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Abstract

The governing differential equations for the coupled bending—bending vibration of a rotating beam with
a tip mass, arbitrary pretwist, an elastically restrained root, and rotating at a constant angular velocity, are
derived by using Hamilton’s principle. The frequency equation of the system is derived and expressed in
terms of the transition matrix of the transformed vector characteristic governing equation. The influence of
the tip mass, the rotary inertia of the tip mass, the rotating speed, the geometric parameter of the cross-
section of the beam, the setting angle, and the pretwist parameters on the natural frequencies are
investigated. The difference between the effects of the setting angle on the natural frequencies of pretwisted
and unpretwisted beams is revealed.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Rotating pretwisted beams have been used in a lot of mechanical applications such as turbine
blades, helicopter rotor blades, and gear teeth. An interesting review of the subject was given by
Rosen [1]. Approximation methods are very useful tools to investigate the vibrations of rotating
pretwisted beams, where exact solutions are difficult to obtain even for the simplest cases. No
analytical solution for the vibration of a rotating pretwisted beam had been presented.

For the non-rotating pretwisted beam, approximation methods are very useful tools to
investigate the free vibrations of the pretwisted beams, where exact solutions are difficult to
obtain. Dawson [2] and Dawson and Carnegie [3] used the Rayleigh—Ritz method and
transformation techniques to study the effects of uniform pretwist on the frequencies of
cantilever blades. Carnegie and Thomas [4] and Rao [5-7] used the Rayleigh—Ritz method and
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Ritz—Galerkin method to study the effects of uniform pretwist and the taper ratio on the
frequencies of cantilever blades, respectively. Gupta and Rao [8] and Abbas [9] used the finite
element method to determine the natural frequencies of uniformly pretwisted tapered cantilever
blading. Subrahmanyam and Rao [10] used the Reissner method to determine the natural
frequencies of uniformly pretwisted tapered cantilever blading. Celep and Turhan [11] used the
Galerkin method to investigate the influence of non-uniform pretwist on the natural frequencies
of uniform cross-sectional cantilever or simply supported beams. Rosard and Lester [12] and Rao
and Carnegie [13] used the transfer matrix method to determine the frequencies of vibration of the
cantilever beam with uniform pretwist. Rosard and Lester [12] assumed that the displacements at
each element are linear, Rao and Carnegie [13] used an iteration procedure to determine the
displacements at each element while the initial displacements were assumed to be linear. Lin [14]
used transfer matrix method to determine the natural frequencies and the associated mode shapes
of any non-uniform beam with arbitrary pretwist. The exact transfer matrix was obtained.

For a rotating pretwisted beam, Subrahmanyam and Kaza [15] used the Ritz method and finite
difference method to study the vibration of a cantilever tapered pretwisted beam. Sisto and Chang
[16] proposed a finite element method for the vibration analysis of a rotating pretwisted beam.
Hernried [17] used the finite difference method to determine the natural frequencies of a cantilever
beam. Surace et al. [18] derived the approximate method based on the use of structural influence
function to determine the natural frequencies of a rotating cantilever pretwisted Bernoulli-Euler
beam. Young and Lin [19] used the Galerkin method to study the stability of a cantilever tapered
pretwisted beam with varying speed. Lin [20] derived the frequency equation of the system which
was expressed in terms of the transition matrix of the vector governing equation. Moreover, the
influence of the rotary inertia and the phenomenon of divergence instability were investigated.
Yoo et al. [21] used the Rayleigh—Ritz method to study the vibration of a rotating pretwisted
blade with a concentrated mass. No research has been devoted to the vibration of rotating non-
uniform beam with arbitrary pretwist, an elastically restrained root and tip mass.

In this paper, the governing differential equations for the coupled bending—bending—extensional
vibration of a rotating non-uniform beam with a tip mass, arbitrary pretwist, an elastically
restrained root, setting angle, hub radius, and rotating at a constant angular velocity, are derived
by using Hamilton’s principle. For an inextensional beam, without considering the Coriolis force
effect, three coupled bending—bending—extensional governing differential equations are reduced to
two coupled bending—bending equations and the centrifugal force is obtained. The reduced
coupled governing differential equations are transformed to be a vector characteristic differential
equation. The frequency equation of the system is derived and expressed in terms of the transition
matrix of the vector governing equation. The efficient algorithm for determining the semi-
analytical transition matrix of the system derived by Lin [20] is proposed. Finally, the influence of
the tip mass, the rotating speed, the geometric parameter, the setting angle, and the pretwists on
the natural frequencies are investigated.

2. Governing equations and boundary conditions

Consider the coupled bending—bending vibration of a rotating non-uniform beam with
arbitrary pretwist, a tip mass and an elastically restrained root. The beam is mounted with setting
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angle 0 on a hub with radius R and rotates with constant angular velocity 2, as shown in Fig. 1.
The displacement fields of the beam are

0 0
u:ug(x,t)—z—w— 0

6)6 y&’ v= U(X, t)a w= M/(X, t)’ (1)

where x,y, and z are the fixed frame co-ordinates shown in Fig. 1. ¢ is the time variable. The
velocity vector of a point (x, y, z) in the beam is given by

N

V= [%+Qsin0(z+w)+QcosQ(y+v)]f

+[%—Qcos€(x+R+u)}f—l— [Z—V:—Qsine(x+R+u) k. 2)

The potential energy U and the kinetic energy T of the beam are

1 E 0 ?
U= 2/ / oexdAdx + K [ W, t)] +3 K:rw?(0,0)
0o Ja

Ox

ov(0, )]
e Rl G

Fig. 1. Geometry and co-ordinate system of a rotating pretwisted beam.
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and
N A - P
T:z/o /ApVVdAdX‘i‘%M*[VV]XL’ =0, z=0
. Pw(L, )] (L, 1))’
1 > 1 )
+ ijfy{QsmB—W} +§J§[—QCOSB— prerl I (4)

where A(x) is the cross-sectional area of the beam. E(x) is the Young’s modulus of the material.
J;“y and J¥ are the rotary inertia of the tip mass about the y- and z-axis, respectively.
K,r, Ky, K.r,and K. are the translational and rotational spring constants at the left end of the
beam in the y and z directions, respectively. L is the length of the beam. M* is the tip mass
attached at the free end of the beam. p(x) is the mass per unit volume of the beam. ¢, and ¢, are
the normal stress and strain in the x direction, respectively. Application of Hamilton’s principle
yields the coupled governing differential equations and the elastic boundary conditions.

Consider the free bending—bending vibration of the beam without taking account of the effect
of the Coriolis force and the axial neutral displacement. The dimensionless variables and
parameters are defined as follows:

B;j(&) = E(X)I;(x) /[E(0)],(0)], m(&) = p(x)A(x)/[p(0)A(0)],
(&) = o [} mG)(r + x)dy + 032(1 +71), r=R/L,

B(¢,7) = v(x, 1)/ L, w(E, 1) = w(x, /L,

o = p(0)A(0)2*L* /[E(0)1,,(0)], Bi = KoL /[E0)I,,(0)],

By = KorL? [[E(0)],(0)], By = KyoL/[E(0)1,,(0)],

By = Ky L /IE(0)T,,(0)], ya = Bi/(1+B), i=1234,
va=1/1+B), i=1,234, &1 = Jyy=/[p(0)A(0)L?),

5t = Jyy+/[p(0)4(0)L?], 82 = Jo+ /[p(0)A(0)L3],

& = Jzz+/[p(0)A(0) L], 53 = M*/[p(0)A(0)L],

¢=x/L, © = 1/L*\/E(0)],,(0)/p(0)A(0),
A% = p(0)A(0)w?L* /[E(0)I,,(0)], (5)

where 7,,,(x) and /..(x) are the area moment of inertia of the beam section about the y- and z-axis,
respectively. Consider the free vibration of the beam. The harmonic solutions can be assumed to
take the form

(e, = W, §(E 1) = V(O ©6)

The corresponding dimensionless governing differential equations of motion for harmonic
vibration with circular frequency A can be written as

_d_2<B &EW g dz_V) . i(ﬁd_W
déz Yy d£2 z déz dé dé
+ ma? sin O cos OV = 0, (7)

> +m(o?sin @ + AW
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d? w d’v d/ dv
——( B,. B.. 0+ AV
d52< P + B. d<§2>+ dé( di) + m(a® cos 0 + A?)

+ me?sin@cos OW =0, £€(0,1)

and the associated dimensionless elastic boundary conditions are as follows: At & = 0,

d>w dv dw
y12<Byyd—€2+Bﬂd—§2> — 711 o 0,
d d*w v\ _dw
sz[d_€<3yy déz + B,: d52> —n df] +yu W =0,
d*w d*v dv
B.——+B..— | — - =0,
V32< . dfz d52> 731 e

d d*w v\ _dv
?42[d£< 4R + B df2> dé} + W =0.

Até=1

d>w d’v dw
+ B, —— — A

By, d/.fz dé dé

=0,

A EW o EVY AW

+ 83[(o% sin® 0 + A*)W + o sin O cos 0V] = 0,
aw d&*v

dv
. + B.. — 5,47 —— =0,
" ae a2 7 de

d w v dv
(B g B ) ez

+ 930% sin 0 cos OW + (a2 cos> 0 4+ A*)V] = 0.

3. Solution method

Defining the state variables as

X1:W x2:d—W x3:dz—W x4:d3_W
b dé) déZ’ dé?”
X5:V x6:d—V X7:dZ—V X3:d3—V.
H dé, déz, dé?’

481

(8)

©)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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Substituting it back to the governing characteristic differential equations (7) and (8), one obtains

(18)

(19)

(20)

21)

as follows:
P T S S L R
1 a4z > e 3 E dé3 5X1
dxg dx7; dxg dxs
+a6d—é+a7 §+a8 dé+a9dé3+a10X5 0,
dxy 4, dxs N dx, 2, dx; n
a a a a ajsx
11— R 125 R 1355 KE 14dé 15X1
+ae By T 4 6y g —0,
a a a a arXx
16 5% KE 1757 KE 18 =% dz 19dé3 20X5 =
where
dB
ay = By, a =12 dgy’
d*B,, dn
as = déz —-n 614—6119—*(1—5,
as = —m(e?sin® 0 + A2), ag = ai = B,.,
dB,. d’B,.
617_6112—2(15 a8—6113:d62,
a9 = a4 = 0, ajp = ajs = —mo® sin 0 cos 0,
dB..
= B.. =2—=
aie 225 apy ac’
d*B.
alg = 752 — 7, ayy = —WZ(OC2 cos? 0 + Aﬁ)
dé
Multiplying Eq. (18) by a;s and Eq. (19) by a¢ and subtracting the latter from the former, one
obtains
dX4
Z G
where
c1 = —(asais — ai5a6)/s, ¢ = —(asaie — a14ae)/s,
3 = —(azaig — 01306)/6‘, ¢4 = —(mai — alzas)/S,
cs = —(aioais — axas)/s, c6¢ = —(asais — aioas)/s,
c7 = —(agais — 6118616)/& g = —(arai6 — 6117616)/5,

§ = didie — d11de-

(22)
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Similarly, multiplying Eq. (18) by «@;; and Eq. (19) by a; and subtracting the latter from the
former, one obtains

8
J=1
where
¢ = —(asay — ajsa1)/5, ¢ = —(asay — auaa)/s,
¢y = —(aza; —apa1)/s, ¢ = —(aan — ana)/s,
¢s = —(aoar — axa1)/3, ¢ = —(asai — ay9ay)/s,
&7 = —(agay — aigar)/3, T = —(aran — apar)/s,
§ = aga1; — A1e4d].- (24)

Based on relations (17), (21), and (23), the transformed vector characteristic governing equation
can be obtained as follows:

dX(9) _
G A(OX(D), (25)

the state vector X(¢) and system matrix A(¢) are

X =[x x x3 x4 X5 X¢ X7 Xg],

0 1.0 0 0 0 0 O]

0 0 0 0 0

0 0 0 0 0 0 0

cip € €3 €4 C5 Cg C7 Cg

AO=19 0 0 00 1 0 0] (26)

0 0 0 0 0 0

0 0 00 0 0 0

_Z’l Cy C3 C4 C5 Cq Cq Eg_

the superscript T in the matrix X(&) is the transpose of a matrix.
The solution of Eq. (25) can be expressed as

X(&) = T(£, 0X(0), (27)

where T(¢,0) is the transition matrix from 0 to &. After applying the composition property of the
transition matrix:

T(Civ1,Cim1) = T(Cip1, E)T(EGs €1, (28)
the transition matrix from the first subsection to the jth subsection is obtained

1
TE0) =[] TE.cn). (0.8, (29)

i=j
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The state variables at £ = 1 can be written as
8
xi(D) =Y T(1,0x40), i=1,2,3,...8, (30)
=1

where Tj; is the elements of the transition matrix T(¢,0). The semi-analytical transition matrix
derived by Lin [20] is proposed. Expressing the boundary conditions (9)—(12) in terms of the
state variables {x(0), x»(0),...,xg(0)}, and substituting Eq. (30) into the boundary conditions
(13)—(16), the frequency equation of the system is obtained as

Wilsxs =0, ij=12.3,..,8, (D)
where

Y =vYu=vs="v=%5=0, ¥p=-y,

Y13 = 712Byy(0), Y17 = 712By:(0),

Y1 = Va1, Yo = Y5 =y =0,
Y3 = szB'yy(O), Yoy = 122B,(0),

Yo7 = y22B).(0), Yoz = 72B,:(0),

Y31 =¥ =3 =35 =33 =0, Y33 =73,B,:(0),

Y36 = =731 Y37 = 732B::(0),

Va1 = Yap =4 =0, Vg3 = V4zB/yz(O),

Vs = 742By:2(0), Yas = Va1,

Y47 = 742B..(0), Yag = 742B::(0),

¥s; = By (DT3(1,0) + By(1)T7i(1,0) — A:6, To(1,0), j=1,2,3,...,8,
Yo = —n(1)Ty + B, () T(1,0) + B,,(1)Tyi(1,0) + B,.(1)T7(1,0)

+ B,.()Tg(1,0) + 3(e sin® 0 + A2)Ty;(1,0)

+ 3302 sinOcos 0Ts;, j=1,2,3,....8,
Wy = By:(1)T5:(1,0) + Boo(1)T7(1,0) — A;0,Ti(1,0), j=1,2,3,...,8,
Yy = — n()Tg + B, (1)T3(1,0) + By-(1)Ty(1,0) + B..(1)T7(1,0)

+ B..(1)Tg(1,0) + 630 sin 0 cos 0Ty;(1,0)

+ 93(0% cos? 0+ A2 Ts(1,0), j=1,2,3,....8. (32)

4. Numerical results and discussion

To illustrate the previous analysis, the performance of a rotating doubly tapered beam
with arbitrary pretwist and a tip mass is studied. The corresponding parameters are
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as follows:

By (&) = n(1 + L&’ (1 + A& sin’ ¢ + (1 + 41 + 428) cos® ¢,
Bo(&) = n(1 + 4 (1 + 228) cos” @ + (1 + L &)1 + 4a&)’ sin o,

By(&) = 0.5[n(1 + 219 (1 + 428) — (1 + 2191 + 42¢)°]sin*2g), (33)
5% = kads, 5% = ko,
51 = 8% sin? @ 4 §F cos® @, I, = 9% cos® @ + 6% sin” &, (34)

where 7 is the square of the ratio of the width of the cross-section at the root of the beam in the y
and z directions. 4; and /, are variable rate of the width of the cross-section of the beam in the Y
and Z directions, respectively. 57 and 05 are the dimensionless rotary inertia of the tip mass about
the Y- and Z-axis, respectively.

In Table 1, the natural frequencies of rotating pretwisted beams obtained by the present method
are compared with those given by Ramamurti and Kielb [22] and Yoo et al. [21] by using the
Zienkiewicz’s approach and the Rayleigh—Ritz method, respectively. In Table 2, the natural
frequencies of unpretwisted beams obtained by the present method are compared with those given
by Wright et al. [23] and Yoo et al. [21] studied the vibration of a rotating beam with a
concentrated tip mass by using the Frobenius method and the Rayleigh-Ritz method,
respectively. The first modes are very consistent. But the second and third modes presented are
lightly smaller than those determined by the Rayleigh—Ritz method. Because the numerical result
determined by the Rayleigh—Ritz method is upper bounded, the proposed method is accurate.

It should be noted that when the tip mass constant o3 is increased, the centrifugal force is
increased. The effect of the centrifugal force is to increase the stiffness of the blade and the natural
frequencies. However, the opposite effect of the tip mass constant d3 is to increase the total mass
of the blade and to decrease the natural frequencies. The coupled effect of the tip mass and the
rotational speed on the frequencies is studied here. The influence of the angular velocity o on the
natural frequencies of a uniformly pretwisted cantilever beam with a concentrated tip mass is
shown in Figs. 2 and 3. When tip mass constant J; increases, the first and second natural
frequencies decrease, and they become close as o increases. When o is smaller than a critical value,

Table 1
Comparison of the first three natural frequencies (Hz) of a rotating cantilever pretwisted beam without tip mass

470 rpm 940 rpm

w1 w3 w3 w1 W3 w3
Present 18.011 90.177 261.824 24.469 97.835 271.127
4 19.718 91.369 263.852 28.159 100.690 272.755
b 19.567 90.746 28.079 100.085

L=0.1524m, R=0.1016 m, 7 =0.0254 m, b =0.00127 m, Iyy = bh3/12, Iz = hb3/12, E =206.85 GPa,
p=2802.73kg/m’, 0=0, 4, =0, J =0, ¢ = ¢n/e.

#Given by Ramamurti and Kielb [22].

®Given by Yoo et al. [21].
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Table 2
Comparison of the first three natural frequencies of a rotating unpretwisted beam with a concentrated tip mass
oa=1 a=2 a=73
/1] Az /1] /12 Al A2
Present 1.9017 16.7272 2.6696 18.0807 3.5823 20.1280
a 1.9017 16.7570 2.6696 18.1910 3.5823 20.3504
b 1.9017 16.7595 2.6696 18.1932 3.5823 20.3524

r:O, ﬁl, ﬁz, ﬂg,, ﬂ4—>OO, 53:1, 1’]:1, 0:0, /11:0, 112:0, (p:0, k1:0, k2:0.
#Given by Wright et al. [23].
°Given by Yoo et al. [21].

Fig. 2. The influence of the angular velocity « on the natural frequencies with various tip mass d3 (r = 1;
Bis Ba, B3, Py— o0 n=10; 0=0; 4, =—-0.1, b =-0.1; ¢ = 577/4; ki =0, ky =0).

the third natural frequency decreases as 63 increases. However, when « is larger than the critical
value, the third natural frequency increases as J; is increased. The reason is that for a small
rotational speed the influence of the inertia on the frequencies is greater than that of the
centrifugal force. However, the centrifugal force includes the term of the product of the rotating
speed and the tip mass constant. For a large rotational speed the centrifugal force is increased
greatly and the natural frequencies will be increased. Figs. 3 shows that for a small rotating speed
when 3 is increased, the first three natural frequencies are decreased. But for a large rotating
speed if 03 exceeds a critical value, the influence of centrifugal force on the third natural frequency
is greater than that of the inertia of tip mass d3. In other words, when 3 is increased over the
critical value, the third frequency is increased.

In Figs. 4a and b, the influence of the angular velocity « on the natural frequencies of a
cantilever beam pretwisted uniformly and non-uniformly are shown, respectively. It can be
observed in Fig. 4a that for a uniformly pretwisted beam the influence of @ on the third natural
frequency is greater than on the first and second ones. The influence on the second and third
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251

20F

15

A3

(b)

Fig. 3. (a) The influence of the tip mass J; on the first and second natural frequencies with various angular velocity
oa(r=1; By, P, B3, Ba—0; n=10; 0 =n/2; 1, =—-0.1, o =-0.1; ¢ =¢n/4; ky =0, ky =0). (b) The influ-
ence of the tip mass 03 on the third natural frequency with various angular velocity o (r = 1; By, B, B3, fs— 0;
n=10; 0 =n/2; 4, =-0.1, h=-0.1; o =¢&n/4; ky =0, k, =0).

natural frequencies will decrease as « is increased. It can be observed in Fig. 4b that for non-
uniform pretwist when « is increased, the influence of @ on the first natural frequency increases,
but the influence on the third natural frequency decreases. Moreover, the veering phenomenon of
second natural frequency is observed: when o is less than 5, the influence of @ on the second
natural frequency decreases, but the influence increases if « is greater than 5.

In Table 3, the influence of the setting angle 0 and the total pretwist angle @ on the first two
natural frequencies of a cantilever beam is shown. When the setting angle is increased, the
frequencies of the unpretwisted beam, i.e., @ = 0°, are decreased. The phenomenon is the same as
that studied by Lee and Lin [24]. However, when the setting angle is increased, the first frequencies
of the pretwisted beams are initially increased and then decreased. Meanwhile, the second
frequencies are increased. The reason is given as following:
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50
45|
aof
35}
30f
25f
20f
15}

Fig. 4. (a) The influence of the angular velocity « on the natural frequencies with various tip pretwist angle @
of uniform pretwist (r =1; By, Ba, f3,0s—>00; 03 =0.05;, n=10; 6 =0; 1, =—0.1, 2, =—-0.1; ¢ = P& k; =0,
ky = 0). (b) The influence of the angular velocity o on the natural frequencies with various tip pretwist angle @ of non-
uniform pretwist (r=1; B, B2, B3, Ps— 0; 93 =10.05 n=10; 0 =0; 1, =—0.1, ;o = —0.1; ¢ = Psin(n&/2);
ki =0, ky =0).

Without the account of pretwist, Eq. (7) becomes the governing equation of an unpretwisted
beam given by Lee and Lin [24]

d? W\ d [/ dw :
@(3},y d—62> -~ d—é<n d—é> — m(e?sin® 0 + AW = 0. (35)

The last term of Eq. (35) is an inertial one. When the setting angle is increased, the coupling inertia
effect of the mass and the setting angle is increased and the natural frequencies are decreased [24].
For a rotating pretwisted beam the last second term of Eq. (7) mo? sin” 0 are two coupling inertia
of the mass and the setting angle. When the setting angle 0 increases, the coupling inertia effect
increases. However, when the setting angle 0 increases, the coupling inertia term of Eq. (8)
mo? cos® 0 decreases. Moreover, when the setting angle 0 increases from zero to n/4, the last
inertia terms of Eqs. (7) and (8) mo? sin 0 cos 0 increases. When the setting angle 0 increases from

n/4 to m/2, the inertia terms decreases. The difference between the coupling inertia term of a
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Table 3
Effect of the setting angle 0 on the dimensionless frequencies of a rotating pretwisted cantilever beam
0 A (deg) A (deg)
®=0 ® =45 @ =60 ®=0 ® =45 ® =60

0 4.210 4.285 4.420 22.575 18.146 16.092
10 4.206 4.289 4.426 22.574 18.272 16.239
20 4.196 4.289 4.430 22.572 18.645 16.685
30 4.180 4.284 4.431 22.569 19.260 17.450
40 4.160 4.275 4.429 22.566 20.099 18.555
50 4.139 4.264 4.423 22.562 21.108 19.998
60 4.120 4.250 4415 22.558 22.186 21.701
70 4.103 4.237 4.406 22.555 23.169 23.434
80 4.093 4.226 4.396 22.553 23.866 24.784
90 4.089 4.218 4.388 22.553 24.118 25.299

By, = (1 —0.1&)* cos? £® + 200(1 — 0.1&)* sin? @, B.. = 200(1 — 0.18)* cos? ¢@ + (1 — 0.1&) sin* ¢,
B,. =49.5(1 = 0.1&)*sin 2¢®, r=1, o = 1.

k=k,=0
A
sl s — - — k=5k=02
—————— k, = 20, k,= 0.2
<30f

Fig. 5. The influence of the setting angle 6 on the first three frequencies with various parameters of rotary inertias of tip
mass ki, kp r=1; a=1; By, P2, B3, Bs— 00; 1 =200; 4 = —0.1, 1, =—0.1; ¢ = ¢n/4, 53 =0.05).

unpretwisted beam and those of a pretwisted beam is revealed. Further, it is found that when the
setting angle is increased, the natural frequencies of a unpretwisted beam must be decreased, but
those of a pretwisted beam may be increased.

Fig. 5 shows the influence of the setting angle € on the natural frequencies of a cantilever beam
pretwisted uniformly, with various parameters of the rotary inertia of the tip mass, k| and k. It
can be observed that there is almost no effect of the setting angle on the first natural frequency.
When the setting angle is increased, the second and third frequencies are increased. When the
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rotary inertia constants k; and k, are increased, the natural frequencies are decreased. Moreover,
the rotary inertia about the Y-axis will greatly decrease the effect of the setting angle on the
frequencies.

Fig. 6 shows the influence of the root spring constants f5; on the first three natural frequencies of
a pretwisted beam with the parameters {r = 1,05 = 0.05,# = 10,0 = 0,4, = —0.1, A, = —0.1, ¢ =
én/4,k; =0,k = 0}. Figs. 6a and b show that the influence of the rotational root spring
constants on the natural frequencies is very small. However, Figs. 6¢ and d show that the influence
of the translational root spring constants on especially the fundamental frequency is large. It is
well known [22] that if the fundamental frequency is decreased to zero, the divergence instability
will happen. Lin [22] revealed that the divergence instability will not happen to a pretwisted
Bernoulli-Euler beam with » >0, 0<n/4, p,, f4— oo, f; >0, and ;>0 and a unpretwisted
Bernoulli-Euler beam with f5,, f,— oo and r > 0. However, the divergence instability will happen
to both pretwisted and unpretwisted beams with infinite rotational root spring constants f;, f;
when the translational root spring constants 3, and f8, are smaller than some critical values. Fig. 6
verifies the facts that the effects of the translational root spring constants on the frequencies are
greatly larger than those of the rotational root spring constants.

5. Conclusion

In this paper, a solution procedure for the bending—bending vibration of a rotating non-
uniform beam with arbitrary pretwist and an elastically restrained root is derived. A simple and
efficient algorithm for deriving the semi-analytical transition matrix of the general system with
non-uniform pretwist is proposed. The accurate natural frequencies and mode shapes of the beam
with elastic root can be obtained. Based on the facts, one can derives the analytical solution for
the forced vibration of the system by using the method of mode superposition. However, it is
difficult to determine the frequencies and the mode shapes of a beam with elastic root by using the
approximate methods such as Ritz method and FEM. The influence of the tip mass, the rotary
inertia of the tip mass, the rotating speed, the geometric parameter, the setting angle, and the
pretwist angle on the natural frequencies are investigated. It is shown that

1. For a small rotating speed when the tip mass parameter J3 is increased, the first three natural
frequencies are decreased. But for a large rotating speed when 03 exceeds a critical value, the
influence of centrifugal force on the third natural frequency is greater than that of the inertia of
tip mass J3. In other words, when 3 is increased over the critical value, the third frequency is
increased.

2. The effects of the pretwist angle on the natural frequencies of lower modes of the beam with
uniform pretwist and on those of the beam with non-uniform pretwist are almost same. But the
effects of the pretwist angle on the natural frequencies of higher modes of the beam with
uniform pretwist and on those of the beam with non-uniform pretwist are different greatly.

3. Lee and Lin [24] found that the natural frequencies of a rotating unpretwisted beam would
decrease as the setting angle is increased. However, the natural frequencies of a rotating pretwisted
beam may be increased or decreased as the setting angle is increased. Moreover, the rotary inertias
of the tip mass will decrease the influence of the setting angle on the natural frequencies.
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Fig. 6. (a) The influence of the angular velocity o and the rotational root spring constant f§; on the natural frequencies
r=1; By, B3, P> 0; 3=0.05 n=10; 0=0; 1, =—0.1, 1 =—0.1; ¢ =¢&n/4; ky =0, ky = 0). (b) The influ-
ence of the angular velocity o and the translational root spring constant f, on the natural frequencies
r=1; B, B3, s> 0; 53=0.05 n=10; 0=0; 2; =—0.1, 2, =—0.1; ¢ =¢&n/4; ky =0, ky = 0). (c) The influ-
ence of the angular velocity o and the rotational root spring constant f; on the natural frequencies
r=1; B, Pr, Ps—0; 03=0.05 n=10; 6 =0; 2, =—0.1, 2, =—0.1; ¢ =¢n/4; k; =0, k, = 0). (d) The influ-
ence of the angular velocity o and the translational root spring constant f, on the natural frequencies
r=1 By, By, P3—>0; 33=0.05 n=10; 0=0; 1, =—0.1, h =—-0.1; ¢ =¢&n/4; k1 =0, kry =0).



492 S.Y. Lee et al. | Journal of Sound and Vibration 273 (2004) 477-492

References

[11 A. Rosen, Structural and dynamic behavior of pretwisted rods and beams, Applied Mechanics Review 44 (12)
(1991) 483-515.

[2] B. Dawson, Coupled bending vibrations of pretwisted cantilever blading treated by Rayleigh—Ritz method, Journal
of Mechanical Engineering Science 10 (5) (1968) 381-386.

[3] B. Dawson, W. Carnegie, Modal curves of pre-twisted beams of rectangular cross-section, Journal of Mechanical
Engineering Science 11 (1) (1969) 1-13.

[4] W. Carnegie, J. Thomas, The coupled bending—bending vibration of pre-twisted tapered blading, Journal of
Engineering Industry 94 (1) (1972) 255-266.

[5] J.S. Rao, Flexural vibration of pretwisted tapered cantilever blades, Journal of Engineering Industry 94 (1) (1972)
343-346.

[6] J.S. Rao, Coupled vibrations of turbomachine blading, Shock and Vibration Bulletin 47 (1977) 107-125.

[71 J.S. Rao, Advanced Theory of Vibration, Wiley, New York, 1992, pp. 330-338.

[8] R.S. Gupta, J.S. Rao, Finite element eigenvalue analysis of tapered and twisted Timoshenko beams, Journal of
Sound and Vibration 56 (2) (1978) 187-200.

[9] B. Abbas, Simple finite elements for dynamic analysis of thick pre-twisted blades, Aeronautical Journal 83 (1979)
450-453.

[10] K.B. Subrahmanyam, J.S. Rao, Coupled bending-bending cantilever beams treated by the Reissner method,
Journal of Sound and Vibration 82 (4) (1982) 577-592.

[11] Z. Celep, D. Turhan, On the influence of pretwisting on the vibration of beams including the shear and rotary
inertia effects, Journal of Sound and Vibration 110 (3) (1986) 523-528.

[12] D.D. Rosard, P.A. Lester, Natural frequencies of twisted cantilever beams, American Socitey of Mechanical
Engineers, Journal of Applied Mechanics 20 (1953) 241-244.

[13] J.S. Rao, W. Carnegie, A numerical procedure for the determination of the frequencies and mode shapes of lateral
vibration of blades allowing for the effect of pre-twist and rotation, International Journal of Mechanical
Engineering Education 1 (1) (1973) 37-47.

[14] S.M. Lin, Vibrations of elastically restrained nonuniform beams with arbitrary pretwist, American Institute of
Aeronautics and Astronautics Journal 35 (11) (1997) 1681-1687.

[15] K.B. Subrahmanyam, K.R.V. Kaza, Vibration and buckling of rotating, pretwisted, preconed beams including
coriolis effects, American Socitey of Mechanical Engineers, Journal of Vibration, Acoustics, Stress, and Reliability in
Design 108 (2) (1986) 140-149.

[16] F. Sisto, A.T. Chang, Finite element for vibration analysis of twisted blades based on beam theory, American
Institute of Aeronautics and Astronautics Journal 22 (11) (1984) 1646-1651.

[17] A.G. Hernried, Forced vibration response of a twisted non-uniform rotating blade, Computers and Structures 41
(2) (1991) 207-212.

[18] G. Surace, V. Anghel, C. Mares, Coupled bending-bending—torsion vibration analysis of rotating pretwisted
blades: an integral formulation and numerical examples, Journal of Sound and Vibration 206 (4) (1997) 473—486.

[19] T.H. Young, T.M. Lin, Stability of rotating pretwisted, tapered beams with randomly varying speeds, American
Society of Mechanical Engineers, Journal of Vibration and Acoustics 120 (3) (1998) 784—790.

[20] S.M. Lin, The instability and vibration of rotating beams with arbitrary pretwist and an elastically restrained root,
American Society of Mechanical Engineers, Journal of Applied Mechanics 68 (2001) 844-853.

[21] H.H. Yoo, J.Y. Kwak, J. Chung, Vibration analysis of rotating pre-twisted blades with a concentrated mass,
Journal of Sound and Vibration 240 (5) (2001) 891-908.

[22] V. Ramamurti, R. Kielb, Natural frequencies of twisted rotating plates, Journal of Sound and Vibration 97 (3)
(1984) 429-449.

[23] A.D. Wright, C.E. Smith, R.W. Thresher, J.L.C. Wang, Vibration modes of centrifugally stiffened beams,
American Society of Mechanical Engineers, Journal of Applied Mechanics 49 (1982) 197-202.

[24] S.Y. Lee, S.M. Lin, Bending vibrations of rotating nonuniform Timoshenko beams with an elastically restrained
root, American Society of Mechanical Engineers, Journal of Applied Mechanics 61 (1994) 949-955.



	Free vibration of a rotating non-uniform beam with arbitrary pretwist, an elastically restrained root and a tip mass
	Introduction
	Governing equations and boundary conditions
	Solution method
	Numerical results and discussion
	Conclusion
	References


