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Abstract

In this paper, the non-linear vibration, including the transverse shear, is investigated for composite beams
with an arbitrary delamination through the width. The effects of different positions and sizes of the
delamination on non-linear vibration of beams are considered. The amplitude—frequency curves of non-
linear free vibration are obtained.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The composite materials, due to their specific natures, have been applied widely in the
engineering. However, the static and the dynamic features of the composite constructions will be
affected significantly by the delaminations that occur in the imperfect manufacturing or in
loading. Therefore, the static and dynamics studies for delaminated composite constructions are
very important.

Non-linear dynamic analysis of beams have been of considerable research interest in the recent
years. Xia et al. [1] analyzed the harmonic responses of beams with longitudinal and transversal
coupling by the incremental harmonic balance method. Kar and Dwiredy [2,3] investigated the
non-linear dynamic behavior of a slender beam carrying a lumped mass subjected to principal
parametric base excitation. The vibration of a split beam was researched by Wang et al. [4]. They
observed that the fundamental frequency was not visibly reduced due to the short delamination.
Later, the vibrations of a symmetric delaminated beam plate relative to buckled were researched
by Yin and Jane [5]. They obtained that some new vibration modes and frequencies depend
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sensitively on the delamination length, the location and on the magnitude of the post-buckling
load. Moreover, Chane and Liane [6] studied the free vibrations of delaminated beam plates with
respect to post-buckling referential states.

The study about non-linear vibration of composite beams with arbitrary delamination is scarce.
In this paper, the beams with an arbitrary delamination through the width are divided into four
regions. The basic equations are built in each region and the continuous conditions are founded.
The B-specimen functions are used to describe the variations in the space, and the dimensionless
differential equations about time are obtained by using Galerkin’s method. Finally, the
amplitude—frequency curves of the non-linear vibration of composite beams with an arbitrary
delamination are obtained by using the incremental harmonic balance method [7].

2. Basic equations

Consider a composite beam with an arbitrary delamination under the axial force N° and the
transverse distributed force p and the beam is divided into four regions, respectively denoted [-1V
as shown in Fig. 1. Supposing the thickness /4 in regions I and IV /4, in regions 11, A3 in regions III,
also /i, + hs3 = h, the width is one unit, The distances from the middle surface of each region to the
top or bottom surface of the beam are, respectively, denoted by # and 7, and the upper marks
i=1-1V.

Now, consider a general beam, the displacement components u and w of any point that include
the effect of transverse shear deformation may be described as follows:

u(x,z,t) = uo(x, 1) —zp(x, 1), w(x,z,t)= wo(x, 1), (1)

where 1° and w° are the values of u and w at the middle surface and ¢ is the rotation angle of the
normal to the middle surface in the xz-plane. Taking the Green non-linear strain—displacement
relations, we obtain

& = ufx —z¢, + %w’zx, Ver = Wy — Q. 2)

Because of ¢, = 1,. = 1\, = 0, the stress—strain relation for the kth layer can be written as

follows:
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Fig. 1. Configuration of beam with an arbitrary delamination.
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in which ag‘) and ¢; are the Kirchoff stress components and the Lagrange strain components,

respectively, and Cl(jk) are elastic stiffnesses in the kth layer, The membrane stress resultants N, the
shear force O and the stress couples M are obtained as follows:

— N = A + 341w — Bip  + Ayw . — A2,

0 = Al + 34,07, — By + Asw . — A3,

M = Bul + 3B iw’ + Di1¢  + Byw — B, 4)
where 4, A>, A3, By, B, and D, are the integral constants related to material and geometrical
parameters of the transverse section, and

A = filtz c(lkl) dz, A, = fi‘tz c(lks) dz, Az = ff‘tz cg-];) dz,
B = fi'tz Zc(ll? dz, B, = i'tz chlg) dz, D= 1'2 ch(ll? dz,

where A, = B, =0, if we only consider the special orthotropic composite (CY? = (0) beam and

B; =0, if the x-axis is set at neutral layer of the beam.
Neglecting the influence of axial inertia and rotary inertia and considering the equilibrium in x
and z directions, the non-linear equations of motion of the beam can be written

N+ 7(Q9), =0,

Q,x - (NW,X),x +p— pAW =0,

Q - M,X — Oa (5)
where 7 is a factor of shear force representing the influence of shear force on the axial force [8].
The influence is considered when 7 = 1, and the influence is neglected when 7 = 0. The influence
always is considered in present analysis, so, 7 always equals 1.

Eliminating «° from Eq. (4), substituting the expressions of Q and M into Eq. (5) and only
considering the special orthotropic composite beam, we obtain

N+ A3(Wxy — d)x)d) + As(wy — ¢)¢x =0,
As(Wox — ¢ ) — Nwy = Nxwx +p — pAiv = 0,
Dl(b,xx + A3(W,x - ¢) =0. (6)

Introducing the dimensionless parameters as follows:

X .z w ; t A

1__.’ 1:_’ sz_’ @lz l’ 1__1’ 1__2,
é /i C h A ¢ o h o h

- h [l t | Al - Pl

! = — kl = — ) —1 Pl —_ —_—
F=w "\ o Ar

. Ay . D. _ N . QO _. M
C=—= D= N =— == M = 7

where x', 2/, & and (' are the local co-ordination, substituting Eq. (7) into Eq. (6) and considering
each region for the delaminated beam, respectively, we obtain the dimensionless governing
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equations for the delaminated beam
Nie+ C(BW = 990"+ C(BW - 2D =0,
CBWe = &) = PNW = PN W+ P = FkPW =0,
DB, + C(BW, — &) =0. (8)
The dimensionless expressions of internal forces are
W= D, O = CE W, — ). ©)
The dimensionless boundary conditions are
at & =0, N, W' or O'+N'WLB @' or M are given
at &Y =1, NV, wV or OV + NV Wlévﬁw, oV or MY are given. (10)

The dimensionless continuity conditions for the displacements are
At the left end of the delamination:

wl— . ¢l — gl
wl— il gl — il
At the right end of the delamination:
WiV — gV — pll
WiV — i gV — gl (11)

The dimensionless equilibrium conditions for the internal forces are
At the left section of the delamination:

Y (LI v L S, |, L, 1
N = NI g
At the right section of the delamination:
Y = i+ i, 9V = oM 4 o
NV = N N (12)

3. Method of solution

As in Refs. [8,11], considering the additional axial force influenced by non-linear, we separate
the axial force into two terms. The first term describes the axial force applied at the two ends, the
second term describes the varying axial force with dimensionless co-ordinate ¢ and the force being
influenced by geometrical non-linear deformation. So, as usual a solution of Eq. (8) is sought in
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the separable form

Sit1
N = +'N(z) + Z N! (D)F. (&),
m=—1
_ Sit1 ) )
W' = Z W ()G, (&),
m=—1
_ S+l ,
¢'= ) 2,06, (13)

m=—1
in which, " = Iwhen i =1, IV; 9" 49" = 1 when i = IL IIT and their values are distributed
according to the ratio of A1 and A!!'. The NI, Wi and @' are the functions of the time 7. F! (&)

5 . . m . . . .
and G’ (&) are the basic functions of ¢ that, respectively, relates to cubic B-specimen functions

m

Q5(¢) and five order B-specimen functions Q5(). And suppose that the each region is divided
evenly by A’ = 1/S', s' is the number of specimen points in the region i.
The general expressions of F! (&) are

Fl (&) = Qs <Aé — m)

Note that N°(7) has satisfied the boundary conditions with zero when let 7/ = 1 in Eq. (13), in
order to satisfy the boundary conditions for second term of axial force equating zero at both ends
in Eq. (13) the some of the expressions must be changed as follows:

Fp(&) = 2 (}) — 40, (% - 1>,
Fl(¢) = 0 <§> 40, (5 + 1),

v ,(8) = Q3 (Aiw - SIV) —4Q; <A% — sV 4+ 1>,

FYN(©) = Qs (A—fv — sIV> — 405 (A% — sV — 1>,
in which, the expression of Q3(x) is
(x +2)°, xe[-2,—1],
(x+2)° —4(x+ 1)), xe[-1,0],
Q3(x) = é 2—x) —4(1 —x)*, xe[0,1],
(2 —x), xel[l,2],
0, |x| =2.

The general expressions of G' (&) are

G (&) = Qs <§ - m)



540 S.-N. Luo et al. | Journal of Sound and Vibration 271 (2004) 535-545

However, some of the expressions must be changed as follows for satisfying the simple
supported boundary conditions at both ends

Gi(&) = Qs <§> — 305 <%+ 1> + 1205 (%Jrz),

G}(é)—Qs(%— 1) _95(%+ 1),

GL(&) = Qs (%) — 30; <§- 1> 11205 (}- 2),

GV (&) = ©s <A% - s‘V> — 305 <A% — sV + 1) + 1205 (Ai — sV + 2)
G (&) = —Qs <A%—SW 1) + Qs (Ai_sv + 1),

& & 4
GV (&) = Qs (W — slV> — 305 (W — sV - 1> +12Qs (W — sV - 2)

and for the clamped boundary conditions at both ends

Go(&) = Qs <£1+ 1) égszS(é) 1095< >
26 g ¢ ¢

Gi(&) = (T) +Q5<?— 1) +Q5<?+1>,

¢ ¢ 16 ¢

6y = —100s (- 2) (5 1) - Pas(5

4 ¢ 16 &

G _5(8) = —102s <— — sV 4+ 2> + Qs (AW — sV 1) — %QS (AIV _ SIV>’
Gy _y(&) = 6 (A%—S >+95<A§V sIV—1>+QS<AiW_SIV+1>’

16
GN(&) = Qs (A% —s'V - 1) T <A% — sIV> —10Qs (Aiw —sV - 2),

in which, the expression of Qs(x) is

)

(x +3), xe[-3,-2],

(x +3)° — 6(x +2)°, xe[-2,—1],

(x+3)P° —6(x+2)° —15(x+1)°, xe[-1,0],
Qs5(x) = 1559 G~ x)° — 602 —x)° + 15(1 — x)°, xe[0,1],

3 —x)°—6Q2—x)°, xe[l,2],

(3 - X)S’ xe[27 3]5
0, |x|=3.
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According to the above expressions, the F!, and G! can satisfy the displacement conditions at
both ends when m# — 1 and s' + 1.

Substituting Eq. (13) into Eq. (8), performing the Galerkin’s integrations in each region,
resolving out the N’ from the first resulting equation, then substituting N/, into the latter two
resulting equations we obtain

(a4m] +7 N0a13mj) Wl + aSm]gpl + al6kmnj Wk@i1 W}’ll
+ al7kmnj¢k¢l Wl + a7/Pl + aSm]Wl = 0’

m

alSmn] Wl él + alOm]dsl + allm] Wl + al9mn]¢l (pl = 0 (14)

m=n

where dj, ..., dal, are the integral constant that relate to the F. (&) and G’ (&).

Eq. (14) are the basic governing equations for solving the non-linear vibrations of the
delaminated beams. In these equations, the coupling of longitudinal and transversal motions and
the effect of transverse shear deformation are included. Due to the number of unknown quantities
is reduced, so that, the solving of the basic equations becomes easy.

Substituting Eq. (13) into the expressions of internal forces, boundary conditions and
continuous conditions, also the corresponding expressions can be obtained.

The external loads on the beam are supposed in the following forms:

P'(t) = P} + Plcos 0,
N°(t) = Ng + N;cos 01. (15)
Using the incremental harmonic method and setting
N. = No. +AN,, P. =P, +AP, 0=0,+ A0,
Wi =W, +AW), & =& +Ad, (16)

letting 7 = 01, %y = Oyt, Af = AOt, and substituting Eqgs. (15) and (16) into Eq. (14), we obtain:

agmjﬂzAW’ + (B, + bh,COSDAW,, + b, AD],
— ¥, = 20,L},A0 — LLAP — L AN,
by AW, + D5, AP, =1, (17)
where bllmj, LIS Lllj, ..., Lk,... are the constants that related to di, ..., aly, W, and &;,,. The

residuals r; and rzl can be wrltten as follows:
_ i i
Vlj == (a4mj v N0a13mj v NOTalej cos )Wy,
i i i@ Wi
aSWt/ qﬁOm alékmnj WOk @ WOn

2
a17kmn] ngk(DOm WOn a7]P0 a7jP0T cos? — aSMJQ VVB

m>

i i i i i i
r2j - alSmnj WOm @ alOm/ d) al 1mj WOm a19mn/ @ glsOn . (18)

Eq.(17) can be solved for the unknown functions AW/, A®' and 40 when a set of
wi, ., @, and NV is given in which the corresponding increment is set to zero at each incremental
step. By carrying out the incremental computation procedure as presented in Ref. [§], the exciting

frequency 0, the transverse deflection W/ and the rotation angle @' can be determined.
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4. Numerical results and discussion

Numerical results for non-linear free vibration of composite beams with an arbitrary
delamination are presented. Set

Noe=AN, =0, P,=P, =AP. =0

and expand the unknowns W(,, @, , AW! and A®! into Fourier series in 7:

0m>
; s ;. kt ; kt
W()m(f) = ] Z (Akm Sll’li —+ Bkm COS 3) ,
k=0,1,2,.
. © ki kf
@h,,(7) =
om(D = Z (Ckm sin — +ka cos 2)
k=0,12,.
i - i kt ; ki
AW (D) _kz(; (AAkm sin -+ ABj, cos 7),
. = kt kt
AP (F) = AC! sin— 4 AD! cos 19
D MZ< fysin'y + AD], cos'y ). (19)

Substituting Eq. (19) into Eq. (17), and equating the coefficients of sin (k7/2) and cos (k7/2)
terms, a set of linear algebraic equation can be obtained as follows:

bgm,AW’ + b, ADL = rl; — 200Lj A0,
AW+ bL A = py;, (20)

where b, = dg,; ((k/2)00)* + Bl

In the solving processes, only the lowest vibration model of the beam is considered. 6,
represents the dimensionless foundational frequency. And take k = 0, 1,2, 3,4 for Eq. (19) in the
calculation.

According to the above methods, vibration analysis (Ref. [9]) and buckling analysis (Ref. [12])
of composite beams with arbitrary delamination have been given. In Ref. [9], the dimensionless
foundational frequencies of beams without delamination are calculated by using present method
and are compared with by theory and the maximum error is 0.83%. In Ref. [12], the dimensionless
buckling loads of composite beams with delamination are calculated according to the present
method and are compared with the results in Ref. [13], and the two results are identical. These
show that present methods are correct.

In Figs. 2-6, the amplitude—frequency curves of non-linear free vibration of the composite beam
with clamping of two ends are plotted. Suppose the number of layers is five 0°/90°/0°/90°/0°,
[ =1m,[/h = 30,1 =1/ that represents the delaminated position in x direction, #, = h,/h that
represents the delaminated position in z direction, k = 1, /I that represents the delaminated length.
And 0, is the fundamental linear foundational frequency and W,y is the maximum displacement
in z direction. Also the material elastic constants of the beam in each layer [10] are: E| =
172.4 GPa, E, =7.79 GPa, G, = 5.3GPa, v, =0.21.

Figs. 2 and 3 show that the frequency are larger with larger amplitude in non-linear free
vibration. A harder non-linear character is shown in the amplitude—frequency response curves. As

3mj

Smj
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Fig. 2. Amplitude—frequency response curves in each region: (N° = 0.8N,,, k = 0.1, I, = 0.45, h, = 0.2).
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Fig. 3. Amplitude—frequency response curves in each region: (N° = 0.8N,,, k = 0.1, I, = 0.45, h, = 0.4).

2.0
1.8} |,=0.45

16}

8/6,

1.4}

0.00 0.05 0.10 0.15 0.20

max

Fig. 4. Effects of the different positions of delamination on the amplitude—frequency response curves: (N =
0.8N,,, k=0.1, i, =0.2).

the amplitude is small, the frequency increases greatly with the amplitude. However, as the
amplitude is larger, the frequency increases slowly with the amplitude. As the amplitude is further
larger, the frequency also increases greatly with the amplitude.
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Fig. 5. Effects of the different length of delamination on the amplitude—{requency response curves: (N = 08N, I} =
1/2(1 — k), hp =0.2).
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0.00 0.05 0.10 0.15 0.20

max

Fig. 6. Effects of the transverse shear deformation on the amplitude—frequency response curves: (N = 0.8N,,, k =
0.1, iy =0.2, I} = 0.45).

The amplitude—frequency response curves are compared for different positions of delamination
in Fig. 4. The effects of the different positions of delamination on the amplitude—frequency
response curves are small and this character is similar to that in Ref. [9]. As the amplitude is
larger, the effects become obvious. But as the amplitude is further larger, the effects become
weaken.

The amplitude—frequency response curves are compared for different length of delamination in
Fig. 5. As the amplitude is small, the frequency is larger with the length of delamination being
longer. As the amplitude is larger and the length of delamination increases, the non-linear
character becomes weak, i.e., hard shape from strong hard shape. So the frequency increases
slowly with the longer length of delamination.

The effects of the transverse shear deformation on the amplitude—frequency response curves is
shown in Fig. 6. It indicates that the influence of transverse shear deformation cannot be ignored
for non-linear vibration of composite beam.

A comparison of the amplitude—frequency response curves for different materials is shown in
Fig. 7. The other two materials are boron-epoxy composite material [10] and glass-epoxy



S.-N. Luo et al. | Journal of Sound and Vibration 271 (2004) 535-545 545
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3 glass-epoxy
161 3
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Fig. 7. Effects of amplitude—frequency response curves on the transverse shear deformation: (N° = 0.8N,,, k =
0.1, i, = 0.2, [ =045).

composite material [11] and the material constants are: E; = 137.9 GPa, E, = 14.48 GPa, Gy, =
5.86 GPa, v, =0.21 and E; = 53.8 GPa, E; =17.93 GPa, Gj» = 8.96 GPa,v;; = 0.25. As the
amplitude is small, the effects of the different material on the amplitude—frequency response cures
are small. As the amplitude is larger, the hard characters of the non-linear vibration become
obvious with the larger ratio of E;/E.
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