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Abstract

An extension of the modal overlap factor is introduced that includes ensemble variations and frequency
averaging of plates and acoustic spaces. Uniformly and normally distributed variations of geometric and
material parameters are considered. Using this modal overlap factor, approximate formulas are derived to
identify the limit of predictability for the combined case of damping, ensemble variation, and frequency
averaging. The extended modal overlap factor is used to define a high-frequency threshold for plates and
acoustical spaces that depends on system parameters and their variations as well as on damping, and the
bandwidth of frequency averaging. Monte-Carlo simulations are shown to illustrate and validate the
results.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that systems produced to have the same nominal characteristics exhibit
significant variations of noise, vibration, and harshness (NVH) properties. Such variations are due
to many factors, including uncertainties in the dynamical properties of components, assembly
variations, and variations caused by varying environmental conditions. As an example, in Ref. [1],
transfer functions of nominally identical Isuzu Rodeo trucks are compared which show relatively
large variations at high frequencies due to manufacturing variations and temperature variations.
The existence of these variations creates a limit of predictability of deterministic models (finite
element method (FEM) or boundary element method (BEM)), as discussed in Refs. [2,3]. At high
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frequencies, prediction of modes of vibration is not useful since the average behavior shows no
modal behavior.

The existence of a limit of predictability also clarifies the issue that arises regarding the
utilization of FEM at high frequencies. As the analysis frequency increases, FEM models become
more computationally intensive due to the fact that the size of the elements must be very small, on
the order of a fraction of the wavelength of the response. It is a common conclusion that analysis
at high frequencies is limited by computational power. However, the existence of an intrinsic limit
of predictability suggests that analysis at high frequencies should not be done using traditional
FEM models regardless of computer resource considerations. Energy finite element methods
(EFEM) and statistical energy analysis (SEA) methods have been developed for high-frequency
analysis above the limit of predictability. For these methods, average responses are predicted.

For design purposes, it is valuable to be able to quantify the limit of predictability in order to
make predictions in the different frequency ranges using appropriate techniques. Traditionally,
the limit of predictability, together with the corresponding definition of the frequency bands
where statistical methods are appropriate, has been determined based on some statistics of a single
implementation of a system.

In Ref. [4], the following qualitative definitions of low, mid, and high frequency are proposed:

* Low frequency: The response spectra exhibit strong modal behavior.
* Mid frequency: The response spectra exhibit high irregularities, indicating irregular modal

density. Boundary conditions, geometry and materials play an important role.
* High frequency: The response spectra are ‘‘smooth’’, indicating high modal density. Boundary

conditions, geometry, and material are not important.

These definitions were developed for a single implementation of a vibro-acoustic system for which
the smoothing of the response for increasing frequency is due to modal overlap and damping. A
frequency bandwidth of significant response is defined for each natural frequency. This bandwidth
increases with the natural frequency. When the frequency of excitation is within this bandwidth,
the mode participates significantly in the response of the system. Therefore, as the excitation
frequency increases, and consequently, as the modal density (number of modes per unit
frequency) increases, the number of modes that overlap increases. The number of modes
contributing to the response at a given frequency becomes larger. If enough modes contribute to
the response, their sum would appear smooth since peaks and valleys of the modes would, on
average, cancel each other.

Schroeder [5] establishes a ‘‘large room’’ criterion that defines a frequency above which
statistical parameters describing the sound pressure in a room can be estimated. This criterion is
based on the count of modal overlap where the damping of the system is introduced through the
reverberation time of the room. The ‘‘large room’’ criterion is used by Doak [6], to compare his
‘‘spatial irregularity’’ theory with the results of Schroeder [7]. Doak shows, both theoretically and
experimentally, that one- and two-dimensional modes of the sound field play an important role
below the frequency threshold corresponding to the ‘‘large room criterion’’ and develops a
complementary theory to Schroeder’s theory that applies at low frequencies.

The aim of the current work is to provide a quantitative definition of low- and high-frequency
ranges for cases where the average of ensemble predictions are desired and frequency averaging is
appropriate. This definition is consistent with the frequency range characterizations discussed
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previously for a single implementation with damping. The mean response over ensembles of plates
and acoustic spaces is considered where the ensembles are made up of nominally identical systems
for which variations of geometric characteristics and other physical parameters (including the
damping coefficient) are allowed, together with the effect of frequency averaging. The frequency
threshold is defined by extending the definition of the modal overlap count (modal overlap factor)
to include variations of physical parameters across the ensemble, damping, and frequency
averaging bandwidth. The derivation takes into account the first two moments (mean and
variance) of the physical parameters. The results are checked for both uniform and normal
distributions.

The central result of this paper is a formula for a frequency threshold dividing the low- and
high-frequency ranges, the limit of predictability. To illustrate and validate the results, Monte-
Carlo simulations are done to estimate the average response of plates and acoustic spaces together
with the corresponding prediction of the frequency threshold.

2. Modal overlap count

In Ref. [8] a frequency threshold was presented that defines the high- and low-frequency ranges
for an ensemble of beams. The ensemble under consideration exhibits variations in all physical
parameters. The effects of damping and frequency averaging are also considered.

The main result shown in Ref. [8] is that the mean response over an ensemble of beams reveals a
threshold in its behavior at the frequency where the bandwidth Do; the variation of the natural
frequencies due to ensemble variations and variations associated with damping, equals do; the
average distance between adjacent natural frequencies. Above the frequency threshold the modes
overlap and the mean response becomes smooth as a function of frequency (high-frequency
range).

For the case of the beam, both Do and do can be written as functions of frequency. Each grows
monotonically at different rates. Thus, it is possible to find a unique frequency value (the defined
threshold) such that

Do ¼ do: ð1Þ

A new variable MO is introduced. It is the average number of modes excited by a pure tone of
frequency o (assuming small damping). A mode is considered excited by a pure tone of frequency
o if o is in the frequency band Do associated with that mode. This definition is the same as the
definition of modal overlap factor discussed in the introduction, where the bandwidth
corresponding to each mode now depends on the variation of the material properties, b; instead
of the damping coefficient. Eq. (1), the threshold condition, can be rewritten as

MO ¼
Do
do

¼ 1:

MO depends on the physical variations of an ensemble through the bandwidth Do which
measures the variation of the natural frequencies.

In the next sub-sections the exact mode count MO is precisely defined as a function of
frequency (or wave number) and variations in the physical parameters. MO is found for plates
and acoustical spaces. An estimate of MO; MO; is sought that describes its average behavior. A
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general definition of a threshold, involving MO; will follow. The threshold will be computed using
a condition similar to Eq. (1).

3. Multi-dimensional modal overlap count

The modal overlap count is developed first for the general case of a mechanical system (plate,
acoustical enclosure, etc.). The dispersion relation is assumed to have the general form

o ¼ f ðb; kÞ; ð2Þ

where b ¼ ðb1;y;bMÞ is a vector of physical parameters that varies in the ensemble. The wave
number k is given by

k ¼ kðL;mÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1

mip
Li

þ ci

� �2
s

; ð3Þ

where N ¼ 2; 3 and L ¼ ðL1;y;LNÞ are the physical dimensions of the system and m ¼
ðm1;y;mNÞ is a multi-index such that the corresponding wave number from Eq. (3) exists for the
system considered. The values ci are constants that depend on the boundary conditions imposed
on the system.

For a given multi-index m the eigenfrequency o ¼ f ðb; kðL;mÞÞ is regarded as a random
variable, a function of the random variables b and L; representing the ensemble variations. b is a
random vector with independent components bi with mean bi and standard deviation sbi

¼ qbi
bi:

Analogously, the sizes Li are independent random variables with mean %Li and standard deviation
sLi

¼ qLi
%Li:

The assumption of this derivation is that the modal overlap count depends only on the first two
moments of the random variables involved. In particular, this implies that the results will not
depend on the distribution of the variables.

In the following derivation, a measure of the size of the variation of the eigenfrequencies Do is
established. This is achieved by computing the standard deviation of the variation of each natural
frequency and computing the interval of variation by assuming it to be uniformly distributed. To
help justify the choice of the uniform distribution for the natural frequencies o; it must be recalled
that the end purpose is the count of the number of modes that overlap. If an interval of variation
of the natural frequencies is identified (such as for a uniformly distributed variable) the count of
the overlaps should not depend on the exact distributions but only on whether the intervals of
variation overlap.

For each given m the variance of o is estimated via the formula

s2
oEf 2

bi
ð%b; %kÞs2

bi
þ f 2

Li
ð%b; %kÞs2

Li
;

where %k ¼ kð %L;mÞ and the usual summation convention is used. This formula is based on a Taylor
expansion of f : Using Eq. (3), the variance can be rewritten as

s2
o ¼

bi

2
f 2
bi
ð%b; %kÞ
%k2

q2
bi
þ f 2

k ð%b; %kÞ
ð %ki þ ciÞ

2 %k2
i

%k4
q2

Li

8<
:

9=
; %k 2;
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where %ki ¼ mip= %Li: As discussed previously, the distribution of o is assumed uniform. For a
random variable uniformly distributed on the interval ða; bÞ with standard deviation s; the relation
b � a ¼ 2

ffiffiffi
3

p
s holds and therefore the interval of variation Do of o can be defined as

Do ¼ 2
ffiffiffi
3

p
so ¼ 2

ffiffiffi
3

p bi

2
f 2
bi
ð%b; %kÞ
%k2

q2
bi
þ f 2

k ð%b; %kÞ
ð %ki þ ciÞ

2 %k2
i

%k4
q2

Li

8<
:

9=
;

1=2

%k:

For every fixed b it is assumed that the function k-f ðb; kÞ is one-to-one and therefore the inverse,
f �1ðb; �Þ; exists. Because of the simple geometry of the wave number space, it is convenient to work
with variables in that space. To this end the ‘‘change of variable’’

k-k� ¼ f �1ð%b;oÞ ¼ f �1ð%b; f ðb; kÞÞ; ð4Þ

is considered such that k� depends on b and k: As a first order approximation the variation of k�

can be written as

Dk� ¼ f �1
o ð%b; f ð%b; %kÞÞDo ¼

1

fkð%b; %kÞ
Do:

Therefore, substituting gives

Dk� ¼ 2
ffiffiffi
3

p bi

%k
f �1
bi

ð%b; f ð%b; %kÞÞ

 �2

q2
bi
þ

ð %ki þ ciÞ
2 %k2

i

%k4
q2

Li

( )1=2

%k: ð5Þ

For each m; relation (5) can be interpreted geometrically (refer to Fig. 1 for the case N ¼
2; m1;m2X1; and c1 ¼ c2 ¼ 0). The wave number %k is represented by the point P ¼ ðm1p= %L1 þ
c1;y;mNp= %LN þ cNÞ and its value is the distance from P to the origin. For variations of b; and
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the sizes L; the point corresponding to k� (see Eq. (4)) spans a region about %k (in Fig. 1 is the
shaded disk centered at P). The Dk� in Eq. (5) is the size of the interval Im spanned by k�:

A precise definition of the modal overlap count MO can be given as

MOðkÞ ¼
X
m

wIm
ðkÞ;

where wA is the indicator function of the set A: MOðkÞ is the number of intervals Im that contain k:
MO can also be visualized on the plane in Fig. 1 as the number of shaded regions (corresponding
to each multi-index m) intersected by a circle of radius k centered at the origin. As a function of
the qbi

’s and qLi
’s, MO is very irregular with many oscillations. It should be not surprising that

there is no simple formula for MO: In the following, an approximation for MO is developed
where variations in all of the parameters are considered.

The following notation will be used. For each m; let Sm be the parallelepiped centered at Pm
with sides of length p= %Li for i ¼ 1;y;N in the direction of the ith axis. The volume of Sm is pN= %V;
where %V is the average volume of the ensemble of systems (see Fig. 1). Note that the Sm’s are non-
overlapping and they partition the region containing the points Pm: The region Dk is defined as the
intersection of the sphere of radius k centered at the origin, with all of the Sm’s that correspond to
a wave number of the system. Finally, Gk denotes the curved portion of the boundary of Dk:

Next, consider the function TðkÞ defined by

TðkÞ ¼
X

TmðkÞ; ð6Þ

where Tm is given by

TmðkÞ ¼

Dk�m if Im lies to the left of k;

Length of the portion of Im on the left of k if Im contains k;

0 otherwise:

8><
>:

Note that only a finite number of terms in the summation are non-zero. The function TðkÞ can be
loosely visualized in the plane in Fig. 1 as the cumulative sum of the variations Dk�m corresponding
to rectangles Sm lying inside the circle of radius k centered at the origin. If a value k is fixed and a
small increment Dk is considered, the quantity Tðk þ DkÞ � TðkÞ is the total length of the portions
of the intervals that lie in the interval ðk; k þ DkÞ: Hence, if Dk is small enough the incremental
ratio

Tðk þ DkÞ � TðkÞ
Dk

; ð7Þ

is the number of intervals that contain the value k: Therefore, for every k not an endpoint of
any Im;

MOðkÞ ¼ T 0ðkÞ: ð8Þ

Thus, MOðkÞ can be computed from an estimate of TðkÞ: In order to obtain a simple
approximation of TðkÞ; a continuous version of Eq. (6) is considered

TðkÞE
Z

Dk

f ðxÞ dx;

ARTICLE IN PRESS

G. Rabbiolo et al. / Journal of Sound and Vibration 277 (2004) 647–667652



where the density function f ðxÞ satisfies the conditionZ
Sm-Dk

f ðxÞ dx ¼ TmðkÞ: ð9Þ

In other terms, f ðxÞ can be interpreted as the variation per unit area (density in wave number
space) of the natural frequencies at the point x: Therefore, relation (9) suggests the following
approximation for f :

f ðxÞE
%V

pN
Dk�ðxÞ;

where Dk�ðxÞ is the continuous version of Eq. (5),

Dk�ðxÞ ¼ 2
ffiffiffi
3

p bi

jxj
f �1
bi

ð%b; f ð%b; jxjÞÞ

 �2

q2
bi
þ

ðxi þ ciÞ
2x2

i

jxj4
q2

Li

( )1=2

jxj; ð10Þ

and x ¼ ðx1;y; xNÞ: In view of Eq. (8), an approximation of the incremental ratio (7) is sought
with at least first order accuracy in Dk: Considering a small region of thickness Dk about Gk; the
following approximation is obtained:

MOðkÞ ¼ T 0ðkÞ ¼ lim
Dk-0

Tðk þ DkÞ � TðkÞ
Dk

E
%V

pN

Z
Gk

Dk�ðxÞ dx ð11Þ

(note that here dx denotes the measure in dimension N � 1). Denoting

hðqb; %b; kÞ ¼
bi

k
f �1
bi

ð%b; f ð%b; kÞÞ

 �2

q2
bi
; ð12Þ

and changing to circular coordinates by setting xi ¼ kfiðyÞ and dx ¼ kN�1JðyÞ dy; so that jxj ¼ k;
the following approximation for MO is obtained:

MOðkÞE
2

ffiffiffi
3

p
%VkN

pN

Z
W

hðqb; %b; kÞ þ fiðyÞ þ
ci

k

� �2

f 2
i ðyÞq

2
Li


 �1=2

JðyÞ dy; ð13Þ

where W is the set of angle coordinates that spans Gk:
This is a general formula that applies to systems of any dimension and for any dispersion

equation. It is used to approximate MO as a function of the wave number and depends on the
ensemble variations accounted for by the relative standard deviations qLi

’s and qbi
’s.

3.1. Frequency averaging and damping

Both frequency averaging over frequency bands and the introduction of damping in the
vibration of a system have the effect of smoothing the response. In fact the peaks of the modal
responses are wider and lower for frequency averaging and higher damping and the modal overlap
count is higher. In this sub-section a prediction of the higher modal overlap count is achieved
by augmenting the interval of variation of the eigenfrequencies (Dk� of the previous sub-section)
by an amount that depends on the fraction of octave band on which frequency averaging is
considered and on the damping coefficient. This same procedure has been used in Ref. [8]
for beams.
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For each m; the dependence on frequency averaging and damping is introduced by considering
the natural frequencies as random variables of the form

o�m ¼ om þ Um þ Zm;

where Um and Zm are independent random variables accounting for frequency averaging and
damping, respectively. An interval of variation is associated with the two variables. We can
assume that Um is distributed uniformly on ½2�r=2 %omn; 2r=2 %omn
 which is the r-fraction of an octave
band on which frequency averaging is performed. Zm is distributed uniformly on an interval
centered at %om of length Z %omn; the half-power bandwidth and Z the damping coefficient. In
Ref. [8], for beams, the half-power bandwidth was chosen to consider the effect of damping. As
discussed previously the choice of uniform distributions for Um and Zm may be justified by the
fact that only the computation of the number of modal overlaps is considered and the precise
distribution of the modes is not assumed important. Since they are uniformly distributed, the
variances of Um and Zm are given as

s2
Um

¼
e2 %o2

m

12
; s2

Zm
¼

Z2 %o2
m

12
;

where e ¼ 2r=2 � 2�r=2:
By the independence assumption s2

o�m
¼ s2

om þ s2
Um

þ s2
Zm

holds. If the procedure of the
previous sub-section is repeated considering o� instead of o; relation Eq. (13) is still valid if h in
Eq. (12) is replaced by

hðqb; e; Z; %b; kÞ ¼
bi

k
f �1
bi

ð%b; f ð%b; kÞÞ

 �2

q2
bi
þ

1

k

f ð %b; kÞ
fkð %b; kÞ


 �2
e2 þ Z2

12
: ð14Þ

In the following sections, the general approximation formula (13), together with hðqb; e; Z; %b; kÞ
defined above, will be specialized for vibrations of a plate and an acoustical space under specific
boundary conditions.

3.2. Plates

A thin, simply supported, rectangular plate of dimensions L1 � L2 is considered. For such a
plate, the natural frequencies are given by (see Ref. [9])

o ¼ bk2; where k ¼
m1p
L1

� �2

þ
m2p
L2

� �2
" #1=2

; ð15Þ

for m1;m2X1; where b depends on various material parameters of the plate. In this case c1 ¼
c2 ¼ 0 and

Dk ¼ ðx; yÞ:x2 þ y2 o k; x >
p

2 %L1

; y >
p

2 %L2

� �
:

Relation (15) above gives an explicit expression for f in Eq. (2). Using polar co-ordinates,
Eqs. (13) and (14) become

MOðkÞE

ffiffiffi
3

p
%Ak2

p2

Z p=2�d

d
a2 þ 4q2

L1
cos4 yþ 4q2

L2
sin4 y

h i1=2
dy;
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where a2 ¼ q2
b þ ðe2 þ Z2Þ=12 and d > 0 is the angle between the x-axis and the ray from the

origin and the point ðk; p=2 %L2Þ: By first order approximation of the integrals over ð0; dÞ and
ðp=2 � d; p=2Þ it is obtained that

MOðkÞ ¼

ffiffiffi
3

p
%Ak2

p2

Z p=2

0

½a2 þ 4q2
L1

cos4 yþ 4q2
L2

sin4 y
1=2 dy

�

ffiffiffi
3

p
%Ak

2p
ða2 þ 4q2

L1
Þ1=2

%L2

þ
ða2 þ 4q2

L2
Þ1=2

%L1

" #
: ð16Þ

The integral I in Eq. (16) over the variable y cannot be computed in closed form. However, for
1
2
pqL2

=qL1
p2; an approximation of I can be obtained by splitting the integral over the intervals

½0;p=4
 and ½p=4;p=2
: Using the mean value theorem for integrals, it follows that there are values
x1 and x2 such that

I ¼
p
4
f½a2 þ 4q2

L1
cos4 x1 þ 4q2

L2
sin4 x1


1=2 þ ½a2 þ 4q2
L1

cos4 x2 þ 4q2
L2

sin4 x2

1=2g

E
p
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 3q2

L1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 3q2

L2

qh i
; ð17Þ

where x1A½0; p=4
 and x2A½p=4;p=2
: The last approximation is obtained by observing that
q2

L2
sin4 x1{q2

L1
cos4 x1 on ½0;p=4
 and q2

L2
cos4 x2{q2

L1
sin4 x2 on ½p=4;p=2
 and by considering the

approximations cos4ðx1Þ ¼ sin4ðx2ÞE3=4: In Fig. 2 the approximate formula (17) is compared
with the value of the integral in Eq. (16) computed numerically. The two graphs correspond to the
choices qL1

¼ 0:05; qb ¼ 0:01; and qL1
¼ 0:01; qb ¼ 0:05: The plots show the value of I versus the

ratio qL2
=qL1

: The two functions are well matched.
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Fig. 2. Comparison of numerical approximation of integral in Eq. (16) and the approximation value from Eq. (17).
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¼ 0:05; qb ¼ 0:01; (b) qL1

¼ 0:01; qb ¼ 0:05: —, numerical integration; - - -, approximation

formula.
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Substituting Eq. (17) into Eq. (16), the following approximation formula for MO is obtained
(for 1=2pqL2

=qL1
p2):

MOðkÞE

ffiffiffi
3

p
%Ak2

4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 3q2

L1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 3q2

L2

qn o

�

ffiffiffi
3

p
k

2p
%L1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4q2

L1

q
þ %L2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4q2

L2

qn o
: ð18Þ

Note that for a ¼ 0; Eq. (18) reduces to

MOðkÞE
3 %Ak2

2p
qL1

þ qL2

2

� �
�

ffiffiffi
3

p
k

p
ðqL1

%L1 þ qL2
%L2Þ; ð19Þ

showing that the variations in dimension are averaged. In many cases q ¼ qL1
¼ qL2

; and Eq. (19)
reduces to

MOðkÞE
3 %Aqk2

2p
�

ffiffiffi
3

p
qk %P

2p
;

where %P ¼ 2ð %L1 þ %L2Þ is the average perimeter of the plate ensemble.
If qL1

¼ qL2
¼ qb ¼ e ¼ 0; then the modal overlap count due to damping only is obtained as

MOðkÞE
%Ak2Z
4p

�
%PkZ
8p

¼
Zo
do

; ð20Þ

where do is the average spacing between modes (see Ref. [9]),

do ¼
8pk %b

2 %Ak � %P
:

The right hand side of Eq. (20) is the ratio of the half-power bandwidth to the average frequency
spacing between adjacent eigenfrequencies and can be interpreted as the average number of
eigenfrequencies within the half-power bandwidth. This ratio is called the modal overlap factor in
the literature. Eq. (18), is a generalization of the concept of modal overlap factor resulting from
damping only to the case in which ensemble averaging and frequency averaging are also
considered in the determination of modal overlap.

3.3. Acoustic spaces

An acoustic space of dimensions L1 � L2 � L3 is considered, where the natural frequencies are
given by

o ¼ c0k; k ¼
m1p
L1

� �2

þ
m2p
L2

� �2

þ
m3p
L3

� �2
" #1=2

;

with m1;m2;m3X0 and c0 is the speed of sound. It holds that c1 ¼ c2 ¼ c3 ¼ 0 and the region Dk is
then given by

Dk ¼ ðx; y; zÞ: x2 þ y2 þ z2ok2 and x > �
p

2 %L1

; y > �
p

2 %L2

; z > �
p

2 %L3

� �
:
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Eqs. (13) and (14) are applied and the following approximation of the modal overlap count is
obtained as a function of o:

MOðoÞE
2

ffiffiffi
3

p
%Vo3

%c3
0p

3

Z
W

ða2 þ q2
L1

sin4 y cos4 f

þ q2
L2

sin4 y sin4fþ q2
L3

cos4 yÞ1=2 sin y dy df;

where a2 ¼ q2
c0
þ ðe2 þ Z2Þ=12; and W is the set of angles y and f that spans Gk; the curved portion

of the boundary of Dk: %V ¼ %L1 %L2 %L3 is the volume of the average acoustic space. To compute the
integral above, the boundary region Gk is split into non-overlapping regions, as shown in Fig. 3.
The integrals evaluated on each of these regions and are added up.

The region labeled A; the first octant, corresponds to the square ½0; p=2
 � ½0; p=2
: The integral
on this region represents the major contribution to MO for large values of k: For the other
regions, first order approximations of the integrals similar to those used in the case of the plate are
considered. Specifically, the thickness of B1 is approximated as p=ð2 %L3Þ and its contribution to
MO is approximated as (cf. Eq. (11))

IB1 ¼
%V

p3

Z
B1

Dk�ðxÞ dxE
%V

2p2 %L3

Z
g
Dk�ðxÞ dx;

where g is the arc of radius k in the first quadrant of the space X1 � X2 (refer to Fig. 3). By setting
x3 ¼ 0 in Dk� as given in Eq. (10), and transforming to polar coordinates to compute the integral
in IB1

the following relationship is obtained:

IB1
¼

ffiffiffi
3

p
%L1 %L2o2

p2 %c2
0

Z p=2

0

ða2 þ q2
L1

cos4 yþ q2
L2

sin4 yÞ1=2 dy ð21Þ

E

ffiffiffi
3

p
%L1 %L2o2

8p%c2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ 3q2

L1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 þ 3q2

L2

q� �
; ð22Þ
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Fig. 3. Subdivision of Gk for an acoustic space.
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where the approximation of the integral is similar to the one used for the plate. The contributions
from B2 and B3 are obtained similarly.

Finally, the contribution from the integration on C1 (refer to Fig. 3) is obtained again from
Eq. (10) by approximating the area of C1 as p2=ð4 %L2 %L3Þ and Dk�ðxÞ with its value at x ¼ ðk; 0; 0Þ:
The following first order approximation to the contribution of the integral on C1 to MO is
obtained:

IC1
¼

ffiffiffi
3

p
%L1o

2p%c0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ q2

L1

q
:

Similarly, the integrals on C2 and C3 are obtained.
The most general approximation formula for MO is obtained by adding up all the

approximation developed above on the surfaces A; B1; B2; B3; C1; C2; and C3:
In the special case in which q ¼ qL1

¼ qL2
¼ qL3

; the formula simplifies to

MOðoÞE
2

ffiffiffi
3

p
%Vo3

%c3
0p

3

Z p=2

0

Z p=2

0

q2
c0
þ

e2 þ Z2

2




þ q2ðsin4 y cos4 fþ sin4 y sin4 fþ cos4 yÞ
�1=2

sin y dy df

þ

ffiffiffi
3

p
%So2

8p%c2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2

c0
þ

e2 þ Z2

3
þ 3q2

s
þ

ffiffiffi
3

p
%Po

8p%c0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

c0
þ

e2 þ Z2

2
þ q2

s
; ð23Þ

where %S and %P are the average surface area and perimeter of the acoustic space, respectively. A
closed form expression for the integral in Eq. (23) is not available in the general case and the
integral must be evaluated numerically. Because the integrand is smooth, numerical integration is
straightforward and many popular algorithms (Newton–Cotes, Gauss–Legendre, etc.) may be
used successfully. Moreover, it is reasonable to assume that in the practical use of Eq. (23),
tolerances for geometric parameters, damping and frequency averaging coefficients might be fixed
for a particular investigation and therefore the integral in Eq. (23) may need to be computed only
once.

In special cases a simple expression for Eq. (23) is available. In the case that only geometrical
variation is considered ðqc0

¼ e ¼ Z ¼ 0Þ; the numerical approximation

Z p=2

0

Z p=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin4 y cos4 fþ sin4 y sin4fþ cos4 yÞ

q
sin y dy dfE1:204

reduces Eq. (23) to

MOðoÞE
4:171 %Vo3q

%c3
0p

3
þ

3 %So2q

8p%c2
0

þ

ffiffiffi
3

p
%Poq

8p%c0
:
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If geometric variability is disregarded ðq ¼ 0Þ; Eq. (23) simplifies to

MOðoÞE

ffiffiffi
3

p
%Vo3

c3
0p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

c0
þ
e2 þ Z2

2

s

þ

ffiffiffi
3

p
%So2

8p%c2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2

c0
þ

e2 þ Z2

3

s
þ

ffiffiffi
3

p
%Po

8p%c0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

c0
þ

e2 þ Z2

12

s
: ð24Þ

Finally, the modal overlap count due to damping only ðqL1
¼ qL2

¼ qL3
¼ qc0

¼ e ¼ 0Þ is

MOðoÞE
%Vo3Z
2p2 %c3

0

þ
%So2Z
8p%c2

0

þ
%PoZ

16p%c0
¼

Zo
do

; ð25Þ

where do is average frequency spacing between natural frequencies given by (see Ref. [9])

16p2 %c3
0

8 %Vo2 þ 2p%c0 %Soþ p%c2
0
%P
:

As for the plate, under appropriate assumptions, Eq. (23) reduces to the modal overlap factor due
to damping only, where the half-power bandwidth is associated with each mode.

4. Threshold definitions

The approximations of the modal overlap factor MO obtained in the previous section for
ensembles of plates and acoustic spaces, are used to define a frequency threshold that separates
the low- and high-frequency ranges for multi-dimensional systems. As discussed in Ref. [8] for an
ensemble of beams, the onset of the high-frequency range is determined by the lowest frequency at
which an overlap of modes is assured. It is possible to characterize the wave number *k associated
with the frequency threshold for beams in terms of the function MOðkÞ in the following way:

MOðkÞX1 for all k > *k: ð26Þ

For a beam, as mentioned in the introduction, the formula for the threshold presented in Ref. [8]
can be written as

MOðkÞ ¼ 1; ð27Þ

where MOðkÞ is an approximation of MOðkÞ: Therefore, for beams, *k defined as in Eq. (26) is
actually approximated as the solution of Eq. (27). The distribution of the natural frequencies of a
beam is very regular as are the oscillations of MOðkÞ: In particular, below the threshold *k; the
function MOðkÞ oscillates between the values 0 and 1. Above *k; it oscillates between 1 and 2,
satisfying the general criterion (26), exactly.

Here the criterion in Eq. (26) is generalized to plates and acoustic spaces. The criterion is used
to identify the frequency above which the modal overlap becomes substantial, the high-frequency
range.

However for general multi-dimensional systems it is impossible to find an exact procedure that
computes *k from an approximation of MO: For plates and acoustic spaces, the distribution of the
natural frequencies is irregular. In particular, MOðkÞ shows oscillations of amplitude larger
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than 2. The approximations for MOðkÞ predicted in the previous section follow the average
behavior of MO but do not give information about the amplitude of the oscillations. Thus, in
general, the solution of Eq. (27) is not expected to give a precise estimate of the threshold *k for
plates and acoustic spaces.

Instead empirical observations of MO and MO functions, based on numerical experiments
and a qualitative notion of the high-frequency range, are used to find an approximate *k as the
solution to

MOðkÞ ¼ d;

where d is some positive number that will be eventually related to the average amplitude of the
oscillations of MO and to the dimension of the system. Observations of the modal overlap factor
are done through Monte-Carlo simulations of the average response of plates and acoustical
spaces, which will be presented in the next sub-sections.

4.1. Plates

For plates, the averaged squared displacement over all locations for a uniformly distributed
unit pressure loading was chosen as the response of interest. The average values chosen for the
parameters are shown in Table 1. In these simulations the parameters have been chosen to be
uniformly distributed with the relative standard deviations given in the caption.

Fig. 4(a) shows the graph of MO for a plate and the approximation given in Eq. (18), MO; as a
function of frequency (Hz). The plot shows that the threshold *k given by Eq. (26) is the wave
number corresponding to a frequency of about 220 Hz; while the frequency value corresponding
to the solution of Eq. (27) is approximately 100 Hz: This example shows that Eq. (27) cannot be
used for plates. For frequencies near 220 Hz; the amplitude of the oscillations is approximately 5
around the average value MO: Above the value d ¼ 2:5 MO is always greater than 1. Therefore
the threshold *k is approximated as the solution to

MOðkÞ ¼ 2:5: ð28Þ

Eq. (28) gives a value of approximately 245 Hz; a much closer estimate of the qualitatively
determined value.

Figs. 5(a)–7(a) show MO and MO for other plate case studies. The approximation of the
threshold with Eq. (28) is very good for all cases. In particular, the plots show that MO is
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Table 1

Average value of parameters of plate ensemble

x dimension (m) L1 0.6

y dimension (m) L2 1.67

Thickness (m) h 0.001

Density ðKg=m3Þ r 7850

Young’s modulus Pa E 1:95� 1011

Poisson ratio n 0:3
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consistently greater than 1 above the frequency corresponding to the wave number solution of
Eq. (28).

Figs. 4(b)–7(b) show the average response, as defined above, over an ensemble of 300 plates
with variations of the parameters and damping coefficients, corresponding to the plots of MO
above them. To compare the plots, the same frequency scaling is used. For each plot, the dashed
vertical line is drawn at the frequency value corresponding to the solution of Eq. (28). The vertical
lines clearly divide the spectrum into two regions. The mean response has a characteristic behavior
that follows the qualitative description of low-frequency behavior on the left-hand side, and high-
frequency behavior on the right-hand side. It is interesting to note how the low amplitude
responses at low frequencies correspond to the values of frequency for which MO ¼ 0; in fact, the
frequency bands where MO ¼ 0 separate adjacent modes in the low-frequency range. The larger
the bands of MO ¼ 0 are, the deeper and more well separated are the peaks. In general, peaks and
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Fig. 4. Simulation of plate ensemble. (a) Modal overlap count MO (solid line) and approximation MO (dashed line)

with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ 0:0058; qb ¼ 0; e ¼
0; Z ¼ 0:001: Threshold: 245 Hz:
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Fig. 5. Simulation of plate ensemble. (a) Modal overlap count MO (solid line) and approximation MO (dashed line)

with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ 0:0058; qb ¼ 0:012;
e ¼ 0; Z ¼ 0:001: Threshold: 163 Hz:
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valleys of the graph of MO exactly correspond to peaks and valleys in the response plot. Also, as
the modal overlap increases, the oscillations in the response become smoother. In particular, it
can be observed that the frequencies of low amplitude responses just above the threshold
correspond to the values for which MO ¼ 1: These observations suggest that Eq. (28) provides a
reasonable and easy to compute implementation of the criterion in Eq. (26). Thus Eq. (28), where
MO is defined as the right-hand side of Eq. (18), defines a threshold for an ensemble of plates.
Nevertheless, the choice of the constant 2.5 is arbitrary and based on a qualitative judgment.
Choosing an alternative value for the threshold between values of 1 and 3 is possible and will give
somewhat different but consistent results for modal overlap behavior for various ensembles of
plates.

As previously discussed, the computation of the modal overlap is based on the first two
moments (mean and variance) of the random variables involved and in particular, the derivation
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Fig. 7. Simulation of plate ensemble. (a) Modal overlap count MO (solid line) and approximation MO (dashed line)

with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
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Fig. 6. Simulation of plate ensemble. (a) Modal overlap count MO (solid line) and approximation MO (dashed line)

with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ 0:0058; qb ¼ 0;
Z ¼ 0:04: Threshold: 162 Hz:
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does not depend on the distribution of the variables. In order to check if this assumption is
plausible, comparison of average responses with parameters uniformly and normally distributed
are presented next. In Fig. 8 the average responses of a plate ensemble with uniform and normal
distribution of b having the same mean and standard deviation are plotted. The results show the
same oscillatory behavior. Also the frequency threshold as indicated by the vertical line is
appropriate for both distributions. The function MO and its approximation are also shown. From
these simulations it is clear that the definition of a threshold does not depend on the distribution
of the parameters.

4.2. Acoustical spaces

All of the observations made for the definition of a frequency threshold for the plate apply also
when acoustic spaces are considered. In particular the threshold *o is defined such that it satisfies
the criterion in Eq. (26),

MOðoÞX1 for all o > *o:

In Figs. 9–12, Monte-Carlo simulations are shown together with the corresponding plots of MO
and MO: The response of the acoustic spaces was chosen as the mean square acoustic pressure due
to a uniformly distributed excitation of unit magnitude, measured at uniformly distributed
response points. The values of the average parameters of the acoustic spaces are shown in Table 2.
The simulations show the average response over an ensemble of 20 acoustic spaces with uniform
variations in the parameters as indicated in the captions. The dashed vertical line corresponds, in
each case, to the threshold *o estimated from the solution of

MOðoÞ ¼ 3; ð29Þ

where MO is the right-hand side of Eq. (23). The predicted thresholds are shown to be consistent
across the simulations and give a very good prediction of the qualitative transition between the
low- and high-frequency ranges. In particular, the effect of damping is shown in Figs. 9 and 10
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Fig. 10. Simulation of acoustic space ensemble. (a) Modal overlap count MO (solid line) and approximation MO
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Fig. 11. Simulation of acoustic space ensemble. (a) Modal overlap count MO (solid line) and approximation MO

(dashed line) with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ qL3
¼
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Fig. 9. Simulation of acoustic space ensemble. (a) Modal overlap count MO (solid line) and approximation MO

(dashed line) with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ qL3
¼

0:012; qc0
¼ 0:0058; Z ¼ 0:001: Threshold: 94 Hz:
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where the average response changes and the threshold reduction are shown with respect to the low
damping case. The effect of ensemble averaging is shown by comparing Figs. 9 and 11. The effect
of averaging dimensions and averaging on c0 is illustrated by comparing Figs. 9 and 12. The value
3 in Eq. (29) was determined to be a good threshold by empirical observations as discussed in the
case of the plate.

For the damping only case, the frequency threshold is computed by using the estimate of MO in
Eq. (25) in condition (29). If the quadratic and linear terms in o are neglected, the threshold
frequency in Hertz is given by

f ¼ c0
3

4pVZ

� �1=3

: ð30Þ

Using the reverberation time T of the acoustic space given by

T ¼
2:2

Zf
:

Eq. (30) can be rewritten as

f ¼

ffiffiffiffiffiffiffiffiffi
3c3

0

8:8p

s ffiffiffiffi
T

V

r
E2065

ffiffiffiffi
T

V

r
; ð31Þ
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Table 2

Average value of parameters of acoustical space ensemble

x dimension (m) L1 4.26

y dimension (m) L2 8

z dimension (m) L3 5.78

density ðKg=m3Þ r 1.26

Speed of sound (m/s) c0 340
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Fig. 12. Simulation of acoustic space ensemble. (a) Modal overlap count MO (solid line) and approximation MO

(dashed line) with frequency threshold. (b) Average response with frequency threshold. Parameters: qL1
¼ qL2

¼ qL3
¼

0:00058; qc0
¼ 0:0017; Z ¼ 0:001: Threshold: 78 Hz:
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where c0 ¼ 340: The threshold frequency in Eq. (31) is the Schroeder frequency, the traditional
lower limit of the frequency spectrum in which statistical parameters of sound pressure in a room
are computed for cases where there are no variations of geometric or material parameters and
there is no frequency averaging (see Refs. [10,11]).

5. Conclusions

An extension of the modal overlap factor to include ensemble variations for plates and acoustic
spaces has been developed and tested through Monte-Carlo simulations. This extension provides
a unifying theory that allows the prediction of the frequency range in which ensembles of plates
and acoustic spaces show a ‘‘smooth statistical behavior’’ as consequence of damping, physical
parameter variations, and/or frequency averaging. Eq. (13), used with Eq. (14), is the most general
formula for the modal overlap factor developed in this paper and can be used for both plates and
acoustic enclosures characterized by general dispersion relations and boundary conditions. The
assumption of uniformly and normally distributed parameters has been discussed and it has been
shown that the threshold is well approximated by considering only the first two moments (mean
and variance) of the distribution. Therefore, the threshold formulas written in terms of means and
standard deviations can be used for both uniform and normal distributions.

As mentioned in the introduction, in Ref. [7], Schroeder defines a frequency threshold for room
acoustics. This theory applies to the frequency range in which the modal overlap factor is greater
than 3. This same constant is used in Eq. (29) and gives good prediction of the frequency
threshold. The newly defined theory extends the applicability criterion of Schroeder theory to the
case in which ensemble variations and frequency averaging are considered.

In this direction, it has been established that for a typical two-dimensional system (plate) the
frequency threshold is defined as the value that gives a modal overlap factor of 2.5, and for
acoustic space the value 3 is used. Considering the threshold result in Ref. [8] for beams, the
threshold is approximated as giving a modal overlap factor of about the space dimension.

The possibility to predict an high-frequency range implies the possibility to choose a priori the
appropriate modelling technique in relation to the frequency band being analyzed. Therefore, in
the low-frequency range, FEM should be used to give accurate prediction of the characteristic
modal behavior, while, in the high-frequency range methods like SEA are appropriate to describe
the statistical properties of the system.
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