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Abstract

A theoretical model is developed for acoustic radiation from a plate into a porous medium. The medium
is modelled as an equivalent fluid with complex density and complex wavespeed. It is found that radiation
from a finite plate is dominated by area radiation at all frequencies, unlike the case for radiation into air
where it is only area dependent above the critical frequency. Although particle motion is similar to that for
radiation into air, the circulatory motion below the critical frequency still results in energy loss from the
plate due to dissipation within the medium.

As radiation is area dependent at all frequencies, a simpler model based on radiation from an infinite
plate is also developed. This gives the same answer as radiation from a finite plate to leading order. Plate
losses measured for radiation into a finite thickness layer of porous material show good agreement with
predicted results.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Double walls represent an important class of structure widely used in vehicle design and
building construction to provide good sound insulation with minimal mass. The air cavity created
between the leaves of a double wall plays an important role, isolating the two structural elements
from each other, hence reducing the vibration amplitude on the receiving side of the structure. An
absorbent material may be placed in the cavity to damp the cavity modes and hence increase
sound insulation.

The presence of absorbent materials in close proximity to (but not necessarily touching)
structural elements has been observed to result in increased damping of the structure. A
formulation of this problem for a finite plate radiating into a semi infinite half-space occupied by a
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porous material has been studied by Cummings et al. [1]. They studied the power radiated from a
single plate mode into the porous medium, modelled using an equivalent fluid representation.
Implicit in this approach therefore is that the vibrational field on the plate excites only the fluid
contained within the porous medium and not the skeleton of the medium itself. The skeleton is in
effect assumed to be rigid. The problem was tackled numerically as no analytical solution could be
found. The results showed that for low order modes there is increased radiation into the porous
material as compared with air, which may result in significant damping of the plate.

This paper describes an alternative analytic approach to solving the problem of radiation from
a finite plate into porous media. It uses techniques adopted by Leppington et al. [2], who used
asymptotic techniques to revisit the problem, previously treated by Maidanik [3], Wallace [4] and
others, of radiation from a plate into air. When applied to the air problem, this approach
provided additional insight to the radiation mechanisms.

In this paper the approach is used to examine radiation into a porous material that is
represented as an equivalent fluid. The resulting analytical solution allows radiation from the
plate to be predicted at high frequency where there are many modes and provides an insight into
the physics involved. It is found that, for realistic porous materials, radiation is proportional to
the plate area at all frequencies and that edge dependent effects are of secondary importance (in
contrast to radiation into air where edge effects are dominant below the critical frequency, f.).
Therefore radiation can be found from consideration of an infinite plate that does not include
edge effects. A simpler theory derived from consideration of an infinite plate is also presented and
it is shown that identical results are obtained. These form the key findings of this paper.

The theoretical results are compared with measurements made on plates radiating into fibrous
porous materials. There are no straightforward experiments to directly measure radiation into a
porous layer and so indirect methods must be used. Radiation into a porous layer was determined
from measurements of damping of a plate placed next to a porous layer. The measured results
agree well with predictions based on the proposed model.

2. Radiation from a finite plate
2.1. Definition of the problem

A thin elastic plate occupies the region 0 <x<a, 0<y<b, z = 0 and is bounded by some porous
medium represented by an equivalent fluid (with complex wave number k, and complex density
p,) in the region — o0 <x< 00, —00 <y< 0, 0<z< 0. The rest of the plane z = 0 contains a rigid
baffle. If the plate is simply supported and is excited by a sound field from the region
—0<x< o, —<y< o, —ow <z<0 it will undergo vibrations with transverse velocity

U(X,y, 1) = Upsin kX sin k,)'el” "

where U is the velocity amplitude. The plate wave numbers are given by k. = mn/a and k, =
nn/b where (m and n are integers) and o is the angular frequency. The co-ordinates (x', )’) denote
the position on the plate.

Following the method employed by Cummings et al. [1], the plate can be considered as an array
of acoustic monopoles with volume velocity amplitudes Qy. If a monopole is positioned at



D. Tomlinson et al. | Journal of Sound and Vibration 273 (2004) 33-49 35

P'(x,),0) then its effect on the pressure at a general point P(x, y,z) in the porous medium is
P = LD it ®
2z
where 2 = (x — X')* + (y — y')* + 2% is the square of the separation distance of P’ and P.
The volume velocity of a monopole is given by the product of velocity and area thus,
0o = UX, ), 1)0x'8y'. (3)
Substituting the velocity from Eq. (1) into Eq. (3) and then using this in expression (2) for the
pressure at P(x,y,z) gives
_ iwpa UO
- 2ar

The total pressure at P(x, y, z) is given by the sum of the pressures from each point on the plate.
This can be done by integrating (4) over the plate area to give

YA, e\ sin k,x' sin k,y'e K" 5x' 9y (4)

iop Un b ora . —ikgr’
p(x,p,z,1) = 9P gion / / sin kX’ sin k)’ ¢ dx’' dy'. (5)
2n 0 0 r
The total power, W, radiated from the plate is given by
b ra
W:/ / I(x,y)dxdy on z=0, (6)
0 Jo
where
I(x,y,1) = Re{p(x,»,0, 1} Re{U(x, y,0, 1)}, (7
is the acoustic intensity normal to the plate. The bar denotes that a time-averaged quantity is
required.

It should be noted that the power radiated cannot be determined from integration of the far
field intensity, as can be done for air [4], since the medium is non-conservative and so power is
dissipated within it.

This time-averaged intensity is given by

~ W 21/ 1
Ty =52 [ e di = S Relpx, 0,00 (3003 ®

where the right-hand side of this is a consequence of the harmonic form of the time dependence.
The superscript * denotes a complex conjugate.
Expression (5) on z = 0 now becomes

; Us . b pa - . —ik,r
p(x,»,0,1) = lw’g—”o e'! / / sin kX’ sin k)’ © T ax dy, 9)
T 0 0 r
where 2 = (x — x')* + (v — )%
The velocity is also known from Eq. (1) giving
U(x,,1) = Uy sin k,x sin k,ye'’. (10)

The wave number k, is complex so it is useful to write it in the form k, = k(1 — ix). The real part
of k, is a measure of the phase velocity ¢, of the wave and the imaginary part is related to the
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sound attenuation with distance. The complex density can also be expressed in this form i.e.,
p, = p(1 — it). Note that this is the same as Cummings et al. [1] who expressed it as p, = |p[e'?,
where |p'| = p(1 + 12)"/? and ¢ = tan™'(—1).

Substituting these complex forms for k, and p, in Egs. (9) and (10) gives the intensity defined by
(8) as

f:

k
{ / / sin kyx sin kyy sin kyx' sin k) —— sin kr e "k dx’ dy’

cos kr .
+r/ / sin kyx sin kyy sin kX’ sin k) —— e dx’ dy’} (11)
and the power is then found by integrating this over the plate area as in Eq. (6). The term e "
accounts for the aforementioned dissipation in the medium.
It is useful to normalize this power with the power associated with a piston radiating into air.
This gives a radiation efficiency, o, thus

w

- pocoab{ U2’ (12

where ( U?) is the mean square velocity averaged with respect to time and space (which in this
case is equal to %U&), P, 1s the mean density of air and ¢y is the wavespeed in air. Therefore, the
expression for the radiation efficiency of the plate is

2 b pa pb pa . ' . | -
= wp {/ / / / Sin kxx Sin kyy sin kxx/ sin kyy/ m e—;ckr dx dy dy’ dyl
pocoabr \ Sy Jo Jo Jo -

b ra pb pra
—H/ / / / sin kyx sin k,y sin k,x’ sin kyy’@e"k’ dxdydx’ dy’}. (13)

2.2. Comparison with sound radiation into air

A similar problem for sound radiation into a real fluid (air) was considered by Leppington et al.
[2]. The equivalent expression for the radiation efficiency in this case is

70 - / / / / sin kx sin &,y sin k. x’ sin kyy kor dxdy dx'dy, (14)

" nab

where ko = w/cy is the acoustic wavenumber of air. Here the omission of the exponentially
decreasing term implies that the air is a conservative medium (assuming that no consideration is
given to damping in the air i.e., kg is real). The method employed by Leppington et al. [2] to
reduce the integral in Eq. (14) to an integral in a single variable is outlined below.

By letting Jy be the integral in Eq. (14), gy becomes

2k
—Jo.

nab

(15)

If the transformations x’ = x +u and )’ = y + v are applied to Jy such that r> = * + v* and
dx’ dy’ = dudv then the x and y integrals are independent of u and v and are easily performed

0o =
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giving the following result

b a
1
Jo = / / (a — u) cos o' kou + ——sin o’ kou
0 Jo o'k

1 .
X {(b — v) cos B'kov + ——sin ﬁ'kov}
Bko
where o = k,/ko and ' = ky/ko are dimensionless wavenumbers, introduced for convenience.
By inspection the terms in the curly brackets can be rewritten as

dudo, (16)

/ : / / . /
, o 0 (sindkyu , p 0 (sin kv
- —] kov — —— | —— 1
acos o' kou % 6oc’< " > and b cos ffkyv ko o I , (17)
so Jy can be expressed as
Oclﬁ/ 52 Jo o'b 0 Js ﬁ'a 0 Jy
=ab KX = = 18
Jo=abJi + k2 oo Gﬁ’{a’ﬁ’} ko aa/{w} ko aﬁ’{ﬂ’}’ 1%
where
b a :
Ji = / / cos o' kou cos f'kov smrkor du dv. (19)
o Jo
Similarly
b ra :
Iy = / / sin ol kout sin fheow S i .
0 Jo r
bopa ., sinkyr
Jz = sin o kou cos ff kov dudv
0 Jo r
and
b ra :
Ty = / / cos ' kou sin ﬁ'kovsmrkordu do. (20)
0o Jo

Rewriting u and v in polar co-ordinates; u = rcos 0 and v = rsin 0; gives J; as
4], = / /[sin kor/(0) + sin kor{(—0) + sin kord (n — 0) + sin kor/(n + 6)] dr d6, (21)

where 7(0) = 1 — o/cos 0 — B'sin 0.
The limits of integration in Eq. (21) must be expressed for r and 0 thus

b ra 1 Oy pasec n/2 b cosec O b
/ —dudv = / / +/ / drd6, where 0y = tan' —. (22)
o Jo F 0o Jo 0o 0 a

The r integration is elementary and the translation of /(—0), /(= — 0) and /(n + 0) onto /(0) gives
integrals in terms of 6 in the different ranges C, C,, ..., Cg as shown in Fig. 1.
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Fig. 1. The 0-integration intervals. 6y = tan~' 2.

A similar approach can be used for J>, J3 and J4. Considering the interval C;, the appropriate
integrand, G, is found from

1 — cos(koat sec 0)

2nGy =7 — Kabolf {2¢73/f'sin O cos 0 — /*(o/cos 0 + B'sin ) + /)
Oa o
W{aa'/‘z sin 0 — bo'/ 2 cos 0+ bl — a/ " tan 0}. (23)
0

It is also found that the integrand in the interval Cs is the same as Eq. (23) i.e., G5 = G}. Similar
forms follow for G, = G}, G} = G} and G, = Gj.

2.3. Radiation into a porous medium

Adopting the same approach for sound radiation into the porous medium is complicated by the
term e **" in the integrals of Eq. (13). However, since this is independent of o and f, where
o = ky/k and f = k,/k, the method is the same up to Eq. (21) with complications only apparent
when performing the r integration. The following results may be utilized:

1

—{/ — e[ sin krol + £ cos kr/]}, 24
k(K2+/2){ [K ro ro ]} ( )

ro
/ e "k sin kr/ dr =
0

and

ro
/ e k" cos krt dr = (i + e *k"[/ sin kro/ — K cos kro/]}. (25)
0

1
k(12 + £2)

To avoid confusion, consideration is given to the first integral in expression (13) with an
equivalent result following for the second integral. Considering the integrand in the interval Cj,
the result equivalent to G} from Leppington et al. [2] is

4kGy = Hyy + e sin(ka/ sec 0)H,» + cos(ka/sec 0)H,3], (26)
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where
l
= K2+ /?
1 {Zaﬁ/sinﬂcosﬂ[ Ve _3] (occos@—i—ﬁsin@)[l_ 202 } / }
k2abocﬁ (Kz + /2)2 K2 + /2 K2 4 /2 K2 + /2 K2 + /2
K 0B/ (ac + bp)
— kabocﬁ{(rcz N /2)2\a sin 0 + b cos 0) — 2 27)

H ! (asin @ — bcos 0) 2 1| + d (b — atan0)
12 = kabo K2+ 242 K2+ /2 K2+ /?

J— 1 2
K { 1 N 2/ 2(OCCOSH%_ﬁSinH)4_206ﬁsm0cos9[1_ 24i/2]} (28)
K

— kZabaﬁ K2 i /2 (KI2 + /2) (KI2 4+ /2)2
and
e 1 { / +2ocﬁ/sin9cos0[ ar 3] (occos0+/3sin9)[1 A }}
13 _kzabaﬂ K2 + /2 (K2 + /2)2 K'2 + /2 K2 + /2 K2 _+_/2
K 20/ 1
_ kaboc{(;cz 7 (asin O — b cos 0) + 7 (b — atan 9)} (29)
Note that by setting x = 0, the above set of equations reduces to
4kG) = Hyy + sin(kal sec 0)H1, + cos(kat sec 0)H 3, (30)
where
1
Hy=¢"- {2/ 30f sin O cos O — /" *(ocos O + fsin0) 4+ /7', (31)
k2abof
Hyp = {ae/2sin 0 — bat > cos 0 + b/~" — a/~" tan 0} (32)
kabo
and
Hy; = Pabaf {2/ 30f sin 0 cos 0 — /" *(occos O + fsin0) 4+ /7', (33)

which are the same as Leppington et al. [2] (Eq. (23)) since k = k.

In the interval Cs it is discovered that Gs can be found by substituting —x for x in Gy. Similar
expressions are also found in the other regions.

Terms like /~! appearing in the problem considered by Leppington et al. [2] appear here as
/(2 + /)7, Since much of their analysis considered regions where /~' — oo, the same approach
is not necessary here because /(k% + /%)~ is always finite for x > 0. In fact, kx— 1 from below as
f—0 and x—0 from above as f— oo (see Refs. [5,6]) but in the above coincidence solution of
Leppington et al. [2], Z(0) has no zeros. In the following it transpires that this is unimportant
because coincidence is not a consideration for finding a leading order solution.

It is now important to investigate the behaviour of the exponential appearing in Eq. (26) and
the equivalent terms for G», ..., Gg. Now x > 0 so letting N = kka and M = xkb such that M and
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N are both positive, the terms appear as eV % in C; and Cg, eV %% in C; and Cs, e~ co5¢? jp
C, and Cs and eM <50 in C¢ and C;. However, sec 0 > 1 in C; and Cg and sec0< — 1 in Cs and
Cs. Thus, it always occurs in the form e~ where N’ > 0. A similar argument in the other regions
gives rise to the form e~ ™ where M’ > 0.

To simplify the problem, the asymptotic limit as kka@— oo (where 4 is the lesser of ¢ and b) is
considered. Since k<1, then ka > kxa so ka— oo also. This implies that the acoustic wavelengths
in the system are much smaller than the plate dimensions.

Therefore, in the limit as kkd— o0, N’ > o0 and M’ — o0 and e ¥ >0 and e ™' -0, so in each
of the intervals C;

4kG;~ Hj, (34)
to leading order where i = 1,2, ..., 8. Furthermore,
/ 1
Hy=—+0(—), 35
1 K2—|—/2+ (ka> (33)
SO
/
4kGi~——. 36
K2+ /2 (36)
This, along with the corresponding term for the second integral in Eq. (13), gives
pc 1 2”{ {4+ 1K }
o~—— ——— ¢»d0. 37
poco2m o K2+ /2 G7)
This integral can be evaluated to give
1
g~L~ (G2 + 42 4 212 102 + 432 = 12, (38)

PO 2032 + 4ic)

where 4 = 1 — > — 1% and (2 = o® + % = (k,/k)*.

This is the leading order solution, which is area dependent and applies over the whole frequency
spectrum (assuming f is large enough to allow kxda> 1). Therefore the plate behaves as if it is
infinite and the edge terms (which dominate below coincidence for radiation into air) can be
neglected. The following section considers the simpler problem of radiation from an infinite plate
and shows that the same result, Eq. (38), is obtained.

3. Radiation from an infinite plate
3.1. Radiation from an infinite plate into air

Leppington et al. [2] showed that sound radiation into air depends crucially on the relative
magnitudes of the acoustic wavenumber, ko, and the plate wavenumber k, = (k2 + kﬁ)l/ 2,
Coincidence occurs when the trace acoustic wavenumber equals the plate wavenumber and the
critical coincidence frequency occurs at the lowest frequency at which they are equal. The effect on
radiation can be illustrated by considering an infinite plate excited in such a way as to vibrate with
transverse velocity U(x, y) = Uj sin k,x sin k,y exp(iw?). The motion of the air can be described by
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a velocity potential ¢, which satisfies the wave equation:

16%¢
Vi) =—5—5 39
(where ¢y = w/ky is the wavespeed in air) and the boundary condition
0
ﬂ =U(x,y) on z=0. (40)
0z
The solution is
U . . .
by = i_o sin k. x sin k,y exp i(—yyz + wt), 41)
Yo
where 73 = k3 — k2 — ki i.e., yo = 0 at the critical coincidence frequency. If ko > (k2 + kﬁ)l/ 2 then
70 is real and this is known as ‘above’ coincidence. Conversely, if ko< (k> + kﬁ)l/ 2. then Yo 18
imaginary and this is referred to as ‘below’ coincidence. It is useful to define y, thus,
vo = (kg — k2 — k)" for ko> (i3 + i)'/ (42)
and
Yo = —i(k2 + k2 — k})'/? = —iy), say, for ko<(k2+ k)",
where y; is real.
The waves are described by the real part of ¢,. Above coincidence
U . . .
Re{¢y} = — ~Vsin kyx sin kyy sin(yyz — wi), (43)
Yo
which represents a radiating sound field away from the plate. Below coincidence
Uo . : s
Re{¢,} = V_f? sin k. x sin k,y 0" cos wt, (44)
which represents exponentially decaying surface waves as z— 0.
These two results are reflected in the radiation efficiency o( defined by
W W
o ; - (45)

© peco Uy oo Ug’

where Wy = —1UZpow Im{ [ [ ¢y(x,,0)¢g.(x,y,0)dxdy} is the time-averaged power. The
integration is performed to give power per unit area of plate. The term qﬁod)(’)kz 1S imaginary
above coincidence (due to y, being real) giving a radiation efficiency

a0 = ko/7- (46)
Below coincidence ¢y, is purely real so
ao =0, (47)
and no power is radiated.
The physical explanation for this is described by the cancelling phenomenon known as

hydrodynamic short circuiting. Below coincidence sound in air travels faster than the bending
waves on the plate and therefore disturbances in the air caused by plate vibrations result in the air
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moving sideways thus cancelling the pressure differences and resulting in no net radiation away
from the plate.

In finite sized plates there is no cancellation of the acoustic pressure around the edges and so
radiation can occur below coincidence, the strength of which is proportional to the perimeter
length of the plate. The approximate equation given by Leppington et al. [2] for radiation in this

case is then
L 1 2
o= 2 Ly In pt + o , (48)

am2f12f 22 — 1)12 u—1) w>—1

where > L is the perimeter length, S is the surface area, f, is the critical coincidence frequency and

w= (/)

3.2. Radiation from an infinite plate into a porous medium

For the same infinite plate radiating into a porous medium with acoustic wave number k,, the
fluid motion within the porous medium is given by

Uy . . .
o, = —0 sin kyx sin kyyexpi(—y,z + wi). (49)
g
Here 7, = (k2 — k2 — kﬁ)l/ 2 but k, can be expressed as k(1 — ix) as before. Thus 7, can be written
as

Ve = g'/*(cos} @ +isinlp) (50)
where g = {[k*(1 — x?) — k2 — kﬁ]2 + 4k*k231/? and ¢ = tan™! {W’%}, —n<@<mn. In fact,
since y, is required to be single-valued, ¢ must be chosen such that —n < ¢ <0. Substitution for k,
and k, in terms of their non-dimensional counterparts o and f gives g = K22 +4K2)1/ 2 and
¢ = tan~1(=2x/A).

It was shown for air that gy = 0 when y, is purely imaginary. In the porous medium 7y, is only
purely imaginary when ¢ = +(2n + 1)x, all of which are outside the range of definition. So it is
anticipated that the whole area of the plate will radiate sound both above and below coincidence.
The waveforms in the fluid are given by

2 cosloz — 1o — o). (51)

1 . . . :
Re{¢,} = W sin kyx sin k,y exp(—g'/? sin % ¢z) sin(g
This expression contains both the radiating sine term associated with Eq. (43) and a decaying
exponential as in Eq. (44). There is therefore a radiating sound field, which decays with distance
due to the dissipative nature of the medium.
The radiation efficiency is given by

Wa

=92 52
%Poco U§ (52)

Oa

where

W, = -1 U2oImip, / / 66,0, DB (x. 1, 0, 1) dx dy}. (53)
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The solution is

_ _Pko | c o
04 = W(cos§¢ — T8N Q) (54)
which can also be expressed as
1
Ga =L 102 + 42 4 2 4 (22 + )2 = 2112 (55)

PoCo 202 + 4i2)

The right-hand side of this expression is identical to that of Eq. (38) and so it is apparent that
G~y (56)

Therefore the leading order approximation for radiation efficiency of a finite plate radiating into a
porous medium is the same as the radiation efficiency of an infinite plate.

At high frequencies, for materials with tortuosity and porosity close to 1, the values of 7 and x
will tend to zero and pc will tend to pyco. Therefore, where f > f., Eq. (55) simplifies to o =
1/ \/I =1-1/f )’1/ 2 which is the standard equation for radiation into air above the critical
frequency.

4. Experimental results

In order to test the theory that was developed in the previous sections, measurements were
made on two thin plates radiating into a porous layer of finite thickness. As it is difficult to make a
direct measurement of the sound field generated in the porous layer, partly due to the difficulties
of placing a microphone in the porous layer and partly because the acoustic energy radiated is
converted into heat within a short distance from the plate, the approach adopted was to measure
the damping loss of the plate. The plate was excited with a blow from a small hammer and the
reverberation time, 7, was measured using an accelerometer (at 6 positions) from which the
damping loss factor, 1, was found using the equation

2.2
n=—. (57)
fT
The predicted damping loss factor due to radiation was found from the equation
— PocTa (58)
WP,

where p, is the plate surface density. (Note that p,co is used as g, was normalised by p,cy in
Eq. (52).)

To calculate the properties of the equivalent fluid the Allard and Champoux [5] expressions
were used. For fibrous materials, they give p, and ¢, as

) 12
00364 i0.1144
p, =12+ ( : ) (59)

(oS /R’ (pof/R)
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and

B (101320 L 129.64+ (282/(p f /R + 124-9/(/)0/"/13))1/2) ) (60)

“T\ T T RL1T+ 282/(00f/RY +1249/(po //R))

where R is the air flow resistivity Rayls/m. These expressions can then be used to give 1 =
—Im(p,)/Re(p,) and k = —Im(k,)/Re(k,). The value of u is found from
) kf, B An’ff.
TR T 2Relka) D
0 a
These values can then be inserted into Eq. (38) to give the radiation efficiency. Equivalent fluid
properties may also be found using the expressions given in Refs. [6-9].

The predicted loss factor was determined by summing the measured damping of a freely
suspended plate, taken to be the internal loss factor, and the predicted radiation into a porous
layer.

The tests were made on thin aluminium plates radiating into a 200 and a 50 mm thick semi-rigid
rockwool slab with a flow resistivity of 40,000 Rayls/m. Measurements were made with the plate
resting directly on the layer and also when supported on 5 mm spacers. The porous layer rested on
a concrete floor. The thickness of the gap could not be set accurately as the spacers tended to sink
into the porous layer and because of bending of the plate (due to self-weight) and probably varied
from 1-5 mm. The presence of the air gap will tend to reduce the radiation from the plate and so
reduce the measured damping [1]. However, fibrous wisps of porous material were still lightly in
contact with the plate and this will increase the measured damping so the two effects will tend to
cancel out.

The two sets of measurements allow the effect of damping, caused by contact between the plate
and the porous layer, to be estimated as there will be no structural damping if there is an air gap.

The first test was performed on a 0.95 x 0.85 m x 1.5 mm aluminium plate and the results are
shown in Fig. 2. The second test was performed on a 0.7 x 0.5 m x 0.67 mm aluminium plate
radiating into the same porous layer and the results can be seen in Fig. 3.

In each case the dotted line shows the damping of the plate when suspended by thin strings and
gives damping much less than when the plate is close to or touching the porous layer. Placing the
plate over the layer but not quite touching it increases the damping and the measured data agree
well with the predicted curve. There is little difference between the results for a 200 and 50 mm
layer suggesting that for this porous material the theory (which is based on an infinitely thick
layer) works well even when the layer is far from infinite in thickness. This might be expected for
the thicker layer as the attenuation through the layer and back from the concrete would be at least
10 dB from 27 Hz but for the 50 mm layer the attenuation is only 10 dB from 450 Hz. In Fig. 2
the radiation into the thin layer gives a slightly higher damping whereas in Fig. 3 the damping is a
little lower. Given the difficulties in setting the spacing and in the experimental uncertainties, this
difference cannot be taken as significant. At low frequencies the measured results are less than
predicted. This may be because the requirement that the plate be large compared to a wavelength
(kxa is large) is not satisfied though kxa is already 12 at 200 Hz. Alternatively it may be due to the
air gap which allows waves to travel laterally when the impedance of the layer is high (as at low
frequencies).
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Fig. 2. Measured and predicted damping loss factor of a 1.5 mm thick aluminium plate when radiating into a porous
layer. ——, measured when resting on the porous layer; ——, measured when placed above the porous layer;

measured damping of a freely suspended plate; ----- , predicted damping when radiating into a porous layer; O,
200 mm porous layer; [J, 50 mm porous layer.
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Fig. 3. Measured and predicted damping loss factor of a 0.67 mm aluminium plate when radiating into a porous layer.
——, measured when resting on the porous layer; ——, measured when placed above the porous layer;

measured damping of a freely suspended plate; ----- , predicted damping when radiating into a porous layer; O,
200 mm porous layer; [, 50 mm porous layer.

When the plate is resting on the porous layer then the damping of the thicker plate (Fig. 2)
increases by about 3 dB and the thinner plate (Fig. 3) increases by about 5 dB. This increase will
be in part due to the increased radiation but is probably due mainly to the structural damping. An
increase of 3 dB would mean that the radiation damping and structural damping were equal.

5. Discussion

The use of an equivalent fluid representation of the porous material gives an equation for sound
radiation from a finite plate that is tractable using analytical techniques. The resulting solution
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provides a relatively simple method for predicting radiation at high frequency, where the plate
exhibits multimodal behaviour. There are, however, a number of assumptions in the theory that
limit its application.

The first is related to the adoption of an equivalent fluid representation of the porous material
where contact between the fluid and the plate is implicit but where it is assumed that no contact
occurs between the skeleton and the plate. This does not therefore account for the viscoelastic
behaviour of the structural phase of the porous medium, which if in contact with the plate will
support longitudinal and shear waves. As a result, the damping for a real system, where there is
physical contact, might reasonably be expected to be higher than predicted by the theory
presented in this paper as was observed in the experimental data. The degree to which this
additional radiation mechanism affects the behaviour of a plate is, however, dependent on the
viscoelastic properties of the structural phase of the porous medium. For very limp materials, such
as glass wool, evidence suggests that the influence of the structural phase is secondary to that of
the fluid phase [10]. It is therefore likely that the expression for radiation should be reliable even if
used for systems where there is contact between the plate and the porous medium. It might
reasonably be expected that where the porous material is not bonded directly to the plate and
where there is not continuous contact between the two that the effect of the structure would be
reduced further. In many practical applications, contact may be incomplete or there may be the
deliberate introduction of a small air gap. The presence of an air gap will influence radiation but
previous work has indicated that reasonably accurate predictions of radiation can be obtained for
systems where the gap is narrow [1]. Care has to be exercised for systems where the porous layer
has a high flow resistivity as this can result in the acoustic disturbance travelling laterally along the
air space in preference to penetrating the porous medium.

There have also been numerical studies carried out using the Biot representation [10] of the
porous medium which accounts for both the fluid and the structural phases. It is probable,
however, that these will still be subject to limitations when the nature of the interface between the
plate and the porous medium is indeterminate. If a more detailed solution for radiation into a
porous medium is required then a more complete model of the porous layer could be used. This
would not be practical with the full solution for radiation from a finite plate but as the leading
order terms can be found from consideration of an infinite plate then this simpler model could be
used as a basis for further calculations of radiation in this case.

Predictions at low frequency are affected both by the assumption of multi modal behaviour and
by the assumption that kxa>1 in performing the asymptotic solution. The number of modes
present in the plate may be predicted accurately from a knowledge of the plate material and its
physical properties. Similarly, kxa may readily be evaluated from the plate properties and an
equivalent fluid representation of the porous material. An example of the probable effect that this
may have on the prediction may be seen in Fig. 3 in a related paper where the theory is compared
with numerical solutions of Eq. (13) [11]. At low frequencies the evaluation of the leading order
term in the current theory yields a solution equivalent to the infinite plate solution and so omits
edge and corner effects resulting from incomplete phase cancellation at the boundaries of a finite
plate. The evaluation of the higher order terms in Egs. (31)—(33) (as well as the equivalent terms
for the second integral in Eq. (13)) would yield expressions for these effects.

The final restriction relates to the treatment of the porous medium as being of semi infinite
extent, which implies that there will be no reflected field incident on the plate. In practice, for
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layers of finite thickness, this will not be the case and reflections occurring at the boundaries of the
porous layer will give rise to a reflected wavefield incident on the plate. Most porous materials
offer very high attenuation with distance and as a result, for all but very thin layers, the magnitude
of any reflected field is likely to be insignificant. A rough estimate of the strength of the returning
field could be made using the equivalent fluid representation of the propagation coefficient and an
assumed value for the reflection coefficient for the free face of the porous layer.

When an infinite plate is radiating into air below the critical frequency, there are no waves
radiating away from the plate and the air molecules move in an elliptical path with an amplitude
that decreases with distance. As the medium is not dissipative there is no energy lost from the
plate. When an infinite plate is radiating into a porous medium, there are both travelling plane
waves and the elliptical motion associated with nearfield waves. As the medium is itself dissipative
there is energy lost as the molecules move in elliptical paths in addition to the energy lost as
travelling waves (which are themselves attenuated with distance) resulting both in higher values
for radiation and expressions for radiation which are dependant on the area of the plate.

The general trend in the radiation efficiency curves can be seen in Figs. 4 and 5. Fig. 4 shows
how the radiation efficiency of a plate with a critical frequency of 16,000 Hz (when radiating into
air) varies as the air flow resistivity of the porous layer varies from 100 to 100,000 Rayls/m. It can
be seen that as the air flow resistivity tends to zero, the peak in the radiation efficiency at the
critical frequency becomes sharper and below the critical frequency, the radiation efficiency tends
to zero. In such cases the radiation efficiency of a real plate will be dominated by edge effects
which are not included in this figure. However, a practical solution would be to add the radiation
due to edge effects for radiation into air (Eq. (48)) to the radiation into the porous layer over the
surface to give an estimate of the total radiation.

Fig. 5 shows how the radiation efficiency of a plate radiating into a porous medium with an air
flow resistivity of 10,000 Rayls/m changes as the critical frequency varies from 100 to 20,000 Hz.
The critical frequency is indicated by a small vertical tick in the curve. It can be seen that when the
critical frequency is low the peak is smoothed out and the radiation efficiency is relatively
insensitive to the actual value of f..
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Fig. 4. Radiation efficiency of a plate radiating into a porous medium with air flow resistivity of 100-100,000 Rayls/m.
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Fig. 5. Radiation efficiency of a plate radiating into a porous medium with air flow resistivity of 100,000 Rayls/m as
the critical frequency (in air) changes from 100 to 20,000 Hz.

6. Conclusions

The results of this work have shown that when a plate radiates into a porous layer, the radiation
will be much higher than for radiation into air. Radiation takes place over the entire plate. A
knowledge of this allows a simpler infinite plate theory to be used to calculate the radiation
efficiency. The ability to use the infinite plate theory to calculate radiation will allow other more
complex problems to be solved such as radiation into layers of finite thickness, radiation into
multiple layers (including air gaps) and radiation into porous layers whose structure is such that
they cannot be modelled as equivalent fluids.
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