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Abstract

This work is concerned with the development of a dynamic model for a slender flexible arm undergoing
relatively large planar flexural deformations, and clamped with a setting angle to a compliant rotating hub.
The model is derived assuming an inextensible Euler–Bernoulli beam, but takes into account the axial
inertia and nonlinear curvature. Two coordinate transformations were used to obtain the inertial position
vector of a typical material point along the beam span. The inextensibility constraint is used to relate the
axial and transverse displacements as well as velocities of the material point in the beam body coordinate
system. The displacement and velocity vectors obtained are used in the system kinetic energy and exact
curvature to eliminate dependence of the system Lagrangian on the beam axial deflection and velocity. The
assumed mode method is used to discretize the system Lagrangian and to derive, directly, the nonlinear
equivalent temporal solutions to the problem. The resulting dynamic model is a set of four strongly coupled
nonlinear ordinary differential equations, which, in the present work, is solved only numerically. Examples
of the results of the numerical solutions for the effects of setting angle and defined physical parameter ratios
on the system dynamic response characteristics for a sinusoidal hub torque profile are presented and
discussed.
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1. Introduction

The characteristics of dynamic response of a rotating flexible beam element are of major
concern in many important industrial applications such as the design of robotic arms, satellite
antenna, and turbine blades. To meet the demands of high rotating speeds, fast response and
accurate positioning modern designs use lighter weight, more flexible and axially rigid rotating
beam elements. It is well known that the axial displacement due to bending deformations, known
as axial shortening, and the axial inertia associated with a high rotating speed, have a significant
effect on the flexural vibrations of such flexible rotating beam elements. These flexural vibrations
have been the subject of many analytical and numerical investigations, e.g. Refs. [1–18]. These
investigations use different mathematical models with various simplifying assumptions concerning
the beam geometric nonlinearities and various ways of accounting for the effect of axial
shortening due to bending; for recent reviews of relevant literature, see, for example, Refs. [15–18].
This has led to significantly different results depending on the way the shortening effect is
accounted for in the formulation of equations of motion [14]. In several cases, the method of
virtual work was used to account only partially for the effect of axial shortening in the
formulation of either the stiffness or inertia forces. This led to unstable behaviour at high values
of the rotation speed [14]. In order to obtain stable high rotation speed motions, some models
accounted for the shortening effect in the formulation of both the inertia and elastic forces [14].
Again, when using the method of virtual work, this was only partially done by ignoring some of
the nonlinear terms which may arise as a result of axial shortening. Note that the type (inertia and
elastic) and degree of nonlinearities in the mathematical model, and thus the predicted behaviour,
depend on the way the shortening effect is accounted for in the formulation of the system
equations of motion. Recently, Hamdan and Al-Bedoor [16] used the in-extensibility condition, in
conjunction with a straightforward multi-body dynamic approach, to account for the effects of
axial shortening due to bending in the formulation of both the potential and kinetic energies of a
flexible beam attached with a setting angle to a rotating rigid hub. Their model, which covers both
in-plane (lead-lag) and out-of-plane (flapping) beam-bending motions, includes elastic and inertial
geometric stiffening nonlinear terms as well as competing nonlinear inertia softening terms not
found in other available models. They then used the assumed mode method in conjunction with
Lagrangian dynamics to reduce their model to a single-degree-of-freedom (d.o.f.) nonlinear
unforced oscillator. They presented an approximate analytic solution to their model, which shows
that the beam-bending vibration, at any mode, remains stable as the rotation speed is increased to
significantly high values. The results of their study also showed that the setting angle has a
significant effect on the natural frequency corresponding to any of the modes of the beam-bending
vibrations. These results also indicate that for a setting angle below a critical value, the first mode
bending free vibration of the rotating beam may become unstable for low rotation speed. A
systematic multi-body dynamic approach in conjunction with the inextensibilty condition to
account for axial shortening due to bending has also recently been used by Al-Bedoor and
Hamdan [15] to study the dynamic response characteristics of a rotating beam attached to a rigid
hub with zero setting angle, and also by Al-Bedoor et al. [17] to study the effect of hub support
flexibility of the rotating beam [15]. Models which accounted for the effect of setting angle of the
rotating beam were reported by several other investigations. For example, Yokoyama [6] and
Mulmule et al. [9] used the finite element method to study flexural free vibrations of a rotating
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beam with a setting angle, where the axial shortening due to bending was accounted for in the
form of added potential energy term. In both of these models, the effect of geometric stiffening
due to the combined axial shortening and centrifugal forces disappears as a result of the approach
used when the setting angle becomes 901.
A model for a rotating beam element which accounts for the combined effects of setting angle

and hub flexibility is to the authors’ best knowledge not readily available in the open literature. To
this end, the aim of the present work is to develop a mathematical model and to present
simulation results for the dynamic behaviour of a rotating blade modelled as a flexible slender
beam attached with a setting angle to a rigid rotating hub. The hub is assumed to be supported by
a compliant base and subjected to a prescribed torque profile. A multi-body dynamic approach,
which employs two transformation matrices, is used to obtain the inertial displacement vector for
a typical material point along the span of the rotating blade from a body coordinate system. The
first of these two transformations takes care of the setting angle, which is a constant parameter
that may vary in the range of 0–901. The second transformation is used to account for the system
rigid body rotation. The condition of inextensibility is used to relate the axial and lateral
components of the material point deflection. The inertial velocity vector obtained, which accounts
for lateral as well as axial inertia of the beam, is used to obtain the system kinetic energy, which
includes the base 2 d.o.f. translational motion and rigid body rotation of the hub–arm system. The
nonlinear curvature is used to construct the beam elastic potential energy. Lagrangian dynamics
in conjunction with the assumed single-mode method is used to develop an equivalent third-order
temporal model consisting of four nonlinear coupled ordinary differential equations. The four
independent variables in the model obtained are: the horizontal and vertical position of the
hub–arm assembly, the rigid body rotation of the hub, and the transverse deflection of the beam in
the modal domain. As a result of using the inextensibility condition, the model includes elastic and
inertial stiffening and inertial softening nonlinearities not found in other rotating beam models
available. Due to its mathematical complexity, this model is in the present work only solved
numerically for selected values of system parameters. The results of numerical simulation are
presented and are used to investigate the effect, for the first and third bending modes, of system
parameters on the dynamic behaviour of the rotating beam.
2. The dynamic model

2.1. System description and assumptions

The arm–hub system under consideration is shown schematically in Fig. 1. X ;Y ;Z denote the
set of inertial rectangular Cartesian coordinate axes fixed in space. x; y; z is the set of orthogonal
axes rotating with the hub with origin o at the root of the beam ( i.e., on the hub surface) and with
the x-axis oriented along the beam neutral axis in the undeformed configuration. x0; y0; z0 are the
beam principal axes in the undeformed configuration with common origin o with xyz axes. The
beam mid-plane y0z0 is inclined to the plane of rotation yz at an angle C called the setting angle.
The hub is assumed to be a rigid disc with radius RH ; mass mH ; rotating with angular velocity _y
and subjected to a torque T about an axis through its centre parallel to the inertial Z-axis. The
base of the hub is assumed to be flexible with linear stiffnesses KX and KY in the horizontal and
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Fig. 1. Arm–hub schematic diagram: (a) setting angle, (b) hub base flexibility.
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vertical directions, respectively. The beam is assumed to be initially straight along the x0-axis,
clamped at the base, having uniform cross-sectional area A; flexural rigidity EI ; constant length l
and mass per unit volume r: The beam thickness is assumed to be small compared to its
length so that the effects of shear deformation and rotary inertia can be ignored. The beam
deflection is assumed to be confined to the x0y0-plane (that is, only planar flexural beam vibrations
are allowed). This vibration is purely in the xy-plane (lead-lag) when C ¼ 0� and is purely in the
xz-plane (flapping) when C ¼ 90�: In the following sub-sections, the governing equations of
motion are formulated via a combined Lagrange-assumed mode method wherein the
inextensibility condition and its time derivative are used to account for axial shortening due to
bending and to eliminate the dependence of the system Lagrangian on axial displacement and
axial velocity.
2.2. System kinetic and potential energies

Using the coordinate systems shown in Figs. 1 and 2, the inertial X ;Y ;Z components of the
global displacement vector ~RP of the beam cross-sectional area centroid P at an arbitrary point s
along the span of the beam after deformation are given by

RPX

RPY

RPZ

8><
>:

9>=
>; ¼

ROX

ROY

0

8><
>:

9>=
>;þ

RH cos y

RH sin y

0

8><
>:

9>=
>;þ AðyÞ½ � AðCÞ½ �

s 	 u

v

0

8><
>:

9>=
>;; ð1Þ

where ROX ¼ X ; ROY ¼ Y are, respectively, the X and Y inertial components of the
position vector ~RO of the hub centre o; RH is the hub radius, y is the rigid body rotation of
the beam–hub system about the inertial Z-axis, C is the setting angle, and AðyÞ½ � is the rotational
transformation matrix from the xyz rotating coordinate system to the fixed XYZ coordinate
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Fig. 2. Deflected configuration of the beam.
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system given by

AðyÞ½ � ¼

cos y 	 sin y 0

sin y cos y 0

0 0 0

2
64

3
75; ð2Þ

½AðCÞ� is the setting angle transformation matrix from the x0y0z0 beam-rotating coordinate system
to the xyz hub-rotating coordinate system defined by

½AðCÞ� ¼

1 0 0

0 cos C 	 sin C

0 sin C cos C

2
64

3
75; ð3Þ

where u ¼ uðs; tÞ is the axial displacement (shortening due to bending) of the deformed beam at
the material point P along the rotating x0-axis, and v ¼ vðs; tÞ is the transverse deflection of P
along the rotating y0-axis due to the beam-bending deformation.
The components of the inertial velocity vector _�RP of the material point P are obtained by

differentiating Eq. (1), which yields

_RPX
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2
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where _y is the absolute angular velocity of the beam–hub system with respect to the inertial Z-axis,
and

dAðyÞ
dy

� �
¼

	 sin y 	 cos y 0

cos y 	 sin y 0

0 0 0

2
64

3
75: ð5Þ

Substituting Eqs. (2), (3) and (5) into Eq. (4) and carrying out matrix multiplications in the
resulting equations gives the following expressions for the inertial velocity vector

_~RP of the beam
material point P:

_~RP ¼ ð _X 	 a1 sin y	 a2 cos yÞ~I þ ð _Y 	 a2 sin yþ a1 cos yÞ~J þ ð_v sin CÞ~K ; ð6Þ

a1 ¼ _y RH þ ðs 	 uÞð Þ þ _u cos C; a2 ¼ _yu cosCþ _u; ð6a;bÞ

where ~I ; ~J; and ~K are, respectively, unit vectors along the X ;Y and Z inertial axes. The kinetic
energy KEb of the uniform, inextensible rotating beam is given by

KEb ¼
rA

2

Z l

0

_~RP 

_~RP ds; ð7Þ

where
_~RP is given by Eq. (6). The total kinetic energy KE of the hub–beam system is obtained by

adding to Eq. (6) the kinetic energy of the hub KEH, which is assumed to be a uniform disc of
radius RH ; mass mH ; rotating at angular velocity _y about the inertial Z-axis and translating
against two linear springs in the vertical and horizontal directions as shown in Fig. 1.
Accordingly, the hub kinetic energy KEH is given by

KEH ¼ 1
2

mH
_X
2
þ 1

2
mH

_Y
2
þ 1

4
mHR2

H
_y
2
: ð8Þ

The total kinetic energy KE of beam–hub system is expressed as

KE ¼ KEb þKEH ; ð9Þ

where KEb and KEH are, respectively, given by Eqs. (7) and (8). Note that the system total kinetic
energy KE in Eq. (9) is dependent on the beam displacement and velocity variables u; v; _u and _v in
addition to the hub centre o horizontal and vertical velocities, respectively, _X and _Y ; as well as on
the hub rotation speed _y: The dependence of KE on the axial displacement u and axial velocity _u
can be eliminated by assuming the beam to be undergoing an inextensible planar bending motion.
This requires that the beam axial shortening u corresponding the lateral deflection v of this
inextensible planar bending motion is given by [19]

luðx; tÞ ¼ x	
Z x

0

cosfðZ; tÞdZ; ð10Þ

where l ¼ 1=l; x ¼ s=l is a dimensionless beam arc length and f (see Fig. 2), is the slope of the
beam centre line at arc position x: Noting that sin f ¼ dv=ds ¼ lv0o1; where a prime denotes a

derivative with respect to the dimensionless arc length x; cosf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 sin2f

p
; expanding the term

½f1	 ðlv0Þ2�1=2 into power series, and retaining terms up to fourth order, the axial shortening
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expression in Eq. (10) simplifies to

u ¼ 1
2

Z x

0

½lv0
2
þ 1

2
l3v04�dZ: ð11Þ

Differentiating Eq. (11) with respect to time yields the following expression for the beam axial
velocity _u in terms of its transverse bending deflection:

_u ¼
1

2

d

dt

Z x

0

½lv0
2
þ l3v04�dZ

� �
: ð12Þ

Eqs. (11) and (12) will be used to eliminate the dependence of the system kinetic energy, and
thus the system Lagrangian on the beam axial displacement u and axial velocity _u: Next, in order
to formulate the system Lagrangian, the system potential energy PE is constructed . For
the present beam–hub system, the potential energy PE, assuming the system to rotate in a
horizontal plane (that is, ignoring gravity), is made up of the beam elastic bending energy and the
elastic potential energy PEH due to hub translation against the linear springs at the base.
The potential energy PEb of the beam due to the assumed inextensible planar bending motion is
given by

PEb ¼
EI

2l

Z 1

0

K2ðx; tÞdx ð13Þ

where EI is the beam principal flexural rigidity about the z0-axis, l ¼ 1=l and x ¼ s=l as defined
above, and K is the centre line curvature at a point x: Following the analysis presented in Ref. [19],
note, using Fig. 2, that

Kðx; tÞ ¼ lf0; ð14Þ

sin f ¼ lv0; ð15Þ

where, as before, f is the beam centreline slope at a position x; and a prime denotes a derivative
with respect to the dimensionless arc length x: Again, as before, differentiating Eq. (15), and using

the relation cos f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 sin2 f

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1	 ðlv0Þ2

p
gives

f0
¼ lv00½1	 ðlv0Þ2�	1=2: ð16Þ

Upon substituting Eq. (16) into Eq. (14), noting that lv0o1; expanding the bracketed term

½1	 ðlv0Þ2�	1=2 in the resulting equation into power series, retaining terms up to fourth order and
substituting the result into Eq. (14), yields the following expression for the beam-bending
potential energy PEb:

PEb ¼
ðEIl3Þ

2

Z 1

0

½n002 þ ðlv0v00Þ2�dx; ð17Þ

which is independent of the beam axial displacement u or any of its derivatives. Adding the elastic
potential energy PEH due to system translation against the base linear springs to Eq. (17) yields
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the system total potential energy expression PE:

PE ¼ 1
2 KX X 2 þ 1

2 KY Y 2 þ
ðEIl3Þ

2

Z 1

0

½v00
2
þ ðlv0v00Þ2�dx: ð18Þ

2.3. System Lagrangian
The Lagrangian L of the present rotating hub–beam system is given by

L ¼ KE	 PE; ð19Þ

where KE and PE are defined by Eqs. (9) and (18), respectively. Substituting these equations into
Eq. (19), and using the relations in Eqs. (6)–(8), (11) and (12), noting that the independent variable
_y is independent of the dimensionless spatial variable x; and introducing appropriate
dimensionless system parameters and variables, yields the following expression for the system
Lagrangian L:

L ¼
mbl2

2
ð
_�X
2
þ

_�Y
2
Þð1þ mÞ þ _y

2 1
3
þ C þ C2ð1þ m=2Þ

� �
þ _y ð1þ 2CÞð

_�Y cos y	 _�X sin y
h i� �

þ
mbl2

2

Z 1

0

1

4

d

dt

Z x

0

w02 þ 1
4 w04

h i
dZ

� �� �2
þ _w2 þ _y

2 1
4

Z x

0

w02 þ 1
4 w04

� �
dZ

� �2
þ w2 _y

2
cos2C

(

þ _yð _�X sin y	 _�Y cos y	 _w cos CÞ þ _y
2
ðC 	 xÞ

h i Z x

0

w02 þ 1
4

w04
� �

dZ

þ ðw_y cos C	
_�X cos y	 _�Y sin yÞ

d

dt

Z x

0

w02 þ 1
4

w04
� �

dZ
� �

þ 2 _w cos C½
_�Y cos y

	
_�X sin yþ _yðC þ xÞ� 	 2_y cos Cð

_�X cos yþ _�Y sin yÞw 	 b2 S1
�X
2
þ S2

�Y
2

h i

þ

Z 1

0

w002 þ ðw0w00Þ
2

h i)
dx; ð20Þ

where C ¼ RH=l; and m ¼ mH=mb are, respectively, dimensionless hub radius-to-beam length
ratio and hub mass-to-beam mass ratio, S1 ¼ KX l3=EI and S2 ¼ KY l3=EI are dimensionless
flexibility parameters, b ¼ ðEI=mbl3Þ1=2 is a frequency parameter, �X ¼ X=l and �Y ¼ Y=l are hub
centre o dimensionless displacements along the inertial X and Y axes, respectively, and w ¼ v=l is
the dimensionless beam flexural deflection along the body y0-axis.
Note that the system Lagrangian L in Eq. (20) is a function of the beam transverse

dimensionless deflection w; which is a continuous function of the spatial variable x and time t: In
the present work, in order to avoid the elaborate task of deriving the field partial differential
equations of motion, this continuous Lagrangian is discretized using the assumed mode method.
Assuming the beam vibration to be dominated by a single mode gives

w ¼ qðtÞFðxÞ; ð21Þ

where FðxÞ is a normalized, self-similar mode shape deflection of the beam and qðtÞ is the
corresponding time modulation modal coordinate. In the present work, the assumed mode shape
function FðxÞ is taken to be that of the associated non-rotating linear cantilevered beam
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given by

FðxÞ ¼
1

r

� �
½cosh px	 cos px	 gðsinh px	 sin pxÞ�; ð22Þ

where r ¼ FðxÞ
����
x¼1

is a scaling factor, and p4 ¼ mbo2l3=ðEIÞ (o is the assumed mode natural
frequency of the non-rotating linear cantilever beam) is a frequency parameter of the assumed
linear mode obtained by solving the transcendental frequency equation:

cos p cosh p þ 1 ¼ 0 ð23Þ

and g is a weighting constant of the assumed mode given by

g ¼
ðsinh p 	 sin pÞ

ðcosh p þ cos pÞ
: ð24Þ

Substituting for Eq. (21) into Eq. (20), leads to the following discrete expression of the system
Lagrangian L:

L ¼
mbl2

2
ð1þ mÞð _�X

2
þ

_�Y
2
Þ þ C0

_y
2
þ b1 _q

2 	 b2ðS1
�X
2
þ S2

�Y
2
þ b2q

2Þ

�

	 ð1þ 2CÞ
_�Xy sin yþ ð1þ 2CÞ

_�Y _y cos y	 2b3 _yq cos Cð
_�X cos yþ _�Y sin yÞ

þ b4q
2 _yð _�X sin y	 _�Y cos yÞ þ ðCb4 	 b6 þ b1 cos

2CÞq2 _y
2

þ b5 _yq2 _q cos Cþ 2 cos Cðb7 	 Cb3Þ _q_yþ 2b3 _q cos Cð
_�Y cos y	 _�X sin yÞ

	b2b9q
4 	 2b4q _qð

_�X cos yþ _�Y sin yÞ þ b8q
2 _q2 � ð1þ mÞð _�X

2
þ

_�Y
2
Þ�

�
; ð25Þ

where C0 ¼ C þ 1
3
þ C2ð1þ m=2Þ and

b1 ¼
Z 1

0

F2 dx; b2 ¼
Z 1

0

F002 dx; b3 ¼
Z 1

0

Fdx; b4 ¼
Z 1

0

Z x

0

F02 dZ
� �

dx;

b5 ¼
Z 1

0

F
Z 1

0

F02 dZ
� �

dx; b6 ¼
Z 1

0

x
Z x

0

F02 dZ
� �

dx; b7 ¼
Z 1

0

x
Z x

0

FdZ
� �

dx;

b8 ¼
Z 1

0

Z x

0

F02 dn

� �2

dx; b9 ¼
Z 1

0

F02F002 dx: ð26Þ

In addition to the above system Lagrangian, the virtual work dW done by the externally
applied hub torque T is given by

dW ¼ Tdy: ð27Þ

2.4. Equations of motion

Applying Euler–Lagrange equation

d

dt

@L

@ _gi

� �
	

@L

@gi

¼ 0; i ¼ 1; . . . ; 4; ð28Þ
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where g1 ¼
�X ; g2 ¼ �Y ; g3 ¼ q and g4 ¼ y are the Lagrangian independent generalized coordinates,

and using Eq. (27) to account for the effect of the externally applied torque T ; leads to the
following set of four, coupled, of order three nonlinearities, ordinary differential equations of
motion:

ð1þ mÞ €�X þ b2S1
�X þ 	

ð1þ 2CÞ

2
cos yþ b3ðcos C sin yÞq þ

b4
2

q2 cos y
� �

_y
2

	
ð1þ 2CÞ

2
sin y	 b3ðcos C cos yÞq 	

b4
2

sin y
� �

q2

� �
€y	 ð2b3 cos C cos yÞ _q_y

þ 2b4 sin yÞq _q_y	 b3 cos C sin yþ b4ðcos yÞq
 !

€q 	 ðb4 cos yÞ _q2 ¼ 0; ð29Þ

ð1þ mÞ €�Y þ b2S2
�Y 	

ð1þ 2CÞ

2
sin yþ ðb3 cos C cos yÞq 	

b4
2
ðsin yÞq2

� �
_y
2

þ
ð1þ 2CÞ

2
cos y	 b3ðcos C sin yÞq 	

b4
2
ðcos yÞq2

� �
€y	 2b4ðcos yÞq _q_y

	 2b3ðcos C sin yÞ _q_yþ ½b3 cos C cos y	 b4ðsin yÞq� €q 	 b4ðsin yÞ _q2 ¼ 0; ð30Þ

ðb1 þ b8q
2Þ €q 	 b3 cos C sin yþ ðb4 cos yÞq

 ! €�X þ ½b3 cos C cos y

	 ðb4 sin yÞq� €�Y þ ðb7 	 Cb3Þ cos Cþ 1
2ðb5 cos CÞq2

 !
€yþ ½b2b2

	 ðCb4 	 b6 þ b1cos
2CÞ_y

2
�q þ b8q _q

2 þ 2b2b9q
3 ¼ 0; ð31Þ

C0 þ ðCb4 	 b6 þ b1 cos
2CÞq2

 !
€yþ cos C b7 	 Cb3 þ

1
2
b5q

2
 !

€q

þ ðb5 cos CÞq _q2 	
ð1þ 2CÞ

2
sin yþ b3ðcos C cos yÞq 	

b4
2
ðsin yÞq2

� �
€�X

þ
ð1þ 2CÞ

2
cos y	 b3ðcos C cos yÞq 	

b4
2
ðcos yÞq2

� �
€�Y þ 2ðCb4 	 b6

þ b1 cos
2CÞq _q_y ¼

T

mbl2
: ð32Þ

The above four coupled, of order three nonlinearities, ordinary differential Eqs. (29)–(32)
model the planar nonlinear vibrations of the hub–beam system, shown in Figs. 1 and 2, rotating
under the action of the externally applied torque T to the hub. The d.o.f.’s in this model are the
rigid body rotation y; the hub base dimensionless displacements �X and �Y in the horizontal and
vertical directions, respectively, and the dimensionless modal beam tip lateral flexural deflection q:
The above model, as a result of assuming in-extensional beam-bending deflection includes
nonlinear inertial softening as well as nonlinear inertial stiffening terms. For example, as a result
of using the in-extensibility conditions given by Eqs. (11) and (12), the above model includes the
inertial nonlinear softening q2 €q and hardening (i.e. competing) q _q2 terms due to the kinetic energy
of the beam local axial motion as well as other coupling inertial nonlinear terms (i.e.
q2 €y; q2 €�X ; q2 €�Y ). A realistic investigation of the dynamic behaviour of the system requires
approximate analytic solutions to be obtained using, i.e., the harmonic balance method, and
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carrying out stability and bifurcation analysis of the approximate solution. However, due to the
nature of these equations, this is a rather involved task that goes beyond the intended scope of the
present work. Instead, the dynamic behaviour of the system is explored in the present work
through a numerical simulation procedure, whereby Eqs. (29)–(32) are numerically integrated for
selected values of system parameters and a prescribed torque T profile. Examples of the numerical
simulation results obtained are presented and discussed in the next section.
3. Numerical simulation and discussion

Numerical simulation of the dynamic model in Eqs. (29)–(32) was carried out, for the first and
third modes of the beam-bending vibrations, using specially developed MATLAB software. It
begins with the evaluation of the coefficients in Eq. (26) assuming system physical properties,
given in Table 1, which are like those of the system used in Refs. [17,18] and a selected value of the
beam-setting angle C: As was done in Ref. [18], the inverse dynamic procedure was used to design
an open loop positioning torque, which accounts for the given rigid body inertia. Fig. 3 shows a
typical sinusoidal torque profile needed to rotate the system, with a setting angle C ¼ 00 and a
relatively rigid base stiffness with stiffness coefficients S1 ¼ S2 ¼ 106; an angle y ¼ 22:5� in 5 s.
The resulting time variation profiles of the hub angular position y; hub angular velocity _y;
horizontal hub displacement �X ; vertical hub displacement �Y ; and associated beam tip deflection q;
for the first mode of the beam-bending vibrations are displayed in Figs. 4–7. Examples of the
effects on the profile of beam tip deflection q correspond to the first and third modes of linear
beam-bending vibration of varying the setting angleC and base stiffness coefficients S1 and S2 are
shown in Figs. 8–21. Note that, depending on the selected range of its parameters, the response of
the present highly nonlinear model in Eqs. (29)–(32) is expected to exhibit complicated nonlinear
behaviour (i.e. internal and combination resonance, aperiodic and quasi-periodic responses), and
other nonlinear behaviours. The results in Figs. 4–21 show the effect of varying hub-base stiffness
coefficients and beam-setting angle only for the system with hub–beam physical characteristics
shown in Table 1. A more realistic investigation of the system response would require employing
geometric and approximate analytic methods of modern nonlinear theory for a wide range of
system parameters, which is beyond the scope of the present work. Based on the present ‘‘limited’’
exploratory numerical results shown in Figs. 4–21, however, the following remarks are made:
(1)
Tab

Arm

Arm

Arm

Arm

Hub

Hub
For a rigid base, after the removal of the applied sinusoidal hub torque, the beam-bending
deflection, hub angular velocity and hub horizontal and vertical deflections oscillate at a
le 1

-hub data

length l 3m

flexural rigidity EI 756N/m2

mass per unit length rA 4.0125 kg/m

radius RH 0.2m

mass mH 50 kg
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Fig. 4. Angular hub position (first mode).

Fig. 3. Torque profile.
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Fig. 5. Angular hub velocity (first mode).

Fig. 6. Horizontal hub displacement (first mode).
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Fig. 7. Vertical hub displacement (first mode).

Fig. 8. Tip deflection for setting angle C ¼ 0� (first mode).
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Fig. 9. Tip deflection for setting angle C ¼ 45� (first mode).

Fig. 10. Tip deflection for setting angle C ¼ 90� (first mode).
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Fig. 11. Tip deflection for setting angle C ¼ 0� (third mode).

Fig. 12. Tip deflection for setting angle C ¼ 45� (third mode).
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Fig. 13. Tip deflection for setting angle C ¼ 90� (third mode).

Fig. 14. Tip deflection for setting angle C ¼ 0� and low hub stiffness ratio (first mode).
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Fig. 15. Tip deflection for setting angle C ¼ 90� and low hub stiffness ratio (first mode).

Fig. 16. Tip deflection for setting angle C ¼ 0� and low hub stiffness ratio (third mode).
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Fig. 17. Tip deflection for setting angle C ¼ 90� and low hub stiffness ratio (third mode).

Fig. 18. Tip deflection for setting angle C ¼ 0�; S1 ¼ 100; and S2 ¼ 106 (first mode).
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Fig. 19. Tip deflection for setting angle C ¼ 90�; S1 ¼ 100; and S2 ¼ 106 (first mode).

Fig. 20. Tip deflection for setting angle C ¼ 0�; S1 ¼ 100; and S2 ¼ 106 (third mode).
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Fig. 21. Tip deflection for setting angle C ¼ 90�; S1 ¼ 100; and S2 ¼ 106 (third mode).
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system natural frequency, which depends on, but is far removed from, that of the assumed
linear beam mode. For example, it can be seen from Figs. 5–8 that the hub angular velocity,
beam tip deflection and hub horizontal and vertical deflections after 5 s (i.e., after the applied
hub torque is removed) exhibit harmonic oscillations, the frequency of which is 
 3:1 rad=s for
the first assumed mode and 
 9:4 rad=s for the third mode, where, for the given beam
characteristics, the corresponding linear bending mode frequency is 
 9:133 rad=s for the first
mode and
 160:3 rad=s for the third mode. Note that this similarity of the hub horizontal and
hub vertical displacement waveforms with that of the beam tip deflection may, in part, justify
the common practice of measuring a rotating blade (beam) bending vibration using a vibration
sensor attached to the base of hub.
(2)
 As the base stiffness is reduced to a relatively low value, the beam tip deflection for each of the
assumed modes tends to exhibit, for both the in plane (setting angle C ¼ 00) and flapping
(C ¼ 900) cases, nonlinear vibrations during application and after removal of the applied hub
torque. The results shown in Figs. 14–17 and others not shown indicate that the amplitude for
some of these nonlinear beam tip bending vibrations shows a slow and continuous build-up to
larger values and eventually becomes unstable. Furthermore, the waveform of the beam tip
vibration does not, in this case, seem to resemble either that of the base horizontal or the
vertical displacement of the hub.
(3)
 Except for the relatively soft hub-base, the beam’s setting angleC appears to have a significant
effect on the beam tip vibrations. It can be seen from Figs. 8, 10, 11, 13, 20 and 21 that as the
setting angle C is increased to 901 the beam tip vibration (flapping), as one expects, almost
diminishes after removal of the applied torque. For an intermediate value of C; i.e. for
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Fig.

the
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C ¼ 45� the results shown in Figs. 9 and 12 indicate that the beam vibration which is partly in-
plane and partly flapping may have an amplitude larger than that of the in-plane case
(C ¼ 0�).
It is worth mentioning that the system goes through a very short transient response at t=5+s.
This short transient appears as a discontinuity at the instant the torque hub is removed as seen ,
for example, in Figs. 6, 7, 11 and 12. However, expanding this region in the relevant figures
(e.g., see Fig. 22), shows a transient response rather than a discontinuity.
4. Conclusion

The nonlinear dynamic response characteristics of a rotating inextensible flexible beam clamped
with a setting angle to a compliant hub rotating under the influence of an externally applied toque
are numerically simulated using a consistently formulated mathematical model, which takes into
account the beam axial inertia and nonlinear curvature. The developed model employs the multi-
body dynamic approach to account for the system rigid body rotation and beam-setting angle by
using two transformation matrices. The Lagrangian dynamics in conjunction with the assumed
mode method is used to derive directly the equivalent temporal problem of four coupled, of
order three nonlinearities, ordinary differential equations. As a result of assuming inextensible
22. Expansion of the region in the vicinity of t ¼ 5 s in Fig. 6, which shows a high-frequency transient response of

hub.
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beam-bending motion, the effect of axial displacement and its associated axial inertia due to
bending were consistently incorporated into the system Lagrangian. This has led to nonlinear
effects (i.e. softening as well as hardening), which in general are not accounted for in other
dynamic models. The model was simulated numerically to explore the effects of system
parameters, namely, setting angle and base stiffness, on the system dynamic behaviour as the
system is driven by a prescribed torque to a given angular position. The results of this numerical
simulation indicate that a soft base in combination with a low setting angle can lead to unstable
beam vibrations, which makes the problem of designing a strategy for controlling the beam tip
position for such a case a difficult task. Finally, it is noted that the dynamic response of the highly
nonlinear system model in Eqs. (29)–(32), which depends on several parameters, may exhibit
complicated nonlinear behaviours, that is aperiodic, quasi-periodic and bifurcations, as its
parameters changed over their range, which can only be realistically investigated using modern
geometric and approximate analytical methods of nonlinear theory along with numerical
simulations.
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