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Abstract

This paper presents methods to identify the locations and severity of damage in structures using
frequency response function (FRF) data. Basic methods detect the location and severity of structural
damage by minimizing the difference between test and analytic FRFs, which is a type of model updating or
optimization method; however, the preferred method proposed in this paper uses only a subset of vectors
from the full set of FRFs for a few frequencies and calculates the stiffness matrix and reductions in explicit
form. To verify the proposed method, examples for a simple cantilever and a helicopter rotor blade are
numerically demonstrated. The proposed method identified the location of damage in these objects, and
characterized the damage to a satisfactory level of precision.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of monitoring the structural health of an object consists of obtaining information
about the existence, location, and extent of damage in the structure using non-destructive
methods. One approach is to monitor and interpret changes in structural dynamic measurements
based on experimental modal analyses and signal-processing techniques. The extraction of the
natural frequency and mode shape of a vibrating structure can be accomplished using modern
vibration testing equipment and instrumentation. The modal and structural dynamic data can
then be utilized for cost-effective health monitoring and operational life assessment without
requiring the structure to be dismantled [1].
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A general approach for detecting damage, proposed by several researchers [2—15], is based on
comparing the frequency changes obtained using experimental data collected from the structure
with the sensitivity of the modal parameters obtained from an analytical model of the structure.
The sensitivity of the natural frequencies of the structure to changes in the stiffness, mass, and
damping are calculated using a finite element analysis. However, methods based on a sensitivity
analysis require an accurate analytical model of the structure being investigated, which can be
difficult to obtain. Also, most of the damage detection algorithms require a significant amount of
modal test data. These requirements make the damage detection procedure expensive, time-
consuming, and impractical for real-life structures in service.

Abdalla et al. [1] formulated the damage detection problem as a convex optimization
problem involving linear matrix inequality constraints. Pandey et al. [2] presented an evaluation of
changes in the structure flexibility matrix as a candidate method for identifying both the
presence and the location of the damage. Farhat et al. [3] developed a sensitivity-based
methodology for improving the finite element model of a given structure using test modal data
and a few sensors. Li et al. [5] used modal characteristics extracted from vibration tests with an
original finite element model in an identification approach developed to combine the advantages
of two classes of techniques: eigensensitivity and multiple-constraint matrix adjustment. Smith [7]
applied alternating projection algorithms for approximating a matrix in structural model
updating. The desired matrix properties, such as sparsity, definiteness, and the satisfaction of
eigenconstraints, were imposed as side constraints for a minimization problem formulated to
produce an updated matrix model that better matched the measured data. Ahmadian et al. [§]
addressed the problem of selecting a side constraint and determining the regularization parameter
when updating the model; the constraint weight was determined by the regularization
parameter. They considered methods based on singular value decomposition, cross-validation,
and L-curves.

In this paper, structural damage was detected using techniques based on the physical meaning
of the stiffness matrices and on a few frequency response functions (FRFs) that can be obtained
from a test. The basis for this method is that damage produces a decrease in the dynamic stiffness
EI. The symmetry and physical properties of the stiffness matrices were maintained by
considering their sparsity.

Despite the presence of experimental errors in the FRF test data, it is generally assumed that
this data is a better representation of how the structure behaves than the initial predictions from
the FE model. Consequently, in this paper, it is assumed that to the FE model was adjusted, or
updated, so that the results it produces are in some sense closer to the experimental results.

There has been a significant amount of work on generating and testing different updating
methods over the past 20 years. The resulting algorithms may be split into several categories based
on whether they work in the frequency or modal domains and whether they adjust the mass and
stiffness matrices directly (direct methods) or make parametric changes to the model (indirect or
parametric methods) [7].

Although it is fairly easy to detect the presence of damage in a structure from changes in the
natural frequencies, it is difficult to determine the location of the damage. This is because damage
at two different locations may produce the same amount of frequency change. Previous research
[2-12] based on modal methods that use the natural frequency and modal shape changes should
not be used in damage assessment methodologies because the modal shapes of a damaged and
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undamaged system are nearly the same. Hence, in this paper, FRFs are used to detect damage,
rather that the natural frequencies and modal shapes.

In this paper, to reduce the computational time required to analyze a structure that has been
damaged at more than one location, two FRFs were used iteratively for different frequency
values. This created a large number of equations to accurately identify the damage, and
eliminated the need for a large amount of FRF data. The method worked for each discrete
frequency and could be optimized using the least-squares method. The damage detection equation
was rearranged to avoid ill-conditioned problems while the matrices were being inverted. The EI
stiffness values were separated from the element stiffness matrix when using the least-squares
method; this minimized the number of unknowns in the stiffness matrix and preserved the
intrinsic FEM connectivity properties of the model. The derived damage detection method was
tested on a simple cantilever and a helicopter rotor blade.

2. Formulation of the equations of motion

Damage will alter the dynamic characteristics of a structure. This is characterized by changes in
the modal parameters, i.e., the modal frequencies, damping values, and mode shapes associated
with each modal frequency. Changes also occur in some of the structural parameters, such as the
mass, damping, stiffness, and flexibility matrices of the structure.

The equations of motion of a structure with N degrees of freedom and viscous damping
coefficients can be expressed as [16]

[M]ix(0)} + [DRX(0) + [K]ix(0)} = (D)), (1)

where [M], [D], and [K] represent the n x n mass, damping, and stiffness matrices. If we assume a
harmonic input, the external force and displacement can be expressed as {f(#)} = {F(w)}e'’ and
{x(1)} = {X(w)}e”". Substituting into Eq. (1) yields

(—0’[M] + jolD] + [KD{X(w)}e” = {F(w)}e". (2)
From the above equation, the FRF matrix, [H(w)], is defined as
[H(w)] = (=0’ [M] + jo[D] + [K]) . 3)
Then Eq. (2) can be expressed as
{X(0)} = [H(0){F(w)}. 4)

3. Damage detection methods using FRF data

The objective of this paper is to identify the location and amount of structural damage, which is
related to the stiffness matrices. Therefore, the damping matrix [D] in Eq. (1) is neglected even
though damping reduces the natural frequency slightly. Small local changes in the mass of a beam
can cause significant changes in the frequency. Hence, we also assume that the mass of the
structure does not change after it has been damaged. We assign the damaged part of the structure
to the connection between two substructures, illustrated in Fig. 1.
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Fig. 1. Damaged structure divided into two substructures.

The stiffness matrix of the damaged part can then be obtained from
(K knorn = (K] = @’ [M]) = (K, — 0’[M]), (5)

where [K] is the stiffness matrix of the structure without damage, and [K],,, = [K]; + [K]j; 1s
composed of the stiffness matrices of substructure I and II without connections, i.e.,

Ky o] [0 [
P — . 6
e [[0] [01] " [[01 [K]H] ©

The subscript ‘unknown’ indicates the stiffness value of the damaged parts in the structure.

Using the relation [H(w)]™! = ([K] — w*[M]) and Eq.(5), we can theoretically obtain the
stiffness matrix for the damaged portion of the structure by subtracting the inverse of the FRF
with damage from the inverse of the FRF without damage. However, this method requires a large
number of calculations because many sub-stiffness matrices must be calculated continuously due
to the damaged points. Also, one needs to measure all the modes of the structure, especially the
high-frequency modes, to obtain a good estimate of the stiffness matrix. Because of obvious
limitations in experimental instrumentation, it becomes increasingly difficult to measure the
higher frequency response data. Hence, to find the location and amount of damage using just a
few test data, it is necessary to iterate the calculations using both the theoretical FRFs from the
finite element model and the experimental FRFs. However, only a few lower frequency modes
need to be measured to generate the necessary stiffness matrices.

In Eq. (3), if damping is neglected, the FRFs matrix can be expressed as

[H(w)] = (—o’[M] + [K]) . (7

Let the FRFs from the test be [H(w)];. Using the mass matrix ([M],) and the stiffness matrix
([K],) from the finite element model, the simulated FRFs are

[H(w)], = (—o’[M],+[K]) " (8)

When a structure contains damage, [H(w)]; differs from [H(w)], due to the stiffness reduction.
Hence, we can find the location and amount of damage through iterations by matching [H(w)]; to
[H(w)],. This basic computational scheme is illustrated in Fig. 2. However, in practice, these
calculations are extremely difficult to perform because of the matrix inverting process, which may
introduce highly ill-posed problems.

This method was tested using a simple discrete model with six degrees of freedom. The most
reliable 1/ \/5 of the peak FRF values were used to compare [H(w)]; and [H(w)],. In practical
applications, the measurements will include errors arising from many potential sources; therefore,
errors in the amplitude measurement of the FRFs were considered. An intentional 10% random
noise error was added to simulate noise effects. During the iterative process, according to the
scheme shown in Fig. 2, 1% of the stiffness values were reduced in the undamaged [K].
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Fig. 2. Computational scheme for the basic method.

The FRFs at different iteration times during the reduction of one spring constant value are
shown in Fig. 3. As the iteration number increases, [H(w)], approaches [H(w)]; and the spring
constant is reduced to the value that was assumed in the damaged structure.

The above method can be used to find the position and the amount of damage at one element
using just one FRF. However, for structures that have been damaged at more than one element,
we have to compare the test FRF to analytical FRFs obtained using different combinations of the
sub-stiffness matrices. This makes the method difficult to apply due to the sharp increase in the
amount of calculations that are required. Therefore, a new approach is introduced that uses a
specific FRF and iterates for different frequencies.

From Eq. (7), the test FRF is

[H(w)]y = (—o’[M]+[K]p) ™" 9)

Rearranging the above equation yields [K]; = [H ]}1 + w?[M]. However, it is extremely difficult to
obtain [H]}1 because we cannot measure all the FRFs, and the inversion process creates ill-
conditioned problems. Therefore, a new method is required that locates the damaged position
using just a few test sets. From Eq. (9), [H(w)]7(—»*[M] + [K];) = [{], which can be expressed in
detail as

[Hi(w) Hp(w) - - Hyu()] [Th(w) Toe) - - Ti(o)] 1o - -0
Hy(w) Hxp(w) - - Hy(w) Toi(w) Tn(w) - - Tyulw) o1 - -0
_Hnl(w) Hn2(w) o Hnn(w) 7L Tnl(a)) TnZ(a)) o Tnn(w)_ _0 o - -1 d nxn

(10)
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Fig. 3. FRFs at different iteration times.

where [T] = ([K]; — w?[M]). This expression is frequency dependent rather than a constant. For a
specific xth row of [H];, we can obtain the 1 x n matrix

[Hxl Hx2 Hxn]T([KT])nxn = [O 010 0] + wz[Hxl Hx2 Hxn]T[M]nxn

by rearranging the above equation. However, its inverse matrix cannot be determined uniquely to
give [K]r. Thus, the above equation is used iteratively for different frequencies, w;. This provides a
sufficient number of equations using the least-squares method.
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If we consider the first row, the different # frequencies yield to the following equation:

[Hi(w1) Hp(w) - - Hy(o)] [Kn K - - K, 1o - -0
Hij(wy) Hip(w) - - Hiu(w) Ky Ky - - Ky 1 0 - -0
_Hll(wn) HIZ((Un) T Hln(wn)_ T _Knl Kn2 T Knn_ T _1 o - - O_
[Hy(w1) Hpp(w) - - Hy(o)]| [My Mp - - My,
) Hyj(w2) Hipp(w) - - Hiy(wy) My My - - My,
+ wlz . . .o . . . .o -l
_Hll(wn) HIZ(wn) o Hln(wn)_ T _Mnl My - - Mnn_
If the left-side term [H]; is [4] and the right-side term is [B]
[41[K]y = [B]. (12)

The solution of Eq. (12), [K]; = ([A]"1A4]) ~'[A]"[B] using the least-squares method, will give the
unknown value [K],. However, in our case, the determinant of [4]"[4] is usually close to zero;
thus, a different approach is required.

When we take the inverse matrix and consider the properties of the stiffness matrix elements
that are distributed near the diagonal, we can reduce the unknown values and required FRFs for a
general structure. For example, if we use only two elements that exist in the first column of the [K]
matrix, and make use of the fact that the mass [M] is a diagonal matrix for static structures, from
Eq. (11) we obtain

[Hy(w1) Hi(w) ]| 14+ w?Hy(o) M)
Hi(w2) Hiz(wy) % 1+ w3Hy(w) My,
1
Hi(w3) Hipx(ws) [K ] =< 1+ oiH(w)M; 3. (13)
. . 21 .
| Hi(wn)  Hi(w,) | 1 4+ w2Hy (1) My

Thus, we can identify all the non-zero stiffness values using just a few FRFs in one row of the
FRF matrix.

The discrete system model was used again to verify this method. The structure was assumed to
be damaged at several locations. In the FRF matrix, the first row was used repeatedly for various
frequency values. The largest error was determined by comparing the FRF before and after the
damage. The least-squares method of Eq. (13) was used to calculate the reduction of the stiffness
values. The identified stiffness reductions were the same as the assumed damage values in the
discrete model.

Although this method gave accurate estimations of the damage for this case, it does not work well
for some other cases. For example, when the columns in matrix [4] have the same values, the damage
estimations are incorrect. Although the orders of the elements in the ith and jth columns of the
stiffness matrix are different from each other, they have a similar constitution that has same element
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valuessuchas[0 0 0 —10° 2x10° —10°"and[0 0 0 —10° —10° 2 x 10°]" in the
simple discrete model with six degrees of freedom. This gives the same FRF values using either Eq. (8)
or Eq. (9).

The above method cannot be applied to general structures that have the same element material
property, type, and size throughout, as is the case in some analysis models. For example, in a
uniform beam model, the stiffness matrices of each element are equal. The same element matrices
are superimposed to obtain the global stiffness matrix. Since we use only one specific row of
FRFs, the values that are obtained from the matrix multiplication are equal even though the
element values are different from each other. To overcome this problem, we concentrated on
changes in the stiffness matrix caused by damage.

In Egs. (8) and (9), if we assume that the mass of the structure remains constant before and
after the damage, the change in the stiffness as a result of the damage is [AK] = [K], — [K]; =
[H],' — [H];'. When multiplied by [H];, this yields

[H]7[AK] = [H]7(K], — o’[M]) — 1], (14)

where [H] , can be calculated with using [K], and [M]. If we assume that we can measure the first
row of the FRF matrix to obtain the specific frequency, the above equation can be rearranged as
follows:

AKii AKp - AK,
[Hr, Hp, - Hply AIZQI M:(” M:(z"
MK MK - AK,
Hy,, Hy, Hy, ™
—[Hp, Hp, - Hrly H:AZ‘ H:Aﬂ H:AZ" —[1 0 -« 0], (15
Hiy Hi, - Hal,

where [AK] is the change in the stiffness value of the damaged elements.

The previous methods detected damage in structures using modal test data and element-by-
element adjustments to the FE model. In this method, the following element equations of the mass
and stiffness matrices are used in a beam model to minimize the number of unknowns in the
stiffness matrix and to preserve the intrinsic FEM connectivity properties of the model [13]

12 6L —12 6L

EI| 6L 41> —6L 2IL°
T D —12 —6L 12 —6L
6L 21> —6L 4L

[K].

b
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156 22L 54  —13L

(M], = pAL 221 412 13L 317
¢ 420 54 13L 156 —22L
—13L 31> -22L 41’

; (16)

where E, I, L, p, and A are Young’s modulus, area moment of inertia, length of the beam element,
density, and cross-sectional area, respectively. Separating the EI values from Eq. (16) to reduce
the number of variables and to maintain the physical meaning of the stiffness matrix yields

12 6L —12 6L

(K], = EI 1| 6L 41> —6L 2L° _ K an
e L3 12 —6L 12 —6L| |

6L 21> —6L 417

where [K'], can be calculated using a finite element model. From the 1 x n row on the right side of
Eq. (15), if a value exists in the ith column then the stiffness value corresponding to the ith column
element of [AK] will be changed. The [K'], value in Eq. (17) is known; only the EI values are
unknown. Thus, Eq. (15) becomes

((Hp)sn % [K'Ney % MED = (Hlp) < (HLh — Uiy (18)
where ([H]r),, 1s the xth row in the FRF matrix that was obtained from the test, [K’ ]( ) x A(EI) is
used to apply Eq. (17) to the ith column of [AK] in Eq. (15), and ([H]A)( » = (K], [M])( LIf

we let the known values of the left side of Eq. (18) be a(x, i) and the known values on the right s1de
be B(x,i), we have

A(ET) = B(x, i)/, i). (19)

Thus, we can calculate the change in stiffness due to structural damage by using calculated A(EI)
values.

4. Numerical examples
4.1. Example 1: cantilever with and without cracks

In this section, the damage detection method was applied to a simple cantilever beam system.
For the system model shown in Fig. 4, the FRFs can be obtained from an experiment with the
physical model. However, representative FRFs were synthesized numerically using the continuous
system model instead. It was assumed that the structure can be modelled using the finite element
method with basic structural elements (i.e., bars, beams, plates, membranes, and shells). It was
also assumed that the damage size is the same as the element size.

In the cantilever, E = 3 x 107 psi, L = 30in, 7 = 0.0833in*, 4 = 1in? and p = 0.00073 Ib s*/in.
The model had 10 elements. The stiffness and mass matrices were obtained by superimposing
Eq. (16). Since the cantilever had a fixed boundary condition at the left end, the first and the
second rows and columns were eliminated from the 22 x 22 matrix, as we are concerned only with
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Fig. 4. Cantilever beam model.
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We assumed that stiffness value was altered from E = 3 x 107 to 2 x 107 psi due to damage at the
3rd, 4th, and 9th elements of the model. The stiffness matrix [K]; that was necessary to simulate
the test FRF was obtained from Eq. (16). The mass matrix was assumed to be equal to the
analytical values. Using these matrices, the FRFs were calculated from Egs. (8) and (9). Note that
the FRF in Eq. (9) should be obtained from an actual test rather than from the simulated values
used in this example.

Two FRF values in one row of the global FRF matrix were used, corresponding to two
elements with stiffness values. The FRF was assumed to have been measured at a test frequency of
3000rad/s. Using the first row of the global matrix, the value f(1,7) in Eq. (19) was

p(1,i) =[0.0 0.0 0.0279 0.3813 0.0469 —0.0044 —0.0748
—0.0687 —-0.0 —-0.0 0.0 0.0 0.0 0.0
—0.0654 —0.3018 0.0654 0.1056 0.0 —0.0];,2-

Here, the 3rd to the 8th and the 15th to the 18th elements had non-zero values. If the cantilever
beam were undamaged, all values of fS(1,7) would be zero. If we consider the properties of
Eq. (16), we can determine that the 3rd, 4th, and 9th components are damaged. Also, we can
calculate the decrease in EI values using Eqs. (18) and (19). By taking independent values that are
not superimposed, we can obtain the reduction in the stiffness value of EI = 8.33 x 10° lbm?>,
which corresponds to (1,3)=0.0279in the 3rd element, f(1,8)=—0.0687 in the 4th element, and
p(1,15)=—-0.06541in the 9th element. If we assume that only the E values were affected by the
damage (the 7 values of each element remain unchanged), we obtain AE = 1 x 107 psi, which was
assumed initially.

Next, suppose that each element has a different amount of damage, i.e., the 3rd and 9th element
stiffness values were changed from E = 3 x 107 to 2 x 107 psi, and the 4th element stiffness value
was changed to E = 2.5 x 107 psi. Using the same procedure, and assuming the same 3000-rad/s
frequency, the calculated 8 values using the first row of the global FRF matrix are

p(1,i)=[0.0 0.0 0.0288 0.3815 0.0004 —0.1788 —0.0292
—-0.0286 —-0.0 —-0.0 0.0 0.0 0.0 0.0
—-0.0621 —0.2867 0.0621 0.1003 0.0 —0.0];,20-

From this, f(1,3)=0.0288, and the reduced stiffness value of the 3rd element is
EI =833 x 10° Ibm?. Also, from f(1,8)=—0.0286 and S(1,15)=—0.0621, the reduced stiffness
values of the 4th and 9th elements are EI = 4.165 x 10° and 8.33 x 10° b m?, respectively. For a
fixed value of 7 = 0.0833 in*, the change in Young’s modulus is AE = 1 x 107 psi for the 3rd and
9th elements, and AE = 0.5 x 107 psi for the 4th element. Therefore, using this proposed method,
we can accurately find the location and the amount of damage in a structure.

4.2. Example 2: the helicopter rotor blade

The proposed method was also applied to the helicopter rotor blade shown in Fig. 5. The rotor
blade had a length of 1100 mm. A VR-12 airfoil was used between 220 and 880 mm, and a VR-15
airfoil between 1036 and 1100 mm. A linear airfoil shape transition was assumed between 880 and
1036 mm.
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880 1100

Fig. 5. Configuration of the rotor blade.

Table 1
Change in the natural frequency of the rotor blade due to damage (rad/s)

Mode Before damage After damage
Ist 2.7592¢ +001 2.7012e+001
2nd 1.9023e +002 1.8660¢ + 002
3rd 5.3105¢ +002 5.1870e + 002
4th 1.0306e + 003 1.0164¢ +003
Sth 1.7194¢ + 003 1.6850e +003
6th 2.5841e+003 2.5052e + 003
7th 3.5890e + 003 3.5424¢ + 003
8th 4.7469¢ + 003 4.6331e+003
9th 6.0690¢ + 003 5.9033e+003
10th 7.5217e+003 7.4423¢ +003

The rotor blade was modelled as a cantilever beam since a simplified analysis is generally
performed in the aircraft conceptual design phase. A total of 16 stiffness values were used, and the
element masses were assumed to be concentrated at each node. A total of 42 beam elements were
used so that 86 x 86 mass and stiffness matrices were constructed. Since fixed boundary
conditions were applied at the root, the first and the second rows and columns were removed so
that 84 x 84 mass and stiffness matrices remained.

The 3rd, 19th, and 24th elements were assumed to be damaged. The stiffness £l of the 3rd
element was reduced by 50% from 107.929 to 53.960 Nm? the 9th element from 14.271 to
7.136 Nm?, and the 24th element from 14.271 to 10.000 Nm?. The changes in the natural
frequencies are shown in Table 1. From the many FRFs, we chose to compare H(1,4) of the
damaged rotor blade to H(1,4) of the undamaged rotor blade in Fig. 6.

Non-zero values of the 1 x 84 f(1,i) vector obtained using this proposed method are listed in
Table 2. These values indicate that the 3rd, 19th, and 24th elements are damaged. Using the same
method as in the previous example, the identified change in stiffness of the 3rd, 19th, and 24th
elements are AEl; = 53.9690 N m?, AEly = 7.1353 Nm?, AELs= 42713 N'm>. These values are
exactly the same as the assumed values. Therefore, we conclude that this method of damage
detection can be used for structures with damage at more than one location.
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Fig. 6. Comparison of the H(1,4) FRF before and after damage.

Table 2

Non-zero f(1,i) values of the (1, i) vector

Columns 3-6 —0.0023 0.0001 0.0023 —0.0001
Columns 35-38 —0.0015 0.0001 0.0015 —0.0001
Columns 45-48 0.0009 0.0000 0.0009 0.0000

5. Conclusions

In this paper, we developed damage detection methods that use FRFs to find the location and
severity of damage in structures.

We started with a basic method that required a sharp increase in computational effort when the
structure was damaged at more than one location. To overcome this problem, the least-squares
method was used for different frequencies of a specific FRF; however, this was not satisfactory
since the method encountered problems calculating the inverse of the matrices when the stiffness
matrices had repeated elements. The best method identified structural damage using just a few
FRFs. To minimize the number of unknowns, common stiffness variables were extracted from the
finite elements. A few FRFs were sufficient to accurately identify the extent and location of the
damage. The repeated use of a few FRFs for different frequency values, considering only a vector
subset of the full set of FRFs, is the original work of this paper.

The required number of measured FRFs could be further reduced by using more constraint
equations. Future research in this field should be focused on discovering the limitations of these
methods using actual test data instead of simulated data. Also, geometric effects of damage
directions must be investigated when modelling and testing for structural damage.
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