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Abstract

The average radiation efficiency of point-excited rectangular plates, including those with a very large
aspect ratio (‘strips’), is investigated by using a modal summation method based on the farfield sound
intensity. By taking an average over all possible forcing positions on the plate, the cross-modal
contributions average out to zero. The numerical results from the modal summation are compared with
established formulae for rectangular plates. For wavenumbers where acoustic circulation takes place, it is
shown that the previously published formulae are not applicable for predicting the average radiation
efficiency for a strip. The analysis for the strip reveals that the radiation efficiency at frequencies below the
first structural natural frequency of the strip is proportional to the square of the shortest edge length. At
frequencies between the fundamental natural frequency and that of the second order mode of bending
across the strip, the average radiation efficiency is found to be proportional to the structural damping loss
factor, but differs from the results obtained from the usual model of the nearfield radiation from the forcing
point of a rectangular plate. Approximate expressions for calculating the average radiation efficiency of the
strip are derived. The maximum radiation efficiency around the critical frequency is found to vary less with
Helmholtz number kca, where kc is the wavenumber at the critical frequency and a is the width, than
previously published models suggest.
r 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The sound radiation from a vibrating rectangular plate is of great practical importance and has
been investigated extensively over many years. For a flat plate set in an infinite baffle, the radiated
sound field can be calculated by a Rayleigh integral approach [1]. There are two common
approaches used to determine the radiation efficiency, or resistance, theoretically. The first is to
integrate the farfield acoustic intensity over a hemisphere enclosing the plate. The other approach
is to integrate the acoustic intensity over the surface of the vibrating plate. Both approaches
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require a knowledge of the distribution of vibration velocity over the plate. This is usually
obtained by assuming the boundary conditions are simple supports. Since plate vibrations
generally involve many superimposed modes, the radiation efficiency of a plate, in principle, can
be obtained by summing the effect of all the modes that contribute significantly in the frequency
range under consideration.

The radiation efficiency of a single mode of the plate is usually called the modal radiation
efficiency. The total radiation efficiency of the plate is called either the ‘average radiation
efficiency’ or the ‘weighted radiation efficiency’. In the literature, both the terms ‘radiation
resistance’ and ‘radiation efficiency’ are used, the latter being the radiation resistance normalized
by the surface area and the impedance of air. The radiation efficiency is thus defined by

s ¼
Rrad

rcS
¼

Wrad

rcS/v2S
; ð1Þ

where Rrad is radiation resistance, Wrad is power radiated by the plate, S is the area of the plate,
/v2S is the spatially averaged mean square velocity of the plate, r and c are the density of air and
the speed of sound in air.

For a detailed study of the radiation it is necessary to derive expressions for the radiation
resistance of particular structural mode shapes of the plate. As early as the 1960s, Maidanik [2]
first proposed several approximate formulae for calculating the modal radiation resistance in the
whole frequency range. Wallace [3] presented integral expressions for the modal radiation
efficiency of rectangular plates at arbitrary frequencies based on farfield acoustic intensity.
Approximate expressions of radiation efficiencies for frequencies well below the critical frequency
were also presented. He investigated the effects on radiation efficiency of the inter-nodal areas and
their aspect ratios. The characteristics of the radiation from a baffled rectangular plate were
clearly shown. Gomperts [4,5] investigated the modal radiation of a rectangular plate under
general boundary conditions. It was found by Gomperts that plates with greater edge-constraints
do not always have larger radiation efficiencies than less edge-constrained ones, and the radiation
efficiencies for two-dimensional vibration patterns differ rather considerably from those for one-
dimensional vibration patterns.

In addition to these methods, Heckl [6] analyzed sound radiation of planar sources by using a
Fourier transform approach in k-space (wavenumber space). Leppington [7] later introduced
several asymptotic formulae to calculate the modal radiation efficiency for large acoustic
wavenumbers, especially in the range close to the critical frequency. Williams [8] proposed a series
expansion in ascending powers of the wavenumber k for the acoustic power radiated from a
planar source. Most recently, Li [9] gave an analytical solution, in the form of a power series of the
non-dimensional acoustic wavenumber, to calculate the modal radiation resistance of a
rectangular plate for moderate wavenumbers.

As well as modal radiation resistances, the average radiation of a plate has also been an active
subject of study because of its practical importance. It was also Maidanik [2] who first applied the
concept of power flow and statistical energy analysis to overcome the burdensome calculation at
higher frequencies where many modes contribute to the vibration of a plate. He presented a
formula for the average radiation resistance based on the assumption of a reverberant vibration
field (equal modal energy). A similar modal-average radiation curve was presented in Ref. [10].
Leppington [7] re-investigated the problem of average radiation efficiency and revised some of
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Maidanik’s work, using the assumption of high modal densities for the plate. His assumption is
based on the same principle as Maidanik’s. It was found in Leppington’s study that Maidanik
overestimated the radiation resistance at coincidence, particularly for a plate with a very large
aspect ratio. Leppington also gave an equivalent formula to Maidanik’s for large acoustic
wavenumbers.

However, in the works of both Maidanik and Leppington, the radiation resistance was
considered without including the cross-mode contributions. Snyder and Tanaka [11] introduced the
contribution of the cross-modal couplings to calculate the total acoustic power at low frequency
using modal radiation efficiencies. It was shown that the cross-mode contributions are only non-
zero for pairs of modes that are either both odd or both even in a given direction. The mutual
radiation resistance was also investigated recently by Li and Gibeling [12,13]. It was found that the
cross-modal coupling could have a significant impact on the radiated power, even at a resonance
frequency. The cross-modal contributions were also included in the power series of Li [9].

Although the ‘strips’ considered in this paper are no more than rectangular plates of large
aspect ratio, it will be shown that, for a certain frequency range, the classic formulae previously
obtained for the rectangular plate are not suitable. Sakagami and Michishita [14,15] investigated
the characteristic of the sound field radiated by a baffled and unbaffled strip with infinite length
under different excitation. However, only the sound pressure for certain given positions was
studied and the radiation efficiency of the strips was not presented.

Here, the average radiation efficiency of a point-excited rectangular plate is considered first in
terms of the summation of its normal modes. Using an average over force point locations it is
shown that the cross-modal coupling averages to zero. The average radiation efficiency of a strip
is then investigated numerically using the method. Approximate formulae, applicable at
frequencies below the critical frequency, are developed and compared with the numerical results,
and the maximum radiation efficiency around the critical frequency is also analyzed.

2. Derivation of average radiation efficiency using a modal summation approach

2.1. Radiated power in terms of plate modes

Consider a rectangular plate, simply supported on four edges and set in an infinite rigid baffle as
shown in Fig. 1. For harmonic motion at frequency o, the total acoustic power radiated from the
plate can be obtained by integrating the farfield acoustic intensity over a hemisphere of radius r to give

W ¼
Z 2p

0

Z p=2

0

j pðrÞj2

2rc
r2 sin y dy df; ð2Þ

where pðrÞ is the complex acoustic pressure amplitude at a location in space expressed in spherical
co-ordinates, r ¼ ðr; y;fÞ at frequency o.

The complex acoustic pressure amplitude pðrÞ can be written in terms of the plate surface
velocity using the Rayleigh integral [1],

pðrÞ ¼
jkrc

2p

Z
s

vðxÞ
e�jkr0

r0
dx; ð3Þ
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where vðxÞ is the complex surface normal velocity amplitude at location x ¼ ðx; yÞ; k ¼ o=c is
the acoustic wavenumber and the integral is evaluated over the plate surface S. The distance
r0 ¼ jr� xj:

The velocity vðxÞ at any location x on the structure can be found by superposing the modal
contributions from each mode of structural vibration of the plate as

vðxÞ ¼
XN
m¼1

XN
n¼1

umnjmnðxÞ; ð4Þ

where umn is the complex velocity amplitude of the mode ðm; nÞ; jmnðxÞ is the value of the
associated mode shape function at the location x; and m; n are the indices of the modes. umn

depends on the form of the excitation and on frequency. The mode shape function jmnðxÞ for the
simply supported rectangular plate can be expressed as

jmnðx; yÞ ¼ sin
mpx

a

� �
sin

npy

b

� �
: ð5Þ

Substituting Eqs. (4) and (5) into Eq. (3), and rearranging the order of summation and integral,
the sound pressure is given by

pðrÞ ¼
XN
m¼1

XN
n¼1

umn

jkrc

2p

Z
s

jmnðxÞ
e�jkr0

r0
dx

� �
¼
XN
m¼1

XN
n¼1

umnAmnðrÞ: ð6Þ

From Wallace [3], the term in the brackets, called AmnðrÞ here, is given by

AmnðrÞ ¼ jkrc
e�jkr

2pr

ab

p2mn

ð�1Þmeja � 1

ða=ðmpÞÞ2 � 1

" #
ð�1Þnejb � 1

ðb=ðnpÞÞ2 � 1

" #
; ð7Þ

where a ¼ ka sin y cos f and b ¼ kb sin y sin f; and r ¼ jrj:
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The substitution of Eq. (6) into Eq. (2) gives the total radiated power of the plate as

W ¼
XN
m¼1

XN
n¼1

XN
m0¼1

XN
n0¼1

umnu�m0n0

Z 2p

0

Z p=2

0

Amn rð ÞA�
m0n0 rð Þ

2rc
r2 sin y dy df

( )
; ð8Þ

where m0 and n0 are used to distinguish m and n in the conjugate. From this equation, it can be
seen that the total radiated power depends on the contribution of combinations of modes. The
contribution is usually referred to as the self-modal radiation for m ¼ m0 and n ¼ n0; and cross-
modal radiation for either mam0 or nan0:

Eq. (8) can also be expressed in a matrix form,

W ¼ uTDu; ð9Þ

where u is a column vector of terms umn and D is a matrix of integral terms. The diagonal elements
of D are the self-modal terms and the off-diagonal elements are the mutual radiation terms.
According to Snyder and Tanaka [11], cross-modal radiation only occurs between a pair of modes
with a similar index-type (i.e., either both odd or both even in each direction). Hence, many off-
diagonal terms are zero and only a quarter of the matrix elements are non-zero.

It is clear that the calculation of total radiation efficiency requires the calculation of both self-
and cross-modal radiation terms described in Eq. (8). At the same time, a knowledge of the
excitation is also required to determine u:

2.2. Response to point force

Consider a point force applied on the plate at location ðx0; y0Þ: The modal velocity amplitude is
given by [16]

umn ¼
joFjmnðx0; y0Þ

½o2
mnð1þ jZÞ � o2	Mmn

; ð10Þ

where F is the force amplitude, omn is the natural frequency, Z is the damping loss factor,
assuming hysteretic damping, and Mmn is the modal mass that is given by

Mmn ¼
Z

S

rshj
2
mnðx; yÞ dS ¼ 1

4
rshab ¼

M

4
; ð11Þ

where rs and h are the density and thickness of the plate, M is the mass the plate and use is made
of the form of jmn from Eq. (5). The natural frequencies omn are given by

omn ¼
B

rsh

� �1=2
mp
a

� �2

þ
np
b

� �2

 �

; ð12Þ

where B is the bending stiffness of the plate.

2.3. Average over forcing points

For the purpose of obtaining a general result for the total radiated power, the average of all
possible locations of the uncorrelated point forces on the plate is considered. This averaged
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radiated power can be written as

%W ¼
1

ab

Z a

0

Z b

0

W dx0 dy0

¼
XN
m¼1

XN
n¼1

XN
m0¼1

XN
n0¼1

1

ab

Z a

0

Z b

0

umnu�m0n0 dx0 dy0

Z 2p

0

Z p=2

0

AmnðrÞA�
m0n0 ðrÞ

2rc
r2 sin y dy df

( )
; ð13Þ

where

Z a

0

Z b

0

umnu�m0n0 dx0 dy0

¼
Z a

0

Z b

0

joFjmnðx0; y0Þ
½o2

mnð1þ jZÞ � o2	Mmn

�joF�jm0n0 ðx0; y0Þ
½o2

m0n0 ð1 � jZÞ � o2	Mm0n0


 �
dx0 dy0: ð14Þ

Because of the orthogonality of the eigenfunctions, it can be seen from Eq. (14) that Eq. (13) can
be simplified to

%W ¼
XN
m¼1

XN
n¼1

1

ab

Z a

0

Z b

0

umnu�mndx0dy0

Z 2p

0

Z p=2

0

AmnðrÞA�
mnðrÞ

2rc
r2 sin y dy df

( )
; ð15Þ

where each term in the sum is the power radiated by a single mode. Hence the cross-modal terms
have been eliminated. After some algebraic manipulations, Eq. (15) can also be written as

%W ¼
XN
m¼1

XN
n¼1

%Wmn; ð16Þ

where %Wmn is given by

%Wmn ¼ jumnj
2

Z 2p

0

Z p=2

0

AmnðrÞA�
mnðrÞ

2rc
r2 dy df ð17Þ

and jumnj2 represents the modulus squared of the modal velocity amplitude umn, averaged over all
force positions. This is given by

jumnj2 ¼
1

ab

Z a

0

Z b

0

umnu�mn dx0 dy0 ¼
4o2jF j2

M2½ðo2
mn � o2Þ2 þ Z2o4

mn	
: ð18Þ

The modal radiation efficiency smn is hence given by

smn ¼
%Wmn

rcab/v2
mnS

¼
4
R 2p
0

R p=2
0 Amn rð ÞA�

mn rð Þr2 dy df

rcð Þ2ab
; ð19Þ
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where /v2
mnS represents the spatially averaged mean square velocity in mode (m, n) averaged over

all possible force positions, which is given by

/v2
mnS ¼

1

S

Z
S

/v2
mnS dx0 dy0 ¼

1

2M2

o2jF j2

½ðo2
mn � o2Þ2 þ Z2o4

mn	
: ð20Þ

After some algebraic manipulations to Eq. (19), the modal radiation efficiency smn can be given by

smn ¼
64k2ab

p6m2n2

Z p=2

0

Z p=2

0

cos

sin
ða=2Þ

cos

sin
ðb=2Þ

½ða=ðmpÞÞ2 � 1	½ðb=ðnpÞÞ2 � 1	

8>>><
>>>:

9>>>=
>>>;

2

siny dy df ð21Þ

which corresponds to the expression given by Wallace [3].
Having obtained the total radiated power in terms of a summation of modal radiated power,

the average radiation efficiency considering all possible point force locations is readily given from
Eq. (1) by

s ¼
P

N

m¼1

P
N

m¼1
%Wmn

rcab/v2S
¼
P

N

m¼1

P
N

n¼1 rcabsmn/v2
mnS

rcab/v2S
¼
P

N

m¼1

P
N

n¼1 smn/v2
mnS

/v2S
; ð22Þ

where /v2S is the spatially averaged mean square velocity averaged over all possible force
locations. This is given by [16]

/v2S ¼
o2 Fj j2

2M2

XN
m¼1

XN
n¼1

1

½ðo2
mn � o2Þ2 þ Z2o4

mn	
¼
XN
m¼1

XN
n¼1

/v2
mnS: ð23Þ

Hence,

s ¼
P

N

m¼1

P
N

n¼1 smn½ðo2
mn � o2Þ2 þ Z2o4

mn	
�1P

N

m¼1

P
N

n¼1½ðo2
mn � o2Þ2 þ Z2o4

mn	
�1

: ð24Þ

It is noted that this average radiation efficiency depends only on the self-modal radiation due to
the averaging over all possible force locations. Eq. (22) is stated by Cremer and Heckl [16], who
analyzed the radiated power using a wavenumber transform but without explicitly averaging over
excitation points. However, as shown here, it is only strictly valid when such averaging is included.

Using the modal summation approach, based on Eq. (22), various values of the damping of the
plate can be taken into account.

3. Comparison with conventional modal average results

3.1. Example results

Based on Eq. (22), the average radiation efficiency of a rectangular plate of dimensions
0:5
 0:6
 0:003 m is calculated as an example. The plate is chosen as aluminium with Young’s
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modulus 7.1
 1010 N/m2, density 2700 kg/m3 and a damping loss factor Z ¼ 0:1: This level of
damping is used here for clarity although other values of damping are considered later.
Calculations are implemented using 40 frequency points per decade that ensure 3 points within the
half-power bandwidth of resonances.

Fig. 2 presents the spatially averaged mean square velocity from Eq. (23) and the spatially
averaged mean square velocity for each mode from Eq. (20) for the rectangular plate with a unit
force amplitude. The infinite numbers of modes in these two equations are truncated to a finite
number. For this example rectangular plate, all modes with natural frequencies below 10 kHz are
included in the calculation.

Fig. 3 presents the modal and average radiation efficiency of the above rectangular plate. It can
be seen that below 70Hz the radiation efficiency of the first mode determines the overall result.
This is due to the dominance of this mode in the response, see Fig. 2, and its high value of smn.
Above this frequency the average result drops, only rising to 1 at the critical frequency (see below)
of about 4 kHz.

3.2. Conventional modal average results

Based on the assumption of a diffuse field in the plate, Maidanik [2] has produced
formulae for the modal-average radiation of a lightly damped plate. These can be
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Fig. 2. Average mean square velocity of a rectangular plate showing contribution from modes (0.6
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written as [10]

s ¼

4S

c2
f 2 for fof1;1;

4p2

c2S

B

m00 for f1;1ofofe; fe ¼
3c

P
;

Pc

4p2Sfc



ð1� a2Þ ln

1 þ a
1 � a

� �
þ 2a

ð1 � a2Þ3=2
for feofofc; a ¼

ffiffiffiffi
f

fc

r
;

0:45

ffiffiffiffiffiffiffi
Pfc

c

r
for f ¼ fc;

1�
fc

f

� ��1=2

for f > fc;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð25Þ

where c is speed of sound, f is frequency, P is the perimeter of the plate, S is the area of the plate,
f1,1 is the first resonance frequency of the plate, B is the bending stiffness, m00 is the mass per unit
area of the plate and fc is the critical frequency, fc ¼ ðm00=BÞ1=2c2=2p: The first and second terms
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have been added here from Ref. [10] to represent the monopole radiation from the motion below
the first resonance frequency and radiation in the so-called corner mode region. NB, an additional
term in the third expression is presented in Ref. [2] but is often omitted, see also Ref. [17].

Fig. 4 presents a comparison of the results from Eq. (25) and the modal summation approach.
The same plate is used as above but now has a damping loss factor 0.0005. The calculation is
carried out using 4000 points per decade. The curve shown in Fig. 4 has been converted into one-
third octave bands for clarity. The comparison shows that Eq. (25) gives a good agreement with
the numerical result at almost all frequencies. There is some fluctuation of the numerical result
between the fundamental natural frequency (at 50Hz) and about 500Hz. It is well known that this
frequency range is dominated by ‘corner’ modes (modes with ka51 and kb51). For these modes
sound radiation is effectively limited to the corners of the plate and the radiation efficiency is
approximately constant with frequency. As frequency increases, the radiation efficiency increases
until the critical frequency. This increasing region corresponds to the occurrence of ‘edge’ modes
(kao1; kb > 1 or ka > 1; kbo1) where radiation is from two opposite edges [17].

3.3. Inclusion of nearfield effects
Cremer, Heckl and Ungar [16] and Fahy [17] have given analyses for the sound radiation from

the vibration nearfield around the forcing point for a damped rectangular plate. From this, the
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equivalent radiation efficiency from the nearfield of a point force can be expressed as

sn ¼
4

p
f

fc

Z for fofc: ð26Þ

The power radiated is obtained using this value of s with the mean square velocity of the whole
plate. The overall radiation efficiency of a damped point-excited plate can thus be given by

s ¼ s0 þ sn for fofc; ð27Þ

where s0 is the radiation efficiency for very lightly damped plates, which is given by Eq. (25).
The result from Eq. (27) agrees well with that from the modal summation approach. Fig. 5

presents the results for three values of the damping loss factor. It can be seen that the radiation
efficiency is independent of the damping loss factor for frequencies below the fundamental natural
frequency and above the critical frequency, but depends on the loss factor in the corner and edge
mode region. This increase in radiation efficiency is proportional to the damping loss factor this
can also be understood qualitatively in terms of the modal summation approach. Due to the
increase in the damping, the amplitude of the modal response at resonance to a point force
decreases. So does the spatially averaged mean square velocity. Hence relatively more modes will
contribute significantly to the response in this frequency range so that average radiation efficiency
increases.
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It is also noted from Cremer et al. [16] that, when the radiated power is studied, the power
radiated by the nearfield does not depend on the damping loss factor whereas the modal response
does. The increase in radiation efficiency with increase in damping is, in effect, due to the
reduction in the modal response and thus the greater importance of the nearfield.

3.4. Radiation efficiency at the critical frequency

The radiation efficiency at the critical frequency, given in Eq. (25), can also be represented in
terms of the non-dimensional parameter kca as

s ¼ 0:45 kcað Þ1=2
gþ 1

gp

� �1=2

; ð28Þ

where kc is the wavenumber at the critical frequency, a is the length of the shorter edges of the
plate (i.e., apb), g denotes the ratio of the lengths of shorter edges to longer edges g ¼ a=b:

Leppington [7] found that Eq. (28) overestimates the radiation efficiency for plates with large
aspect ratios and presented a modified formula as

s ¼ kcað Þ1=2HðgÞ; ð29Þ

where kc, a and g have the same meaning as in Eq. (28) and the function HðgÞ is given by

HðxÞ ¼
4

15p3=2
x1=2

Z 1

0

ð5 � tÞ ðt2 þ x2Þ�3=4 þ ð1þ x2t2Þ�3=4
n o

dt: ð30Þ

For 0:2oxo1; a good approximation of HðxÞ is given by HðxÞ ¼ 0:5 � 0:15x:
It can be noted that, for a given aspect ratio, both Eqs. (28) and (29) will give a value of

radiation efficiency for the critical frequency smaller than unity for kca smaller than a certain
value. For instance, Eq. (28) gives results less than unity for kcap7:6 for g ¼ 1 and kcap2:6 for
g ¼ 0:2 while Eq. (29) for kcap7:6 for g ¼ 1; kcap4:2 for g ¼ 0:2: Thick, stiff (or small) plates can
have a critical frequency near to, or lower than, their first natural frequency, corresponding to a
small value of kca. In this case, Eqs. (28) and (29) are not appropriate to estimate the radiation
efficiency. At their ‘critical frequency’ these plates vibrate as piston which is small compared with
the acoustic wavelength and therefore radiate inefficiently. The concept of critical frequency is not
meaningful in this context.

Using the modal summation approach of Section 2, the radiation efficiencies at the critical
frequency have been reinvestigated. Fig. 6 presents a comparison of the results from modal
summation and according to Eqs. (28) and (29) for square plates ðg ¼ 1Þ: For square plates,
Eqs. (28) and (29) give similar results to each other. Results are given for two values of damping
loss factor for the plate. The results presented from the modal summation are the maximum
radiation efficiency, which occurs around, or just above, the critical frequency. Both narrow band
(300 frequency points per decade) and one-third octave band results from the modal summation
are plotted. The latter are included since predictions are often made in one-third octave bands, in
which case the precise details of a narrow peak are less important than the frequency average
behaviour. The one-third octave band here is centred about the frequency at which the maximum
radiation efficiency occurs.
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For large values of kca, the maximum value from the narrow band results is larger than that
from one-third octave bands. The narrow band results for Z ¼ 0:01 appear to tend towards the
approximate results for very large values of kca, but the result from one-third octave bands is
lower than this at large kca. Damping does have certain effects on the results from the modal
summation approach. Fig. 6 includes corresponding results for a damping loss factor of 0.1. The
radiation efficiency at the critical frequency will decrease as the damping loss factor increases for
large values of kca. As damping increases, the response differs increasingly from a free wave of
wavelength equal to the acoustic wavelength, and the coincidence effect will reduce. For kca

smaller than 10, the radiation efficiency at the critical frequency is largely independent of damping
loss factor, as here the boundaries disturb the coincidence phenomenon to a greater extent.

For kca smaller than 3, the maximum radiation efficiency tends to a constant value of 1.3 that is
actually determined by the maximum modal radiation efficiency of the fundamental mode (see
Fig. 3) rather than the result at the critical frequency. Fig. 7 presents examples of the average
radiation efficiencies of square plates with different thickness and Z ¼ 0:01 calculated using the
modal summation approach. In each case the critical frequency is also marked. For the thickest
plate shown, the maximum radiation efficiency is not associated with the critical frequency. As the
thickness reduces the maximum value occurs at frequencies that are progressively closer to the
corresponding critical frequency.
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Corresponding investigations have been carried out for a plate with g ¼ 0:2: Fig. 8
presents the comparison of the results from modal summation and Eqs. (28) and (29). Damping
loss factors of 0.01 and 0.1 again are used in these calculations. For large kca, Eq. (29)
slightly overestimates the radiation efficiency at the critical frequency compared with the
result from the modal summation. The result from Eq. (28) is higher still. For kca smaller
than 2, the maximum radiation efficiency tends to a constant value (1.2) as before. Results
were not produced for larger values of kca due to the very long computation times required,
but it can be anticipated that they will drop below the lines corresponding to the approximate
formula.

In order to find a general relation between the maximum average radiation efficiency and the
value of kca, the analysis has been extended to include plates with different values of g:
Fig. 9 shows the results for seven different aspect ratios obtained from the modal summation.
All the results are given in one-third octave bands. For kcao3; the radiation efficiency
tends to a constant value between 1.2 and 1.3 for different aspect ratios, determined by
the modal radiation efficiency of the fundamental mode. For kca > 3; the radiation
efficiency increases approximately in proportion to ðkcaÞ

1=4; rather than ðkcaÞ
1=2 as given

in Eqs. (28) and (29). Moreover the result appears to be only weakly dependent on the
aspect ratio as Fig. 10 shows. These results can be summarized by an approximate
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expression as

scE
1:2� 1:3 for kcap3;

ðkcaÞ
1=4 for kca > 3:

(
ð31Þ

4. Radiation efficiency of strips

4.1. Results from the modal summation approach

Next the modal summation approach technique, described in Section 2, is used to study the
radiation from a strip, that is a plate with a large aspect ratio, or small value of g.

Fig. 11 presents the average mean square velocity for a unit force amplitude of a plate with
dimensions 0.16
 3.0
 0.003m as a sum of the individual modal contributions in a manner
similar to Fig. 2. A damping loss factor Z ¼ 0:1 is used. This plate has an aspect ratio g ¼ 0:053:
The natural frequencies of the strip can be seen as the peaks of the modal amplitudes in Fig. 11.
At about 290Hz, the first mode corresponding to a half-wavelength of bending along the strip
occurs (the fundamental mode, in which m ¼ 1; n ¼ 1). Above this frequency, modes of higher
order (index n) bending waves along the strip occur close together in frequency. Just above
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1.1 kHz, the first mode corresponding to a whole wavelength of bending across the strip occurs
ðm ¼ 2Þ: Above this ‘cut-on’ frequency of order m ¼ 2; modes with n ¼ 1; 2; 3;y occur closely
spaced. At about 2.6 kHz, modes of order m ¼ 3 can be seen to cut-on.

Fig. 12 presents both the modal radiation efficiency and average radiation efficiency calculated
using the modal summation approach. The curve of average radiation efficiency of the strip has
two broad peaks, which occur close to the fundamental mode (1, 1) and close to the second mode
along the short edge (2, 1). If Eq. (25) is used to evaluate the average radiation efficiency for the
strip, a significant underprediction is made above the first mode. This is shown in Fig. 13. Even
including the result of damping using Eq. (27) does not account for the behaviour correctly.
Moreover, below the fundamental mode, the radiation efficiency is considerably lower than given
by Eq. (25). Only at frequencies well above the critical frequency is the formula able to predict the
radiation efficiency well for the strip. Clearly, further investigation is required into the radiation
behaviour of such a very narrow rectangular plate.

4.2. Below the fundamental frequency

The modes with odd indices (both m and n) are the most effective radiators for a rectangular
plate when ka, kb51 [2,3]. For frequencies well below the fundamental natural frequency, the
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average radiation efficiency of a plate with moderate aspect ratio is dominated by the fundamental
mode (see Fig. 3). This is not only because the radiation of the fundamental mode is most effective
but also because its velocity amplitude is dominant (see Eq. (20) and Fig. 2). The summation in
both the denominator and numerator of Eq. (22) is dominated by the term corresponding to the
fundamental mode. Therefore the average radiation efficiency of this plate below the fundamental
natural frequency can be given by

sE
s1;1/v2

1;1S

/v2
1;1S

¼ s1;1: ð32Þ

The physical explanation of Eq. (32) is that the whole surface of the plate vibrates in phase in the
form of the first mode and the plate motion radiates sound as a monopole.

However, the case of a strip differs from this because of its large aspect ratio. As a result
of the large aspect ratio, many modes are distributed closely just above the fundamental
frequency (see Fig. 11). From Eq. (20), it can be seen that the mean square velocity of
these modes will have very similar amplitude since omn is similar in each case. As a result,
the approximation of Eq. (32) will no longer be valid. Suppose p modes have significant
values that contribute to the average radiation efficiency below the fundamental frequency.
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Then Eq. (22) should be rewritten as

sE

Pp
n¼1 s1;n/v2

1;nSPp
n¼1 /v2

1;nS
: ð33Þ

Since the fundamental mode is the most effective in sound radiation, the numerator of Eq. (33) is
still dominated by the term corresponding to the fundamental mode. Thus Eq. (33) can be
simplified as

sE
s1;1/v2

1;1SPp
n¼1 /v2

1;nS
: ð34Þ

It is now necessary to determine which modes of the strip will contribute to the average radiation
efficiency. The mean square velocity of the mode (m, n) can be approximated by

/v2
m;nSðoÞE

o2 Fj j2

2M2o4
m;nð1 þ Z2Þ

for o5omn: ð35Þ
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The ratio of the mean square velocity of mode ð1; nÞ to that of the fundamental mode is given by

/v2
1;nS

/v2
1;1S

¼
o1;1

o1;n

� �4

; ð36Þ

where

o1;1 ¼

ffiffiffiffiffiffi
B

m00

r
p
a

� �2

þ
p
b

� �2

 �

; o1;n ¼

ffiffiffiffiffiffi
B

m00

r
p
a

� �2

þ
np
b

� �2

 �

:

Writing Dkx¼ p=a and Dky¼ p=b; Eq. (36) can be rewritten as

/v2
1;nS

/v2
1;1S

¼
Dk2

x þ Dk2
y

Dk2
x þ n2Dk2

y

 !4

: ð37Þ

For the case of a strip with a5b; Dky5Dkx and writing g ¼ a=b; gives

/v2
1;nS

/v2
1;1S

E
Dk2

x

Dk2
xð1 þ g2n2Þ

� �4

Eð1þ g2n2Þ�4: ð38Þ
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The average radiation efficiency of the strip below the fundamental natural frequency can be
rewritten as

s ¼
s1;1/v2

1;1SPp
n¼1 /v2

1;1Sð1 þ g2n2Þ�4
¼

s1;1Pp
n¼1 ð1 þ g2n2Þ�4

: ð39Þ

It has been found by numerical evaluation that
Pp

n¼1ð1 þ g2n2Þ�4 can be approximated asXp

n¼1

ð1þ g2n2Þ�4E0:485
1

g
� 1

� �
for p large and gp0:5: ð40Þ

Then the substitution of Eq. (40) into Eq. (39) gives

sE
s1;1

0:485ð1=g� 1Þ
: ð41Þ

It can be noted that the average radiation efficiency of the strip depends on the aspect ratio and
the radiation efficiency of the fundamental mode. Compared with the rectangular plate of the
same area, the strip radiates less sound. In order to understand the characteristics of the strip

ARTICLE IN PRESS

10
1

10
2

10
3

10
4

10
−4

10
−3

10
−2

10
−1

10
0

10
1

Frequency (Hz)

σ

Fig. 13. Average radiation efficiency of the aluminium strip of 0.16
 3
 0.003m with Z ¼ 0:1: —, Modal summation

approach; – –, Eq. (25); �— � , Eq. (27).

G. Xie et al. / Journal of Sound and Vibration 280 (2005) 181–209200



radiation physically, it is instructive to simplify Eq. (41) further as

sE
g

0:485
s1;1 for gp0:1: ð42Þ

According to Wallace [3], the radiation efficiency of the fundamental mode for frequencies well
below the fundamental natural frequency can be approximately given by

s1;1 ¼
32ðkaÞðkbÞ

p5
¼

128

p3c2
abf 2: ð43Þ

This is proportional to the area of the plate. For the case of the strip, Eq. (42) gives

sE
1

0:485

a

b

128

p3c2
abf 2E

264

p3c2
a2f 2E

8:5

c2
a2f 2: ð44Þ

The average radiation efficiency of the strip at frequencies well below the first natural frequency is
thus found to be approximately proportional to the square of the short-edge length of the strip
and is independent of the long-edge length.

In order to verify this conclusion, strips with different aspect ratios have been investigated using
the numerical evaluation of Eq. (22) and the modal radiation efficiency from the numerical
integration of Eq. (21). Example calculations have been carried out for strips with a short edge
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length of 0.16m and long edge lengths of 1.5, 2.5 and 3m and two additional strips with long edge
length 3m having short edge lengths of 0.08 and 0.32m. The results are presented in Fig. 14. It is
seen that the three strips with the same width, 0.16m, have very similar average radiation
efficiencies and are indistinguishable at low frequency. The results also verify that the average
radiation efficiency below the fundamental natural frequency is proportional to the square of the
short-edge length of the strip. Eq. (44) underestimates the average radiation efficiency slightly at
low frequency if compared with the results from numerical calculations. This is because of the
simplification from Eq. (33) to Eq. (34) by ignoring the contributions of other modes in the
numerator. Actually, mode (1, 3) still has a significant contribution to the frequencies below the
fundamental frequency.

4.3. Effects of damping

The average radiation efficiencies of the strip have been calculated for various damping values
using the modal summation approach. These results are presented as one-third octave band
spectra in Fig. 15. (The narrow band results vary too rapidly with frequency for clear observation
to be made.) The average radiation efficiency is largely independent of the damping for
frequencies below the fundamental natural frequency and above the critical frequency. However,
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the average radiation efficiency between the fundamental natural frequency and the critical
frequency increases with an increase of damping. A quite large change occurs for the frequencies
between the first two cut-on frequencies, where the radiation efficiency appears to be proportional
to the damping loss factor. Fig. 16 shows the variation of the average radiation efficiency with loss
factor for the example 0:16
 3:0
 0:003 m strip in the 630Hz band. Corresponding results for
the rectangular plate considered previously with 0.6
 0.5m are shown for comparison. It can be
seen that the radiation efficiency of the strip is much more strongly dependent on damping than
that of the plate considered previously.

Fig. 17 shows the effect of damping on the approximated radiation efficiency using Eq. (27).
The average radiation efficiency of the strip is shown for damping loss factors of 0.1, 0.2 and 0.4.
These results are compared with the corresponding results from the modal summation. Not
surprisingly, poor agreement is obtained. The cause of this disagreement can be attributed
qualitatively to an overprediction in the modal radiation and an underprediction of the nearfield
radiation.

The sparse distribution of the modes in k-space means that the assumption of a high modal
density is not applicable and so Maidanik’s formulae for calculating the average radiation
efficiency for low damping may no longer be appropriate. This can be demonstrated in a
comparison of the acoustic and structural wavenumbers, shown in Fig. 18. At the fundamental
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natural frequency, the wavenumber in the plate is kb1 while that in air is ka1, which is much
smaller. The first few structural modes with m ¼ 1 are ‘edge’ modes ðkyoka1Þ; so the radiation at
and just above the cut-on frequency is quite large. For a frequency between the first and second
cut-on frequencies, kb2 is the wavenumber in the plate and ka2 is that in air. The radiation is now
dominated by ‘corner’ modes ðky > ka2Þ and thus it is fairly low. For frequencies close to the
second cut-on frequency, corresponding to ka3 for the acoustical wavenumber and kb3 for the
structural one, the radiation is again controlled mainly by ‘edge’ modes. This causes another
broad peak around this frequency. For frequencies above the second cut-on frequency, the
distribution of modes becomes more even so that the average radiation efficiency formulae
gradually become more appropriate with increasing frequency.

For the frequencies between the fundamental natural frequency and the second cut-on
frequency, provided kx; ky > ka; although the region has been called the ‘corner mode region’, the
radiation from the strip can be considered to be equivalent to the radiation of two monopoles,
each of size a
ly=4 where ly is the wavelength along the length of the strip. Thus the ‘corner’ is
spread over the whole width of the strip. The power radiated by the strip in this region is given by

W ¼ 2rcSm/v2
mSsm; ð45Þ

where sm ¼ 4f 2Sm=c2 is the radiation efficiency of a monopole with the velocity distribution of a
simply supported plate (Eq. (25)). Sm ¼ aly=4 is the area of each monopole, and /v2

mS is the
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mean square velocity within these monopole regions. The radiation efficiency of the whole strip
with light damping can thus be given by

s0s ¼
W

rcab/v2S
¼

2smSm

ab
¼

8S2
m f 2

abc2
ð46Þ

since /v2
mS ¼ /v2S: Substituting ly ¼ 2b=n; Eq. (46) becomes

s0s ¼
2abf 2

c2n2
for f1;1ofof2;1; ky > ka; ð47Þ

where n is the index of modes in the y direction, i.e., along the length.
Eq. (47) will not be appropriate for a very small value of g. For those cases, the ‘corner’ modes

will not appear and only ‘edge’ modes will dominate this frequency range. This can be seen from
the radiation efficiency of the strip 0.08
 3
 0.003m, as shown in Fig. 14. The absence of ‘corner’
modes occur if

gp
2p
bc

B

rh

� �1=2

: ð48Þ

For the current case, a strip with b¼ 3 m; this limiting value of g is 0.0287.
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The characteristics of the nearfield radiation also appear to be different from the case of
moderate aspect ratio. The radiation efficiency at 630Hz for different values of the damping loss
factor was presented in Fig. 16 for plates with large and moderate aspect ratios. It is found for the
strip that the dependence of the radiation efficiency on the damping loss factor is approximately
twice that for the rectangular plate. So the nearfield radiation efficiency for the strip in this region
can be approximated as

sns ¼
8

p
f

fc

Z for f1;1ofof2;1; ky > ka: ð49Þ

Combining these two expressions, the radiation efficiency of the damped strip in this region is
therefore approximately given by

s ¼ s0s þ snsE
2abf 2

c2n2
þ

8

p
f

fc

Z for f1;1ofof2;1; ky > ka: ð50Þ

Results calculated using Eq. (50) are compared with the results from the modal summation.
Fig. 19 shows the results for the strip of dimensions 0.16
 3.0m with values of damping loss
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factor of 0.0005 and 0.1. Although small differences exist, Eq. (50) gives a fairly good
approximation for this region. For the strip of dimensions 0.32
 3.0m, the comparison is
presented in Fig. 20. The model represented by Eq. (50) is also shown to be a good approximation
for the radiation efficiency in this region, in this case 100–250Hz.

4.4. Summary of approximation formulae for strips

For a rectangular plate with a large aspect ratio (g smaller than 0.1), Eq. (44) can be used to
replace the corresponding part of Eq. (25) for frequencies below the fundamental natural
frequency. For frequencies between the fundamental natural frequency and the second cut-on
frequency, the radiation efficiency of the strip can be estimated by using Eq. (50). For frequencies
between the second cut-on frequency and the critical frequency, the radiation efficiency of the
strip can also be approximated with the third expression in Eq. (25) since the mode distribution in
this region becomes more evenly spaced the wavenumber domain. This is seen from the
comparisons given in Figs. 19 and 20. For frequencies around the critical frequency the results
discussed in Section 3.4 apply while above the critical frequency the conventional results of
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Eq. (25) remain valid. All these formulae are combined as below

sE

8:5

c2
a2f 2 for fof1;1

2abf 2

c2n2
þ

8

p
f

fc

Z for f1;1ofof2;1; ky > ka and
2p
bc

B

rh

� �1=2

pgp0:1

Pc

4p2Sfc



ð1� a2Þln

1 þ a
1 � a

� �
þ 2a

ð1 � a2Þ3=2
þ

4

p
f

fc

Z for f2;1ofofc; a ¼
ffiffiffiffi
f

fc

r

scE
1:2 � 1:3 for kcap3

ðkcaÞ
1=4 for kca > 3

(
for f ¼ fc

1 �
fc

f

� ��1=2

for f > fc:

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð51Þ

5. Conclusions

The radiation efficiency of plates has been investigated by using the modal summation
approach. The radiation efficiency is calculated by considering the average over all possible point
force excitation positions. Cross-modal terms do not arise in this averaged radiation efficiency.
This averaged radiation efficiency shows the limitations of previous formulae by Maidanik [2] for
a strip, a plate with a large aspect ratio. It has been shown that its radiation efficiency below the
fundamental frequency is proportional to the square of the shortest edge length rather than the
area of the plate. For frequencies between the fundamental natural frequency and the cut-on of
modes involving a whole wavelength deformation across the strip, the radiation from the strip can
be considered to be equivalent to the radiation of two monopoles each of size a
ly=4 where ly is
the wavelength along the length of the strip. The nearfield radiation from the forcing point in this
frequency region is proportional to the damping loss factor. It is found that the dependence on the
damping loss factor of the nearfield radiation efficiency for the strip is approximately twice that
for the rectangular plate with moderate aspect ratio. Finally, an approximate model for
calculating the radiation efficiency of a strip has been presented.

Based on the results from the modal summation approach, it is found that the maximum
average radiation efficiency expressed in one-third octave bands increases in proportion to ðkcaÞ

1=4

for kca > 3; not ðkcaÞ
1=2 as given by Leppington and Maidanik, where kc is the wavenumber at the

critical frequency and a is the shorter edge of the plate. For kcao3; the maximum radiation
efficiency tends to a constant value between 1.2 and 1.3, depending on the aspect ratio.
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