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Abstract

In the moderately large deflection plate theory of von Karman and Chu—Herrmann, one can formulate
dynamic equations of a thin plate by considering either the transverse and in-plane displacements, w—u—v
formulation, or the transverse displacement and Airy function, w—F formulation. Previously, for a simply
supported plate we have investigated the Hamiltonian property of modal equations obtained by the
Galerkin representation under w—u—v and w—F formulations. We extend here such investigations to a
rectangular clamped plate with similar conclusions. That is, the modal equations of w—F formulation are
Hamiltonian and hence energy conserving at any order of truncation. On the other hand, the corresponding
modal equations of w—u—v formulation do not conserve energy when only a small number of sine terms are
included in the in-plane displacement expansions.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

The classical linear plate theory deals exclusively with the inertia and plate bending of
transverse displacement w. Beyond that, the so-called non-linear theory of von Karman and
Chu-Herrmann [1] incorporates the first order effects of in-plane displacements u and v, which
give rise to membrane stretching. The three displacement equations for w, u, and v are called
w—u—v formulation of a moderately large-deflection plate theory [2]. For a thin plate, it is
customary to ignore the inertia of in-plane displacements in comparison to the transverse motion.
This then permits us to replace the two in-plane static equations for # and v with a compatibility
relation for the Airy stress function F, and hence the alternate w—F formulation. Although the
w—u—v and w—F formulations are equivalent in theory, they are not in practice. This is because
w, u, v, and F must all be expressed by a finite degree-of-freedom representation by whatever the
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means chosen for actual computations, such as the Galerkin representation, finite difference, and
finite element. In Ref. [3], we have compared the modal equations of two plate formulations
derived by the Galerkin procedure for a simply supported plate, and the intent of this paper is to
extend such a comparison to a rectangular clamped plate.

Basic equations of the two plate formulations are briefly summarized (Section 2) in a
dimensionless form for uniformity. Since the plate equations are couched in Hamilton’s
variational principle, the total kinetic and strain (potential) energy must be conserved independent
of the representation for plate dynamics. In the w—F formulation, the modal equations of
Galerkin representation are Hamiltonian, which is a stronger dynamical property than merely
energy conserving. For the simply supported plate [3], plate modes can be formed by a product of
simply supported beam modes which are sine functions. On the other hand, such a simple
construction does not work for a clamped plate, hence the products of clamped-beam modes are
called pseudo-plate modes (Section 3). We can however express the plate modes of clamped plate
by a linear combination of the pseudo-plate modes, and this is what complicates the analysis of a
clamped plate. Nonetheless, the upshot of the present analysis parallels the simply supported plate
case [3]. That is, in the w—F formulation, modal equations are Hamiltonian and hence energy
conserving (Section 4), whereas the modal equations of w—u—v formulation do not conserve energy
when only a dozen of sine terms is included in the in-plane displacement expansions (Section 5).
Previously we have presented a gradual approach to energy conservation of the w-u—v
formulation by successively including more and more sine terms in the in-plane displacement
expansions [3]. However, such successive analyses are not feasible to carry out here, for they
involve too excessive algebraic manipulations.

2. Synopsis of plate equations in dimensionless form

Summarized in Ref. [3] are basic equations of the von Karman—Chu-Herrmann plate theory
for a moderately large deflection. In three plate displacements (i, v, w) along the usual Cartesian
co-ordinates (x, y, z), the classical linear theory considers the inertia and plate bending due to
transverse displacement w only. The non-linear plate formulation of von Karman and
Chu-Herrmann [1] includes the first- order geometric non-linearity of membrane stretching by
the in-plane displacements u and v. For a thin plate, one may ignore the inertia of in-plane
displacement motion along with the rotatory effects [2]. Then, the static in-plane displacement
equations for (u, v) and transverse displacement equation for w constitute the w—u—v formulation
of a moderately large deflection plate. Instead, by combining the static constraints on # and v into
a compatibility relation for Airy function F, one ends up with only the transverse displacement
equation for w and compatibility relation for F, the so-called w—F formulation. For uniformity,
we have normalized in Ref. [3] the plate co-ordinates (x, y) by the plate side L, in x, transverse
displacement w by the plate thickness 4, in-plane displacements (u, v) by h*/L,, Airy stress
function F by D, the stress resultants (Ny, Ny, Ny,) by D/L2, and time ¢ by L2 /n?\/ph/D. Here,
D = EIP/12(1 — v?) is the flexural rigidity, E denotes Young’s modulus of elasticity, p is the mass
density, and v is the Poisson’ ratio. With these normalizations, we find that only the aspect ratio
r=L./L, (where L, is the plate side in y) and v would show up in the dimensionless plate
equations to be presented.



J. Lee | Journal of Sound and Vibration 275 (2004) 649-664 651
2.1. The w—u—v formulation

The dynamic equation for transverse displacement becomes in dimensionless form

*w L+ 1 (o*w I o*w L *w
orr w4\ ox* ox?* 0y? oy*
12 *w *w 5 OPw
(N ox 2+2VNX}8 a +r Nya—yz), (1)
in which the stress resultants (N, N,, Ny,) are governed by the following static equations:
ON, ON,y ON,. ON,
=0 J =0. 2
0x tr oy © o Ox r oy @
Here N, = 0u/ox + vr@v/@y + 2(8w/8x) +5 vrz(ﬁw/ay) = v 0u/0x + rov/dy + 3 v(ow/0x)* +

2(6w/6y) and Ny, = 3(1 —v)(rou/oy + 81)/6x—|— r(@w/@x)(@w/@y)). By writing out Eq. (2) in
detall we have the usual in-plane displacement equations but without the inertia terms:

u +dr262 v dor v +@62_w+ 28w *w n 2811/62
o TN TR e oy T ax ox2 dy 0x Oy ox o2
v, & ow 82w ow & 5 Ow &>
d _+r2_li+d2 u +dl w w w w W (3)

PR R U e e e e e

where d; = (1 —v)/2 and d» = (1 + v)/2. Note that Egs. (1)—(3) are identical to Egs. (10)—(12) of
Ref. [3].

Although Eqgs. (1) and (2) are the starting point of discussion in this paper, it is important to
recall that they have been derived by invoking Hamilton’s variational principle. This involves the

expression for kinetic energy,
1 fow\?
== — ) dxd 4
][5 avan @

and strain energy which we split into the bending strain energy,
o2 Pwotw  , [Pw 2
Uy = +1r'\ 5=
27z4 6x2 ox2 02 0y?

2
201 — w2 ( ai gy) )dx dy, (5)

and membrane stretching strain energy,

6 (! ! (1—v)
U, = ;/0 /0 <ei + 2vece, + sﬁ + > siy> dxdy, (6)

where &, = 0u/ox +3(0w/dx)%, &, =rdv/dy +1r}@w/dy)’, and &y, = rou/dy + dv/dx +
r(0w/0x)(0w/dy). Note that Egs. (4)—(6) are also the dimensionless energy expressions.
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2.2. The w—F formulation

By virtue of N, =r?0*F/dy*>, N, = 0*F/ox* and N,, = —r6*F/0x 0y, we can rewrite the
transverse displacement equation (1) in terms of the Airy stress function F,
Pw 1 o*w , 'w 4 O%w
—atalsat? +r
or? 0x ot ox2 0y? oyt

_12r (82W62F o*w  O*F 8214/62F> 7

N0 “oxopox oy oot

Moreover, two members of Eq. (2) are combined to give a single compatibility relation of the

fourth order,
o*F o'F O*F Pw \°> Pwddw
A, S LS _gwow, 8
"o + 0x2 Oy tr oy* (1=v) ox Oy ox2 0y? ®

Note that Egs. (7) and (8) are Egs. (17) and (18) of Ref. [3], to which the readers are referred for
derivation. Although the expressions for kinetic energy (4) and bending strain energy (5) do not
involve F, it is necessary to express the membrane stretching strain energy (6) in terms of F:

O°F , 0*°F &°F O’F
U = n4<1—v2>/ / <<6x2> e <8y>
2
+2(1 4+ v)r? (5( I;y) )dx dy. 9)

A brief summary of thin-plate equations of the two plate formulations is presented here, and the
readers are referred to Refs. [2,4-6] for detailed discussions.

3. Plate modal functions for a clamped plate

For the Galerkin representation, it is essential that one has access to plate modal functions, or
simply called plate modes, as the basis functions to expand the transverse displacement. For the
simply supported plate [3], we have expanded w =" _ 3> |5 dum (OY,(X)¥,,(») in the first
four symmetric plate modes, where ¥,(¢) = \/5 sin(iné) are the normalized beam modes
with the simply supported beam end conditions, ¥, =y =0 at £ =0 and 1. To simplify
the notations, we let column vectors q = (q1,q2,q3,q4)2(ar1,a13,a31,a33) and ® =
(@1, B2, B3, )2 (Y, Y1 (1), Yy (W), 3 (Y1 (1), Y3(XW3( 1)} We then recast the summa-
tion into a scalar product (q - @), written as q'® also, where T is the transpose, and write the
displacement expansion in a compact form,

w=(q D) =q'P, (10)

indicating that ¢;(¢) are modal amplitudes of the plate modes @;(x, y). Technically speaking, by
plate modes we mean that &,(x, y) are the eigenfunctions of biharmonic operator V*, so that they
are in fact plate-bending modes. It is indeed fortuitous that {i,(x),,(»)} are the actual plate
modes of a rectangular simply supported plate. To see this, the inertial and plate bending terms of
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Egs. (1) and (7) give rise to a linear modal equation
4+ Cq=0, (11)

where the overhead dot denotes 0/0t. That stiffness matrix C turns out diagonal implies ® =
{Y,(x),,(»)} are the plate modes of a simply supported plate.

In an analogous fashion, let us construct plate modes ® = {¢,(x)¢,,(y)} for a clamped plate by
the normalized clamped-beam modes

(cos/; — cosh /)
(sin; — sinh /)

¢$;(&) = cosh ;& —cos/;&+ (sin /;& — sinh /;¢), (12)

where /1(~4.730), />(~7.853), £/3(~10.996), /4(~ 14.137)... are the roots of cos/ cosh/ =1 [7].
With Eq. (12), however, the stiffness matrix C = {Cﬁ’jfe} is non-diagonal,

Cl{’r}ge p—
(1+ ] + 21763 2r%by by 2r%by by 2r7b3
(1 + 1405+ 2r2b by 212b3 212bybs
- 1+ (3 + 2r7by by 212bybs ’
Symmetric (1 + "3 + 2r7b3

(13)

with b; = /;(2(cos /; — cosh ¢;) + /i(sin /; + sinh /;))/(sin /; — sinh /;) for i=1 or 3 and b, =
AR, 43) — 1l D))/ AT — ¢)(sin 4y —sinh /1)(sin /3 —sinh /3)},  where  y(p,q) =
pi(cos p — cosh p)(sin ¢ — sinh g) + sin p sinh p(cosh ¢ sin ¢ — cos g sinh g)}. Here, the superscript
true in C" refers to that true clamped-beam modes ¢,(¢) are used in Eq. (13).

Note that {¢,(x)¢,,(y)} do not represent the actual plate modes, and hence are called pseudo-
plate modes of the clamped plate. There is however a standard procedure for constructing actual
plate modes by a linear combination of {¢,(x)¢,,(y)}. We begin by decomposing C into the
eigenvectors e; for eignvalues 4;. Let us now introduce a column vector Q = (Q1, 02, 03, Q4) of
new modal amplitudes Q;, which are related to the old ¢; by

q=TQ, (14)

where T = {e|,e;,e3,e4} is a matrix formed by the eigenvectors e; in the columns. On the one
hand, by introducing Eq. (14) into Eq. (11) we obtain a new modal equation Q + AQ = 0, where A
is a diagonal matrix with eigenvalues A; along its diagonal. On the other hand, by inserting
Eq. (14) into Eq. (10) we have an alternate expansion

w=0Q'0, (15)

where the column vector ® = (0, ©,, ©3,0,) has the components ®; = (e; - ®(x, y)). Thus,
we have expressed actual plate modes @ in a linear combination of pseudo-plate modes
D = {¢,(x)p,(»)}, and the modal equation for Q now has a diagonal stiffness matrix. For a
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numerical illustration for r = 0.9,
11.03 -199 -199 1.57

123.83 1.57 —16.0
173.67 —16.0
Sym. 411.21

has eigenvectors e; = (0.999,0.0171,0.0118, —0.00278), e, = (—0.0167,0.998, —0.0144,0.0547),
e; = (—0.0118,0.0105,0.997,0.0677), and e4 = (0.00451, —0.0555, —0.067,0.996) for the eigenva-
lues 4=1(10.97,122.97,172.63,413.18). Then, the actual plate modes are given by
01 =0.999¢,(x)p,(y) + 0.0171¢,(x)p3(y) + 0.0118¢5(x)d; () — 0.00278¢5(x)P5( »),
O, = —0.0167¢,(x)p;(») + 0.998¢,(x)p3(y) — 0.0144¢p5(x)d;(¥) + 0.0547dh5(x)P5 (1),
O3 = —0.0118¢,(x)¢;(y) + 0.0105¢, (x)P3(») + 0.997¢3(x)p;(y) + 0.0677d3(x)P3( »),
04 = 0.00451¢,(x)$(y) — 0.0555¢,(x)P3(¥) — 0.067¢5(x)P1(¥) + 0.996¢5(x)P5( »).

Since (01, O3, O3, 04)~(0.999¢,(x) (1), 0.998¢,(x)p3(), 0.997¢3(x) (), 0.996¢5(x)5(1)), it

is shown that {¢,(x)¢,,(»)} represent a good approximation to the actual clamped-plate modes
©®;, although the approximation gets slightly worse with the increasing order of plate modes.

Instead of Eq. (12), the trigonometric functions ¢,(¢) = sin(nné) sin(né) = %(cos(n — Dné —
cos(n + 1)né) satisfying the end condition ¢, = ¢/, = 0 at £ = 0 and 1 have been used exclusively in
the literatures [5,8—11] to construct plate modes of a clamped plate for analytic expediency. Here,
we form an orthonormal set of ¢,(£) by the Gram—Schmidt procedure [12]

o1 =\ Ba®. 02200, 0= /@O + /5.
00 =25 + /100 .. (16)

As shown in Fig. 1, ¢,(&) are in a close agreement with ¢, (&) over the entire ¢ = (0, 1), except for
where the peaks and troughs are. Hence, we shall simply call ¢,() trigonometric clamped-beam
modes in contrast to the true clamped-beam modes ¢,(&). Not surprisingly, the stiffness matrix

C= {ny’j;‘"} based on trigonometric clamped-beam modes ¢, (&) is again non-diagonal:

true __
Cij =

o =3
53427 +3rY)  —2/522+37) —2/52+ 31 8r2
y 15 + 8012 + 444/ 812 ~2/5(3 + 1612
444 + 80/ + 154 —24/5r%(16 + 312
Symmetric 4(111 4 160r2 + 1117%)
(17)
From

11.71 =570 —7.35  2.30
131.95 230 —25.38

184.41 —23.74

Sym. 445.76

trig __
Cij =
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3,93

(@)

©

Fig. 1. Comparison of the clamped-beam modes: ——, true clamped-beam mode ¢,(£); ————, trigonometric clamped-
beam mode ¢,;(¢). (a) First modes; (b) second modes; (c) third modes; (d) fourth modes.

for r=09, we find eigenvectors e; = (0.998,0.0463,0.0417,—0.00031), e, = (—0.0456,
0.996, —0.0137,0.0794), e; = (—0.0417,0.0046, 0.995,0.0905), and e, = (0.00776, —0.080, —0.0896,
0.993) for the eigenvalues 1 = (11.14,130.16, 182.56,449.97). Hence, we have the approximation
of (01,02,03,04)~(0.998¢,(X)@,(1),0.9960,(x)9;(»),0.995¢5(x)@, (), 0.993¢3(x)p;5(»)). By
comparison, we see that {¢,(x)¢,,(v)} approximate the actual plate modes a little better than
{0,(x)0,,(»)}. However, since neither of them are the exact plate modes of a clamped plate, the
analytical ease of ¢,(¢) far outweighs a slight improvement in the definition of plate modes
formed by the true clamped-beam modes ¢,(&).

To sum up, there are two strategies for the Galerkin representation: either obtain modal
equations for q from the pseudo-plate mode expansion (10) and then transform them into the
modal equations for Q by Eq. (14), or derive directly the modal equations for Q from the actual
plate mode expansion (15). In this paper, we resort to the former to parallel the previous analysis
of simply supported plate [3].

4. Two plate equations for w and F
The w—F formulation is based on the transverse displacement equation (7) together with F,

supplemented by compatibility relation (8). As pointed out in Section 3, we shall derive the modal
equations for q by expanding transverse displacement w in ® = {¢,(x)¢,,(»)} or {@,(xX)@,,(»)}, as
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indicated by Eq. (10). However, by conventional wisdom we represent the Airy stress function by

Fe_ nyz C.y + (- ) Z Z Jp.q €OS( prx) cos(gmy), (18)

2
2 2r p=024...M q=024..M
(p=q#0)

in which the cosine sum extends to upper limit M. We call the first two right-hand side terms a
homogeneous part Fj and the cosine sum the particular solution F),. It is fair to say that
representation (18) is Achilles’ heel of the w—F formulation, because zero in-plane edge
displacement conditions; i.e.,

u(x,y) = v(x,y) = 0, (19)

at x=0 and 1 for all y and at y =0 and 1 for all x, cannot be translated into the equivalent
boundary conditions for F. Hence, a way out of this predicament has been suggested by imposing
certain boundary constraints on F in an average (integral) sense [4,5,13]. Of these, the following
are relevant for the present discussion.

First of all, that no shear stresses exist around the plate edges is expressed on average by the
integral constraints fo (0°F/ox 0y),_ 01dy = fo (0°F /ox 0y),—0,1dx = 0, and thereby justifying the
cosine expansion of F,. Secondly, zero in-plane dlsplacements around the plate edges are
expressed, again on average, by the integral constraints

&PF O*F 1/ow
[ (a5 ) -5() Jarar=o
bt 1 (*F  ,°F\ r*(ow
/O/O(ia-vz)(ﬁ " 5)‘3@7) dedr =0

from which the constants in Fj, are determined:

Cr = — Y1+ )1 047 + (dr10 + vds30)45
+ (Pvd o+ d330)g; + (1+ Vs34,
+ 2r’vdy 300192 + 2d1 309193 + 2d1 309293 + 27 Ve 30434}

Cy = — MG +v)dii0qt + (v 1o + P ds30)43
+ (Pdi1 + vds530)q3 + (P + V)ds 3005
+ 21%d1 309192 + 2vd1 309195 + 2vd1 30923 + 2P d1 309394} (20)

where d; ;i = fol yé(é)y]’-(é) cos(kn) d&. Note here and in what follows that y; = ¢;(&) or ¢,(&) is
depending on the choice of beam modes. Much has been argued for or against the use of Eq. (18)
in the literatures [4,5,13], and we have nothing new to add to the controversy. We shall however
take here a utilitarian view and judge the consequences of Eq. (18) a posteriori by the internal
consistency of modal equations that are derived from it. Since Fj, makes no contribution to the
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left-hand side of Eq. (8), f,4 are quadratic in ¢, and hence, for instance, we have

2
S22

= m {qi(d} 15— 112) + (@ + @) dr12d3 32 — €1120332)

+ C]zzt(d32,3,2 - 05,3,2) +q1(q2 + q3)2d112d1 30 — C112€132 — €1,1263,1.2)
+2q194(d} 55 — €13263.12) + qa(q2 + q3)Q2d 32d335 — €132¢330 — €312€332)
+ 61243(2‘112,3,2 - Ci3,2 - C§,1,2)}:

where ¢k = [y 7(&)7/(€) cos(kné) dE.

With the evaluation of Cy, C, and f,,, we can carry out the Galerkin procedure by inserting
Egs. (10) and (18) into Eq. (7) and subsequently sorting out modal equations for q. The upshot is
then linear modal Eq. (11) to which is appended a myriad of cubic amplitude terms arising from
the right-hand side of Eq. (7)

§+Cq+K=0, (21)
where the components of K = (ky, k2, k3, k4) are cubic expressions:
ki =414 + 3K5q1q2 + 3K64193 + 2K11919243 + K129543
+ K323 + 2K14q195 + 2K15145
+ 2K9q192q4 + 2610919344 + K18929394 + 2K1941;
+ 12145 + K3 + K254304 + K2643G4
+ 200205 + k304345 + 3K339194 + K3443,

ky = 412 + K5q3 + 3K7¢3qs + Koqiqa + K1GIG3 + 2K12414243
+ KI3q145 + 2K14G1q2 + 2K160205 + K18419304 + 2K204243
+ 31219143 + 3623543 + K2as + 2625919204 + 2627924304 + K284394
+ K29q14]5 + k3143 + K35434,

ks =4K3q3 + K6q) + 3Ksqaqa + K10q194 + K1141q2 + K145
+ 2K13919293 + 2K15Q%6I3 + 2K17¢]3q42;
+ K18¢19204 + 26204393 + 3K02q143 + K23G3 + 3K244243
+ 2K26q19394 + 2K28G243G4 + K301 45
+ Kszqi + K35€2q421 + K276]§CI4,

ks =4Kaqi + K743 + Ksq3 + Koqiqr + K1041q3 + 2K164344
+ 26174394 + K13419243 + 2K194194
+ k250143 + K615 + K2435 + K282 + 2629419244
+ 2K30q193q4 + 3K319243 + 36324343
+ K33, + 36344145 + 263542434 (22)
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Note that each k; has exactly 20 (= 6!/3!3!) cubic terms, corresponding to the combinations
with repetitions of forming ¢,¢,,q, out of q. Besides, the coefficients Kl, ..., K35 Involve not
only parameters r and v, but also the integrals ¢; jx, di jx, bijx = fo y,(é)yl(é) cos(knl) dé,
and e; jx = fo /l(é)yj’(f) sin(kné) d¢ which depend on the beam modes y; = ¢,(¢) or ¢,().

Let us denote by x7" the coefficients of k; evaluated with trigonometric clamped-beam modes
¢,(&), and present here only the following two as typical expressions:

.8 4
;cj”g_§<1+r4+2r2v+§r( )< (1+r

4 1 1
+ + +
A+2? @G+ 1+ 4r2)2>)
and

100

t}lll 3—<3072(}’2 + V) + (1 — Vz) (224 + 7'4 <68 — m
r

10_4\/’

L 668 671 660 3 >>>
@G+ (1+427 O+ 9+42°)))

Instead of the lengthy expressions, we present in Table 1 the numerical values of k% for r = 0.9
and v = \/7 Recall that f,, = 0 for p or g > 6 for the simply supported plate [3]. Here it turns
out that f,, =0 for p or ¢ >8, so that F, is again a truncated cosine series for a clamped
plate when we use trigonometric clamped-beam modes ¢,(&). On the other hand, things are a
little complicated when the true clamped-beam modes ¢, (&) are used. Since k" are too long to
write out in detail, Table 2 summarizes their numerical values for r = 0.9, v = \/0_1 ,and M = 8.
More importantly, we find that f,,#0 for all p and ¢ under the true clamped-beam modes ¢, (&).
Yet, the numerical values of f,, are so small for p and ¢ > 8 that there is hardly a noticeable
difference in the numerical values of x’" for M =8 and 10, as shown in Tables 2 and 3,
respectively.

For the internal consistency of cubic vector K, we examine the Hamiltonian structure of
Eq. (22). With the conjugate co-ordinates p = q, the inertial term of Eq. (21) is related to kinetic
energy Hy = 5 L pTp and the stiffness term to plate bendrng strain energy Hjp = TCq We infer the
membrane stretching strain energy by integration Z, , [ kidg; and, subsequently, elimination of

Table 1
Numerical values of ¥ for r = 0.9, v = V0.1, and M =8
= 10.46, Ky = 230.16, K3 = 337.18, Kq = 573.22, Ks = —28.57,
= —32.23, K7 = —354.50, kg = —496.47, K9 = —82.06, 10 = —93.62,
K11 = 92. 67 K12 = 7242.95, K13 = 7250.85, K14 = 115.66, Kl5 = 141.68,
Klie = 97591, K17 = 130690, Kig = 48431, K9 = 125.52, Kyy = 477.85,
Ky = —110.14, K2 = —160.02, K23 = 70.87, Kaq = 93.36, Kys = 115.02,
Ko = 171.04, Ko7 = 7255.91, Kag = 7372.45, Kyg = 7176.43, K3) = 7263.39,
K31 = —154.47, K3y = —93.70, K33 = 7,61, K3g = —5.30, K3s = —15.29.
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Table 2
Numerical values of «//* for r = 0.9, v= /0.1, and M =8
K = 8.53, Ky = 191.15, K3 = 281.25, K4 = 483.85, ks = —20.80,
Ke = —23.37, K7 = —276.77, kg = —392.59, K9 = —58.05, Ko = —67.54,
K11 = 64.47, K12 = —175.48, K13 = —182.52, K14 = 90.62, K15 = 111.74,
Klie = 78582, K17 = 105587, K1 = 34696, K9 = 102.25, Kyy = 36977,
Ko = 777.75, Koy = 7114.62, Ky3 = 42.59, Kog = 58‘02, Kys = 75.97,
K = 115.66, Ky7 = —153.63, Kig = —234.19, Ky = —121.92, K3y = —185.74,
K31 = —96.45, K3y = —45.50, K33 = 5.18, K3g = —6.48, K3s = —22.56.
Table 3
Numerical values of " for r = 0.9, v = /0.1, and M = 10
Kq = 48441, K7 = —276.80, kg = —392.61, K13 = —182.53, K16 = 786.04,
K17 = 1056.03, K18 = 346.98, Koo = 369.78, Kyg4 = 58.01, Ka5 = 75.96,
Ky = 115.65, Ky7 = —153,58, Kyg = —234.16, K9 = —121.88, K3p = —185.72,
K31 = 796.53, K3y = 745.47, K34 = 76.51, K35 = 722.67;

The remaining i, are same as in Table 2 up to the first two decimal digits.

the redundant quartic terms [3]
Hyy =114} + 1243 + K363 + Kady + K5¢192 + K641q5 + 17634
+ KsQ§Q4 + K9(J%42Q4 + K104719394
+ KNG + Kq1430s + K13010205 + K1aqi @3 + K1s4143
+ K16Q§%21 + K176]§(]42; + K18414243494
+ K1941q5 + K200545 + K219195 + Knqi 43 + K363
+ K423 + K2sq19344 + Ka6q19304 + K27G3q34
+ K8G29394 + K29919247 + k30419305 + K319243
+ K324305 + k330194 + K3aq143 + K35¢2433-

From the total Hamiltonian H(p,q) = H; + H, + H,,, one immediately rederives Eq. (21) by
Hamilton’s equations of motion [14],
oH oH
— A pi = - s
Opi 0q;

qi (23)
hence the modal equations are Hamiltonian. Note that being Hamiltonian is a stronger dynamical
property than merely energy conserving. In retrospect, the existence of the Hamiltonian is
anticipated from the energy discussion in Section 2, whereby H(p, q) is nothing but the total plate
energy Ui + Uy + U, First of all, we see from Eq. (4) that U, = H; by inspection, because of the
orthonormality of beam modes. We then show that U, = H), by inserting Eq. (10) into Eq. (5) and
similarly that U,, = H,, upon introducing Eq. (18) into Eq. (9), after the indicated integrations are
carried out. The algebraic tasks have been facilitated by symbolic manipulation software, such as
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MATHEMATICA™ [15]. In this paper, the existence of H(p, q) will be taken as the a posteriori
justification for the Airy function expansion (18), which is the cornerstone of the w—F
formulation.

So far, we have discussed the Hamiltonian property of Eq. (21) which is the modal equation of
pseudo-plate modes ®(x, y). However, for the modal equation of actual plate modes O(x, y), we
can transform H(p, q) into H(P,Q) = %PTP —i—%QTkQ + H,(Q) by Eq. (14), where P = Q is the
new conjugate co-ordinates. Then, the modal equations for Q are derived from Hamilton’s
equations of motion

oH . oH

O =55 Pi=—5p 24)

They are in fact identical to what one might have obtained by repeating the Galerkin procedure
from alternate transverse displacement expansion (15).

5. Three plate equations for w,u, and v

Consistent with Eq. (10), we introduce the following expansions for in-plane displacements:

U= Z Z bi joi(x)o;i(y), v= Z Z ¢, joi(x)a;( y), (25)

i=24,6 j=13,..N i=13,...N j=246

in which ¢,(&) = \/5 sin(iné) are used to satisfy the zero plate edge conditions (19). With the four
symmetric plate modes, the index i for # and j for v take on three values (2, 4, 6). On the other
hand, the index j for u and i for v will take on all odd integers, hence we denote the upper
summation limit by N. After introducing Eqgs. (10) and (25) into Egs. (3), we sort out algebraic
equations for b; ; and ¢; ; by carrying out integrations with the factor ¢,(x)o,,(y). For a given N,
there are %(N + 1) components each for b; ; and ¢; ;, so that the simultaneous solution of Egs. (3)
requires inverting a matrix of 3(N + 1) x 3(N + 1), which for instance is 6 x 6 for N = 1. It is
therefore not feasible to write down explicit expressions for b; ; and ¢; ;, as we have presented an
analytical expression for f>, in Section 4. In any event, b; ; and ¢; ; are quadratic in ¢,, so are
(N, N,, N,,) by virtue of Eq. (2). The derivation of modal equations from Eq. (1) parallels what
we have already done in Section 4 from Eq. (7). Consequently, the modal equations for q are the
same as Eq. (21), but the components of K = (Ry, R», ‘Rz, R4) are now given by

Ri = o1q] + 03q1q2 + 3G\ + 045 + 05193 + %6q19293
+ 05 q3 + G145 + 09G245
+ aloqa + 01 4104 + 412919244 + 0139594
+ 41491934 + 215920348 + %16q3q4 + %1714
+ 0ggaq; + %9435 + %043
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Ry =aiq; + 054192 + 03165 + 053 + 0341q3 + 05419243
+ B3G5 + G145 + 039243
2 3 2 2 2 2 2 2
+ 00q3 + 0119194 + 02919244 + 0139594 + 014919394
+ 06%5%613614 + 06%&]%‘14 + 06%7611%21

+ 054245 + %194345 + %3043

Ry = 0] + B2 + 39145 + %45 + 934193
+ 019243 + GG + RA1GE + %G
+ 00 q3 + 0414194 + %3,419244
+ 003q5q4 + 034419394 + 05G2q3q4 + %364394 + 0174145

+ 025 + %9q345 + %043,

Ry =aiq) + 054102 + 039145 + 94 + 034143 + %q1G23
+ 343G + A q1q3 + Yeqa 3
4 3 4 2 4 4 2 4
+ 00q3 T 019194 T %rq19294 + 039544 + % [4q19394
+ “‘1‘5‘12‘1344 + “?6‘1%44 + 0“1174161421
+ ofs G2 + A9q34; + %30 ds- (26)

Note that each R; has exactly 20 cubic terms ¢,¢,,¢q, identical to those in k; of Eq. (22), but
coefficients o) of the present w—u—v formulation are different from the w—F formulation. In this
paper, we restrict ourselves to N = 7 in Egs. (25). This therefore calls for inverting a 24 x 24
matrix for the solution of Eqgs. (3) for b; ; and ¢; ;, hence going beyond N =7 would require
excessive algebraic manipulations. We now denote by K = {R"} the cubic vector for the true
clamped-beam modes ¢;(¢) and K = {iR;"’g } for trigonometric clamped-beam modes ¢;(£). Only
the numerical values of o are summarized in Tables 4 and 5 for K = {R"*} and K = {ERfl""g },
respectively, evaluated under r = 0.9, v = \/ﬁ, and N = 7. Let us now attempt to infer H,,
directly from Eq. (26). Of the quartic terms generated by integration Z?:l J Ridg;, the terms
q/qmqnqy do not at all share the same coefficient; for instance, we find o3¢, #%tx%q%ql from the
numerical values of o, given in Tables 4 and 5. For this reason, we cannot obtain H,, from
Z?Zl J R dg; by eliminating the redundant quartic terms, as before in the w—F formulation. This
therefore indicates that the modal equations with cubic vector K = {R,,} are not Hamiltonian,
and hence do not conserve energy for the present w—u—v formulation with in-plane displacement
expansions (25) truncated at N = 7.

To quantify departure from the Hamiltonian or energy-conservation property, let us now
directly compute the membrane stretching strain energy by inserting Eq. (25) into Eq. (6)
and carrying out the indicated integrations. We present first membrane stretching strain
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Table 4
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Numerical values for o, of K = R for r = 0.9, v=1/0.1,and N =7

al (m=1-20)

o2, (m = 1-20)

o3, (m = 1-20)

ol (m = 1-20)

34.77/ — 64.36/179.5/ — 96.27/ — 72.1/130.37/ — 175.14/220.53/ — 182.71/ — 143.69/
14.53/ — 114.26/93.09/ — 134.34/342.12/144.08/201.43/ — 150.54/ — 227.16/ — 9.67

—21.37/181.51/ — 276.93/594.24/65.12/ — 351.63/133.98/ — 182.42/740.39/67.18/
—58.11/178.97/ — 677.94/342.3/ — 340.2/ — 278.73/ — 145.92/1312.44/ — 33.42/ — 133.33

—23.92/65/ — 174.62/47.37/223.47/ — 368.5/740.74/ — 412.95/192.44/868.31/
68.6/344.37/ — 182.38/276.91/ — 526.12/ — 952.5/ — 219.45/ — 33.51/1722.1/ — 78.78

477/ — 57.77/90.62/ — 218.6/ — 68.28/346.81/ — 171.11/140.33/ — 264.51/ — 308.89/
203.34/ — 295.26/1270.97/ — 442.15/ — 63.76/1678.79/ — 30.11/ — 381.83/ — 224.99/1507.35

Table 5
Numerical values for o”

m

of K=R"" for r =0.9,v=1/0.1,and N =7

al, (m = 1-20)
o2, (m = 1-20)
o (m = 1-20)

at (m=1-20)

4373/ — 89.84/230.52/ — 107.53/ — 101.21/193.64/ — 218.19/299.97/ — 295.42/ — 169.83/
234/ — 167.61/102.41/ — 198/501.73/192.17/256.66/ — 154.07/ — 300.62/ — 6.9

—30.75/242.24/ — 336.36/573.94/99.72/ — 526.8/208.57/ — 272.97/1067.36/95.74/
—84.26/321.91/ — 685.44/512.45/ — 520.14/ — 382.07/ — 175.53/1354.32/ — 28.56/ — 176.46

—32.76/91.94/ — 238.17/70.2/291.34/ — 500.95/924.38/ — 496.78/286.92/853.43/
99.35/490/ — 255.43/349.91/ — 745.11/ — 1014.3/ — 274.44/ — 23.74/1818.98/ — 106.27

7.81/ — 81.64/111.35/ — 226.63/ — 101.74/503.52/ — 250.53/177.74/ — 375.51/ — 328.38/
256.89/ — 357.58/1314.7/ — 534.76/ — 49.54/1771.67/ — 23.64/ — 493.1/ — 337.15/1448.2

energy U™ for the true clamped-beam modes ¢;(&):

U =8.7q1 +244.91q5 + 365.5143 + 591.44;
—21.22¢3q5 — 23.67¢3q3 — 350.59¢3q4
— 512.0643q4 — 54.56q43q2q4 — T1.37¢3q3qa
+ 64.65qfq2q3 — 177.32q1q§q3 - 186.87q1q2q§
+ 94244343 + 117.17¢3 43 + 956.04¢3¢>
+ 1322.55¢3q3 + 364.99¢142q3q4 + 106.88¢7¢;
+375.064343 — 61.39q143 + 35.55¢3¢3 — 90143
+ 48.94¢24 + 4.6643q4 + 58.99143¢u
— 124.612q3¢4 + 90.96q13q4 — 191.6242¢3¢4
— 9559914242 — 142.95¢1 g3’
— 21672342 — 5729143 — 67.28¢2¢3 — 21.7q547,
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and U for trigonometric clamped-beam modes ¢;(£):

U™ =10.71q} + 318.17¢5 + 472.4643 + 756.144;
—29.31¢3qs — 32.9¢3q5 — 478.14¢3 ¢4
— 689.08¢3q4 — 83.9¢2¢2q4 — 63.03¢3¢3¢a
+93.61¢10243 — 246.77q143¢3 — 254.55q14243
+ 118.99¢7¢3 + 144.25¢343 + 1261.75¢54;
+ 1741. 05q3q4 +495.291929394 + 128. 84q1q4
+484.9943¢3 — 113.96q143 + 70.4¢3q3 — 162.71¢q143
+93.049>q3 + 7.33¢194 + 117.83¢1¢3q4
— 258.13¢3¢3q4 + 172.83¢1 ¢34 — 370.69¢2024
— 182.94¢192q; — 262.3741434;
— 2602q3q5 — 7.28q1q; — 149.26¢>q; — 90.53¢3q;.

Note that the numerical coefficients of U"*¢ and U"% have been evaluated for r = 0.9, v = m ,
and N = 7. According to Eq. (23), {6Um /Gq,} are components of the energy conserving cubic
vector K. For instance, the first component oU"™ /dq, = 34.82¢3 — 63.67¢3q> + 188.48¢143 -+
—5.724; should be compared with R = 34.77¢} — 64.36¢3¢> + 179.5¢1¢3 - — 9.67¢; formed by
o of Table 4. From the numerical coefficients of {R*} and {0U™¢/dq;}, one can estimate the
deviations in cubic amplitude terms in the range (—41%, 263%). Similarly, the deviations in
numerical coefficients of {R"} and {0U""/dq;} are found in the range (—54%, 24%) when
trigonometric clamped-beam modes ¢;(¢) are used. In Ref. [3], the deviations in the range
(—140%, 94%) have been reported for a simply supported plate under N = 7, and we have shown
that deviations become progressively smaller as the upper summation limit N is increased up to
35. It is however not feasible to present such evidence in the present clamped-plate case, due to the
rapidly increasing algebraic manipulations beyond N = 7.

6. Conclusions

Recently, Geveci [6] attempted to compare the two formulations of w—u—v and w—F by
numerically generated trajectories of the transverse displacement of a clamped thin plate.
However, the assessment of complex trajectory patterns is highly subjective and hence
inconclusive in the absence of a theoretical frame of reference for comparison. We have
previously proposed [3] a metric for such comparison, whereby modal equations derived from the
Galerkin procedure are required to conserve energy as dictated by first principles of mechanics.
This paper extends the simply supported plate analysis [3] to a clamped plate. Although the details
are a little more tedious here because the plate modes are no longer expressed in sine functions, we
arrive at the same conclusion as before. That is, the modal equations of w—F formulation are
Hamiltonian and hence energy conserving at any level of modal truncation, whereas modal
equations of the w—u—v formulation cannot conserve energy when only 12 sine terms are retained
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in the in-plane displacement expansions. For the simply supported plate [3], we have shown that
the energy conservation of w—u—v formulation improves successively as more and more sine terms
are included in the in-plane displacement expansions. However, such successive analyses are not
feasible for a clamped plate, because of the unwieldy algebraic manipulations beyond the 12 sine
expansion terms of in-plane displacements.
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