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Abstract

The present study addresses a computational work of the weak shock wave propagating inside a silencer
system of automobile exhaust pipe. The second order total variation diminishing (TVD) scheme is
employed to solve the two-dimensional, compressible, unsteady, Euler equations. Eight different models of
the silencer systems are explored to investigate the effects of the silencer configuration that has on the weak
shock wave propagation phenomena. The incident plane shock wave is assumed at the inlet of the silencer
and its Mach number is changed between 1.01 and 1.30. The present computational analysis clearly reveals
the detailed shock wave reflections/diffractions and vortical flows inside the silencer models. These results
are detailed by the pressure time histories at several locations inside the silencer model. Of the eight
different silencers applied, the silencer model with a series of the baffle plates inside the expansion chamber
reduces the first peak pressure at the exit of the exhaust pipe by about 27%. The present computational
results predict the experimental results with a quite good accuracy.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Flow-induced noise and vibration problems are often encountered in the pipelines conveying
high-pressure gas or liquid. Unlike such problems occurring inside the pipelines, any other
types of noises are generated when the high-pressure gas is discharged from the exit of a pipe
system [1,2]. In usual, these noises have different features depending on whether the gas is
discharged steadily and impulsively. An impulse noise is generated by a sudden discharge of
gas flows from an exit of pipe [3,4]. For instance, the impulse noise is frequently found in
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internal engine exhaust systems. Similar impulse noise problems are also found in a variety of
unsteady flow devices, such as gun muzzles [5], high-speed railway tunnels [6,7], pulse jet
applications [8,9], etc.
With a recent tendency of high noise emission internal engine, the impulse noise discharged

from the exit of an engine exhaust pipe has been practically important issues from the
point of view of silencer design. In the past, much effort has been paid on the silencer systems to
reduce the flow-induced noise and vibration problems [10,11]. Almost all of the silencer systems
have been designed based upon an assumption that the high-pressure gas flows steadily
inside them.
Recently, several experimental works [12,13] showed that a weak shock wave, its Mach

number being below about 1.1, can be formed inside the exhaust silencer system of internal
combustion engine, when the engine is rotating at a high speed. The weak shock wave is
generated due to a non-linear behavior of the compression waves discharged from the engine
exhaust ports and it often leads to serious noise and vibration problems inside the exhaust pipe
system.
Impulse wave [14,15] is generated as the shock wave is discharged from the exit of the exhaust

pipe, causing unpleasant exhaust noises. Such an impulse wave is in general characterized by a
sharp peak pressure of short duration [16]. The impulse noises generated from the engine exhaust
pipe system have been one of the most important issues for automobile engine manufacturers to
resolve urgently.
Sekine et al. [17,18] have made an experimental work to investigate the weak shock waves

propagating inside the exhaust pipe system of a four-cycle gasoline engine. They have shown that
a simple shock tube can simulate the shock wave propagation occurring in the automobile exhaust
pipe system. They also have investigated several different types of silencer configurations
appropriate to reduce the exhaust noises. Matsumura et al. [19] have used a shock tube to find the
optimum silencer configuration against the engine exhaust noises. From these experimental
works, the data needed to practically design the silencer systems are not sufficient due to some
limits in the experimental measurements.
A computational work can provide useful and practical data for the silencer design, but, to the

authors’ knowledge, there are to date no any computational works made on this topics. Thus,
more experimental and computational studies are necessary to clarify the characteristics of the
exhaust pipe systems and to obtain the optimum silencer configuration.
The present study addresses a computational work to investigate detailed characteristics of

the weak shock wave propagating through an exhaust pipe silencer system. The unsteady,
two-dimensional, inviscid, compressible, Euler equations were numerically solved using
Yee–Rod–Davis’s total variation diminishing (TVD) scheme, and the computational results were
compared with the previous experiments [20] for the purpose of validation. In computations, a
plane shock wave was assumed at the inlet of the exhaust pipe and its Mach number Ms was
changed in the range from 1.01 to 1.30. In order to investigate the effect of the silencer
configuration on the reduction of the exhaust noises, eight different types of silencers were applied
to the present computations. The results obtained showed that of these silencers, the silencer
model with a series of baffle plates in an expansion chamber reduced the peak pressure at the exit
of the exhaust pipe by about 27%, compared with that at the base model of the simplified
expansion chamber.
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2. Computational analysis

2.1. Governing equations

In order to simulate the weak shock wave propagating through an exhaust pipe silencer system,
the two-dimensional, unsteady, compressible, Euler equations are employed in the present study.
The governing conservation equations are given by
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and x is the longitudinal distance, y is the transverse distance, r is the density and u and v are the
velocity components for the x and y directions, respectively. The total energy, e per unit volume of
the gas is expressed by the sum of the kinetic energy and the internal energy as follows:
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Eq. (1) is closed by the thermal equation of the state of a perfect gas, p ¼ rRT ; where T is the
temperature. In computations, Eq. (1) is rewritten in a non-dimensional form by referring the
quantities, the pressure, the density, etc., at atmospheric conditions and the diameter of the shock
tube, as next;
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where subscripts 1 indicates the atmospheric condition, D the diameter of shock tube and a1 the
speed of sound under the atmospheric condition. The symbol (0), indicating the non-dimensional
quantities, is omitted for the sake of simplicity and then the equation system is just the same
formula to Eq. (1).

2.2. Numerical scheme

TVD scheme have proven to be very effective for computing the phenomena of shock waves
without presenting the spurious oscillations, which were associated with the conventional second
order schemes in the presence of discontinuities. TVD scheme has made it possible to obtain non-
oscillatory, but sharp approximations to shocks and contact discontinuities with higher than first
order accuracy. The concept of the TVD scheme was first introduced by Harten [21], which
guarantee that monotone profiles remain monotone.
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The concept of bounded total variation finds its origin in an important property of a scalar
conservation law ut þ fx ¼ 0: the total variation of any physically admissible solution TV ¼R
@u=@x
�� ��dx does not increase in time. The total variation in x (TVD) of a discrete solution to a
scalar conservation law is defined by

TV ðuÞ �
X

i

½uiþ1 � ui	: ð4Þ

A numerical solution is said to be of bounded total variation or total variation stable if the total
variation is uniformly bounded in t and Dx: To allow for higher accuracy, Harten proposed the
TVD condition as the monotonicity condition to be satisfied by the scheme:

TV ðunþ1ÞpTV ðunÞ: ð5Þ

A scheme satisfying the above condition is called a TVD scheme. After the introduction of TVD
scheme by Harten, the TVD scheme was further modified by Yee, Davis, Roe, etc.
For the present computational analysis, the Yee–Roe–Davis’s TVD scheme [22] is applied to

discretize the governing equations. For computation of the time-dependent flows, an operator
splitting technique, which was suggested by Sod [23] is employed for temporal and spatial
derivatives, and then Eq. (1) can be given by a set of one-dimensional equations
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where subscripts i; j; and superscript n indicate the space nodes and time step, and Lx;Ly the
differential operators for the x direction and the y direction, respectively. In Eq. (8), Dt and Dx

indicate the time interval and the grid space in the x direction, respectively, and #F denotes the
numerical flux in the x direction which is expressed as
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where Rn
iþ1=2 is a matrix whose column vectors are the right eigenvectors of the flux Jacobian

@F=@U ; evaluated with a symmetric average of Ui;j and Uiþ1;j: The last term Rn
iþ1=2 
 F

n
iþ1=2

represents the anti-diffusive flux contribution that corrects the excessive dissipation of first order
numerical flux in a non-linear way. The numerical flux #Gn

jþ1=2 in the y direction can be similarly
expressed.
For Yee–Roe–Davis’s second order symmetric TVD scheme, the vector Fn

iþ1=2 is given as

Fiþ1=2 ¼ �
Dt

Dx
ðaiþ1=2Þ

2giþ1=2 þCðaiþ1=2Þðaiþ1=2 � giþ1=2Þ
� �

; ð10Þ

where aiþ1=2 is the eigenvalue of the flux Jacobian matrix in the x direction, aiþ1=2 the forward
difference of the local characteristic variables in the x direction, and giþ1=2 the limiter function.
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aiþ1=2 and giþ1=2 are defined as follows:

aiþ1=2 ¼ R�1
iþ1=2ðUiþ1;j � Ui;jÞ; ð11Þ

giþ1=2 ¼ min modðai�1=2; aiþ1=2; aiþ3=2Þ: ð12Þ

The function Cðaiþ1=2Þ; called an entropy correction function, is defined as

Cðaiþ1=2Þ ¼
aiþ1=2

�� �� if jaiþ1=2jXe;

ða2iþ1=2 þ e2Þ=2e if jaiþ1=2joe;

(
ð13Þ

where e is a small positive number. This function corrects the entropy to prevent the entropy
violating solutions, such as expansion shock waves.

2.3. Computational domain and boundary conditions

Fig. 1 schematically illustrates eight different models of the exhaust silencer system applied in
the present computations, where d and D indicate the diameters of the exhaust pipe and silencer,
respectively. For a comparison with the experiments carried out previously, the values of d and D

are given by 20 and 80mm, respectively. The silencer model 1 is a simplified silencer with an
expansion chamber of a diameter of D: Its length is given by 10d: In the present study, model 1 is
used as a base model.
Model 2 is a double expansion chamber type, the length of each of the expansion chambers

being 4d:Model 3 has a horizontal plate inside the simple expansion chamber of the base model.
Model 4 has the plates inserted from the upstream and downstream facing walls of the expansion
chamber, and the plates are 2:5d and 5:0d long, respectively. The thickness of the plates is fixed at
0:5d: In model 5, the length of the plates inserted from the upstream and downstream facing walls
of the expansion chamber is the same to be 2:5d: However, models 6 and 7 have the staggered
plates inserted from the upstream and downstream facing walls of the expansion chamber.
Finally, model 8 has a series of the baffle plates installed in the expansion chamber.
In order to characterize the shock waves propagating through the silencer models described above,

the time-dependent pressures are obtained at the measuring points 1–4 (see the measuring points for
each of the silencer models). The measuring points 1 and 4 correspond to the inlet and outlet of the
silencer models, respectively, while the points 2 and 3 are inside the expansion chamber.
Fig. 2 shows the computational domain and boundary conditions for the silencer model 1,

which is used as a base model. For the sake of the present computational analysis, the inlet of the
expansion chamber is assumed to be an origin x ¼ 0: The computational domain is extended to
�5d and 15d; upstream and downstream of the expansion chamber, respectively. This domain
was obtained by some preliminary tests for the computational domain effects on the obtained
solutions. As an initial condition of computation, a plane incident shock wave of Mach number
Ms is assumed at x=d ¼ �3:0; and with a start of computation, it propagates toward the outlet of
the silencer model. In the present study, the Mach number Ms of the incident shock wave is
changed between 1.01 and 1.30, since the shock wave that appears inside the automobile exhaust
pipe systems is, in practical, very weak.
As to the computational boundary conditions, the inflow and outflow conditions are

applied to the upstream and downstream boundaries, respectively, which are expressed
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as follows:

sn�1 ¼ siþ1; sn ¼ si; inflow conditions;

si ¼ sn ¼ snþ1; outflow conditions;

(
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where s is a quantity such as pressure, density, velocity, etc., and the subscripts i and n refer to the
inner grid and the imaginary outer grid, respectively. The slip-wall conditions are applied to all of
the solid walls. A square grid system is employed in the present computations.
The fineness of computational grid required to obtain grid independent solutions was first

examined with the previous experimental data [20]. A grid density over Dx ¼ Dy ¼ d=70 seemed
to no longer change the accuracy of the obtained solutions. A grid size of Dx ¼ Dy ¼ d=75 is
employed so that the solutions obtained were independent of the grid density. The grid numbers
of about 450,000 are used in the present computations.

3. Results and discussion

Fig. 3 shows the propagation processes of the weak shock wave inside the silencer model 1,
where the Mach number Ms of the incident shock wave is 1.1, and time t is assumed to be zero as
the incident shock wave locates at x=d ¼ �3:0: From the present computations, it is found that at
t ¼ 0:56ms, the normal shock wave locates just upstream of the expansion chamber. At
t ¼ 0:67ms, the shock wave propagates into the expansion chamber and the resulting wave
patterns are curved. It is found that the curved shock wave has the regular reflections on the upper
and lower walls of the expansion chamber, and the strong vortical flows are formed at the inlet of
the expansion chamber. At t ¼ 0:77ms, the strong interactions between the reflected shock waves
and the vortical flows are found around the inlet of the expansion chamber. With time, the curved
shock wave propagates toward the outlet of the expansion chamber, and in this case, the Mach
reflections are found on the upper and lower walls of the expansion chamber. At t ¼ 1:03ms, it
seems that the curved shock wave becomes nearly normal to the axis of the silencer. With time, a
part of the shock wave propagates into the exhaust pipe downstream of the expansion chamber,
the resulting shock wave being normal and quite weak in the exhaust pipe, while the other part of
the shock wave is reflected back from the outlet of the expansion chamber. Very complicated wave
structures are found around the outlet of the expansion chamber. From a comparison between the
present computations and experiments [20], it is found that the present computations predict the
experimented flow fields with a quite good accuracy.
Fig. 4 shows the pressure time histories at the measuring points 1–4 in the silencer model 1,

where Ms ¼ 1:1 and D=d ¼ 4:0: The solid and broken lines present the present computational
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results and experiments [20], respectively. At the measuring point 1 in the exhaust pipe upstream
of the expansion chamber, the pressure sharply rises up to certain over pressure level, as the
incident shock wave reaches the measuring point, and it remains constant for a short time. Then
the pressure suddenly decreases, as the expansion waves propagate back from the inlet of the
expansion chamber. The pressure rises again due to the effects of the shock waves reflected from
the upper and lower walls of the expansion chamber. At t ¼ 1:80ms, the pressure rise is due to the
shock wave reflected back from the upstream facing wall of the expansion chamber.
At the measuring point 2 inside the expansion chamber, the pressure sharply rises to a certain

peak value due to the shock wave propagating into the expansion chamber. A sharp peak pressure
of short duration is formed at the measuring point 2. Then the pressure fluctuates with time due to
the repeated wave reflections inside the silencer system. At t ¼ 1:7ms, the pressure rises again
due to the shock wave reflected back from the upstream facing wall of the expansion chamber. At
the measuring points 3 and 4, the pressure rise seems rather gradual, compared with that at the
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measuring point 2, and the peak over pressure level is considerably lower than that of the
measuring point 2. It is found that the present computation well predicts the experimented
pressure time histories.
For the silencer model 2, which has double expansion chamber, Fig. 5 shows a comparison

between the predicted and experimented wave patterns inside the silencer system. At t ¼ 0:52ms,
the incident shock wave locates inside the exhaust pipe upstream of the expansion chamber. At
t ¼ 0:62ms, the shock wave propagates into the first expansion chamber, resulting in a curved
wave, and the reflected waves propagate back toward the exhaust pipe upstream of the expansion
chamber. The vortical flows are formed at the inlet of the expansion chamber. At t ¼ 0:81ms, a
part of the shock wave propagates into the second expansion chamber, while the other part of the
shock wave reflects back from the upstream facing wall of the first expansion chamber. At the
inlet of the first expansion chamber, the vortical flows develop with time and those are also
generated at the inlet of the second expansion chamber, but their strength seems somewhat
weaker, compared with those at the inlet of the first expansion chamber. At t ¼ 0:89ms, the shock
wave propagates toward the outlet of the second expansion chamber, and then it goes through the
exhaust pipe downstream of the second expansion chamber, as a weak normal shock wave with a
reduced magnitude.
The flow fields inside the silencer model 2 are more detailed by the pressure time histories, as

shown in Fig. 6. At the measuring point 1, the pressure sharply rises as the initial shock wave
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reaches the measuring point and it remains constant for a short time before the expansion waves
are reflected back from the downstream facing wall of the first expansion chamber. At
t ¼ 0:83ms, the pressure increases due to the effect of the reflected shock wave from the first
expansion chamber. A sharp pressure increase is found again at t ¼ 1:16ms. This is due to the
shock wave reflected back from the upstream facing wall of the first expansion chamber. At the
measuring points 2, 3, and 4, the several peaks are found in the pressure time histories. Of them,
the first peak is made by the incident normal shock wave. It is interesting to note that at the
measuring point 2, the first peak seems to be considerably lower than that at the measuring point
1 and, moreover, at the measuring point 4 it is much lower than that at the measuring point 2.
From a comparison between the predicted and experimented pressure histories obtained at the

measuring point 1 the present computation well predicts the experimented pressure histories for
to1:5ms, but a discrepancy between both the pressure histories is quite large for t > 1:5ms.
Furthermore, the present computations fail in predicting the peak pressures at the measuring
points 2, 3 and 4 although it seems that the present computation predicts the first peak pressure
with a good accuracy. These discrepancies can be, in part, due to the viscous effects that are
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ignored in the present study. Thus a better prediction may be obtained by the computation
involving the viscous and thermal effects.
Fig. 7 shows the computed and experimented Schlieren images of the shock waves in the

silencer model 3. The incident shock wave propagates into the expansion chamber, and strong
wave diffractions and reflections appear around the horizontal plates inside the expansion
chamber. These can reduce the magnitude of the shock wave propagating into the exhaust pipe
downstream of the expansion chamber, as observed at t ¼ 1:18ms. The present computation
predicts the experimented wave structures with a quite good accuracy. Fig. 8 shows the predicted
and experimented pressure time histories. The present computation well predicts the first peak
pressure, which is caused by the incident shock wave, but again fails in predicting the pressure
fluctuations behind the first peak pressure.
Fig. 9 shows the computed and experimented Schlieren images of the shock waves in the

silencer model 4, which has the inserted plates inside the expansion chamber. It is interesting to
note that the incident shock wave propagating inside the pipe is faster than that inside the
expansion chamber, as observed at t ¼ 1:89ms. This is due to the flow passage area effect on
the velocity of the shock wave propagation. The computed results well predict the complicated
wave phenomena inside the silencer model 4. Fig. 10 shows the predicted and experimented
pressure time histories. At the measuring point 1 the present computation predicts the constant

ARTICLE IN PRESS

0

10

20

30

0

10

20

30
Computation
Experiment (Ref.20)

0

10

20

30

0.0 0.5 1.0 1.5 2.0
t (ms)

0

10

20

30

p 
(k

P
a)

 

1

2

3

4

Fig. 6. Pressure variations at various measuring points for silencer model 2 (Ms ¼ 1:1;D=d ¼ 4:0).

H.-D. Kim et al. / Journal of Sound and Vibration 275 (2004) 893–915 903



peak pressure level just behind the incident shock wave, while the experimented result indicates
the pressure gradually decreasing with time just behind the incident shock wave. In the
experiment, it should be noted that a series of baffle plates were inserted into the high pressure
chamber of the shock tube in order to make a certain pulse-like pressure wave inside the low
pressure chamber. The present computation satisfactorily predicts the first peak pressure and the
pressures just behind the incident shock wave as well.
Figs. 11–14 show the predicted Schlieren images of the shock waves in the silencer models 5–8,

respectively. For the silencer models 5–7, the shock wave propagations and diffractions appear
asymmetric, since, in these cases, the silencer configurations are asymmetric against the pipe axis.
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Thus the transmitted shock wave inside the pipe, downstream of the expansion chamber, appears
somewhat oblique. Compared with the symmetric silencer configurations that were described
previously, the wave reflections and diffractions seem to be more complicated inside the expansion
chamber.
Fig. 14 shows the predicted Schlieren images of the weak shock waves in the silencer model 8

which has a series of baffle plates inside the expansion chamber. Very complicated wave
reflections and diffractions are observed between the baffle plates, the waves being quite
symmetric. At t ¼ 1:16ms, a weak normal shock wave which propagates through the baffle plates
inside the expansion chamber is found in the outlet of the pipe. Strong wave reflections and
diffractions, which are generated upstream inside the expansion chamber, seem to considerably
attenuate downstream.
Fig. 15 represents the predicted pressure time histories, corresponding to the flow conditions

described in Figs. 11–14. At each of the measuring points, the pressures highly fluctuate with time.
A constant peak pressure level, which is made by the incident shock wave, is found for the silencer
model 5, and its duration seems to be longer, compared with the other models. This is due to the
expansion waves propagating back toward the inlet of the pipe. The first peak pressures obtained
at the measuring points 2, 3, and 4 can be compared with each other for each of the silencer
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models. It is worthwhile noting that at the measuring point 4, the first peak of the pressure time
histories, which is caused by the incident shock wave, is lowest in model 8, but at t ¼ 1:8ms a high
second peak is also found in this model. The first peak pressure and its time-gradient are
associated with the impulse wave discharged from the exit of the engine exhaust pipe [16]. Each of
the silencer models, applied in the present study, shows different pressure time histories at the exit
of the pipe. This fact implies that an optimal configuration for an automobile exhaust silence
system can be obtained in the models mentioned above.
In order to compare the first peak pressures in all the silencer models, Fig. 16 represents the

pressure time histories at the measuring point 4, corresponding to the exit of the exhaust pipe. All
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the flow conditions are the same for the eight silencer models, whereMs ¼ 1:1 and D=d ¼ 4:0: It is
found that the first peak pressure is the smallest in model 8, while it is the highest in model 4. It
seems that models 4–7 produce the first peak pressure higher than that in the base model 1, while
models 2, 3 and 8 produces the first peak pressure peak lower than the base model 1. Meanwhile,
the pressures behind the first peak pressure highly fluctuate with time, strongly depending on the
silencer models. It is difficult to compare the peak pressures produced after the first peak pressure.
This is because those are resulted from very complicated wave phenomena inside the expansion
chamber and have very different pressure histories and durations.
Fig. 17 shows the decay ratio of the first peak over-pressure for various Mach numbers of the

incident shock wave Ms; where pin and pout indicate the over-pressure made by the initial shock
wave at the measuring point 1 and the first peak over-pressure by the transmitted shock wave at
the measuring point 4, respectively. The solid lines present the present computational results. For
a given Ms; all the silencer models significantly attenuate pout=pin values, compared with no
silencer model of a straight exhaust pipe. It seems that model 8 is the most effective to reduce the
first peak over pressure. The Mach number Ms of the incident shock wave in the silencer model 8
negligibly affects the decay ratio of the first peak over-pressure pout=pin; but in the other models,
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Fig. 11. Computed Schlieren images for silencer model 5 (Ms ¼ 1:1;D=d ¼ 4:0).
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the decay ratio is a weak function of the Mach number; pout=pin somewhat decreases with an
increase inMs: This is due to the fact that the higher the Mach number of the incident shock wave,
the stronger are the shock wave reflections and diffractions inside the expansion chamber.
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Fig. 13. Computed Schlieren images for silencer model 7 (Ms ¼ 1:1;D=d ¼ 4:0).
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4. Conclusions

The present study describes a computational work to investigate detailed characteristics of the
weak shock wave propagating through an engine exhaust silencer system. Computational analysis

ARTICLE IN PRESS

Fig. 14. Computed Schlieren images for silencer model 8 (Ms ¼ 1:1;D=d ¼ 4:0).
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was applied to simulate the experimental flow fields, subject to the unsteady, two-dimensional,
inviscid, compressible, Euler equations, using a TVD scheme. Eight different models of the
silencer systems were tested to investigate the effects of the silencer configuration that has on
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the weak shock wave propagation phenomena. The incident plane shock wave was assumed at the
inlet of the silencer and its Mach number was changed between 1.01 and 1.30. The present
computational analysis clearly showed the detailed shock wave reflections/diffractions and
vortical flows inside the silencer models. These results were detailed by the pressure time histories
at several locations inside the silencer model. From the pressure time history obtained at the outlet
of the silencer, the first peak pressures were compared with each other for each of the silencer
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models employed. Of the eight different silencers applied, the silencer model with a series of the
baffle plates inside the expansion chamber reduced the first peak pressure at the exit of the exhaust
pipe by about 27%. The present computational results predict the experimental results with a
quite good accuracy.

Appendix A. Nomenclature

a speed of sound, eigenvalue of flux Jacobian matrix
e total energy per unit volume
M Mach number
p static pressure
t time
u velocity component in the x direction
v velocity component in the y direction
x longitudinal distance in Cartesian co-ordinate
y transverse distance in Cartesian co-ordinate
g ratio of specific heats
r density
d diameter of pipe
D diameter of silencer
L differential operator
Dt time interval
Dx grid space in the x direction
F numerical flux in the x direction
R right eigenvector of the flux Jacobian
g limiter function
c entropy correction function

Sub/superscripts

1 atmosphere state
2 state behind the incident shock wave
0 non-dimensional quantity
n time step
s incident shock wave
i space node in the x direction
j space node in the y direction
in pipe inlet
out pipe outlet
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