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Abstract

This paper deals with the vibration control device which simultaneously generates electricity by using
absorbed vibration energy. This device consists of a hula-hoop and a generator. In this paper, we
researched the case of using a number of devices. As the result of the experiment and the numerical
calculation, the following points were made clear: (1) When two devices are used, the component of the
centrifugal forces which are perpendicular to the direction of the external force are cancelled by rotating
two hula-hoops in opposite directions. Moreover, the optimum quenching according to the amplitude of
the external force is possible by varying the number of rotating hula-hoops. (2) The operating curve was
shown by composing the resonance curves when the hula-hoops rotate and those when they do not. (3) The
amount of generated electric power is proportional to the second power of the external frequency. (4) The
experimental and the numerical results were in good qualitative agreement with each other.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Many dynamic absorbers have been widely used as equipment to control the vibrations of
machines and structures [1–3], for example, application of impact dampers to a highway lighting
pole [4], vibration control of a ropeway carrier by dynamic absorber [5], vibration control of
multi-degree-of-freedom systems by dynamic absorbers [6] and so on. However, all the absorbed
energy is thrown away as heat. Moreover, many active dampers [7,8] have been used in machines
and structures, for example, tendon control in tall structures [9], application of the active mass
damper to an elevator [10], vibration control in a tower structure by a two-dimensional active
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mass damper [11] and so on. Yet, the external energy is needed in the active dampers. A new
vibration control device that utilizes this useless vibration energy is expected.

The authors have researched the vibration control and electricity generating device consisting of
a hula-hoop and a generator [12,13]. This device uses the principle of a synchronous rotation of a
hula-hoop. The hula-hoop rotates the generator and electricity is generated. In the quenching
problem of self-excited vibration [12], it is realized that vibration quenching and generation are
possible using the chaotic motion of a hula-hoop. In the quenching problem of forced vibration
[13], the amplitudes near the resonance are well controlled by the steady rotation of the hula-
hoop. It is thought that if this device is put into practical use, the electrical energy will be able to
be used for various purposes, and energy conservation will be realized.

However, when a single hula-hoop is used, there is a possibility that the vibration perpendicular
to the excitation direction occurs. Concerning the application of this device to a real system, this
vibration must be quenched. Therefore, in this paper, to quench this vibration and to realize the
great effects of vibration control according to the amplitude of the external force, the problem of
vibration quenching using multiple devices is performed.

2. Background

2.1. Experimental apparatus

The experiment was carried out in the case of attaching four vibration control and electricity
generation devices on the forced vibration system. The experimental apparatus is shown in Fig. 1.
The main system is the single-degree-of-freedom system which consists of a mass and four plate
springs. These are made of aluminum. A single device consists of a hula-hoop which is made of
aluminum and a generator. In this paper, hula-hoops 1, 2, 3 and 4 are considered the same and all
of the generators are also considered the same. Two devices, where the line connecting those
devices becomes perpendicular to the excitation direction, are treated as a set and are attached to
the main system. In Fig. 1, hula-hoops 1 and 2 are considered one set, and hula-hoops 3 and 4
another set. There is no difference between the two sets. When the two hula-hoops are rotating,
i.e., when the set of hula-hoops of 1 and 2, or the set of hula-hoops of 3 and 4 rotates in mutually
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opposite directions, each component perpendicular to the excitation direction of the centrifugal
force has the same magnitude but opposite direction. Therefore, these component forces
counteract each other and only the component forces in the direction of the external force remain.
As a result, the vibration perpendicular to the external force and any rotation do not occur in the
main system and the vibration of the main system is controlled effectively.

Mass M; natural frequency fn; and viscous coefficient c of the main system measured by the
experiment were as follows:

M ¼ 664:5 g; fn ¼ 16:2 Hz; c ¼ 4:0 � 10�3 N s=mm:

Here, the mass of the DC generators is included in the mass M of the main system.
The mass of a hula-hoop is mi; stem length is lGi; the inertia moment of a hula-hoop about the

axis of the center of gravity is IGi: These parameters are as follows:

mi ¼ 5:0 g; lGi ¼ 13:2 mm; IGi ¼ 6:293 � 102 g mm2:

In the experiment, characteristics of the motor used as a power generator are as follows:
DC motor RE-140 by Mabuchi Motor Company, rated rotational speed 8000 r:p:m:; output
0:84 W:

When the main system is vibrated by the external force, if hula-hoops are given initial velocities,
those can rotate synchronizing with the frequency of the external force, and the devices can
generate power, while the vibration of the main system is controlled by the absorbed vibration
energy.

In this paper, the experiment was carried out in the cases that the amplitude of external force P

is 2 and 3 N: The vibration perpendicular to the external force and the rotation of the main system
were not observed in the experiment.

2.2. Resonance curve

The resonance curve obtained from the experiment is shown in Fig. 2. Here, the ordinate A is
the displacement amplitude of the main system, and the abscissa f is the frequency of the external
force. When the amplitude of the external force P is 2 N; two of four hula-hoops are rotated by
giving initial velocities to one set of hula-hoops, and when P is 3 N; all of the hula-hoops are
rotated by giving initial velocities. The symbol � in the figure shows the amplitude in the case of
no hula-hoop. On the other hand, the circles mean that hula-hoops are attached to the main
system, the symbol � and 3 show the amplitude when the hula-hoops rotate, and those when the
hula-hoops do not rotate, respectively. When initial velocities are not given to the hula-hoops and
those do not rotate, the resonance frequency becomes slightly lower than that of the main system
without a hula-hoop. This is because the mass of the hula-hoops are added to the main system,
and the natural frequency of the main system decreases. On the other hand, when the initial
velocities are given to the hula-hoops, they rotate and the resonance frequency decreases to some
extent. Also, the amplitude decreases sharply near the resonance of the main system without
hula-hoops. Thus, these devices can control the amplitude near the resonance point of the main
system well. However, the devices are not so useful in the wide frequency region near the
resonance of the main system. Moreover, it is necessary to make hula-hoops standstill when the
frequency of the external force is lower than the resonance point of the main system. Therefore,
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the gray solid line of the figure is the desirable resonance curve, i.e., the operating curve. As shown
in Figs. 2(a) and (b), it turned out that the devices can control the amplitude of the main system
optimally by varying the number of rotating hula-hoops according to the external force.

2.3. Power generation

The amount of power generation obtained from the experiment is shown in Fig. 3. The ordinate
is the amount of power generation EðWÞ; and the abscissa is the frequency of the external force. In
the experiment, the same resistance of Rf ¼ 1 O is connected between the terminals of each
generator and the voltage V between the terminals is measured. Also, the amount of power
generation is calculated using the following equation: E ¼ V2=Rf ðWÞ: From Fig. 3, it appears that
the amount of power generation is proportional to the second power of the frequency of the
external force. The relationship between the generated power and the frequency of the external
force will be mentioned theoretically in Section 3.3.
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3. Theoretical analysis

3.1. Equation of motion

The model shown in Fig. 1 is analyzed in this section. As the positions of the hula-hoops ðxi; yiÞ
are the functions of yi;; these are shown as follows ði ¼ 1; 2;y; 4Þ:

xi ¼ x7d þ lGi cos yi ðþ: i ¼ 1; 2; � : i ¼ 3; 4Þ;

yi ¼ 7d þ lGi sin yi ðþ: i ¼ 1; 3; � : i ¼ 2; 4Þ;

’xi ¼ ’x � lGi
’yi sin yi; ’yi ¼ lGi

’yi cos yi: ð1Þ

Here, the number of devices is four.
Kinetic energy T ; potential energy V and dissipative energy F are shown as follows:

T ¼
1

2
M ’x2 þ

1

2

X4

i¼1

mið ’x2
i þ ’y2

i Þ þ
1

2

X4

i¼1

IGi
’y2

i ; ð2Þ

V ¼ 1
2

kx2; ð3Þ

F ¼
1

2
c ’x2 þ

1

2

X4

i¼1

ci
’y2

i : ð4Þ

The kinetic energy can be expressed by the following equation:

T ¼
1

2
M ’x2 þ

1

2

X4

i¼1

mið ’x2 � 2lGi ’x’yi sin yi þ l2Gi
’y2

i Þ þ
1

2

X4

i¼1

IGi
’y2

i : ð5Þ

Using the equation of Lagrange, the equations of motion are shown as follows:

M þ
X4

i¼1

mi

 !
.x �

X4

i¼1

miðlGi
’y2

i cos yi þ lGi
.yi sin yiÞ þ c ’x þ kx ¼ P cosot; ð6Þ

ðIGi þ mil
2
GiÞ.yi � milGi .x sin yi þ ci

’yi ¼ 0 ði ¼ 1; 2;y; 4Þ: ð7Þ

3.2. Numerical computation method

In numerical computation, the shooting method is used. An outline to calculate a periodic
solution of Eqs. (6) and (7) is shown below. This method is the same as the usual shooting method
[14–16] except for dealing with the rotational angles of the hula-hoops.

First, Eqs. (6) and (7) are rewritten to the non-linear simultaneous ordinary differential equa-
tions of the first degree, relating with parameters y ¼ tðx; y1;y; y4; ’x; ’y1;y; ’y4Þ: Here, superscript
t expresses a transposition sign. Initial value y0 ¼ tðxð0Þ; y1ð0Þ;y; y4ð0Þ; ’xð0Þ; ’y1ð0Þ;y; ’y4ð0ÞÞ at
t ¼ 0 are assumed, the numerical integration for the equations related to y is carried out for one
period t ¼ T ¼ 2p=o; and the solution is set to y1 ¼ tðxðTÞ; y1ðTÞ;y; y4ðTÞ; ’xðTÞ; ’y1ðTÞ;y;
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’y4ðTÞÞ: Then, the conditions of a periodic solution will serve as the following equation:

y1 � y0 ¼ 0: ð8Þ

Considering that the hula-hoop rotates synchronizing with the vibration of the main system,
the parameter yiðTÞ corresponding to the rotational angle yi is replaced by yiðTÞ � 2pj

ði ¼ 1; 2;y; 4Þ: Here, when the hula-hoop rotates in the positive direction, j is 1. When it rotates
in the negative direction, j is �1 and when it does not rotate and vibrate, j is 0. Moreover,
considering that y1 is obtained by carrying out numerical integration from the assumed y0; y1 is a
function of y0: Therefore, obtaining a periodic solution is equivalent to finding y0 which satisfies
Eq. (8). If the Newton–Raphson method is applied to Eq. (8), the equation for repetition of
calculation becomes

ðB � I10Þ*y ¼ y0 � y1; ð9Þ

where I10 is the unit matrix of 10 � 10; *y is the amount of correction for the next repetition, and
y0 þ *y is the corrected value. The matrix B is constructed by the solutions of variational equations
which are calculated from the initial values, i.e., unit vectors which form a unit matrix. When the
periodic solution is obtained, the stability of a periodic solution is judged as follows: If all the
absolute values of the eigenvalues of matrix B are smaller than a unit when y0 converges, the
solution is judged stable. If at least one of the absolute values is larger than a unit, the solution is
judged unstable.

3.3. Characteristic of the generator

The characteristic of a generator was obtained from the experiment. The circuit diagram of a
general DC motor is shown in Fig. 4. Ra is the winding resistance of the generator ðOÞ; VB is the
brush contact potential drop (V), Rf is the resistance connected between the two terminals of the
generator, and KE is the counterelectromotive force constant of the generator ðV s=radÞ:

When a hula-hoop rotates regularly, the following relation between the terminal voltage V and
the rotational angular velocity o ðrad=sÞ holds [17]:

V ¼ Rf ðKEo� VBÞ=ðRa þ Rf Þ: ð10Þ

The power generated between terminals EðWÞ is given by the following equation:

E ¼ V2=Rf : ð11Þ
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If the brunsh contact potential drop VB is nearly equal to zero, the terminal voltage is
proportional to the rotational speed o and the generated power is proportional to the second
power of it.

Moreover, considering the torque loss Tf by friction, windage loss, and so on, the energy
required to rotate a generator is given by the following equation [17]:

WR ¼ Tf oþ KEoðKEo� VBÞ=ðRa þ Rf Þ: ð12Þ

Therefore, the efficiency of the generator is shown by the following equation from Eqs. (11) and
(12):

Z ¼ E=WR: ð13Þ

On the other hand, if all the energies required for power generation are considered as viscous
damping energy, the energy defined as Eci for each generator is expressed as follows
ði ¼ 1; 2;y; 4Þ:

Eci ¼
1

T

Z T

0

ci
’yi dyi ¼

1

T

Z T

0

ci
’y2

i dt: ð14Þ

Since it is facile, we express the actually required energy WR to rotate the generator as viscous
damping energy Eci: Then, the following equation is obtained:

WR ¼ Eci: ð15Þ

A generator does not necessarily rotate at a constant rotational speed because of the poles of
the core of the generator and the number of permanent magnets. Moreover, when the generator is
rotated by the hula-hoop, the rotational angular velocity of a generator deviates also during one
period by the deviation of the rotational angular velocity of the hula-hoop. In this paper, such a
deviation in the rotation of the generator is omitted, and the angular velocity ’y is assumed to be
equal to o; the following equation is obtained from Eq. (14):

Ec ¼ cio2: ð16Þ

From Eqs. (15) and (16), the coefficient of viscous damping is given by the following equation:

ci ¼
WR

o2
¼

WR

ð2pf Þ2
; ð17Þ

where f (Hz) is the number of rotations of the generator which is equal to the frequency of the
external force. As a result, the sum of the generated power is expressed as follows:

E ¼
X4

i¼1

Zi

1

T

Z T

0

ci
’y2

i dt: ð18Þ

Since this study aims to investigate whether the device consisting of a hula-hoop and a
generator can control the vibration and generate simultaneously in the regions of the resonance
point of a main system or not, the damping caused by generation is treated approximately as
mentioned above. The relationship between the rotational frequency f of the generator and the
coefficient of viscous damping ci obtained from Eq. (17) is shown in Fig. 5. Here, the values of
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KE ;VB;Ra; and Tf obtained from the experiment of the generator are as follows [8]:

KE ¼ 1:5 � 10�3 V s=rad; VBA0 V; Ra ¼ 1 O; Tf ¼ 2:9 � 10�4 N m;

Here, as the torque loss Tf is a function of frequency f ; the value at f ¼ 16:2 Hz is shown as an
example. The efficiency of the generator obtained from Eq. (13) is shown in Fig. 6. Because a high
rotation type DC motor is used as the generator, the efficiency is low.

3.4. Resonance curve and bifurcation of solution

The resonance curve obtained from the numerical computation by the shooting method is
shown in Fig. 7. The ordinate A is the displacement amplitude of the main system, and the
abscissa f is the frequency of the external force. The dashed line in the figure is the solution in the
case without a hula-hoop, and the solid thin line is the stable solution in the case of non-rotating
hula-hoops. In the case of rotating hula-hoops the solid thick line and the dotted line are,
respectively, the stable and unstable solutions: A gray solid line is an operation curve.

Although there are conditions for the initial velocities of hula-hoops to rotate generators, they
are not severe. When the displacement amplitude of the main system is larger than some value, the
hula-hoops rotate without initial velocities. Therefore, they are moved quite easily by giving small
initial velocities. Specifically, in the result of a numerical computation, the initial velocities of the
hula-hoop at f ¼ 16 Hz in Fig. 7 (a) is ’y ¼ 0:09981 rad=s:

The general conditions that ensure the solution of the hula-hoops rotating is stable are as
follows; the amplitude of the main system must be large, the stem length of a hula-hoop has to be
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short, the mass of a hula-hoop is light, and the viscous damping coefficient c2 of a generator is
small. However, a small viscous damping coefficient means less power generation.

Figs. 7(a) and (b) show that these devices control the amplitude near the resonance point of the
main system. This result is well in agreement with the experimental result of Fig. 2 qualitatively. It
is the strong point of this device that although the vibration control region is narrow, this device
can generate power as described in the following section.

When the external force P is 2 N and two hula-hoops rotate, the hula-hoops can rotate to the
higher frequency than in the case in which P is 3 N and the four hula-hoops rotate. This numerical
computational result is in good agreement with the experimental result. On the other hand, the
amplitude of the main system at the resonance is controlled only to about one half, when P is 2 N:

Moreover, in the numerical calculation, the solution that hula-hoops rotate without
synchronizing with the external force was found. The bifurcation diagram that a stable periodic
solution shifts to unstable in the case of P ¼ 2 N is shown in Fig. 8. The Poincare sections of the
hula-hoop at f ¼ 17:0 and 17:05 Hz are shown in Figs. 9(a) and (b), respectively. In Fig. 8, the
ordinate is the non-dimensional angular velocity of a hula-hoop at the moment that the phase of
the external force is zero, and the abscissa f is the frequency of the external force. The ordinate
and the abscissa in Fig. 9 are the non-dimensional angular velocity and angle of the hula-hoop,
respectively, at the moment that the phase of external force is zero. The absolute values of the
characteristic multiplier at f ¼ 16:91 Hz are 1 in complex. The maximum Lyapunov exponent
keeps zero until f ¼ 17:04 Hz; and that at f ¼ 17:05 Hz is 0.007. Thus, in the numerical
calculation, if the frequency of the external force is increased, the periodic solution becomes
aperiodic solution at f ¼ 17:04 Hz by Hopf bifurcation, and it changes to chaos and finally the
hula-hoops stop. Yet, such bifurcation was not able to be made definite in the experiment. When
the solutions are the almost periodic motion or chaos, the averaged amplitudes for 100 periods of
external force are shown as the solid thickest line in Fig. 7.
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3.5. Generation of electricity

The amount of power generation calculated numerically is shown in Fig. 10. This amount of
power generation is calculated using Eq. (18). Namely, the numerically integrated value is
multiplied by the efficiency of the generator. Moreover, in the situation of chaos, the averaged
amounts of power generation for 100 periods of external force are adopted. In the figure, it is
made clear that the generated power is proportional to the second power of the external frequency
shown as Eq. (16). These results for P ¼ 2 and 3 N are in good qualitative agreement with the
experimental results shown in Fig. 3.

Regarding the resonant point, as the amplitude of the main system at the point is large, the
hula-hoops rotate easily, and the large capacity generator can be rotated at the point.
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4. Conclusion

From the experiment and the numerical calculation, the following were made clear:

(1) When a number of devices are used, the optimum quenching according to the amplitude of
the external force is possible by varying the number of rotating hula-hoops. Moreover, the
component of the centrifugal forces which are perpendicular to the direction of the external
force are cancelled by a set of devices.

(2) The operating curve was shown by composing the resonance curve of the rotating hula-hoops
and that of non-rotating hula-hoops.

(3) Generated electric power is proportional to the second power of the external frequency.
(4) The experimental and the numerical results were in good qualitative agreement with each

other.
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