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Abstract

A two-degrees-of-freedom model of a Jeffcott rotor with a preloaded snubber ring subjected to out-of-
balance excitation has been developed. The purely impact interactions have been investigated. The rotor
makes intermittent contacts with the preloaded snubber ring and as a consequence it can be in one of five
different contact regimes, which boundaries have been found analytically. The current location of the
snubber ring has been determined using the principle of the minimum elastic energy in the snubber ring.
Consequently a non-linear piecewise smooth dynamical system has been obtained and studied numerically.
The results in form of bifurcation diagrams, phase portraits and Poincar!e maps show significant differences
for the cases with and without preloading.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Complex rotor systems have wide industrial applications, such as aero engines, steam and gas
turbines, turbogenerators, etc. Forced vibrations in these systems are usually caused by
centrifugal forces due to rotor mass imbalance, and various transmission forces. Even if the
rotor is well balanced, the balance may deteriorate with use. To prevent the housing from
deterioration caused by the excessive amplitude vibrations the preloading of the stator is often
introduced. The level of the preloading together with imbalance, stiffness and damping crucially
effect the dynamic system behaviour.

A full understanding of dynamics of real rotor systems (like gas turbines) is difficult and
sometimes impossible without first considering the behaviour of simple models. To study the
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rotor–stator interactions, two- [1–10] or four-degrees-of-freedom [11–13] Jeffcott rotor models
and simple structures like a shaft with one or more bearings [14,15] are often used.

Unwanted contact between the rotating and stationary parts of a rotating machine, more
commonly referred to as rub, is a serious problem that has been regularly identified as a primary
mode of failure in rotating machinery [13]. Rub may typically be caused by mass imbalance,
turbine or compressor blade failure, defective bearings and/or seals, or by rotor misalignment,
either thermal or mechanical. Several different physical events may occur during a contact
between the rotor and the stator: an impact, friction between the two contacting parts, and a
significant increase in the stiffness of the rotating system whilst contact is maintained, to name
just three. The behaviour of the system in this case is highly non-linear and responses may be
chaotic.

Rotor–stator rub interactions in rotating assemblies have attracted great attention from
researches [1,2,4,9–13,16,17]. Choy and Padovan [1] studied the transient response associated with
rubbing between a bladed rotor and its housing. Muszynska and Goldman [2] showed that during
the impact of a rotating shaft against a stationary element, such as in the rotor-to-stator rub case,
not only the radial (straight impact) effects must be taken into consideration, but, due to rotation,
also the tangential effects. For the rub-impact Jeffcott rotor system supported on oil film bearings
Chu and Zhang [11] found out four different scenarios to and out of chaos, namely, periodic,
quasi-periodic, intermittent and period doubling bifurcation routes. In reference [9] Zhang et al.
indicated that the non-linear rub-impact interactions caused by the rotor imbalance change the
stable periodic motion of the system to quasi-periodic and chaotic motion and introduce period-
doubling and grazing bifurcations. The reliability of the rotor system with rubbing was
investigated theoretically by Chu and Zhang [10]. Dai et al. [12,16] proved that it is useful to
introduce stops to limit violent vibration of rotor–bearing systems and that the friction factor
plays an important role in the performance of the stops. Edwards et al. [13] and Al-Bedoor [17]
present the models for the torsional and lateral vibrations of imbalanced rotors that account for
the rotor-to-stator rubbing.

Previous studies on rotor systems have also addressed many important scientific and technical
issues regarding stability [3,6,18,19]. A few papers concern control of the dynamic responses
using smart materials and structures [8,14]. Zeng and Wang [8] created the model of the
electromagnetic balancing regulator allowing the non-contact electromagnetic force to drive the
correction masses so as to generate a suitable correction weight. Vibration control of a rotor
system by a disk type electrorheological damper was applied by Yao et al. [14] to a six-degrees-of-
freedom shaft model. This study showed that a controllable damping can suppress the large
amplitude vibrations and sudden unbalance responses. Spontaneous sidebanding was investigated
by Ehrich [5].

Separate attention of the researchers was given to rotor–stator impacts, which were studied
both in the presence of the friction between the contacting parts (see, for example, Ref. [20]), and
without it [7,21–23]. Three different models have been used so far [13]: (i) classical restitution
coefficient approach, (ii) non-elastic impact with a zero restitution coefficient, where the impact is
followed by a sliding stage, and (iii) piecewise approach, with extra stiffness and damping terms
included during the contact stage. Using the third approach under assumption of absence of the
friction force Neilson and Barr [21] and Gonsalves et al. [7] showed a reasonable correlation
between the experimental and numerical results for four- and two-degrees-of-freedom Jeffcott
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rotor models. Gonsalves et al. [7] have also identified the existence of chaotic vibrations for a
Jeffcott rotor purely due to impacts. The recent papers by Karpenko et al. [22,23] studying the
same type of rotor–stator impact confirmed these findings and have also showed an existence of
multiple attractors and fractal basins of attractions.

Despite a significant number of theoretical and experimental investigations conducted so far,
one of the important characteristics such as the effect of preloading of a snubber ring on the
dynamics of a Jeffcott rotor model, which is an additional source of non-linearity in the rotor–
stator system, has not been properly addressed yet. Therefore in this paper, a mathematical model
of a Jeffcott rotor with a preloaded snubber ring is developed and the resultant system dynamics is
studied.

2. Physical model and equations of motion

2.1. Physical model

A two-degrees-of-freedom model of the rotor system with a preloaded snubber ring is shown in
Fig. 1a. The excitation is provided by an out-of-balance rotating mass mr: During operation the
rotor of mass M makes intermittent contact with the snubber ring. It is assumed that contact is
non-impulsive and that the friction between the snubber ring and the rotor is neglected. Since the
mass ratio between the snubber ring and the mass of the rotor is small (for existing experimental
rig it is equal to B1/17) and the ratio between the stiffnesses of the snubber ring and the rotor is
large, it is assumed that the snubber ring itself is massless. The stiffness and the viscous damping
of the snubber ring are equal to ks and cs: The stiffness and the damping of the rotor are,
respectively, kr and cr: The springs supporting the snubber ring are preloaded by Dx in horizontal
and Dy in vertical directions, respectively. There is a gap g between the rotor and the snubber ring.
Also in the initial position, the centre of the rotor is displaced from the centre of the snubber ring
by the eccentricity vector e.

The system can operate in (a) no contact or (b) contact between the rotor and the snubber ring.
In the latter case, existence of the preloading makes the dynamics of the system more complicated
as the force acting from the snubber ring on the rotor depends on whether the displacement of the
snubber ring exceeds the preloadings (in one or both directions) or not. Thus, the following
unique regimes of the system motion can be distinguished:

I. No contact between rotor and snubber ring.
II. Contact between the rotor and the snubber ring, where the both displacements of the snubber

ring are smaller than the preloadings, i.e., jxsjpDx and jysjpDy:
III. Contact between the rotor and the snubber ring, where the displacement of the snubber ring

in the horizontal direction is larger than the preloading, jxsj > Dx; and in the vertical direction
is smaller than preloading, jysjpDy:

IV. Contact between the rotor and the snubber ring, where the displacement of the snubber ring
in the horizontal direction is smaller than the preloading, jxsjpDx; and in the vertical direction
is larger than preloading, jysj > Dy:

V. Contact between the rotor and the snubber ring, where the displacements of the snubber ring
are larger than the preloadings, i.e., jxsj > Dx and jysj > Dy:
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2.2. Equations of motion

The co-ordinate system adopted in this study is presented in Figs. 1b. The initial position
of the rotor Or;0 differs from the initial position of the snubber ring Os;0 by the eccentricity vector
e. The vectors Rr ¼ ðxr; yrÞ and Rs ¼ ðxs; ysÞ show the current positions of the rotor and

the snubber ring, and D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxr � xsÞ

2 þ ðyr � ysÞ
2

q
is the distance between the centres of the rotor

and the snubber ring at any given time. R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

p
is the radial displacement of the rotor.

For no contact situation the distance between the centres of the rotor and the snubber ring is
smaller than the gap, g; that is Dpg: Therefore, equations of motion for the rotor and the snubber
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Fig. 1. (a) Physical model of the Jeffcott rotor with bearing clearance and (b) adopted co-ordinate system.
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ring are

M .xr þ cr ’xr þ krðxr � exÞ ¼ mrO2 cosðj0 þ OtÞ;

M .yr þ cr ’yr þ krðyr � eyÞ ¼ mrO2 sinðj0 þ OtÞ;

ksxs þ cs ’xs ¼ 0; ksys þ cs ’ys ¼ 0; ð1Þ

where j0 is the initial phase shift and O is shaft rotational velocity.
Once D ¼ g; the rotor hits the snubber ring and one or more of the contact regimes may occur,

for which the equations of motion can be written as

M .xr þ cr ’xr þ krðxr � exÞ þ Fsx
¼ mrO2 cosðj0 þ OtÞ;

M .yr þ cr ’yr þ krðyr � eyÞ þ Fsy
¼ mrO2 sinðj0 þ OtÞ;

xs ¼ xsðxr; yrÞ; ys ¼ ysðxr; yrÞ: ð2Þ

Here the force in the snubber ring Fs ¼ ðFsx
;Fsy

Þ (see Fig. 2) varies for different contact regimes
and will be determined in the next section. The unknown xsðxr; yrÞ and ysðxr; yrÞ give the current
location of the snubber ring as a function of the current location of the rotor. To determine these
functions the principle of minimum elastic energy of the snubber ring is used and a detailed
analysis is also given in Section 3.

During any contact regime the distance between the centres of the rotor and the snubber ring
remains constant, D ¼ g despite of the fact that the force in the snubber ring, Fs may vary. In
order to find the moment when the contact is lost the force Fs should be monitored. If the
projection of this force Fs on the normal vector n to the surface of contact is positive (see Fig. 2), it
is assumed that the rotor and the snubber ring are still in contact. Thus the contact is lost when

n � Fso0 or cosðj� cÞo0; ð3Þ
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where

c ¼ arccos
ðxr � xsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxr � xsÞ
2 þ ðyr � ysÞ

2
q

0
B@

1
CA; j ¼ arctanðFsy

=Fsx
Þ:

2.3. Non-dimensionalized equations of motion

In order to operate in the non-dimensional domain the following non-dimensional variables

t ¼ ont; fs ¼ Fs=ðkrgÞ; #xr ¼ xr=g; #yr ¼ yr=g; #xs ¼ xs=g; #ys ¼ ys=g; vxs
¼ #x0

s

and parameters

Z ¼ O=on; n1 ¼ cr=ð2
ffiffiffiffiffiffiffiffiffiffi
krM

p
Þ; n2 ¼ cs=ð2

ffiffiffiffiffiffiffiffiffiffi
krM

p
Þ; Zm ¼ m=M; #r ¼ r=g;

#K ¼ ks=kr; #ex ¼ ex=g; #ey ¼ ey=g; #Dx ¼ Dx=g; #Dy ¼ Dy=g

are introduced. In addition, the non-dimensionalized restoring forces and radial displacements are
defined as

#Frx ¼ Frx=ðkrgÞ; #Fry ¼ Fry=ðkrgÞ; #Fr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

rx þ F2
ry

q
=ðkrgÞ; #R ¼ R=g:

Thus, equations of motion (1), (2) can be rewritten, and for the freely rotating rotor the equations
of motion are

#x00
r þ 2n1 #x0

r þ #xr � #ex ¼ Zm #r Z2 cosðj0 þ ZtÞ;

#y00
r þ 2n1 #y0

r þ #yr � #ey ¼ Zm #r Z2 sinðj0 þ ZtÞ;

2n2 #x0
s þ #K #xs ¼ 0; 2n2 #y0s þ #K #ys ¼ 0: ð4Þ

For the regimes when the rotor is in contact with the snubber ring one has

#x00
r þ n1 #x0

r þ #xr � #ex þ fsx
¼ Zm #r Z2 cosðj0 þ ZtÞ;

#y00r þ n1 #y0r þ #yr � #ey þ fsy
¼ Zm #r Z2 sinðj0 þ ZtÞ;

#xs ¼ #xsð #xr; #yrÞ; #ys ¼ #ysð #xr; #yrÞ; ð5Þ

where the differentiation with respect to non-dimensional time t is denoted by prime.

3. Location of the snubber ring for contact regimes

3.1. Force in the snubber ring

It is assumed that the rotor and the snubber ring are in contact and the rotor moves the
snubber ring in the direction shown in Fig. 3. The forces F1; F2; F3 and F4 generated in the
snubber ring as a result of the rotor and the snubber ring interactions can be described in vector
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form as

F1 ¼
�j½ksðDy þ ysÞ þ cs ’ys
; ys > �Dy;

0; ysp� Dy;

(
; F2 ¼

j½ksðDy � ysÞ � cs ’ys
; ysoDy;

0; ysXDy;

(

F3 ¼
�i½ksðDx þ xsÞ þ cs ’xs
; xs > �Dx;

0; xsp� Dx;

(
; F4 ¼

i½ksðDx � xsÞ � cs ’xs
; xsoDx;

0; xsXDx:

(
ð6Þ

It is convenient to define the force in the snubber ring Fs as the resultant force taken with the
opposite sign

Fs ¼ �ðF1 þ F2 þ F3 þ F4Þ: ð7Þ

The values of this force are given in Table 1 for different regimes of operation. The expressions
given above for Fs should be substituted to Eq. (2) to obtain equations of motion for different
contact regimes and to Eq. (3) to determine the moment when the contact is lost.

3.2. Location of the snubber ring

When the rotor and the snubber ring are in contact, the distance between their centres remains
constant and equal to the gap, so ðxr � xsÞ

2 þ ðyr � ysÞ
2 ¼ g2: In order to find the location of the

snubber ring centre when it moves being in contact with the rotor, the following approach has
been adopted. It is assumed that the snubber ring moving under the rotating rotor finds a position
of minimum energy, E:
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The potential energy accumulated in the snubber ring at the position (xs; ys) is equal to the
work, which is spent to bring the snubber ring to this position:

E ¼
Z
ðsÞ
Fs ds ¼ �

Z xs

0

ðF3 þ F4Þi dxs �
Z ys

0

ðF1 þ F2Þj dys: ð8Þ

Assuming that the work of viscous forces is negligible in comparison with the work of elastic
forces, the expressions for the energy of the snubber ring take the forms listed in Table 2.

Then the problem of finding the current location of the snubber ring can be reduced to finding
the minimum of the energy E with the constraint condition D ¼ g: This can be done using the
Lagrange multipliers method by constructing the Lagrange function L ¼ E þ ld; where l is
Lagrange multiplier, E is the elastic energy of the snubber ring, d is the constraint function
d ¼ ðxr � xsÞ

2 þ ðyr � ysÞ
2 � g2: As E and d are the continuous and differentiable functions, the

current position of the snubber ring (xs and ys) as a function of the current rotor position (xr and
yr) can be determined from the conditions of the existence of extremum:

@L=@xs ¼ 0; @L=@ys ¼ 0; @L=@l ¼ d ¼ 0; ð9Þ

where

L ¼ E þ lððxr � xsÞ
2 þ ðyr � ysÞ

2 � g2Þ:

Minimizing the energy E with the constraint ðxr � xsÞ
2 þ ðyr � ysÞ

2 ¼ g2; the functions xsðxr; yrÞ
and ysðxr; yrÞ listed in Table 3 can be obtained.
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Table 2

Elastic energy of the snubber ring for various regimes

E Region

ksx
2
s þ ksy

2
s

jxsjoDx; jysjoDy

ðks=2Þððjxsj þ DxÞ
2 � 2D2

xÞ þ ksy
2
s

jxsjXDx; jysjoDy

ksx
2
s þ ðks=2Þððjysj þ DyÞ

2 � 2D2
yÞ jxsjoDx; jysjXDy

ðks=2Þððjxsj þ DxÞ
2 � 2D2

xÞ þ ðks=2Þððjysj þ DxÞ
2 � 2D2

yÞ jxsjXDx; jysjXDy

Table 1

Force in the snubber ring Fs for various regimes

Fs ¼ Region

i½2ksxs þ 2cs ’xs
 þ j½2ksys þ 2cs ’ys
 jxsjoDx; jysjoDy

i½2ksxs þ 2cs ’xs
 þ j½signðysÞksðDy þ jysjÞ þ cs ’ys
 jxsjoDx; jysjXDy

i½signðxsÞksðDx þ jxsjÞ þ cs ’xs
 þ j½2ksys þ 2cs ’ys
 xsj jXDx; jysjoDy

i½signðxsÞksðDx þ jxsjÞ þ cs ’xs
 þ j½signðysÞksðDy þ jysjÞ þ cs ’ys
 jxsjXDx; jysjXDy
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3.3. Geometry of snubber ring location for contact regimes

Let us assume that the snubber ring has different stiffnesses in horizontal and vertical directions
ksx and ksy and during the operation displacements of the snubber ring do not exceed the
preloadings, jxsjpDx and jysjpDy: In this case the following geometrical interpretation of the
snubber ring position under the moving rotor might be given.

Neglecting the dissipation of energy in the snubber ring one can rewrite the energy of the
snubber ring as it was done earlier (see Table 2)

E ¼ ksxx2
s þ ksyy2

s : ð10Þ

Thus for a chosen level of the energy E spent for moving the snubber ring, the equilibrium
position of its centre ðxs; ysÞ always belongs to an ellipse

x2=ðE=ksxÞ þ y2=ðE=ksyÞ ¼ 1: ð11Þ

On other hand, when the rotor and the snubber ring are in contact, the distance between the
centres of the rotor and the snubber ring is equal to g: If the current position of the rotor centre is
ðxr; yrÞ; the equilibrium position of the snubber ring centre ðxs; ysÞ can only belong to the circle

ðx � xrÞ
2 þ ðy � yrÞ

2 ¼ g2 ð12Þ

and this is shown in Fig. 4a. When the position of the centre of the rotor ðxr; yrÞ is fixed, the
corresponding position of the snubber ring can be viewed as the contact point between the ellipse
(11) and the circle (12). The potential energy has its minimum when the ellipse touches the circle.
The point of contact Osðxs; ysÞ between these curves can be found noting the ellipse and the circle
sharing the same tangential, u: Since both functions for the ellipse (Ge) and the circle (Gc) are
implicit, the tangentials can be calculated as

�ð@Gi=@yÞy¼ys
ðy � ysÞ ¼ ð@Gi=@xÞx¼xs

ðx � xsÞ; ð13Þ

where i ¼ e; c: For the ellipse one has Ge ¼ ksxx2=E þ ksyy2=E � 1 and the tangential is

xsðx � xsÞksx þ ysðy � ysÞksy ¼ 0: ð14Þ
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Table 3

Functions xsðxr; yrÞ and ysðxr; yrÞ for various regimes of operation

xs ¼ xr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

p
� g

� 

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

p
ys ¼ yr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

p
� g

� 

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

p
jxsjoDx;
jysjoDy

xs ¼ signðxrÞ
2ysðjxrj þ DxÞ

yr þ ys

� Dx

� �
ðyr � ysÞ

2ððjxrj þ DxÞ
2 þ ðyr þ ysÞ

2Þ ¼ g2ðyr þ ysÞ
2 jxsjXDx;

jysjoDy

ðxr � xsÞ
2ððjyrj þ DyÞ

2 þ ðxr þ xsÞ
2Þ ¼ g2ðxr þ xsÞ

2

ys ¼ signðyrÞ
2xsðjyrj þ DyÞ

xr þ xs

� Dy

� �
xsj joDx;
jysjXDy

xs ¼ signðxrÞ
ðjxrj þ DxÞð *R � gÞ

*R
� Dx

� �
;

*R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjxrj þ DxÞ

2 þ ðjyrj þ DyÞ
2

q ys ¼ signðyrÞ
ðjyrj þ DyÞð *R � gÞ

*R
� Dy

� �
jxsjXDx;
jysjXDy
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Eq. (14) can be rewritten in explicit form as

y ¼ k1ðxr;xs; yr; ysÞx þ b1ðxr;xs; yr; ysÞ: ð15Þ

For the circle Gc ¼ ðx � xrÞ
2 þ ðy � yrÞ

2 � g2 formula for the tangential is

ðxs � xrÞðx � xsÞ þ ðys � yrÞðy � ysÞ ¼ 0 ð16Þ

or

y ¼ k2ðxr;xs; yr; ysÞx þ b2ðxr;xs; yr; ysÞ: ð17Þ
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Equating the coefficients k1 ¼ k2 and b1 ¼ b2 and solving the obtained algebraic equations
together with the condition of contact

ðxr � xsÞ
2 þ ðyr � ysÞ

2 ¼ g2 ð18Þ

the relationship between the rotor and the snubber ring positions can be written as

xs ¼ f1ðxr; yrÞ; ys ¼ f2ðxr; yrÞ: ð19Þ

For a simple case when stiffnesses of the snubber ring are the same in both directions, ksx ¼
ksy ¼ ks; the tangentials for the ellipse and the circle are

y ¼ �ðxs=ysÞx þ ðx2
s þ y2

s Þ=ys;

y ¼ �ðxs � xrÞ=ðys � yrÞ x þ ðxsðxs � xrÞ þ ysðys � yrÞÞ=ðys � yrÞ: ð20Þ

Equating the coefficients gives

xs=xr ¼ ys=yr: ð21Þ

After substituting Eq. (21) into the condition of contact (18) finally one obtains:

xs ¼ xrð1� g=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

q
Þ ¼ xrðR � gÞ=R; ys ¼ yrð1� g=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r þ y2
r

q
Þ ¼ yrðR � gÞ=R: ð22Þ

In this case, the ellipse in Fig. 4a transforms to circle with the radius
ffiffiffiffiffiffiffiffiffiffi
E=ks

p
; as shown in Fig. 4b.

4. Contact regimes

Let one now consider the motion of the rotor in detail. As mentioned earlier the rotor can move
either in or out of contact with the snubber ring. During the contact the force acting between the
rotor and the snubber ring significantly depends on the ‘‘depth’’ of contact and four different
regimes can occur as listed in Section 2. This can be clearly explained using ðxr; yrÞ plane where
each regime is mapped into an associated region as shown in Fig. 5. The boundaries between
regimes I, II, III, IV and V are determined from the conditions listed at the top right quadrant at
Fig. 5. The equations describing these boundaries were developed in Section 4 and graphically
depicted in Fig. 6 which shows only one quadrant of ðxr; yrÞ plane since the problem is symmetric.
A detailed explanation how all these regions were determined is given below.

Region I, or no contact region is realized inside the circle

x2
r þ y2

r ¼ g2: ð23Þ

Once the rotor makes a contact with the snubber ring the contact regime II begins. The
boundaries of the corresponding region on ðxr; yrÞ plane can be specified as follows. The inner
boundary is described by Eq. (23). The outer boundaries are governed by the conditions jxsj ¼ Dx

and jysj ¼ Dy: Substituting xs and ys as function of xr and yr given in Table 3 for jxsjpDx and
jysjpDy; in the first quadrant of ðxr; yrÞ plane the outer boundaries are given by

yr ¼
xr

xr � Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � ðxr � DxÞ

2

q
; xr ¼

yr

yr � Dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � ðyr � DyÞ

2
q

: ð24; 25Þ
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Once the rotor drags the snubber ring ‘‘deep’’ enough in the horizontal direction, i.e., its
displacement, xs becomes larger than the preloading Dx; the regime III begins. The inner (left)
border for the region III is described by Eq. (24) and the outer (upper) border again is governed
by the conditions jysj ¼ Dy: As this border is simultaneously the inner (lower) border for the
region V ; the explicit expression for ys as function of xr and yr given in Table 3 for jxsj > Dx and
jysj > Dy is used

xr ¼ �Dx þ ðyr þ DyÞ=ðyr � DyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � ðyr � DyÞ

2
q

: ð26Þ

ARTICLE IN PRESS

Fig. 5. Regions of operation for a rotor system with a symmetrically preloaded snubber ring in ðxr; yrÞ plane.

Fig. 6. Regions of operation and their boundaries for the first quadrant of ðxr; yrÞ plane.
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In the same way for the rotor moving during regime IV one can obtain that the inner (lower)
border for the region IV is described by Eq. (25) and the outer (right) border is

yr ¼ �Dy þ ðxr þ DxÞ=ðxr � DxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � ðxr � DxÞ

2

q
: ð27Þ

Finally, the inner (and only) borders of the region V are described by Eqs. (26) and (27).
Now let introduce the elastic restoring force vector Fr ¼ ðFrx

;Fry
Þ acting on the rotor. For no

contact regime I, its components are equal to

Frx
¼ krðxr � exÞ; Fry

¼ krðyr � eyÞ ð28Þ

and for contact regimes are described as

Frx
¼ krðxr � exÞ þ pxksxs; Fry

¼ krðyr � eyÞ þ pyksys; ð29Þ

where

px ¼
1; for regimes III;V

2; for regimes II; IV

( )
; py ¼

1; for regimes IV;V

2; for regimes II; III

( )
:

The components of the elastic restoring force Frx
; Fry

and Fr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

rx
þ F2

ry

q
as functions of xr

and yr form 3D surfaces. In Figs. 7a–c these 3D surfaces are shown in non-dimensional co-
ordinates (see Section 2.3). These surfaces are calculated for #Dx ¼ 1:5; #Dy ¼ 1:1 and #K ¼ 30 : As
can be seen from these figures, there are well-pronounced borders between the different regions,
which coincide with boundaries

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#x2

r þ #y2
r

p
¼ 1; #xs ¼ #Dx and #ys ¼ #Dy; and the components of the

elastic restoring force #Frx
; #Fry

and #Fr are changing when crossing these borders. In Fig. 7d the
component of the restoring force #Frx

is plotted as a function of the radial displacement, #R ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#x2

r þ #y2
r

p
for three different values of angle j ¼ arctanðyr=xrÞ which meaning is shown in Fig. 6.

The dot line corresponds to j ¼ 27�; solid line to j ¼ arctanðDy=DxÞ ¼ 66� and dash line to
j ¼ 85�: For each value of j there are two points on the curve at which the slop is changing. First
of them is on the border between regions I and II ( #R ¼ 1), and it corresponds to the beginning of
the contact regimes. The second point occurs when the value of the snubber ring displacement #xs

exceeds the preloading #Dx: As can be deduced from Fig. 6 for #Frx
this second point appears on the

border between regions II and III for joarctanðDy=DxÞ; on the border between regions II and V
for j ¼ arctanðDy=DxÞ; and on the border between phases IV and V for j > arctanðDy=DxÞ: As #Frx

does not depend on #ys there is no change in the curve slop when the value of the snubber ring
displacement #ys exceeds the preloading #Dy; i.e., on the borders between phases II and IV and
between phases III and V. Similar explanations can be given for #Fry

and #Fr:

5. Numerical investigations

Numerical results presented in this section are to demonstrate the use of the developed
analytical formulas and show the influence of the preloading on the dynamics of the rotor crossing
different regions of operation.

Bifurcation diagrams shown in Fig. 8 were constructed for the displacement of the rotor #xr

under varying the frequency ratio Z for the unpreloaded (Fig. 8a) and the preloaded (Fig. 8b)
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cases. The control parameter Z was set to the leftmost value 2. Starting with zero initial conditions
first 300 cycles were calculated without plotting anything to ensure that steady state solutions had
been reached. The next 150 cycles produced values of the displacement #xr; which were plotted.
Then a small increment was added to the control parameter and the procedure was repeated until
the control parameter reached the rightmost value, Z ¼ 5: The parameters used in numerical
calculations were as follows: n1 ¼ 0:125; n1 ¼ 0:002; #K ¼ 30; #ex ¼ 0:9; #ey ¼ 0; Zm ¼ 70; #r ¼ 0:0017:
The preloading was set to zero in both directions for Fig. 8a, and #Dx ¼ #Dy ¼ 0:1 for Fig. 8b. As
can be clearly seen from Fig. 8 the preloading significantly changes the bifurcation structure. First
of all it shifts the existing bifurcation points; dash lines in Fig. 8 point out such behaviour. For
instance the period one observed in the beginning of the diagram bifurcates at Z ¼ 2:165 for
unpreloaded and at Z ¼ 2:213 for preloaded case. The point of bifurcation of period four motion
into period two motion moves from Z ¼ 2:717 to 2.824, and the period two bifurcates into period
four at Z ¼ 3:803 and 3.893 for unpreloaded and preloaded cases, respectively.
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Fig. 7. (a), (b) and (c) Non-dimensionalized restoring forces #Frx
; #Fry

and #Fr as functions of xr and yr; calculated for
#Dx ¼ 1:5; #Dy ¼ 1:1; #K ¼ 30 and (d) restoring force #Frx

as function of radial displacement #R; where case j ¼
arctanð #Dy= #DxÞ is marked by solid line, j > arctanð #Dy= #DxÞ by dash line and joarctanð #Dy= #DxÞ by dotted line,

respectively.
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Secondly, the introduction of the preloading changes the character of bifurcations. For
example, the period one motion marked the leftmost dash line, roughly speaking bifurcates into
period three motion (see Poincar!e map in Fig. 9a) for unpreloaded case and into quasi-periodic
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Fig. 8. Bifurcation diagrams #xrðZÞ calculated for (a) #Dx ¼ #Dy ¼ 0; (b) #Dx ¼ #Dy ¼ 0:1; and n1 ¼ 0:125; n2 ¼ 0:002;
#K ¼ 30; Zm ¼ 0:0017; #r ¼ 70; #ex ¼ 0:9 and #ey ¼ 0:

Fig. 9. Poincar!e maps #vxr
ð #xrÞ calculated for (a), (c) #Dx ¼ #Dy ¼ 0; (b), (d) #Dx ¼ #Dy ¼ 0:1; n1 ¼ 0:125; n2 ¼ 0:002; #K ¼ 30;

Zm ¼ 0:0017; #r ¼ 70; #ex ¼ 0:9 and #ey ¼ 0; and (a) Z ¼ 2:223; (b) Z ¼ 2:181 and (c), (d) Z ¼ 2:442:
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motion (Fig. 9b) for preloaded case. Also the preloading changes the structure of the chaotic
attractor and this can be seen from Poincar!e maps shown in Figs. 9c and d calculated at Z ¼ 2:442
for unpreloaded and preloaded cases.

Finally and most importantly the preloading introduces new bifurcations and new regimes. For
example, an additional bifurcation of the period two motion into quasi-periodic motion appears
at ZE3:107 for the preloaded case. Also a large window of new regimes containing periodic,
quasi-periodic and chaotic motions arises between ZE4:211 and 4.484 where for unpreloaded case
the only period three motion is observed.

The changes in dynamical behaviour are even more visible in ð #xs; #vxs
Þ plane. The

comparison between trajectories of the snubber ring on the phase plane ð #xs; #vxs
Þ for the

system with and without preloading is presented in Fig. 10. Dynamics of the snubber ring is
shown in Figs. 10a and c for the system without preloading ð #Dx ¼ #Dy ¼ 0Þ; and in Figs. 10b
and d for the system with preloading ( #Dx ¼ #Dy ¼ 0:05 and 0.03, respectively). The values of
other system parameters are also different for Figs. 10a–d and they are given in the figure
caption. As can be seen from Fig. 10 in both cases, velocity of snubber ring #vxs

experiences a
jump at #xs ¼ 0; when the rotor hits the snubber ring. For the systems with preloading
there is an additional jump of velocity #vxs

; which appears at #xs ¼ #Dx: Also it can be
observed that the existence of the preloading reduces the amplitude of the snubber ring
vibrations.
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Fig. 10. Phase portraits #vxs
ð #xsÞ calculated for: (a) #Dx ¼ #Dy ¼ 0; (b) #Dx ¼ #Dy ¼ 0:05 and n1 ¼ 0:06; n2 ¼ 0:002; Z ¼ 2:5;

#K ¼ 30; #ex ¼ 0:4; #ey ¼ 0:5; r ¼ 70; Zm ¼ 0:00289; and for (c) #Dx ¼ #Dy ¼ 0; (d) #Dx ¼ #Dy ¼ 0:03 and n1 ¼ 0:125; n2 ¼
0:002; Z ¼ 3:0; #K ¼ 30; #ex ¼ 0:9; #ey ¼ 0; r ¼ 70; Zm ¼ 0:0017:
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6. Conclusions

Two-degrees-of-freedom model of the Jeffcott rotor with the preloaded snubber ring subjected
to out-of-balance excitation was developed, and dynamic interactions between the rotor and the
preloaded snubber ring were studied. During operation the rotor can be in one of five different
contact regimes, for which boundaries on ðxr; yrÞ plane have been analytically determined. The
current location of the snubber ring has been obtained using the principle of the minimum elastic
energy in the snubber ring. The equations of motion were solved numerically and the results of the
calculations for the system with and without preloading were compared using bifurcation
diagrams and phase portraits. It was shown that the introduction of the preloading significantly
change the bifurcation structure, i.e., it shifts the existing bifurcation points, changes the character
of the bifurcations and introduces new bifurcations and new regimes. The changes in dynamical
behaviour are also clearly visible on the phase portraits of the system, where the preloading
introduces additional jumps of the snubber ring velocities and changes the amplitude of the
snubber ring vibrations.

Further numerical analysis reveals that the model is very sensitive for both the direction and the
magnitude of the preloading. Accordingly it can be concluded that influence of the preloading on
the dynamics of the Jeffcott rotor with preloaded ring is crucial and should be considered in the
mathematical models.
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Appendix A. Nomenclature

cr damping coefficient of the rotor
cs damping coefficient of the snubber ring
D distance between the centres of the rotor and the snubber ring
E elastic energy of the snubber ring
Fr ¼ ðFrx

;Fry
Þ restoring force vector

Fs ¼ ðFsx
;Fsy

Þ force vector in the snubber ring
kr rotor stiffness
ks snubber ring stiffness
k1; k2; b1; b2 auxiliary coefficients
M mass of rotor
n normal vector to the surface of contact
mr out-of-balance
t time
R radial displacement of the rotor relative to the initial position of the snubber

ring
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Rr ¼ ðxr; yrÞ radius vector of the current position of the rotor, jRrj ¼ R

Rs ¼ ðxs; ysÞ radius vector of the current position of the snubber ring
Dx; Dy preloadings of the snubber ring in the horizontal and vertical directions
#K stiffness ratio, ks=kr

#xr; #yr non-dimensional horizontal and vertical co-ordinates of the current position of
the rotor

#xs; #ys non-dimensional horizontal and vertical co-ordinates of the current position of
the snubber ring

#Dx; #Dy non-dimensional preloadings of the snubber ring in horizontal and vertical
directions

#R non-dimensional radial displacement, R=g
ex; ey eccentricities of the rotor in x and y directions
j0 initial phase shift
g radial clearance between the rotor and the snubber ring
Z frequency ratio, O=on

Zm mass ratio, m=M
n1 damping ratio of the rotor, cr=ð2

ffiffiffiffiffiffiffiffiffiffi
krM

p
yÞ

n2 damping ratio of the snubber ring, cs=ð2
ffiffiffiffiffiffiffiffiffiffi
krM

p
yÞ

t non-dimensional time, ont

c the angle between the normal to the surface of contact and the horizontal
direction

on natural frequency of the rotor,
ffiffiffiffiffiffiffiffiffiffiffiffi
kr=M

p
#ex non-dimensional eccentricity in the x direction, ex=g
#ey non-dimensional eccentricity in the y direction, ey=g
#r non-dimensional radius, r=g
O shaft rotational velocity
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