration analysis of beams or rods carrying
concentrated masses at arbitrary locations. Approximate and exact analyses were used to obtain
the natural frequencies [1-20]. The eigenfunction of the beam—mass systems was obtained by
satisfying the differential equations of motion and by imposing the corresponding boundary and
compatibility conditions associated to the masses [13—15]. The method of frequency determinant
was then used to generate the frequency equation. It was, however, claimed that, with this
method, the number of the beam equations increases as the number of attached masses increases.
Therefore, the method of Laplace transform was suggested by introducing the Dirac delta
function (J) for the concentrated mass [1-3,5,6,12]. In other works, Gurgoze and Batan [11]
concerned the numerical solution of the transcendental frequency equation. The characteristic
equation was obtained by using Rayleigh—Ritz method [17] and free vibrations were analyzed by
using the Laplace transform method [18]. Maurizi and Belles [19] compared two fundamental
theories of beam vibrations. Ozkaya and Pakdemirli [20] obtained the frequencies for the
clamped—clamped beam with mass and searched approximate solutions of free and forced non-
linear vibrations using a perturbation method.

Low et al. [21] found that the results of experiments and the theory did not match well for
beams of large slenderness ratio for centre-loaded beams. Different assumed shape functions to
obtain the kinetic and potential energies of the three classical beams carrying a concentrated mass
were presented [22,23]. A later work [24] showed that the correlation between theory and
experiments was much improved when stretching effects were included.

In Ref. [25], the fundamental eigenvalue of beams carrying concentrated masses was predicted
merely from the individual beam system carrying a single mass, by virtue of Dunkerley’s formula.
The time saving owing to the proposed method was illustrated in the parametric study. In another
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work [26,27], both the method of frequency determinant and the method of Laplace transform
were considered and compared for the solution process and computation time saving.

In the present work, an Euler—Bernoulli type beam carrying multiple masses on various
locations is again considered. The method of Rayleigh quotient is applied together with the
respective shape function with a simple trigonometric function for a quick frequency estimation of
the beam—mass system. In this paper, firstly, the solution methods for frequencies of three mass-
loaded beams are presented with both the transcendental characteristic equation and the
Rayleigh estimation. Secondly, parametric results by solving the eigenfrequency equation
and Rayleigh’s expression are presented and compared. Finally, the effectiveness and validity of
Rayleigh’s estimation is studied and discussed.

2. Model considered

As an example of multiple-mass loaded beams, let us consider a beam carrying three
concentrated masses at x = a;, x = a, and x = a3, where x is the spatial co-ordinate along the
beam length of / as shown in Fig. 1.

The differential equation associated with the present eigenvalue problem is known as [28,29]

av
in which
Aw?
K= @)

where p is the beam density, A4 is the cross-sectional area, E is Young’s modulus, / is the moment
of inertia of the beam cross-section with respect to the neutral axis of the beam, and w represents
the eigenfrequency of the beam with masses.
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Fig. 1. Beam—mass system considered.
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The general solutions of the ordinary differential equation (1) for the loaded beam system, as
shown in Fig. 1, can be defined in different segments as [28,29]

Vi(x) = C; sinkx + C; cos kx + Cj sinh kx + C4 cosh kx,

V>(x) = Cs sin kx 4+ Cg cos kx + Cq sinh kx + Cg cosh kx,

V3(x) = Co sin kx + Cyg cos kx + Cyy sinh kx + Cy; cosh kx,

Va(x) = Cizsinkx + Cygq cos kx + Cyssinh kx + Cig cosh kx, 3)
in which C, (¢ = 1-16) are constants to be determined, while Vi, V>, V3 and V4 are the left and
right transverse displacements associated to the respective concentrated masses M, M, and M3.

The compatibility conditions at the location of three concentrated masses in Fig. 1 are given as
follows:

Vila) = Vaar), Vila) = V@), Vi(ar)=Vi(a),

Vi(ay) — V3'(ay) + o k* Vi(ar) = 0,

Va(ap) = Vi(@), V(@) = Vi(@), Vj(a) = Vi(a),

V3 (az) — Vi'(a) + oak* Va(az) = 0,

Vi(az) = Valas), Vi(as) = Vi(az), Vi(az) = Vi(a3),

Vi'(as) — V,'(a3) + o3k* Vs(as) = 0, 4)
where primes denote differentiation with respect to the position variable x. The corresponding
mass ratios have been defined by oy = M, /(pAl), 0, = M, /(pAl) and a3 = M3/(pAl).

For a complete formulation of the boundary-value problem, the boundary conditions for the
three beam ends considered in this work can now be specified as follows:

V=0 and V'=0 (clampedend),
V=0 and V" =0 (freeend),
V=0 and V" =0 (pinnedend). (5)

3. Frequency solutions
3.1. Eigenfrequency equations

Conditions specified in Egs. (4) and (5) can be written in terms of C, (¢ = 1-16) by virtue of
Eq. 3)
BC =0, (6)

in which C = {C], Cz, C3, C4, C5, C6, C7, Cg, C9, C1(), C]], C12, C13, C14, C15, C16}T and B is the
16 x 16 matrix associated to a particular beam type.

The frequency equation, det(B) = 0, is derived symbolically in this work by virtue of Maple
software [30]. The characteristic equations are written in terms of eigenvalue S (f; = k;/ for mode
i), position parameters #; (= a;//), and mass ratios o; (= M;/(pAl)). The generated eigenfrequency
(or characteristic) equations for different cases can then be numerically solved for the eigenvalues



846 K H. Low | Journal of Sound and Vibration 268 (2003) 843-853

(or eigenfrequencies) by using the same software. Note that the beams with three different ends
are considered here: clamped—clamped, clamped—free and pinned—pinned.

A similar frequency analysis was performed for single-mass-loaded beams with classical
boundary conditions [9,16,25]. By solving the determinant of an 8 x 8 matrix, the eigenfrequency
equation for each case was obtained and expressed explicitly in terms of eigenvalue f3, position
parameter #, and mass ratio o.

To begin with the simplest beam—mass model, the frequency equations for the three beams
carrying a single mass are listed as follows [16,25]:

(1) Clamped—clamped (16 terms):

2(1 — cos f cosh ) + af[sin B cosh f cosh? B — cos f sinh f cos® By
+ cos f cosh f(sin py cosh fn — cos fn sinh fy)
+ cos f sinh f(cos iy cosh fn — sin Sy sinh fn)
— sin f cosh f(cos fn cosh fn + sin By sinh fn)
+ sin f§ sinh f(sin fin cosh 1 + cos fn sinh fn)
— sin f sinh f(cos fy sin fn + cosh S sinh fn)
+ cos fn sinh iy — sin fn cosh fn] = 0. (7)

(i1) Clamped—free (16 terms):

2(1 + cos ff cosh ) 4 af[cos ff sinh f cos® By — sin ff cosh f cosh® i
+ cos f cosh f(cos By sinh fn — sin fn cosh fy)
+ cos fsinh f(sin iy sinh fn — cos iy cosh fin)
+ sin fcosh f(cos B cosh By + sin Sy sinh fn)
— sin f sinh f(cos iy sinh fn + sin iy cosh fn)
+ sin f§ sinh f(cosh fn sinh fn + cos Sy sin fn)
+ cos fn sinh i — sin fn cosh fy] = 0. (8)

(iil) Pinned-pinned (5 terms):

2sin ff sinh  + af[sin f sinh f(cosh fn sinh fn — cos fn sin fn)
+ cos fsinh fsin® By — sin f cosh fsinh? fy] = 0, )

where f* = (kI)* = pAw?I*/(EI) by virtue of Eq. (2).

As the mass on a beam increases to two, the frequency equation becomes much longer. For
example, the characteristic equation of pinned—pinned beams carrying two concentrated masses is
given by [25]:
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pp-2M freqn (48 terms):

4sin B sinh f + oo f2[2c0s ff cosh f§ + sin f cosh(fi,)sinh(B,)cosh(Bi,)
x sinh(fn,)sinh f — cos(fn,)sin f sin (fn,)cosh(fy,)sinh(fx,)sinh
+ cos(Bi,) cos Bsin(f,)sinh f + cos>(fn,)cos 8 coshz(ﬂnz)cosh p
+ cos(fn, )sin(fn,) cos f sinh f cos?(fi,) + ---29 terms...]
+ 2f[(ot1 + o)(sin 5 cosh f 4 cos S sinh f3)
— oy cos(fn,)sin(fn,)sin f sinh 8
+ oy cosh(pn,)sin f sinh B sinh(fn,) + ---6 terms...] = 0. (10)

For the same boundary ends, a three-mass-loaded beam as shown in Fig. 1 can now be obtained
by virtue of Eq. (6):
pp-3M_freqn (318 terms):

8sin f sinh f + o003 8°[sin ff cosh cos2(ﬂ171)cos2([3113) + ---193 terms...]
+ B*[2011065 cos f cosh B Coshz(ﬁn])cosz(ﬂn3) + ...104 terms...]
+ P[40, sin sinh cosh2(ﬁn2)sinh2(ﬁn2) + ---17terms...] = 0. (11)

Many terms in the frequency equation (10) and (11) have been omitted for clarity. It is obvious
that the total number of terms increases significantly from 5 to 48 and 318, if the number of
masses carried by the pinned—pinned beam is from one to two and three, respectively.

The frequency equations for the clamped—clamped and clamped—free beams carrying two/three
masses are not listed here owing to the lengthiness of the expressions. In fact, the frequency
equation for the two-mass-loaded clamped—clamped beam contains 117 terms [26,27], while the
expression for the three-mass-loaded clamped—clamped beam is more than 50 times longer than
that of pinned—pinned beam, pp_3M_freqn, as listed in Eq. (11).

3.2. Rayleigh estimation

The fundamental frequency of a beam carrying a mass at various positions can be obtained by
substituting a specified shape function into Rayleigh’s quotient [22,23]:

s fIdPu(x)/dx? dx

F= J v*(x) dx + ow*(a) (12)

where v(x) is the shape function to be specified, while v(a) is the corresponding beam deflection at
x = a, the location of concentrated mass M.

In the case of the beam carrying multiple masses, Eq. (12) can be extended to introduce the
respective concentrated masses M;(a;) located at position x = x; = a;,

s JIdPu(x)/dx? dx
P = J o) dx + 37 a0 ()

(13)
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where o; = M;/(pAl) is the mass ratio associated to M;. For the loaded-beam system shown in
Fig. 1, Eq. (13) becomes:

[1d*v(x)/dx*T* dx
v2(x) dx + o2 (1)) + cav?(11,) + a30%(13)

B = (14)
J

Different trigonometric functions have been suggested for use in Eq. (14) as a shape function v(x)

for the respective beam considered in this work [26,27,31]:

(1) clamped—clamped beam: v(x) = A4(1 — cos(2nx/1)),
(i) clamped—free beam: v(x) = A4(1 — cos(nx/(2]))),
(iil) pinned-pinned beam: v(x) = Ay sin(nx/I),

where A, is the amplitude of beam deflection.
3.3. Error parameter defined for comparison

For the comparison of the two methods, an error parameter is defined as
8(%) = (ﬁray - ﬁeig)loo/ﬂeig’ (15)

in which the eigenvalue f,, is obtained by solving the respective eigenfrequency equation
presented in Section 3.1, whereas f3,,, is the frequency by virtue of Rayleigh’s expression, Eq. (14).
Eq. (15) enables us to judge the validity of the Rayleigh estimation, if compared to that obtained
by solving the eigenfrequency equation. A small error implies that Rayleigh’s expression is a good
approximation and should be applied since the solving of the algebraic expression is much more
timesaving. In fact, the eigenfrequency equation can be solved symbolically by using Maple [30],
and the computation time is much longer than the solving of Rayleigh’s expression (14). However,
Maple with Pentium 4 is not able to symbolically solve the frequency equations of the clamped-—
clamped/free beams carrying three masses. The object (i.e., frequency equation) is too large to
operate or simplify, according to the message given by Maple. Therefore, the root-searching
scheme [32] was adopted to obtain the eigensolutions in the present work.

4. Results and discussion
4.1. Parametric comparisons

Fig. 2 shows the results of f,, and f,,, for a clamped-free beam with the changing ,. It
indicates the changing of the fundamental frequency of the loaded beam with a mass M, moving
from one end to another, while two other different masses fixed at n; = 0.2 and n; = 0.55,
respectively. To easily compare the two results, the error ¢ (in percentage) by using Rayleigh’s
approximation with different 55 is given in Fig. 3. It is seen that Rayleigh’s estimation is always
higher than the respective eigenvalue estimated by solving the characteristic equation. This is the
fact has been derived by Meirovitch [28]. Also, the error reduces as the mass places towards the
free end. Note that the maximum error with respect to that obtained by eigenanalysis is less than
4%, in this particular case. It is also interesting to note that the error reaches its maximum if both
the two masses M, and M3 were placed near the node of the beam system, n = 0.55 in Fig. 3.
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Fig. 2. Eigenvalue of the clamped-free loaded beam with a; =4, ap =1, a3 =1 and ; = &, n; = 0.55. (a) Rayleigh’s

result and (b) eigensolution.
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Figs. 4-6 provide the errors ¢ (%) in changing 7, for the three beams with various «,. In fact,
the error curve looks similar to the deflection shape of the respective beam. The error reduces, in
general, for heavier M. For the clamped—clamped and pinned—pinned beams, two peaks occur as

T2

Fig. 4. Effect of oy on Rayleigh’s error with respect to the eigensolution of the clamped—free beam with o) = %, o3 =
and iy =5, 13 =15 @) 2 =1, (b) o =4, (¢) 12 = g and (d) o> = .

=

o 0.z 0.4 0.6 0.8 1

T2

Fig. 5. Effect of a; on Rayleigh’s error with respect to the eigensolution of the clamped-clamped beam with o; =1

29
w=gandn =5 m=35 (@ o=1(0b)o=15 () o =7;and (d) =1
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& (%)

Fig. 6. Effect of oy on Rayleigh’s error with respect to the eigensolution of the pinned—pinned beam with «; = %,

w=gandn =35 =35 (@ o=1(b) oy =15 (c) oy =3 and (d) x2 =75

0 02 0.4 06 03 1
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Fig. 7. Effect of boundary ends on Rayleigh’s error with respect to the eigensolution of the three beams with
o =0 =03 =2and n, = %, N = %. (a) Clamped—clamped, (b) clamped—free and (c) pinned—pinned.

the mass M, is placed near to any of two other masses. The peak at 5 is higher as the total mass
of (a2 + «3) is higher than that of «;.

Fig. 7 compares the errors of the three beams under the same loading. It is found that the error
for the clamped—clamped/free beams is higher than that with the pinned—pinned beam. For all
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mass ratios of 2, the maximum error is less than 8% for the clamped—clamped beam, as illustrated
in Fig. 7. This is the allowable maximum range of loaded weights for the linear model, Eq. (1), to
be valid. A non-linear beam model should be adopted for cases of heavier loaded masses due to
the large beam deflection.

4.2. Saving in computation

The eigensolution process for the clamped—clamped/free beams carrying three masses takes
much longer time if compared to that for the pinned-pinned case. This is expected as the
characteristic equation of the three-mass-loaded clamped—clamped/free beams is more than 50
times longer than that of pinned—pinned beams. Rayleigh’s method by Eq.(13), with the
respective trigonometry function, is highly recommended in view of its simple algebraic form and
the huge time saving, if compared with that by eigenanalysis. Most importantly, the acceptable
maximum errors (about 8% for the clamped—clamped beam with all « set at 2, as seen in Fig. 7). It
is also believed that the computational time saved by solving Rayleigh’s expression (13) could be
much more significant if it is applied to the beam carrying more than three masses at various
locations. Furthermore, the generation of frequency equations from Eq. (6) and the solving for
B.iy are almost impossible for the loaded beam-mass system with higher number of masses.

5. Concluding remarks

In this paper, the validity of Rayleigh’s expression (13) applied to a quick frequency estimation
of uniform beams carrying multiple masses has been investigated and demonstrated. The
fundamental frequencies by using the Rayleigh method have been compared to those obtained by
solving the corresponding characteristic equation. It has been demonstrated that the number of
terms of the characteristic equation increases significantly if the number of masses carried by the
beam is increased. It is also found that Rayleigh’s expression with trigonometric shape functions
can generally yield good approximation if compared with the result associated to the
eigenanalysis. Therefore, Rayleigh’s method is highly recommended for uniform beams carrying
multiple masses at various positions, in view of the significant computation time saving.

References

[1] Y. Chen, On the vibration of beams or rods carrying a concentrated mass, Journal of Applied Mechanics 30 (1963)
310-311.

[2] H.H. Pan, Transverse vibration of an Euler beam carrying a system of heavy bodies, Journal of Applied Mechanics
32 (1965) 434-437.

[3] C.L. Amba-Rao, Method of calculation of frequencies of partially fixed beams carrying masses, Journal of the
Acoustical Society of America 40 (1966) 367-371.

[4] L.S. Srinath, Y.C. Das, Vibrations of beams carrying mass, Journal of Applied Mechanics Series E 34 (1967)
784-785.

[5] M.M. Stanisi¢, J.C. Hardin, On the response of beams to an arbitrary number of concentrated moving masses,
Journal of the Franklin Institute 287 (1969) 115-123.

[6] R.P. Goel, Vibrations of a beam carrying a concentrated mass, Journal of Applied Mechanics 40 (1973) 821-822.



K H. Low | Journal of Sound and Vibration 268 (2003) 843-853 853

[71 M. Gurgoze, A note on the vibrations of restrained beams and rods with point masses, Journal of Sound and
Vibration 96 (1984) 461-468.

[8] N.G. Stephen, Comment on ““A note on the vibrations of restrained beams and rods with point masses”, Journal
of Sound and Vibration 100 (1) (1985) 149-150.

[9] M. Gurgoze, On the vibrations of restrained beams and rods with heavy masses, Journal of Sound and Vibration
100 (4) (1985) 588-589.

[10] P.A.A. Laura, V.H. Cortinez, Optimization of eigenvalues in the case of vibrating beams with point masses,
Journal of Sound and Vibration 108 (2) (1986) 346-348.

[11] M. Gurgoze, H. Batan, A note on the vibrations of a restrained cantilever beam carrying a heavy tip body, Journal
of Sound and Vibration 106 (3) (1986) 533-536.

[12] W.H. Liu, W.J.-R. Wu, C.-C. Huang, Free vibration of beams with elastically restrained edges and intermediate
concentrated masse, Journal of Sound and Vibration 122 (1988) 193-207.

[13] M.A. De Rosa, C. Franciosi, M.J. Maurizi, On the dynamic behaviour of slender beams with elastic ends carrying
a concentrated mass, Computers and Structures 58 (1996) 1145-1159.

[14] E. Ozkaya, M. Pakdemirli, H.R. Oz, Non-linear vibrations of a beam-mass system under different boundary
conditions, Journal of Sound and Vibration 199 (1997) 679-696.

[15] K.H. Low, On the eigenfrequencies for mass loaded beams under classical boundary conditions, Journal of Sound
and Vibration 215 (1998) 381-389.

[16] K.H. Low, Comparisons of experimental and numerical frequencies for classical beams carrying a mass in span,
International Journal of Mechanical Sciences 41 (1999) 1515-1531.

[17] W.H. Liu, F.H. Yeh, Free vibration of a restrained-uniform beam with intermediate masses, Journal of Sound and
Vibration 117 (3) (1987) 555-570.

[18] W.H. Liu, C.-C. Huang, Vibrations of a concentrated beam carrying a heavy tip body, Journal of Sound and
Vibration 123 (1) (1988) 15-29.

[19] M.J. Maurizi, P.M. Bellés, Natural frequencies of the beam-mass system: comparison of the two fundamental
theories of beam vibrations, Journal of Sound and Vibration 150 (1991) 330-334.

[20] E. Ozkaya, M. Pakdemirli, Non-linear vibrations of a beam-mass system with both ends clamped, Journal of
Sound and Vibration 221 (1999) 491-503.

[21] K.H. Low, T.M. Lim, G.B. Chai, Experimental and analytical investigations of vibration frequencies for center-
loaded beams, Computers and Structures 48 (1993) 1157-1162.

[22] K.H. Low, Closed-form formulas for fundamental vibration frequency of beams under off-centre load, Journal of
Sound and Vibration 201 (1997) 528-533.

[23] K.H. Low, R.N. Dubey, A note on the fundamental shape function and frequency of beams under off-center load,
Journal of Sound and Vibration 202 (1997) 134-138.

[24] K.H. Low, R.N. Dubey, G.B. Chai, Experimental investigation and shape functions for lateral vibration of
axially constrained beams with a concentrated mass at the centre, Journal of Sound and Vibration 202 (1997)
446-451.

[25] K.H. Low, A modified Dunkerley formula for eigenfrequencies of beams carrying concentrated masses,
International Journal of Mechanical Sciences 42 (2000) 1287-1305.

[26] K.H. Low, On the methods to derive frequency equations of beams carrying multiple masses, International
Journal of Mechanical Sciences 43 (2001) 871-881.

[27] K.H. Low, Reply to Comments on “On the methods to derive frequency equations of beams carrying multiple
masses”’, International Journal of Mechanical Sciences 44 (2002) 447—449.

[28] L. Meirovitch, Elements of Vibration Analysis, McGraw-Hill, New York, 1986.

[29] S.S. Rao, Mechanical Vibrations, 3rd edition, Addison-Wesley, Reading, MA, 1995.

[30] K.M. Heal, M.L. Hansen, K.M. Rickard, Maple V: Learning Guide, Springer, New York, 1996.

[31] M.L. James, et al., Vibration of Mechanical and Structural Systems with Microcomputer Applications,
HarperCollins College Publishers, New York, 1993.

[32] K.H. Low, A reliable algorithm for solving frequency equations involving transcendental functions, Journal of
Sound and Vibration 161 (1993) 369-377.



	Frequencies of beams carrying multiple masses: Rayleigh estimation versus eigenanalysis solutions
	Introduction
	Model considered
	Frequency solutions
	Eigenfrequency equations
	Rayleigh estimation
	Error parameter defined for comparison

	Results and discussion
	Parametric comparisons
	Saving in computation

	Concluding remarks
	References


