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Abstract

The paper states how to stabilize the periodic motions of a linear, non-positively damped system of single
degree of freedom through the use of delayed state feedback. The study indicates that the delayed state
feedback works in certain frequency ranges. For a linear undamped system of single degree of freedom, the
delayed displacement feedback is able to stabilize almost all periodic motions of the system provided that
their fundamental frequencies are higher than the natural frequency of the system, but it only works in a
series of narrower and narrower frequency bands lower than the natural frequency. The introduction of
delayed velocity feedback can remarkably enlarge the working frequency ranges of delayed displacement
feedback. However, even the delayed state feedback cannot stabilize a periodic motion if the corresponding
period is an integral multiple of the natural period of system.

The criteria of stability switches prove to be a powerful tool to analyze the stabilization problem of a
linear system. However, the stabilization of a linear undamped system of single degree of freedom with
delayed velocity feedback only is a degenerate case where the available criteria of stability switches fail to
offer any useful information. A detailed study in the paper reveals the complexity of the degenerated case,
where the stabilization conditions can be identified according to the second order derivative of the real part
of an arbitrary characteristic root.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

When a dynamic system is subject to a periodic excitation, a periodic motion may come into
being, asymptotically stable, critically stable or unstable. In engineering, it is usually required to
stabilize an unstable periodic motion or a critically stable periodic motion by using proper
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control. The stabilization problem has a fundamental importance in engineering, and hence the
stabilization of periodic motions of dynamic systems has drawn much attention over the past
decades. Since the seminal idea proposed by Ott et al. [1], many studies have been made on
directing the chaotic motion of non-linear dynamic system to an unstable motion embedded in the
strange attractor such that the chaotic motion can be utilized. Among the current techniques of
stabilization, the delayed feedback proposed by Pyragas looks very simple, but works effectively
[2]. This technique has drawn much attention and found various applications [3,4].

When any delayed feedback is introduced, even a linear system of single degree of freedom
becomes a dynamic system of infinite dimensions, and the corresponding stability analysis is much
more complicated. Hence, it is far from an easy task to stabilize the periodic motion of a linear
system through the use of delayed feedback. In a recent letter [5], Le-Ngoc discussed how to
determine the stability chart on the plane spanned by time delay and displacement feedback gain
for a linear system of single degree of freedom. Krodkiewski and Faragher tried to determine the
gains of delayed state feedback numerically and applied their approach to stabilizing the periodic
motion of helicopter rotor blades [6,7]. In practice, however, their approach may not always work.
In fact, the mechanism of delayed control has not yet been fully understood even for a linear
dynamic system of single degree of freedom. Furthermore, the current studies on the stability of
delayed dynamic systems do not reveal any concise relations that engineers may be interested in.
For example, for a linear dynamic system, the current stabilization conditions do not provide any
relations in terms of the physical parameters of the system.

The objective of this study is to gain an insight into the stabilization problem of a linear non-
positive damping system of single degree of freedom by using delayed state feedback in order to
improve the stability of its periodic motions. The study focuses on the analytic conditions of
stabilization on the basis of theory of stability switches of delayed dynamic systems [8,9], and
gives some concise conditions for the stabilization. The peculiarity of the study is that all the
stabilization conditions are given in terms of the physical parameters of the system.

2. A stabilization problem of delayed state feedback

The study begins with a linear non-positive damping system of single degree of freedom subject
to the excitation of period T as follows:

mx(t) + cx(t) + kx(¢t) = f (1), fO=fet+T), T=>0, (1)

where m > 0, k > 0 and ¢<0. As well known from the theory of linear vibration, the motion x(¢) of
the system includes two parts. One is the periodic motion X(¢) of period T owing to the periodic
excitation f(¢). The other is a kind of non-decaying motion since ¢<0 holds. Thus, the periodic
motion X(¢) is not asymptotically stable and the motion x(¢) of system does not settle down to the
periodic motion X(¢). To improve the asymptotical stability of %(¢), a state feedback with time
delay T is introduced so that Eq. (1) reads

mx(t) + cx(t) + kx(t) = f(t) + u[x(t) — x(t — T)] + v[x(t) — x(t — T)], 2)
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where u, ve R are feedback gains of displacement and velocity, respectively. It is obvious that the
delayed state feedback does not affect x(7), but the disturbance around X(z) only. That is, the
control force appears only when the motion of system deviates from the periodic motion X(7).

The disturbance Ax(#) near the periodic motion X() yields a linear delay differential equation as
follows:

mAx(t) + cAx(t) + kAx(t) = u[Ax(t) — Ax(t — T)] + v[Ax(¢t) — Ax(t — T)]. (3)
The stability of Eq. (3) is governed by the eigenvalue problem of following quasi-polynomial
D, T)=mi* 4+ (c —v)d+ (k —u)+ w+vd)e T = PO)+ 0(2)e 1. (4)
To deal with the above eigenvalue problem, let
Pr(w) = Re P(iw) = k —u — mw?, Pr(w) = Im P(io) = (¢ — v)o,
Or(w) =Re Q(iw) =u, Qr(w)=1Im Q(iw) = vw (5)
and define the following polynomial as in Refs. [8,9]:
F() = PR(©) + Pi(0) - Q) - 07(®)
=(k —u— mo*)* + (c — v’ — u* — ¥’
=m’o* + 2m(u — k) + (¢ — 2cv)|o® + k* — 2ku. (6)

As analyzed in Refs. [8,9], the linear delay differential equation (3) does not switch its stability if
F(w) has no real roots. That is, the periodic motion X(¢) is not asymptotically stable for any period
T. The key to stabilize the periodic motion %(f) is to properly design the feedback gains u,ve R!
such that F(w) has at least one simple positive root and the linear delay differential equation (3)
gains stability through stability switches [8,9] with variation of the time delay.

For simplicity in mathematics, this study focuses on the case when ¢ = 0. In general, the study
in the case of ¢<0 involves no surmounting difficulty by nature. In the case of ¢ = 0, the periodic
motion %(¢#) of uncontrolled system is critically stable, and the polynomial F(w) becomes

F(w) = n?o* + 2m(u — k)w? + k> — 2ku. (7)
It has two positive real roots w;» as follows:
1 1
0}y = = [k — u) £\ 4n2(u — K — dp2( — )] = — (k — utu), (8)
’ 2m m
namely,
k—2 k
w? = u, 0} =—, u<0;
m m
k
w%:a)gzn—q, u=70;
-2
w%:E, a)%:k u’ O<u<§. 9)
m m 2

Because these roots are independent of the velocity feedback gain, the following sections deal with
the systems with delayed displacement feedback first, and then with those equipped with delayed
state feedback and with delayed velocity feedback only, respectively.
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3. Delayed displacement feedback
3.1. Negative feedback of delayed displacement (u<0, v=20)

Given the two positive real roots ;> of F(w), as shown in Refs. [8,9], Eq. (3) has following two
sets of critical time delays determined from Eq. (4):

012+ 2rn

11’2,,: }":0,1,2,..., (10)
w12
where
mw? 5 +u—k
sinfj, =0, cosl= 127 (11)
Substituting a)i2 in Eq. (9) when u<0 into Eq. (11) gives 8; = n and 0, = 0 such that
m m
F=02r+1 —_— F=2 —, r=0,1,2,... . 12
T, = Qr+ = y— T rn\/; r=20 (12)
Noting
F'(0) = 4mo(ma?® + u — k), (13)
one arrives at
Fl(w) = —4mwu>0, F'(w)=4mwru<0. (14)

These two inequalities imply that a pair of roots of D(/, T') is crossing the imaginary axis from the
left complex plane to the right complex plane with an increase of time delay 7" around 1, whereas
a pair of roots of D(4, T) comes into the left complex plane from the right complex plane with an
increase of time delay 7" around t,,. Because the periodic motion of system without the time delay
is critically stable since ¢ = 0, i.e., D(4,0) has a pair of pure imaginary roots, it is easy to see that
the pure imaginary roots become the roots with negative real parts when 7 €(0,7;9) so that the
periodic motion of system is asymptotically stable. Eq. (12) indicates that the relation 7,1 —
T1,<Tar+1 — T2y holds. Therefore, D(/, T) must have the roots with positive real parts with an
increase of time delay 7 such that the periodic motion of system becomes unstable at last.

It is obvious that the choice of displacement feedback gain u enables one to reach different
rankings of 7, and 1,,, and to adjust the distribution of roots of D(4, T) as well. To demonstrate
this fact, two examples are discussed as following.

The first example is the case when u = —3k /2, which leads to the following two sets of critical

time delays:
_r jm _ 3 Jm _on jm _Tn Jm
T10—2 k’ Tll_ 2 k, le_ 2 k, ‘513_ 2 ka"'s
m m m
T =0, 13 = 2n\/%, Ty = 471\/%, T3 = 671\/%, e (15)

These time delays can be ranked as

O:T20<T10<T11<‘L’21<’L’12-'- . (16)



H.Y. Hu | Journal of Sound and Vibration 275 (2004) 10091025 1013

According to Egs. (14) and (16), it is easy to find that when T e(0,79), Eq. (4) has a single
pair of roots with negative real parts so that the periodic motion of system is asymptotically
stable. When T is passing through 719, a pair of roots with positive real parts emerges because
F’(w1) > 0 holds. Hence, Eq. (4) has a pair of roots with positive real parts for all T e(zy9, 711).
When T is passing through 7y, Eq. (4) gains the second pair of roots with positive real parts when
T e(t11,721). When T is passing through each value of the critical time delays, the system either
reduces or increases a pair of roots with positive real parts, but the number of reduced pairs is less
than that of added pairs. As a result, the periodic motion of system is unstable if T e(ty9, + o0).
Fig. 1 shows two numerical studies of asymptotically stable motion and unstable motion,
respectively.
In the second example, u = —k/2 gives rise to two sets of critical time delays

m m m

_L\/@ _3n m _Sn fm _Tn m
Tlo—\/5 © T11—\/5 © le—\/5 © T13—\/5 PR
m

Ty0 = 0, T2 = 27‘6\/—%, Ty = 47'[\/—%, T3 = 6713\/%, e . (17)

The following ranking

0:‘C20<T10<‘C21<111<‘L'12<‘C22"- (18)

indicates that the periodic motion of system is asymptotically stable (see Figs. 2a and ¢) when
Te(0,719) and T e(121,711), and that it is unstable (see Figs. 2b and d) if T e(r19,721) and
T e(ty1,+0).

Eq. (12) implies that the larger the displacement feedback gain u, the wider the interval (0, 71¢),
where the periodic motion is asymptotically stable. The upper limit of the right endpoint of this

interval is max(ty9) = limy_,o— m\/m/(k — 2u) = n\/m/k. Thus, the real parts of a pair of roots of
D(A, T) will approach to zero when u— 0— provided that 7' €(0,n\/m/k) holds.

0.15-
0.104
0.05-

0.00+

dax/dt

-0.05-

-0.10

-0.15

(@ t (b)

Fig. 1. The velocity variation of a periodic motion under delayed displacement feedback subject to an initial
disturbance Ax(0) = 0.1 m/s when /m/k=10s, u=—-15N/m: (a) T =1.5s€(0,719)~(0,1.571) and (b) T =
1.6 SE(Tlo,T11)%(1.571,4.712).
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Fig. 2. The velocity variation of a periodic motion under delayed displacement feedback subject to an initial
disturbance Ax(0) = 0.1 m/s when m/k=10s, u=-05N/m: (a) T =1.5s€(0,110)~(0,2.221), (b) T =
2.5 s€(t10,721)~(2.221,6.283), (¢) T = 6.4 se(121,711)~(6.283,6.664) and (d) T = 7.0 se(z11,712) ~ (6.664,11.11).

3.2. Positive feedback of delayed displacement (0<u<k/2,v=0)

In this case, the roots w;» in Eq. (9) lead to the following two critical time delays:

m m
Ty, = 2;’77:\/%, T = (2r + Dy /m, r=0,1,2, ... . (19)

Fl(w1) = dmou >0, F'(w;) = —4mwu<O0. (20)

Eq. (13) gives

A pair of roots of D(A,T) comes into the right complex plane from the left complex plane
with an increase of time delay 7 around 7{,, while a pair of roots of D(4, T) comes into the left
complex plane from the right complex plane with an increase of time delay 7T around 7.
Especially for Te(0,ty), D(4, T) gains a pair of roots with positive real parts such that the
periodic motion of system is unstable. When T = 15, this pair of roots comes back to the
left complex plane so that the periodic motion becomes asymptotically stable again. Eq. (19)
indicates the relation 7y, — 71, <7241 — T2. Hence, D(4, T) must have the roots with positive
real parts with an increase of time delay 7. That is, the periodic motion of system looses the
stability at last.
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An example of positive feedback of delayed displacement is u = k/4, which leads to the two sets
of critical time delays

m m m
110:0, T11 :27'5\/%, ’L'12:4TC\/;, ‘513:67'5\/%,...,
T2 = \/ETC\/%, T2 = 3\/57‘6\/%, Ty = 5\/57‘5\/%, T3 = 7\/57'5\/%, (21)

and the following ranking

0=‘510<’Ezo<‘[11<‘512<121<“' . (22)

As a result, the periodic motion of system is asymptotically stable when T e€(ty,711), and it is
unstable when T (0, t59) or T €(t11, +0).

Eq. (19) shows that the smaller the displacement feedback gain u, the wider the interval (15, 711),
where the periodic motion is asymptotically stable. The lower limit of the left endpoint of this
interval yields min(ta9) = lim, o+ m\/m/(k — 2u) = n/m/k. Hence, the negative real parts of a
pair of roots of D(4, T') will approach to zero when u— 0+ if T e(n\/m/k,2n+/m/k). Similarly, the
positive real parts of a pair of roots of D(/A, T') will approach to zero when u— 0+ if T €(0, t\/m/k).

3.3. Discussions

As analyzed above, the periodic motion of system with u<0 is asymptotically stable when
T €(0,m\/m/(k — 2u). The upper limit of the right endpoint of this interval reads n\/m—/k. For
0<u<k/2, the periodic motion of system is asymptotically stable if 7€ (n\/m/(k — 2u), 2n\/m/k).
The lower limit of the left endpoint of this interval is m1/m/k. These two facts imply that it is possible
to choose proper feedback gain u of delayed displacement to improve the stability of the periodic
motion of system when T e (0, 2n\/m—/k) except for the case when T = n\/rm. In terms of

frequency, the natural frequency of system (1) is f, = (2n) ' /k /m and the fundamental frequency f;,
of a periodic motion is the reciprocal of the period 7', namely, f, = 1/T. It is quite straightforward to
conclude that the delayed displacement feedback is able to stabilize almost all periodic motions,
except for the periodic motion with the fundamental frequency f, = 2f,, provided that their
fundamental frequencies are higher than the natural frequency of system.

The analysis in Section 3.1 also enables one to stabilize the periodic motion in some frequency
bands lower than the natural frequency through proper choice of negative feedback of delayed
displacement if T > 2n\/m/k. To demonstrate this fact, one can substitute u = —¢k, 0<e<1 into
Eq. (12) and obtains

m Q2r+ D /m m
r=Qr+ Dmy/ = —, F=2 —, =0,1,2,... . 2
1, =Qr+ n T ek T V& T2 rn\/; r=20 (23)

The ranking of 7, and 15, enables one to see that the periodic motion is asymptotically stable
when T e(ty,11,) as long as r<1/(24/1+ 2¢ — 2) holds. For example, ¢ = 0.1 gives a bound
r<5.239. That is, the periodic motion of system is asymptotically stable when T e(ta,,71,),
r=20,1,2,3,4,5. Fig. 3 illustrates an asymptotically stable case and an unstable case, respectively.
In those case studies, the absolute value of the displacement feedback gain is very small so that the
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Fig. 3. The velocity variation of a periodic motion under delayed displacement feedback subject to an initial
disturbance Ax(0) = 0.1 m/s when +/m/k=10s, u=—0.1 N/m: (a) T =31.5se(t25,715)~(31.42,31.55) and
(b) T = 37.0 se(t1s,116) ~ (31.55, 37.28).
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Fig. 4. Stability chart of periodic motions under delayed displacement feedback when n\/m/k = 1.0 s.

disturbance decays or diverges quite slow. That is, the frequency range can only be enlarged at the
cost of decreasing the effect of stabilization.

To intuitively show the relation between the period T of a periodic motion and the
displacement feedback gain u, it is possible to plot the stability chart as shown in Fig. 4 according
to Egs. (12), (14), (19) and (20). The number in each small region in Fig. 4 represents the pair
number of roots of D(4, T), which have positive real parts. In the regions marked by 0, the
periodic motion of system can be stabilized. Fig. 4 indicates again that the delayed displacement
feedback is able to stabilize almost all periodic motions if their periods satisfy T #rny/m/k,
r=0,1,2,... .

Furthermore, Fig. 4 shows that a periodic motion undergoes a number of stability switches with
an increase of its period 7 if the absolute value of displacement feedback gain is relatively small.
For u<0, Eq. (12) gives 139 <tj9. The periodic motion of system undergoes 2r 4 1 stability
switches when 1,5, <7, <7|,+1 <T2-+1 holds with an increase of r. Substituting Eq. (12) into the
conditions 7y, <7y, and 71,1 <7241 yields

@i Dk_ o (rt Sk

, r=0,1,2,..., 24
8r 8(r+1)° 29
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which enables the periodic motion of system to undergo 2r+ 1 stability switches. Similarly,
Eq. (19) gives 119 <139 when u > 0. With an increase of r, the periodic motion of system undergoes
2(r 4+ 1) stability switches when 1, <7, <7Ti,41<Tir12<T2,+1 holds true. The substitution of
Eq. (19) into the conditions 75, <7y,41 and 71,17 <7241 leads to
dr +77 4r +3
shk<u< 5
8(r+2) 8(r+1)

Under this condition, the periodic motion of system undergoes 2(r + 1) stability switches.
Obviously, no stability switch occurs if u > 3k /8 holds. That is, the delayed displacement feedback
in this case is unable to stabilize any periodic motions.

Given the period T of a periodic motion, the above analysis, with help of those regions marked
by 0 in Fig. 4, enables one to choose a proper feedback gain u of delayed displacement to stabilize
the periodic motion.

k, r=0,1,2,3,... . (25)

4. Delayed state feedback (uv+#0)

This section deals with the case when combined feedbacks of delayed displacement and delayed
velocity are introduced. If v#0, 0;, in Eq. (10) yields [8,9]

va)l,z(mwiz —k) u(mw%’z —k+u)+ vzwiz

sin 01,2 = , COS 91,2 =

26
u? + o, (26)

u? + o,
Substituting wi, in Eq. (9) into Eq. (26) gives

0, =0, 0,=0, u<0: 0,=0,=0, u=0; 0,=0, 05=0, 0<u<§; 27)
where 0 yields

sinf0 = —

2uvy/m(k — 2u) o5l — v (k — 2u) — mu? (28)
mu* + vk — 2u)’ —omu® + v (k — 2u)

Let 0 be a function of state feedback gains (u,v) and denote it by 0(u, v). It is easy to derive the
partial derivatives of 0(u, v) from Eq. (28)

o0 duv*m(k — u) o0 dPvy/m(k — 2u)

ou uv/m(k — 2u)[mu® + v2(k — 2u)]  Ov  uv[mu® 4 v*(k — 2u)]

For u<0, Eq.(29) indicates that O(u,v) is monotonically decreasing with respect to wv.

Hence, O(u,v) yields lim,._ . O(u,v) =2n, O(u,—+/mu*/(k —2u)) = 3n/2, 0Ou,0)=rmr,

O(u, /mu?/(k — 2u)) = n/2 and lim,_, . O(u,v) = 0. Obviously, the range of O(u,v) with a

variation of v enables one to enlarge the working range of delayed displacement feedback. For

instance, in the case of 7' = n\/m/k when the delayed displacement feedback does not work,
Eq. (10) gives two sets of critical time delays

11, = (0 + 2rm) %, Ty = 2rn\/%, r=20,1,2,... . (30)

From Eqgs.(30) and (14), it is possible to choose —k<u<0 and v<O such that
ny/m/k € (ta,710) = (0,0+/m/(k — 2u)) holds and the periodic motion of system is asymptotically

(29)
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Fig. 5. The velocity variation of a periodic motion under delayed state feedback subject to an initial disturbance
A%(0) = 0.1 m/swhen \/m/k=10s, T =3.142s:(a)u=—0.125N/m, v=-0.112 N s/mand (b)u =0.125 N, v =
—0.144 N s/m.

stable. Fig. 5a demonstrates the case when u = —k/8 and v = —y/mu?/(k — 2u), which result in

110 = Bn/\/5)/m/k > n\/m/k.

For O0<u<k/2, Eq.(29) shows that 6(u,v) is monotonically increasing with respect to v.
Thus, O(u,v) yields lim,._, O@w,v)=0, O, —+/mu?/(k —2u)=mn/2, 0u,0)=mn,
O(u, /mu?/(k — 2u)) = 3n/2 and lim,_, ., O(u,v) = 2n. According to the following two sets of
critical time delays given by Eq. (10):

m m
r:2 ) r = 2 ) = ,1,2,... 1
] m\/; 7o, = (0 + 2rm) o 0 (31)

and Eq.(20), one can choose O<u<k/2 and wv<0 such that = /m/ke(ty,111)=
(9\/ m/(k — 2u), 27'5\/ m/k) holds true and the periodic motion of system is asymptotically stable.
Fig. 5b shows the case when u=k/8 and v=—\/mu?/(k—2u), which give 15 =
(/3 /m/k <m\/m/k.

Given the velocity feedback gain v, one can first obtain the relation between 0(u, v) and u from
Egs. (28) and(29), and then substitute it into Egs. (30) and(31) to derive the relation between 1,
and u, and the relation between 75, and u. Plotting the curves of 7;, and t,, with respect to u in
Fig. 6, one determines the number of roots of D(4, T') with positive real parts in each small region,
and finally obtains the stability charts for different combinations of state feedback gains. Like Fig.
4, the number in each small region in Fig. 6 represents the pair number of roots with positive real
parts. In the regions marked by 0, the periodic motion of system can be stabilized. The
comparison between Figs. 4 and 6 indicates that the addition of delayed velocity feedback
remarkably enlarges the stability regions. For a strong delayed velocity feedback, it is possible to
stabilize any periodic motion if its period yields 7'#2rn\/m/k, r =0,1,2, ... no matter whether
the delayed displacement feedback is positive or negative.

5. Delayed velocity feedback (z = 0, v#0)

Eq. (9) shows that F(w) has two repeated roots w; = wy = \/k/m when u = 0. Meanwhile,
Eq. (13) gives F'(w12) = 0 in this case. Hence, the system with delayed velocity feedback only is a
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Fig. 6. Stability charts of periodic motions under delayed state feedback when n\/m/k =1.0s: (a) v = —0.01,
(b) v=—0.1, (¢) v=—1.0, (d) v = 0.01, (¢) v = 0.1 and (f) v = 1.0.

degenerated case where the method in Refs. [8,9] fails to analyze the stability switches of Eq. (3).
For this reason, a direct analysis will be made in this section for the relation between the feedback
gain v of delayed velocity and the stabilization condition o <0, with 4 = « + iw being an arbitrary
characteristic root of Eq. (4).
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Substituting ¢ =0, u =0 and 1 = o + iw into Eq. (4) yields
D(x + iw, T) = m(a + iw)* + k + v(a + iw)[e" @7 — 11=0, (32)
where one obtains corresponding real and imaginary parts:

m(o? — w?) + k — vo + vae ™7
ol

ol

coswT + vwe ™ sinwT =0,

2mow — vor + vwe ! cos T — voe *T sinwT = 0. (33)

“Tsin wT, one has

(mo — v)(e + »?) + ko
B v(o? + w?)
olm(o? + o?) — k]

v(o2 + w?)

For the critical time delays T =1, = 2rny/m/k, r=0,1,2, ..., which are determined from
Egs. (27) and (30), and an arbitrary feedback gain v of delayed velocity, it is easy to verify that
(o, ) = (0, ++/k/m) are two roots of Eq.(34). That is, Eq. (32) always has a pair of pure
imaginary roots in this case. This fact, which coincides with Eq. (9), indicates again that the
delayed velocity feedback is unable to stabilize any periodic motion if the period satisfies 7 =

1, =2rny/m/k, r=0,1,2... .
For T#1, = 2rn\/m/k, r=0,1,2, ..., the possibility of stabilization is analyzed as follows.
Eq. (34) can be recast, with help of triangle relations, into

Gi(o, w) = 1?0 + 0?)’e 2T — {[(ma — v)(e® + &) + ka]? + o’ [m(e? + w?) — k]*} =0,
wlk — m(e? + @?)]

Solving Eq. (33) for e *"cos T and e~

e T coswT =

B

e TsinwT =

(34)

G =t T— = 35
2o, ) = tan o (mo — v)(0> + w?) + ko (35)

Furthermore, Gy(a, ) = 0 can be rewritten as
2T _ ar — 2ayow (36)

(2 4+ )
where

a; = m(o? + o) + k>0,

ar = maP(mo? + 2maw?® + 2k) + (k — mw*)*=0. (37)

Egs. (36) and (37) result in the fact that « <0 holds if v<0. Otherwise, if for any v* <0 there is an
o* >0 such that Eq. (36) holds, then either T = 1, = 2rn\/m/k holds for some integer r if «™* = 0,
ore 2T <1 and 1+ (ar — 2a10*v*) /[(«*)* + w?](v*)> > 1 for o* > 0. These two cases contradict
either T#1, = 2rny/m/k, r=0,1,2, ... or v* <0 and Eq. (37). The above analysis indicates that
the stabilization condition <0 holds for an arbitrary root of Eq. (32) when the negative feedback
v<0 of delayed velocity is put into use. However, either o > 0 or « <0 may be true when v > 0. To
illustrate these results, the root (o, @) of Gi(«, w) = 0 on the complex plane is shown in Fig. 7 for 6
typical cases.

In what follows, a further analysis needs to be made for the case when v > 0. The analysis begins
from the special case when the period 7T is extremely short. As proved in Ref. [8], || should be a
very small quantity in this case since two roots of Eq. (32) are just slightly perturbed from the pure
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Fig. 7. Root (2,w) of Gi(a,w)=0 on the complex plane for 6 typical values of v when +/m/k=1.0s,
c=0, u=0, T=1,~26284s: (a) v=-02 (b) v=-0.1, (c) v=-0.08, (d) v=02 () v=03182~2m/T,
and (f) v = 0.4.

imaginary roots (o, ) = (0, ++/k/m). This fact gives rise to e >*7 x~ 1, and 2a 00~ ay follows.
Consequently, sgn v = sgn o holds. Hence, the stabilization condition o< 0 fails to hold for any
root of Eq. (32) if v > 0 and T is very short. When T increases, the periodic motion keeps unstable
provided that T varies in (0,7;), and it may undergo a stability switch only when T is passing
through a critical time delay 7, = 2rn\/m/k, r = 1,2, ... .

To examine the case when 7 is passing through a critical time delay t, = 2rn\/m/k,r = 1,2, ...,
let the roots of Eq. (32) be the functions in period 7" and denote them by 1,(7T), i = 1,2, .... Then,
there exists at least one root A7) of Eq.(32) such that Re/i(r,) =0 holds. Moreover,
straightforward computation from Eq. (32) gives

d(Re 4;
d(Re 1)) =0, 2m —vt, = 2(m — rnvy/m/k)#0, r=1,2, ... (33)
dr (0, T)=(+/ k/m,z;)
and
d*(Re /; 4
( 62 ) _ mkv - mkv . 12 (39)
dT (0,T)=(+/ k/m,,) (2m - UTV) 2(m — IOy, m/k)
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If |T — 7,| is very small, the following Taylor approximation for Re 4;(T") holds
4mkv

Re 1(T)~
/(7 2m — vt,)

(T —1), r=12 ., (40)
provided that 7, #2m/v. Assume that 7« |, <2m/v<t,x. Then at the neighborhood of the critical
time delay 7,, r = 0,1, ..., 7* — 1, the branch of characteristic root 2;(T') given by Eq. (40) satisfies
Re 4;(T)>0. Hence, the branch of Re 4;(T) comes from the right half-complex plane when T
approaches any critical time delay 7, for r<r* — 1, grazes the imaginary axis when 7 = 7,, and
returns to the right half-complex plane again when T leaves t,. This case is demonstrated in Fig. 8
for three typical time delays near 1; = n. On the other hand, at the neighborhood of a critical time
delay 7, for r>r*, the branch of characteristic root 4,(T) always satisfies Re 2;(7) <0. As shown in

@ @ @
14 \ 141 144
12 1

* 1
0.8 08- 0.8-
/ 3

02 04

04 02 02 0.4 04 02 04 02 0 02 04

24 24

(@) (b) (©)

Fig. 8. Distribution of roots A = o + iw, i.e., the intersections of thin curve Gj(x, w) = 0 and thick curve G(x, w) = 0,
near (0,4/k/m) on the complex plane with a variation of period 7 around 7t;~6.284s, when
Vm/k=10s, ¢=0, u=0, v=02Ns/m<2m /11: (@) T=6.0s,(b) T =1x6284sand (c) T =6.65s.
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Fig. 9. Distribution of roots 1 = o + iw, i.e., the intersections of thin curve G(o, w) = 0 and thick curve Gy(a, w) =0,
near (0,4/k/m) on the complex plane with a variation of period 7 around 7t;~6.284s, when
Vm/k=10s, ¢c=0, u=0, v=04Ns/m>2m /t;: (@) T=60s, (b) T =1,~6.284sand (c) T =6.6s.
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Fig. 10. Distribution of roots A = « + iw, i.e., the intersections of thin curve G;(o, ®) = 0 and thick curve G>(x, w) = 0,
near (0,y/k/m) on the complex plane with a variation of period 7 around 7.=6.284s, when
vm/k=10s, ¢=0, u=0, v=0.3182Ns/m~2m /t.:(a) T=6.0s, (b) T =1.=6.284sand (c) T = 6.6s.

Fig. 9, the branch of Re 4;(T) in this case grazes the imaginary axis from the left half-complex
plane when T is passing through 7,. As a result, if 7, #2m/v holds for all r = 1,2, ..., the number
of characteristic roots, of Eq. (32), with positive parts does not change with an increase of
period T from zero to the positive infinity. Therefore, if the positive feedback gain v is chosen
not to be 2m/t, for any r=1,2, ..., then the periodic motion with period T #7, is always
unstable.

Now, the final attention is paid to the case when v is chosen to be 2m/t, for a specific critical
time delay t,, denoted by 7.. In this case, d(Re 4;)/dT and d*(Re 2j)/d T? do not exist at the critical
time delay. The singularity of d(Re 4;)/dT and d*(Re 4;)/dT? implies the occurrence of a local
bifurcation of 4;,(T) or Gi(v;, ;) = 0 with respect to 7" or v as shown in Fig. 7e. The roots of
Eq. (32) near («, w) = (0, \/k/m) are shown on the complex plane in Fig. 10 with the variation of
period T near t., where 7, = 2m/v = n. Obviously, Eq. (32) has two repeated roots 4; = 4; =

iy/k/m on the imaginary axis when 7 = 1, = 7 in Fig. 10b. When the period 7" deviates from .,
one of the roots of Eq. (32) leaves the axis for the left half-plane, and the other for the right half-
plane, as shown in Figs. 10a and c. In other words, two solution branches of Eq. (32) are getting
closer and closer from the left half-plane and the right half-plane, respectively, when the period T

approaches to 7., and collide each other at (o, w) = (0, /k/m) when T = z,.

In summary, the negative feedback of delayed velocity is able to stabilize the periodic motion
provided that the period yields 7'#t, = 2rny/m/k, r = 0,1,2, ..., while the positive feedback of
delayed velocity fails to stabilize any periodic motions.

To demonstrate the above analysis, Fig. 11 gives two case studies, one is asymptotically
stable and the other is unstable. Fig. 12 demonstrates the control effect when the periods of
periodic motions are relatively long. In Fig. 12a, the period is not any integral multiple of
natural period of system so that the periodic motion is stabilized. In Fig. 12b, however,
the period is 4 times of 2x, the natural period of system. Hence, the delayed velocity feed-
back can only keep the critical stability of periodic motion, and fails to stabilize the periodic motion.
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Fig. 11. The velocity variation of a periodic motion under delayed velocity feedback subject to an initial disturbance
Ax(0) = 0.1 m/s when \/m/k =1.0s, T =3.142s: (a) v=—0.1 N s/m and (b) v =0.1 N s/m.
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Fig. 12. The velocity variation of a periodic motion under delayed velocity feedback subject to an initial disturbance
A%(0) = 0.1 m/s when \/m/k=1.0s, v=—-0.1Ns/m:(a) T =28.0sand (b) T =25.13 s~8x s.

6. Conclusions

The delayed state feedback is an effective technique to improve the stability of periodic motions
of a linear system with non-positive damping. The present study indicates that the working range
of this technique does not cover the whole frequency domain. For a linear undamped system of
single degree of freedom, the delayed displacement feedback can stabilize almost all periodic
motions provided that their fundamental frequencies are higher than the natural frequency of
system, but it only works in a number of narrower and narrower frequency bands lower than the
natural frequency. The introduction of delayed velocity feedback can remarkably enlarge the
working frequency ranges of delayed displacement feedback. Nevertheless, even the delayed state
feedback is not able to stabilize any periodic motion if its period is an integral multiple of the
natural period.

The criteria, based on the first order derivative of the real part of a characteristic root, of
stability switches prove to be a powerful tool to analyze the stabilization problem and to plot the
stability charts. However, the stabilization of a linear undamped system of single degree of
freedom with delayed velocity feedback only is a degenerate case where the available criteria
of stability switches fail to offer any useful information. In this case, the second order derivative of
the real part of an arbitrary characteristic root plays an important role in identifying the trend
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of the real part of the characteristic root with respect to the system parameters, and enables one to
sort out the stabilization conditions.

Finally, Eq. (3) also describes the regenerative chatter in some processes of metal cutting and
the above conclusions are useful for the suppression of regenerative chatter.
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