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Abstract

In the present paper, a large rotational approach for dynamic contact problems with friction is proposed.
The approach is used for modelling a spur gear pair with shafts and bearings. The model is obtained by
superposing small displacement elasticity on rigid-body motions, and postulating tribological laws on the
gear flanks. The finite element method is used to model the elastic properties of the gear pair. Shafts and
bearings are represented by linear springs. The tribological laws of the contact interface are Signorini’s
contact law and Coulomb’s law of friction. An important feature of the approach is that the difficulties of
impacting mass nodes are avoided. The governing equations of the model are numerically treated by use of
the augmented Lagrangian approach. In such manner the geometry of the gear flanks are well represented
in the numerical simulations. It is possible to study accurately the consequences of different types of profile
modifications as well as flank errors. In this work, the dynamic transmission error is studied. For instance,
it turns out that the effect from profile modification is less significant for the transmission error when
frictional effects are included.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

A major concern in gear design is gear noise. The main source of gear noise is the appearance of
non-uniform rotations of the gear wheels. This is a consequence of deviations from the desired
geometry of the flank profiles and the non-rigidity of the gears. The deviations of the flank
geometry are a result of the manufacturing process and wear. The non-rigidity gives rise to a
periodic mesh stiffness variation since a different number of teeth are in contact during the
revolution. The non-uniform rotation will induce vibrations that will be transmitted through
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shafts and bearings to the gearbox housing. Another source of excitation is friction. In this work,
a flexible multi-body approach for dynamic contact problem with friction is suggested. The
approach is utilised in order to study how flank geometry, non-rigidity and friction influence the
level of noise in a gear problem. In particular, the dynamic transmission error for a spur gear pair
with shafts and bearings is studied.

In order to compare different gear designs with respect to gear noise, the transmission error is
used. The transmission error is defined as the difference between the actual position of the gear
and its position according to the gear ratio. Consequently, a time-varying transmission error
implies a non-uniform rotation of the gear even though the pinion rotates at a constant speed. It is
well-known that a larger peak-to-peak value of the transmission error usually results in a higher
noise level, see e.g. Ref. [1]. The transmission error is called the static transmission error for quasi-
static mesh cycles. When dynamic effects are included the measure is called the dynamic
transmission error.

To predict the dynamic response of a gear system, a common procedure in gear design is to
calculate the static transmission error followed by a harmonic response analysis. Models of this
kind, which in the most simple case consist of two masses and a spring, representing the mean
mesh stiffness, are discussed in Ref. [2]. In Ref. [3] a non-linear dynamic gear model, consisting of
the two gear wheel bodies, is analysed. The infinitesimal displacement field governed by the finite
element method was superposed on prescribed rigid-body motions. A more general approach is
used in Ref. [4] where the rigid-body motions were regarded as unknowns. The method was
applied to planetary gear trains. Another approach is used in Ref. [5] where a lumped parameter
model represents the complete gear system. The contact interface is represented by a set of
independent springs along the contact line and corresponding initial gaps. In Refs. [6-8] the effect
of friction on the dynamics for a gear pair was studied by lumped parameter models. Examples of
more recent works, where friction excitations in gears have been studied, are Refs. [9,10].

The objective in this work is to investigate the dynamic response of a spur gear pair with shafts
and bearings when the effect from friction is also included. For that purpose a large rotational
approach including Signorini contact and Coulomb friction is suggested. The total motion is
defined by superposing small displacement elasticity on rigid-body motions. The inertia of each
gear is represented by a point mass and a mass moment of inertia at its centre. The elastic
properties of the gears are obtained by using the finite element method. The contact and friction
laws of the contact interfaces between the gear flanks are formulated directly in the nodal degrees
of freedom of the finite element model. Time integration is carried out by applying the average
acceleration method such that no numerical dissipation is generated. The fact that there is no
mass associated with the nodal points of the finite element model is an important feature as the
average acceleration method is used. In Ref. [11] it is clearly demonstrated that by applying the
average acceleration method in connection with a contact formulation of the type used here might
cause energy growth in the system. However, this phenomenon is restricted to the case when mass
is associated with the impacting nodes which, of course, is not the case in the formulation
presented here as inertia is treated in a rigid-body fashion.

In the presented model, the motion of the input shaft is kept homogenous and the exciting
source then originates from the geometry of the gear flanks and the mesh-stiffness variation,
which are the main components of the static transmission error. Furthermore, as friction is
included, the sliding condition between the gear flanks is also a source of excitation. Obviously,
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one requirement for obtaining the correct excitation is to represent the geometry of the mating
gear flanks accurately. Another requirement is that the sliding conditions between the gear flanks
are predicted accurately. In Refs. [12,13] an augmented Lagrangian method was developed where
these requirements can be met. The method was further developed and implemented in Ref. [14]
for solving fretting problems. In Ref. [15] it was numerically shown that this method is superior to
an interior point method both in performance and robustness. Later, the method was successfully
applied to gear problems [16,17]. In the latter work, the method was used to calculate the static
transmission error. In the present paper the augmented Lagrangian approach is utilised to solve
the governing equations of the dynamic gear problem discussed above. In particular, the dynamic
transmission error and friction force excitation are studied.

2. The dynamic gear problem

A flexible multi-body approach for dynamic contact problems with friction is suggested.” The
approach is used for modelling a gear pair with shafts and bearings, see Fig. 1. The model is
obtained by superposing small displacement elasticity on rigid-body motions. The pinion
mounted on the right shaft is denoted gear i = 1 and the wheel mounted on the left shaft is
denoted gear i = 2. The spatial position of a material point of gear i, represented by a position
vector X' relative to the centre of the gear, is given by

X = QX + ¢+, 1)
where
cos@ —sinf 0
Q' =Q ()= |sin® cosd 0 )
0 0 1

is a rotation matrix. Here, 0' is an angle, which is a given function of time 7, that represents the
rotation of the right end of the right shaft, see Fig. 1. Consequently, the input torque is taken as
an unknown quantity. This is in accordance with the assumption made in Ref. [7], where it is
pointed out that gears cannot be assumed to operate under constant input and output torque
when friction is included. If no elastic deformations are present and the gear flanks are perfect
involutes, then the left shaft has a rotation 0> which is defined by

0’7> = —-0'7", (3)

where Z' is the number of teeth on gear i. The vector ¢’ defines the centre of the gear and the
vector ' = w/(Q'X', 7) is the displacement due to elastic deformations, see Fig. 1. In this paper, the
applied rotation is assumed to be a linear function of time, i.c., 0' = w'r where ! is a constant
angular velocity.

The elastic deformations of the centre of gear 7 are represented by d’ = {d', d’ o' T, such that
the total rotation is ¢ + 6" and w/(0, f) = de,+d ey. Here, the 1nﬁn1t681mal I'OtdthIlS @' are not

2 A presentation of flexible multi-body approaches can be found in e.g. Ref. [18], and presentations of computational
contact mechanics can be found in e.g. Refs. [19,20].
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Fig. 1. A gear pair with shafts and bearings.

only due to elastic deformations, but also due to deviations in flank geometry from perfect
involutes. Furthermore, T denotes the transpose of a vector or a matrix and ey, e, and e. are unit
vectors in the x, y and z directions, see Fig. 1. The unit vectors are oriented in such manner that
the line of action is orthogonal to e.. In the numerical simulations, it is assumed that e, coincides
with the line of action. Except for the prescribed rotation 0', the degrees of freedom at the right
end point of the right shaft are fixed. The left point of the left shaft is fixed in translation and its
total rotational position is 0% + @°.

The inertia of each gear is in the model manifested through a lumped mass at each centre and a
mass moment of inertia about the e.-axis. For simplicity, both gears are assumed to have the same
mass and the same mass moment of inertia, denoted by m and J, respectively. The mass of the left
shaft is manifested by a mass moment of inertia J about the e.-axis located at the left end point of
the left shaft.

A torsional spring, with a spring constant k;, and two translational springs, both with a spring
constant kj, are attached to the centre of each wheel, representing the stiffness of the shafts and
the bearings. The arrangement of the translational springs indicates that any cross coupling term
of the bearings are assumed to be zero. According to Ref. [6], this is a most reasonable
approximation. A constant force couple C? is applied to the left end of the lower torsional spring.

The laws of motion for the right shaft read (here it has been taken into account that 6! = 0)

e, R}Y - kbdi, = mc'ijc,
e R; — kba’y1 = md;

e.: CZ1 - ks(p1 = Jq'bl, 4)
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where R; = {R, R;, C! T are reactions from the centre of the upper gear. Here and in sequel we
let a superimposed dot represents the time derivative and a double dot stands for the second time
derivative.

The laws of motion for the left shaft can be expressed as (taking into account that 6% = 0)
e, Ri - kbdi = mdf,
e R)z, — kba’y2 = mc?yz,
e C2 — k(9> — ¢*) = J§* (5)

and

e C — ko’ — ¢*) =J§’. (6)
Here, Rfj = {Ri,Ri, €237 are reactions from the centre of the lower gear.

Even though the mass of the gears is represented in a rigid-body fashion, the elastic properties
are modelled in more detail. These are obtained by performing finite element discretisations of the
rigid-body configurations of the gears. On these configurations, defined by Q'X’ + ¢/, a small
displacement formulation is added using isotropic elasticity. Plain strain is assumed. The contact
between the gears is treated using a common potential contact surface, obtained by a node-to-
node discretisation, which is a standard technique in small displacement contact mechanics, see
e.g. Ref. [21]. A typical finite element mesh of the gears used in the numerical calculations is
reproduced in Fig. 1. It is important to understand that a benefit of this flexible multi-body
approach is the avoidance of impacting mass nodes. The difficulties of impacting mass nodes are
discussed in Ref. [19]. For a more detailed presentation of the finite element treatment outlined
below, see e.g. Ref. [21].

The resulting stiffness equation of each gear can be written as

Kf?(? i‘d Kqu ué F lL 0
Ky Ki Kiy|[quap+305=2 0 5 (7)
K okok L) L) Low

where K/, = K. (9, K., = K., (1), etc. are stiffness matrices. Note that u’ and u/, are column
vectors, related to and formed from, but not to be confused with, the geometric three-dimensional
vector u’. A subscript ¢ corresponds to nodal degrees of freedom at the potential contact surface,
g corresponds to the freedoms at the centre of the gear and d corresponds to all the other finite
element displacement freedoms. Note also that stiffness matrices are strictly related to a certain
rigid-body configuration and may, thus, be seen as functions of 6'(f). Furthermore, the following
principle of action and reaction is used:

Fl=-F=C!P,+CP, (8)

where P, = {p;,} is the normal contact force vector and P, = {p;} is the tangential contact force
vector. Matrices C, and C, are transformation matrices defined by the normal and the tangential
direction of the contact surface. The geometry of the spur involute gears implies that these
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matrices are constant in time as well as in space, see Refs. [16 17]. By utilising C, and C,,
the normal displacement u;, and the tangential displacement u;, of a contact node j can be
obtained by

][

i o -
u;, = Cjpu,  and u],—Cﬁuc,

where C;, and Cj; are the jth rows of C, and C,, respectively.
The unilateral contact law can now be formulated as
pin=0, Cpie —g;<0, pu(Cpli. —g;) =0, )
by using the relative contact displacement &, = u! — u? and the initial contact gap
g = Cu{{Q*X* + ¢} — {Q'X! + ¢},

where {Q'X' + ¢’} represents the column vectors of the rigid-body positions of the contact nodes.
Furthermore, by introducing the relative tangential velocity

Wi = Ci(x! — x2), (10)
the law of friction is expressed by’
Widpje = WitPjn) s Pjel S UPjn) 1 (11)

where i is the coefficient of friction and 2(x), = x + |x| is used. In Eq. (10), X are column vectors
formed from the time derivative of (1), i.e.,

X' =o'e. x QX+, (12)

where x stands for the vector product. Note that @' is the material time derivative where X' is kept
fixed.

The dynamic gear problem has now been stated in Egs. (4)~(7), (9) and (11). That is, on a time
interval [0, 7]>¢, find t—ul, t»—>ud, tr—»d’ t—F. and t—R! such that these equations are
satisfied for the prescribed rotdtlon 0! = wlt and the constant force couple C2. In particular, the
authors are interested in investigating the followmg quantity:

Zl
13
2 50, (13)

defining the transmission error. The numerlcal treatment of the problem is outlined in the
following sections.

TE—(92+(/))+ (91+<p)—<p +=

3. Time discretisation

The dynamic gear problem is solved by introducing discretisations in time. The authors want to
formulate an incremental problem which utilises known quantities at time ¢, to calculate
quantities at time #,,. Note that the rigid-body configuration at time ¢, is trivial to calculate
and the difficulty lies in calculating the elastic deformations at this time. Accelerations appearing

3This is a useful formulation of Coulomb’s friction law. That is, if Wy, = 0, then |p;|<upj,, but if W; #0, then
Pjt = ijnSgn(W/'t)
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in Eqgs. (4)—(6) are approximated using the average acceleration method:
1) = d(6) + S 0) + 8 (1r00),
1) = A6 + St 0) + (1001, (14)

where At =t,.1 — 1, is the time step. Velocities appearing in Eq. (10) is treated by using a
backward Euler approximation for ', i.e.,

o LW Q0 )X, 111) — W(Q(1)X', 1)
~ = .

The rotation matrices Q'(z,.) define the rigid-body configuration at time #,,,. They are directly
obtained from the definition in Eq. (2) and the angular velocities »' and ®?, where the latter is, of
course, defined by w?Z? = —w'Z!, see Eq. (3). To obtain the last term in Eq. (15) is not as trivial
as it may seem. In fact, a difficulty arises here due to the finite element discretisation. Since a node-
to-node contact treatment requires remeshing, a new mesh and a new potential contact surface are
defined on the corresponding rigid-body configuration for every new time #,, . Consequently, if a
contact node is located at X' at time #,,, a node is not necessarily, and probably not, located at
this material point in the finite element mesh corresponding to time ¢,. This difficulty is treated by
introducing an interpolation, see Appendix A.
Inserting Eq. (14) in Eq. (4) yields

(15)

K'dy(1,1) = Ry + F', (16)
where
. )
A2 + kp 0 0
4m
K' = ki 17
0 Az Tk 0 (17)
47
|0 0 Agthk]
and
( /4dl(t,)  4d\(t)
m<m2+ { +¢m0
adl(t,) 4d\(t,) .
F! = J J ! ) 18
m( A7 T A T (18)
4o'(ty) 49 (1) .,

Furthermore, by inserting Eq. (14) in Egs. (5) and (6) and eliminating ¢3(#,.), one obtains
K2d3(1,1) = RY + F2, (19)
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where

" 4m

and

Jk A

AP

2
7 <4</) (1n) N

+ kp

A

+ kb

4
A2

4fm)

" 4d%(1,)
A2

+

4d2 (tn)

4d; (1)
m AL +

4¢? (tn)

AP

At
4¢3 (1)

4J + A2k

_l’_

49 (1)
( AP

At

0

+Wm0

#()
%m)

+Ww0+

4 4’]7165
4J + APk |

Atk C3

4J + A2k,

\

(20)

21)

Egs. (7), (16) and (19) are put together in order to eliminate d;(tn+1) and Ri. The result is

Kl - chinmK;c chd chqK;me]d { “é } 4 {Flc } 4 { chinm/Fl } B {0 } (22)
ch Kiqu;mK;c Kiid - quK;nUK;d uld 0 quKﬁm/Fl 0]
where K! = [K;q + K]7!. Note here that Eq. (7) is evaluated at time 7,1, i.e., at 6'(t,,1).

Finally, putting Eqgs. (12) and (15) in Eq. (10) results in

ui(tn+l)

(23)

2 1 2
th ~ CjtV:,igid + Cjt{ - uc(t11+1) o uc(t}’l) - uc(tl’l)}’

At At

where v”"’d is the part of the relative velocity that is due to the rigid- body motion. It is calculated
by formmg a column vector from the geometric vector w'e. x Q'X' — w?e. x Q*X>.

4. Augmented Lagrangian formulation

The equations to be solved are now given by Egs. (9), (11) and (22), where in addition
expressions in Egs. (8), (12) and (23) are also needed. The solution is obtained by reformulating
these equations as an augmented Lagrangian system of equations which in turn is solved using a
non-smooth Newton method. This approach has proven to be very successful for solving friction
problems, see e.g. Refs. [14-17,22-24]. Most recently, the approach was utilised to solve dynamic
wear problems in Ref. [25]. The approach is briefly discussed below. Details can be found in the
references just cited.
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The main idea of the approach is to reformulate the contact and friction laws defined by
Egs. (9) and (11) as equivalent non-smooth equations. These equations are

Pin = (pjn + r(Cjnﬁc - gj))Jra (24)
P+ (G 4w if |y + r(Cilie + Wi < p(pjn) 4 » 05)
b 1(pjn)  sen(pir + 1(Ciie + wi'd)) - otherwise,

where
1d igid _
wft = AtC; v — Cyie(ty).

These equations are, of course, treated fully implicitly, i.e., @i, = G.(¢,11).

The dynamic gear problem is now presented as an augmented Lagrangian formulation by
Eqgs. (22) and (24)—(25). This system of equations is solved by using the Newton algorithm
presented in Appendix B. When the method is implemented the equilibrium equation (22) is
reduced even further by performing a static condensation such that it is expressed using . as the
only unknown instead of using u’ and u/, see Appendix C.

5. Numerical results

The numerical method outlined above is used to calculate the transmission error defined in
Eq. (13). The transmission error is studied for different mesh frequencies (f,, = w'Z'/2r) and
different amount of profile modification (see Fig. 7). Results are presented both for cases with
friction (¢ = 0.1) and without friction (¢ = 0). In the calculations, extra system damping is added
in order to represent viscosity of oil and friction in bearings. For each shaft regarded
alone Rayleigh damping is assumed. By applying Rayleigh damping, Eqgs. (4), (5) and(6) are
modified to read

e R}Y — kbdi — (okp + ﬂm)a'li, = md'i,
e R; — kbdy1 — (okp + ﬁm)d;, = mc'ii,,

e.: C! — kyp' — (aky + pI)o" = T, (26)

e R2 — kyd? — (aky + pm)d> = md?,
e R — kpd; — (oky + pmydy, = md?,
e C2 —ky(@” — @) = BJ¢* — aky(@® — @) = J§’ 27)
and
e C —ki(9' = ¢®) = I’ — aky(( — %) = TP . (28)

This modification does not significantly affect the numerical treatment outlined in the previous
section.

If Rayleigh damping is excluded, global loss of contact is obtained. This implies that large
values of T are calculated, indicating that the unloaded flanks at the opposite side of the gear
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Table 1
Model data
o 0.4x1073 s
B 0.5%x 1073 1/s
J 24.5 kgmm?
m 4.9 x 1073 Ns?/mm
kp 0.155 x 10° N/mm
kg 0.203 x 10° Nmm/rad
Cf 0.437 x 10° Nmm
E 2.06 x 10° N/mm?
\ 0.3
Table 2
Gear data (see e.g. Ref. [1])
Centre distance 91.5 mm
Module 4.5 mm
Pressure angle 20°

Pinion Gear
Number of teeth 16 24
Pitch diameter 73.2 mm 109.8 mm
Outside diameter 82.64 mm 118.64 mm
Root diameter 62.50 mm 98.37 mm
Tooth width 15.0 mm 15.0 mm
Addendum mod. coef. 0.196 0.125

teeth would come into contact. Since these flanks are not considered to be parts of the potential
contact surface such results can not be regarded as physical solutions.

Model data are listed in Tables 1 and 2, where gear data is contained in the latter. Gear data are
identical to those used in Ref. [17]. The commercial finite element program Ansys 5.7 is used to
generate the stiffness matrices. A four noded plane strain element (Plane42) is used with extra
displacement shapes included. Young’s modulus, £, and Poisson ratio, v, are given in Table 1. In
the numerical implementation the base vectors e, and e, are assumed to coincide with the normal
and tangential direction of the contact interface. That is, e, coincides with the line of action, and
e, is parallel to the off-line of action. Furthermore, depending on the number of teeth in contact,
20—40 contact nodes are used. The length of each contact interface is 1.5 mm.

First, the influence of friction on the transmission error is studied for the quasi-static case. The
quasi-static solution is approximated by choosing a sufficiently small value of the mesh frequency
(f» = 0.01 Hz). In Fig. 2, where two quasi-static cases are compared, the influence on T and dy2
from friction is viewed. In the case without friction there is no global tangential displacement at
all. To explain the curves in Fig. 2 look at Fig. 3 where an ideal picture is given of the total friction
force P, for two different time instants. In this figure r;, denotes the so-called base pitch. In
Fig. 3(a), two flank pairs are in contact. The resulting moment is then r;,P,/2 and the resulting
friction force is zero. The latter explains why dy2 is approximately zero at the beginning of a mesh
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Fig. 3. Friction forces on the gear (to the right). In (a) two flank pairs are in contact and in (b) only one flank pair is in
contact.

cycle. In Fig. 3(b), only one flank pair is in contact. As the point of contact moves across the pitch
point the resulting moment goes from eP; to —eP; and the resulting force form — P, to P;. Looking
at dy2 at the end of a mesh cycle in Fig. 2, this is clearly seen. For the specific gear data,
approximate values of r;, and e are 13.3 and 21.0 mm, respectively. Clearly, torque is transmitted
via friction. As C? is constant, the line of action force and the off line of action force interact in
order to balance this torque in the quasi-static case. Accordingly, this interaction will not only
influence the reaction forces R! and R; but also C., see Fig. 4. When friction is included, a sudden
change in the static transmission error is seen at the end of a mesh cycle, cf. Fig. 2. This is due
to the fact that it is possible for the centre of a gear wheel to be displaced. Because of the
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Fig. 4. Reaction forces and force couple in a quasi-static case (unmodified gear).

time-varying line of action force, there is a time-varying displacement of the centre of this gear
wheel in the same direction. This displacement is coupled to the rotation of the other gear wheel
which affects the transmission error. This effect is not seen in a purely torsional model, cf. Ref. [17].

In the next case, dynamic effects are taken into account by applying a rotational speed that
corresponds to a mesh frequency of 200 Hz. In Fig. 5, the curves corresponding to the curves in
Fig. 2 are viewed. In the first plot, the shape of the curves look almost the same. However the
dashed curve (u = 0) is somewhat lagging behind. It is interesting to note that the curve for aiy2 still
reminds one of the corresponding curve in Fig. 2.

In Fig. 6 the peak-to-peak value of the dynamic transmission error (7Tgpp) is plotted as a
function of the mesh frequency where it is also seen that for high mesh frequencies the dynamic
transmission error is less than the static transmission error (cf. Fig. 2). It can be concluded that in
this case, the presence of friction always increases Tgpp.

In order to reduce the effect from mesh stiffness variations, different kinds of profile
modifications are used, see e.g. Ref. [1]. In Fig. 7, material is removed from parts of the flank that
are loaded when two pairs of teeth are in contact. The modification is measured along the normal
direction of the unmodified gear flank. In this model, profile modifications are included in the
initial gaps g;.

In the last case, a profile modification will be studied which is linear in the roll angle, see
Eq. (A.1) in the appendix. The maximum modification depth, which is the same for pinion and
gear, will be at the tip of the gear tooth. The modification starts at the highest point of single tooth
contact (HPSTC). The roll angle at HPSTC is 29.61° for the pinion and 27.64° for the gear. The
modification used here is of the same type as used in Ref. [7]. The interaction between the mesh
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Fig. 5. Dynamic transmission error and shaft deflection d)z, of the left shaft (two mesh cycles). Solid line: ¢ = 0.1 and
dashed line: u = 0.
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Fig. 6. Peak-to-peak dynamic transmission error versus mesh frequency. Solid line: ¢ = 0.1 and dashed line: u = 0.
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Fig. 7. Profile modification.
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Fig. 8. Reaction forces and force couple in a quasi-static case for a modified gear with a maximum modification depth
of 31 pm.

forces is viewed in Fig. 8. The curve of the total friction force, i.c., Ri,, has almost the same
appearance as the one achieved in Ref. [7] when Coulomb friction was used.

In Fig. 9, Tgpp is calculated for different profile modifications. In this figure it can be seen
that the optimal value for the modification depends on whether friction is included or
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Fig. 9. Tgpp versus maximum modification depth. Solid line: mesh frequency 200 Hz with u = 0.1, dashed line: mesh
frequency 200 Hz with ¢ = 0 and dotted line: mesh frequency 0.01 Hz with u = 0 (static).

not. However, the differences are relatively small. Therefore, in gear design, it is reasonable to
neglect friction and calculate static Tgpp in order to optimize the profile modification. By
comparing Figs. 6 and 10 it can be seen that the improvement achieved by the profile modification
is less significant when friction is included.

6. Conclusions and discussion

In this work a flexible multi-body model is developed where the main idea is to represent the
contact interface in a gear mesh accurately enough to account for profile modifications and
manufacturing errors, which are both in the order of 5-50 um. The dynamic response of such a
model is the main result, where the flank geometries, the mesh stiffness variations as well as
friction are the sources of force excitation. The effect of friction is emphasised and it is concluded
that it has an effect even on the motion in the rotational direction. The dynamic transmission
error was calculated for a large number of mesh frequencies. It is noticeable that the dynamic
transmission error is less than the static one at high mesh frequencies that are far from natural
frequencies. By studying different amounts of profile modification it is concluded that optimal
values for the profile modification are not the same depending on whether frictional effects are
included or not. It is also concluded that the possibility to decrease the dynamic transmission
error by applying profile modifications is reduced in the case of friction.
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x10™*

1200

Fig. 10. Peak-to-peak dynamic transmission error versus mesh frequency for a gear with a maximum modification
depth of 31 um. Solid line: 4 = 0.1 and dashed line: u = 0.

The model data used in the numerical analyses have somewhat exaggerated values. The friction
coefficient is somewhat too large and the lowest natural frequency is too low. The particular
choice of these parameters is such that the properties of the system should appear better.
However, in the model itself any value of the above are of course applicable. In order to verify the
model the Load Distribution Program (LDP) [26] is used and good agreement was achieved for a
quasi-static case with no friction. In a quasi-static case with friction, the total friction force for a
modified gear is viewed in Fig. 8. This curve is compared with the one calculated in Ref. [7], where
the total friction force was predicted for a gear with a similar type of modification, assuming
Coulomb friction. Of course, a direct comparison is not possible but the appearances of the curves
have a remarkable resemblance. In the dynamic cases studied in this work, it can be concluded
that friction always tends to increase the peak-to-peak transmission error. This conclusion can
also be drawn by studying the results presented in Ref. [8].

In this work only spur gears are treated in order to demonstrate the method and to predict some
qualitative results. The method is however not restricted to the two-dimensional case. In general,
helical gears are used exclusively in gearboxes today and to study gears with a helix angle is
therefore a topic for further work.
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Appendix A. Interpolation—remeshing

When i’ is approximated in Eq. (15) a difficulty arises due to the remeshing performed at every
new time 7,,;. For a displacement ui(Q(tn+1)X;, In+1) at a node defined by the position vector X;
the corresponding nodal displacement u’(Q(t,,)X]’-, t,) do not necessarily exist due to a different
mesh at time 7, compared to the mesh used at time ¢,, . This difficulty is treated by the approach
outlined in this appendix. Notations used are defined by Fig. 11.

For a given gear flank, a material point is uniquely defined by the roll angle. The roll angle is

given by
O = ()
F=" (A.1)

Fp
where r]’: is the radius of the material point identified by the position vector X]l The roll angle is the
sum of the involute polar angle ¥ and the pressure angle &. Thus, for each time 7, there exists a set
N ; = (9, ..., 92} defining the nodes of the contact surface. For a nodal displacement
uf(9]’-, Iny1) = ui,(Q(t,l+!)X’-, ty,+1) the corresponding 9]’- is checked against .47} in order to find
9)<8;<9),. Then, u,(9;,1,) is approximated according to

ll"(9_"-, )= (1 — mu'(), 1) + nu' (9, 1, 1), (A.2)
where
9 — 9
N = f—é (A.3)
+1 — Y

If 9} = 9]’:, then, of course, W/ (9, t,) = w/(9, t,,). If 9]’: ¢[9}, 9%], then the following approximation is
adopted:

0 —¢ dfc
@)= e 0 0|Qu)Xi+ 4 d) 5. (A4)
0 0 0 0

€y

b ul (9%, tni1)

Y
; n,)/‘_\
/x;, O
X5
X;+1= '(971’4-1

Fig. 11. The interpolation using the geometry of the involute gear.



496 O. Lundvall et al. | Journal of Sound and Vibration 278 (2004) 479-499

This latter approximation might be arguable. A nicer approach would be to treat all nodes on the
gear flanks as contact nodes. However, such an approach would be more time consuming and
achieving a node-to-node condition would then be somewhat cumbersome.

Appendix B. Newton algorithm

Let
H(y) =0
express the non-smooth equations (24), (25) and (C.1). This system of equations is solved using

the following algorithm:

Algorithm. Let f = 0.9, y = 0.1 and ¢ small. Repeat the following steps for each time ¢, :

1. Let y° be the solution from the previous time #, and set ¢ = 0.
2. Find a search direction z such that

H(y") + H'(y%;z) = 0,

where H'(y?;z) is the directional derivative. Explicit expression for this directional derivative
can be found in e.g. Ref. [15].

3. Let of = ™, where m, is the smallest integer 0<<m<22 for which the following decrease
criterion holds:

d(y! + f 2)<(1 — 29" d(y"), D(y) = SH' (y)H(y).

4. Set yit! = y? + oz,
. If @(y4*!)<e, then terminate with y¢*! as an approximate zero of H(y). Otherwise, replace g by
¢ + 1 and return to step 1.

W

Appendix C. Reducing to u.
By performing a static condensation, Eq. (22) can formally be written as

K. 0][u F! F! 0
(T e e ol

0 K
where K’ represents resulting stiffness matrices and F’ presents the external forces. By using the
definition of @ and F! = —F?, this may be written as

HREIRHEY)

K, K
0 K
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Now, by adding the first row to the second row, one obtains

K! K! ol F! N F! 0
K! K!+K?|| v 0 F.+F [ |of
Finally, by reducing u?, one arrives at
[K! - K![K! + K] 'K!]a. + F. + F! - K![K! + K]"'{F. + F?} = 0. (C.1)

In the numerical implementation Egs. (24), (25) and (C.1) define the augmented Lagrangian
system which is solved using the algorithm presented in Appendix B.

Appendix D. Nomenclature

force couple

transformation matrix

Young’s modulus

column vector of forces and moments
mass moment of inertia

stiffness matrix

column vector of nodal contact forces
rotation matrix

reaction force

transmission error

position vector in reference configuration
number of teeth

position vector of gear centre
displacement of gear centre

base vector

mesh frequency

initial gap

translational stiffness

torsional stiffness

mass

nodal contact force

time

nodal displacement

nodal displacement vector

rigid column vector of rigid relative nodal velocities
relative nodal velocity

position vector in current configuration
stiffness proportional damping coefficient
mass proportional damping coefficient
prescribed rotation

coefficient of friction
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v Poisson’s ratio
1) infinitesimal rotation
w angular velocity

Subscripts

¢ finite element degrees of freedom of potential contact surface
d finite element degrees of freedom

i node pair reference number

n normal direction

q degrees of freedom of shaft system

t tangential direction

X

VY, Z global co-ordinate directions
Superscripts
i reference to pinion (i = 1) and gear (i = 2)
T matrix transpose
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