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Abstract

Active control of the structure-borne vibration transmission in resonant, built-up structures which
typically represent a ship hull is analytically and experimentally investigated. Using feedforward active
control, the control performance is compared for both dependent and independent control force
arrangements. Multiple actuator control forces and multiple error sensors are used to actively control the
frequency response. The global response of the coupled plate structure is also presented for active control at
discrete resonance frequencies.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Many structures encountered in the engineering industry such as ship hulls, building structures
and machine casing are composed of joined rectangular plates. Vibrations generated in these
structures due to an external excitation are usually transmitted throughout the system. For
example, the propulsion machinery (diesel engines, gas turbines, propellers) in maritime vessels
generate substantial vibrations that are transmitted through the structure, which may result in
see front matter r 2004 Elsevier Ltd. All rights reserved.
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structural fatigue, damage to on-board equipment, and significant noise radiation. Methods
of controlling wave propagation through structures has attracted much interest in the last
few decades, with the majority of the work carried out focusing on using active control techniques
to attenuate the structural vibration and radiated noise associated with structures such as
beams, plates and cylindrical shells [1–6]. Active control of vibratory power transmission along
a semi-infinite plate using an array of control actuators and error sensors has been analytically
investigated for various control arrangements [4]. It was shown that by using an array
of independently driven control forces placed in a row across the plate, the harmonic vibratory
power transmission in a semi-infinite plate can be reduced significantly. Active control of
sound radiation from a simply supported rectangular plate has been analytically investigated [5].
The use of active control to attenuate sound radiation from a simply supported plate has also
been experimentally examined [6]. In the experiments, the number of actuators used was
varied so as to determine the effect on the control performance. It was shown that the position
of the actuator greatly affected the structural response. Increasing the number of control
actuators only slightly improved the attenuation levels at a structural resonance. Sergent and
Duhamel [7] showed that the optimisation of the placement of secondary sources and error
sensors can enhance the efficiency of active vibration control, and may be achieved using the
cost function called the ‘‘minimax’’ criterion. The criterion is based on the minimisation of
the largest squared pressures at a number of distributed points, and is adapted to find the
most suitable placement of sources and sensors. Hiramoto et al. [8] showed that several gradient-
based algorithms may also be used to formulate the optimal placement of the control sources
and sensors.
This paper presents a theoretical investigation using active control to attenuate the responses

associated with a coupled plate structure. The paper is an extension of previous work on the active
control of a series of rectangular plates using a single control force and a single error sensor [9].
Multiple actuators and error sensors in various arrangements are used to attenuate the frequency
response of a T-shaped plate. The number and location of the control forces and error sensors
were investigated, and their effects on the control performance were compared. In addition, the
effect of the control forces driven dependently and independently was investigated. For active
control at discrete resonance frequencies, the global response of the structure was also observed.
Experiments were conducted in order to validate the active control of the global response at a low
resonance frequency.
2. Primary flexural displacement of a T-shaped plate

The following theory is presented for a coupled plate structure as shown in Fig. 1. The structure is
made up of three finite plates joined together at right angles along a common edge at xi ¼ 0 for i ¼ 1
to 3, to form a T-shaped plate. The coordinate system and forcing arrangement are also shown in
Fig. 1. All three plates are simply supported along the edges y ¼ 0 and y ¼ Ly, and are free at
the other ends corresponding to xi ¼ Lxi for i ¼ 1 to 3. A point force excitation of Fp was applied on
plate 1 at ðxp; ypÞ to analytically model the external disturbance, and is described in terms of a
Dirac delta function. The plate flexural displacements w are governed by the plate classical equation
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Fig. 1. T-shaped plate under point force excitation showing the sign convention for each plate.
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of motion:

Dr4wðx; y; tÞ þ rh
q2wðx; y; tÞ

qt2
¼ Fpdðx � xpÞdðy � ypÞe

jot; ð1Þ

where r4 ¼ r2r2 and r2 ¼ q2=qx2 þ q2=qy2 is the Laplace operator. D ¼ Eh3
�
12ð1� n2Þ is

the plate flexural rigidity, where E is Young’s modulus, n is Poisson’s ratio, r is the density, and h is
the plate thickness. Theory has been previously presented for a generic structure corresponding to an
L, T or cross-shaped plate, in order to obtain expressions for the plate flexural displacement at any
location on the coupled plate structure [9]. This theory includes the boundary conditions, and the
continuity and equilibrium equations at the structural junctions and driving force location.
The primary plate flexural displacement in the various sections can be described by

wpðx; yÞ ¼ FpGpðx; yÞ. Since the plate displacement is time harmonic with radian frequency o,
the time-dependent factor ejot is omitted in the proceeding equations. Gpðx; yÞ is the primary
transfer function and is given by [4,9]

Gpðx; yÞ ¼
X1
m¼1

2

LyD
sin ðkyypÞ½ap	

�T
n;10½E

i
p	 sin ðkyyÞ; ð2Þ

where m is the mode number. ky ¼ mp=Ly is the wavenumber in the y-direction, and Ly is
the plate width. ½ap	

�T
n;10 corresponds to the tenth column of the inverse of the non-singular

matrix ½ap	, where n ¼ 1; . . . ; 16 corresponds to the number of rows. ½ap	 and ½Ei
p	 are given

in Appendix A.
3. Active control

For completeness of the control theory, active control arrangements are presented for both
single and multiple control forces and error sensors. In addition, multiple control forces driven
dependently and independently are considered.
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3.1. Active control using a single control force and a single error sensor

A control point force of amplitude Fs is applied at a position ðxs; ysÞ on plate 1. The general
solution for the secondary plate displacement may be expressed as wsðx; yÞ ¼ FsGsðx; yÞ, where
Gsðx; yÞ is the secondary transfer function, and is given by [4,9]

Gsðx; yÞ ¼
X1
m0¼1

2

LyD
sin ðkyysÞ as½ 	�T

n;10 Ei
s

� �
sin ðkyyÞ: ð3Þ

Gs is now a function of mode number m0: ½as	 and ½Ei
s	 are the same as ½ap	 and ½Ei

p	 except they are
functions of mode number m0, and xp is replaced by xs. The total flexural displacement can be
obtained by adding the plate displacements induced by the primary and control forces

wtotðx; yÞ ¼ wpðx; yÞ þ wsðx; yÞ: ð4Þ

A cost function is developed using a feedforward adaptive least-mean-square algorithm [10].
The cost function to be minimised is the total squared plate displacement at an error sensor
location ðxe; yeÞ, and can be expressed as a quadratic function in terms of the complex control
force amplitude

wtotðwtotÞ
�
¼ F�

s APFs þ F�
s BPFp þ FsB

�
PF�

p þ F�
pCPFp; ð5Þ

where the asterisk ‘‘*’’ denotes the complex conjugate, and AP ¼ G�
s Gs, BP ¼ G�

s Gp and
CP ¼ G�

pGp. The optimal control force amplitude that results in the minimisation of the cost
function can be determined by setting the partial derivatives of the cost function with respect to
the real and imaginary parts of the control force to zero [10]. That is, qwtotðwtotÞ

�=qFs real ¼ 0 and
qwtotðwtotÞ

�=qFs imag ¼ 0. The optimal control force can then be obtained as

Fsjopt ¼ Fs real þ jFs imag ¼ �Fp

BP

AP
: ð6Þ

The expression given in Eq. (6) remains the same for the various control configurations using
either a single control force, or multiple dependently driven control forces. In the case of multiple
dependently driven control forces, the control forces are driven in phase and with the same
complex amplitude Fs. However, the quadratic terms AP, BP and CP change depending on the
number of control forces and error sensors, and are given for several different control
configurations in the proceeding sections.

3.2. Active control using a single control force and multiple error sensors

When multiple error sensors are considered, the total squared plate displacement is minimised
at all error sensor locations simultaneously:

wtotðwtotÞ
�
¼
Xn

e¼1

wpðxe; yeÞ þ wsðxe; yeÞ
� �

wpðxe; yeÞ þ wsðxe; yeÞ
� ��

¼
Xn

e¼1

FpGpðxe; yeÞ þ FsGsðxe; yeÞ
� �

FpGpðxe; yeÞ þ FsGsðxe; yeÞ
� ��

; ð7Þ
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where e ¼ 12n represents the number of error sensors. The cost function terms in Eq. (5) now
become

AP ¼
Xn

e¼1

G�
s ðxe; yeÞGsðxe; yeÞ; ð8Þ

BP ¼
Xn

e¼1

G�
s ðxe; yeÞGpðxe; yeÞ; ð9Þ

CP ¼
Xn

e¼1

G�
pðxe; yeÞGpðxe; yeÞ: ð10Þ

3.3. Active control using multiple control forces driven dependently and a single error sensor

For multiple dependently driven control forces, there is still only one optimal complex control
force amplitude Fs to be determined. The total plate displacement due to the primary and control
forces at the error sensor location is given by

wtot ¼ wpðxe; yeÞ þ
XN

j¼1

wsjðxe; yeÞ ¼ FpGp xe; ye

� �
þ Fs

XN

j¼1

Gsjðxe; yeÞ: ð11Þ

Gsj represents the secondary transfer function for the jth control force, and is a function of mode
number m0

j where j ¼ 12N represents the number of control forces. The cost function terms in
Eq. (5) now become

AP ¼
XN

j¼1

G�
sjðxe; yeÞ

XN

j¼1

Gsjðxe; yeÞ; ð12Þ

BP ¼
XN

j¼1

G�
sjðxe; yeÞGpðxe; yeÞ; ð13Þ

CP ¼ G�
pðxe; yeÞGpðxe; yeÞ: ð14Þ

3.4. Active control of multiple control forces driven dependently and multiple error sensors

When multiple dependently driven control forces and multiple error sensors are used for the
active control, the cost function to be minimised is the total squared plate displacement due to all
forces at all the error sensor locations simultaneously

wtotðwtotÞ
�
¼
Xn

e¼1

wpðxe; yeÞ þ
XN

j¼1

wsjðxe; yeÞ

 !
wpðxe; yeÞ þ

XN

j¼1

wsjðxe; yeÞ

 !�

¼
Xn

e¼1

FpGpðxe; yeÞ þ Fs

XN

j¼1

Gsjðxe; yeÞ

 !
FpGpðxe; yeÞ þ Fs

XN

j¼1

Gsjðxe; yeÞ

 !�

; ð15Þ
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where n is the number of error sensors and N is the number of control forces. The quadratic
function terms in the cost function become

AP ¼
Xn

e¼1

XN

j¼1

G�
sjðxe; yeÞ

XN

j¼1

Gsjðxe; yeÞ

 !
; ð16Þ

BP ¼
Xn

e¼1

XN

j¼1

G�
sjðxe; yeÞGpðxe; yeÞ

 !
; ð17Þ

CP ¼
Xn

e¼1

G�
pðxe; yeÞGpðxe; yeÞ: ð18Þ

3.5. Active control using multiple control forces driven independently and a single error sensor

Using a control configuration consisting of independently driven control forces, the total
displacement at the error sensor location ðxe; yeÞ is given by the sum of the displacements due to
the primary force and the secondary forces

wtot ¼ wpðxe; yeÞ þ
XN

j¼1

wsjðxe; yeÞ ¼ FpGpðxe; yeÞ þ
XN

j¼1

FsjGsjðxe; yeÞ; ð19Þ

where Fsj are the complex control force amplitudes to be optimised. In the case of two
independently driven control forces, there are two control force amplitudes, corresponding to Fs1

and Fs2 to be optimised. To find the optimal control force amplitudes, the partial derivatives of
the total squared plate displacement with respect to the real and imaginary parts of the control
forces are set to zero as described in Section 3.1, resulting in

qwtotðwtotÞ
�

qFs1 real
¼ 2G�

s1Gs1Fs1 real þ Gs1G
�
s2F

�
s2 þ G�

s1Gs2Fs2 þ FpGpG�
s1 þ F�

pG�
pGs1 ¼ 0; ð20Þ

qwtotðwtotÞ
�

qFs1 imag
¼ 2G�

s1Gs1Fs1 imag þ jGs1G
�
s2F

�
s2 � jG�

s1Gs2Fs2 � jFpGpG�
s1 þ jF�

pG�
pGs1 ¼ 0; ð21Þ

qwtotðwtotÞ
�

qFs2 real
¼ 2G�

s2Gs2Fs2 real þ Gs2G
�
s1F

�
s1 þ G�

s2Gs1Fs1 þ FpGpG�
s2 þ F�

pG�
pGs2 ¼ 0; ð22Þ

qwtotðwvÞ
�

qFs2 imag
¼ 2G�

s2Gs2Fs2 imag þ jGs2G
�
s1F

�
s1 � jG�

s2Gs1Fs1 � jFpGpG�
s2 þ jF�

pG�
pGs2 ¼ 0: ð23Þ

Combining the real and imaginary components of the control forces in Eqs. (20)–(23) results in

G�
s1Gs1Fs1 þ G�

s1Gs2Fs2 ¼ �FpG�
s1Gp; ð24Þ

G�
s2Gs1Fs1 þ G�

s2Gs2Fs2 ¼ �FpG�
s2Gp: ð25Þ
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Eqs. (24) and (25) may be rearranged into matrix form such that the set of optimal
independently driven control forces may be obtained

Fs1

Fs2

	 

¼ �Fp

G�
s1Gs1 G�

s1Gs2

G�
s2Gs1 G�

s2Gs2

	 
�1
G�

s1Gp

G�
s2Gp

	 

: ð26Þ

For N number of independently driven control forces, the optimal control force amplitudes can
be obtained by

Fs1

..

.

..

.

FsN

2
666664

3
777775 ¼ �Fp

G�
s1Gs1 . . . . . . G�

s1GsN

..

. . .
. ..

.

..

. . .
. ..

.

G�
sNGs1 
 
 
 
 
 
 G�

sNGsN

2
666664

3
777775

�1 G�
s1Gp

..

.

..

.

G�
sNGp

2
666664

3
777775: ð27Þ

3.6. Active control using multiple control forces driven independently and multiple error sensors

When multiple error sensors and multiple independently driven control forces are used, the
total plate displacement at the error sensor locations becomes

wtot ¼
Xn

e¼1

wpðxe; yeÞ þ
XN

j¼1

wsðxe; yeÞ

 !
¼
Xn

e¼1

FpGp xe; ye

� �
þ
XN

j¼1

FsjGsjðxe; yeÞ

 !
; ð28Þ

where n is the number of error sensors and N is the number of independently driven control
forces. The optimal control force amplitudes can be obtained by

Fs1

..

.

..

.

FsN

2
666664

3
777775 ¼ �Fp

Pn
e¼1

G�
s1Gs1

� �
. . . . . .

Pn
e¼1

G�
s1GsN

� �
..
. . .

. ..
.

..

. . .
. ..

.

Pn
e¼1

G�
sNGs1

� �

 
 
 
 
 


Pn
e¼1

G�
sNGsN

� �

2
6666666664

3
7777777775

�1 Pn
e¼1

G�
s1Gp

� �
..
.

..

.

Pn
e¼1

G�
sNGp

� �

2
6666666664

3
7777777775
: ð29Þ
4. Experimental arrangement

An experimental test rig consisting of three aluminium plates connected in a T-shaped was
constructed. The T-shaped plate was formed by welding together three 600mm� 500mm plates
along a common 500mm edge. Each plate has a thickness of 2mm. The boundary conditions were
designed to simulate simply supported on parallel sides of the T-shaped plate. The simply
supported boundary conditions were achieved by screwing the edges of the plate to z-sections at
regular intervals of 25mm. The z-sections needed to be flexible and were constructed of 0.8mm
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Fig. 2. Photograph of the T-shaped plate experimental rig, showing the primary and control shakers and the structural

boundaries conditions.
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thick aluminium. The lower flange edges of the z-sections were clamped between concrete blocks.
This construction has been previously shown to give a good approximation of simply supported
boundary conditions, as the z-sections are stiff for in-plane vibration, but are sufficiently flexible
for rotation [11]. The input disturbance shaker and the control shakers were positioned vertically
over plate 1 of the T-shaped plate so that only flexural vibration in the plates was generated. Fig. 2
is a photograph of T-shaped experimental rig, showing the primary and control shakers and the
structural boundaries.
A Causal Systems EZ-ANC was used as the active controller in the experiments [12]. The

EZ-ANC controller is an adaptive feedforward active control system that is based on a filtered-X
version of the adaptive least-mean-square (LMS) algorithm. Brüel & Kjær Type 4375
accelerometers of 2 g weight were used as the error sensors. The accelerometers were attached
to the plate using beeswax, with minimal mass loading due to their 2 g weight. The signals from
the accelerometers were conditioned by a Nexus Type 2692A charge conditioning amplifier, and
the results were displayed in a Brüel & Kjær Type 2032 dual channel signal analyser.
5. Results and discussion

The material parameters of aluminium used in the modelling are density r=2700kg/m3,
Young’s modulus E=7.1� 1010N/m2 and Poisson’s ratio n ¼ 0:3. Hysteretic damping in the
structure was included by using a complex Young’s modulus Eð1þ jZÞ, where Z ¼ 0:001 is the
structural loss factor. The same dimensions were used as for the experiments, corresponding to
Lx ¼ 600 mm, Ly ¼ 500 mm and h ¼ 2 mm. In each control case, the primary shaker was placed
on plate 1 at a fixed location (in metres) of ðxp; ypÞ ¼ ð0:371; 0:19Þ, which resulted in simultaneous
excitation of all the structural modes. Results are presented in terms of acceleration levels (in dB).
The acceleration is converted to dB using La ¼ 20 log 10ða=aref Þ, where aref ¼ 10�6 m=s2 is the
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internationally accepted reference value [13]. The primary acceleration distributions in each
control case are measured at a location ðxp; ypÞ ¼ ð0:23; 0:19Þ, which results in simultaneous
measurement of all the structural modes.
Fig. 3 displays the primary and controlled acceleration distributions for a frequency range up to

400Hz for the T-shaped plate when a single error sensor was placed on plate 2 at ðxe1; ye1Þ ¼

ð0:23; 0:25Þ (dotted line), or at ðxe1; ye1Þ ¼ ð0:36; 0:4Þ (dashed line). The control force was
positioned in line with the primary force in the x-direction on plate 1, and in a symmetrical
arrangement along the plate width, at ðxs1; ys1Þ ¼ ð0:371; 0:31Þ. When the error sensor is placed on
plate 2 at the first control set-up corresponding to ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, it can be shown that the
control performance becomes independent of frequency. This control performance is attributed to
the symmetry of the primary and control force locations with respect to the simply supported
boundary conditions, and the location of the error sensor at the midway point along the width of
the plate [9]. The control performance deteriorates when the error sensor is shifted from the
midway point of ye ¼ Ly=2 ¼ 0:25 m. Under the symmetrical control arrangement, the control
force amplitude is always unity. These control results are also confirmed when the error sensor
was placed at a midway point of ye ¼ 0:25 m on plates 1 and 3. When the control arrangement is
0.31

0.31

0.371

0.19

0.23 

0.25

sF

pF

Control set-up 1
(dotted line)

0.4 

0.371

0.19

0.36

sF

pF

Control set-up 2
(dashed line)

1e

1e

Fig. 3. Primary (solid line) and controlled frequency responses for the T-shaped plate using primary and control forces

located at ðxp; ypÞ ¼ ð0:371; 0:19Þ and ðxs1; ys1Þ ¼ ð0:371; 0:31Þ respectively, for an error sensor located on plate 2 at

ðxe1; ye1Þ ¼ ð0:23; 0:25Þ (dotted line), or ðxe1; ye1Þ ¼ ð0:36; 0:4Þ (dashed line).
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not symmetrical with respect to the primary force location, the control force amplitude fluctuates
with frequency.
Fig. 4 compares the primary and controlled acceleration distributions for a frequency range up

to 400Hz for the T-shaped plate when a single error sensor was placed on plate 2 at ðxe1; ye1Þ ¼

ð0:23; 0:19Þ (dashed line), and two error sensors were placed on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ
and ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (dotted line). It can be seen that that the control performance
deteriorates when one control force and multiple error sensors are used. This is due to the fact that
the single control force has to divide its efforts between the two error signals such that the total
squared plate displacement at each error sensor location is minimised.
The effect of the error sensor locations was initially investigated using two dependently driven

control forces to simultaneously minimise the response at two error sensors. Fig. 5 presents
the primary and controlled acceleration distributions for a frequency range up to 400Hz for the
T-shaped plate. The two control forces are fixed on plate 1 at the same x-location as the primary
force at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ and ðxs2; ys2Þ ¼ ð0:371; 0:31Þ. Two error sensors positioned on
plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ, ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (dotted line), are compared with the
sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼ ð0:28; 0:25Þ (dashed line). The results show
0.19 

0.19 

0.371 

0.371 

0.19

0.31

0.23 

sF

pF

Control set-up 1 
(dashed line)

1e

0.19

0.31

0.23 

sF

pF

Control set-up 2 
(dotted line)

1e
2e

Fig. 4. Primary (solid line) and controlled frequency response for the T-shaped plate using primary and control forces

located at ðxp; ypÞ ¼ ð0:371; 0:19Þ and ðxs1; ys1Þ ¼ ð0:371; 0:31Þ respectively, and for an error sensor located on plate 2 at

ðxe1; ye1Þ ¼ ð0:23; 0:19Þ (dashed line) and two error sensors located on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ and ðxe2; ye2Þ ¼

ð0:23; 0:31Þ (dotted line).
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Fig. 5. Primary (solid line) and controlled frequency responses for the T-shaped plate using two dependently driven

control forces and two error sensors located on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ, ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (dotted line),

and ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼ ð0:28; 0:25Þ (dashed line).
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that aligning the error sensors at the midway point along the width of the plate corresponding to
ye ¼ Ly=2 ¼ 0:25 m produces better attenuation levels than when the error sensors are moved
away from the midway point. The corresponding optimum control force amplitudes are presented
in Fig. 6 for the two combinations. Large control force amplitudes are required at various discrete
resonance frequencies when the error sensors were not positioned midway along the width of the
plate. When the error sensors are located at the midway point, the control force amplitude for two
dependently driven control forces is fairly constant at 0.5. This means that each control force is
being driven at around half the amplitude of the primary force, and is also being driven at around
half the amplitude of the optimal control force using the symmetrical control arrangement
consisting of a single control force and a single error sensor, as presented in the first control set-up
in Fig. 3.
The effect of the control force locations was then investigated for two fixed error sensors

located on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ, ðxe2; ye2Þ ¼ ð0:23; 0:31Þ. Two dependently driven
control forces located in line with the primary force at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ, ðxs2; ys2Þ ¼

ð0:371; 0:31Þ (dashed line) were compared with two arbitrarily located forces at
ðxs1; ys1Þ ¼ ð0:17; 0:4Þ, ðxs2; ys2Þ ¼ ð0:45; 0:29Þ (dotted line). Fig. 7 shows that changing the control
force locations has very little effect on the control performance. This result was also observed
using two independently driven control forces. Hence, the use of two control forces to minimise
the response at two error sensor locations will result in global attenuation of the primary
frequency response.



ARTICLE IN PRESS

Fig. 6. Optimal control force amplitude using two dependently driven control forces and two error sensors located on

plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ, ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (dotted line), and ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼

ð0:28; 0:25Þ (solid line).

1sF

pF

Control set-up 2 
(dotted line)

2sF
1e

2e

1sF

pF

Control set-up 1 
(dashed line)

2sF 1e

2e

Fig. 7. Primary (solid line) and controlled frequency responses for the T-shaped plate using two dependently driven

control forces located on plate 1 at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ, ðxs2; ys2Þ ¼ ð0:371; 0:31Þ (dashed line), and

ðxs1; ys1Þ ¼ ð0:17; 0:4Þ, ðxs2; ys2Þ ¼ ð0:45; 0:29Þ (dotted line).
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The effect of varying the number of dependently driven control forces was then investigated for
fixed error sensor positions. Further investigation shows that the use of three control forces and
two error sensors produced no significant improvement in the control performance when
compared to the two control force, two error sensor arrangement. Slightly higher attenuation
levels can be achieved using a control set-up consisting of three control forces and three error
sensors compared to using two control forces and two error sensors.
Figs. 8 and 9 compare the performance for two control forces driven dependently and

independently. In Fig. 8, the control application is relatively symmetrical with respect to the
primary force location, with the control forces located in-line with the primary force on plate 1 at
ðxs1; ys1Þ ¼ ð0:371; 0:25Þ and ðxs2; ys2Þ ¼ ð0:371; 0:31Þ, and the error sensors are located on plate 2
at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼ ð0:28; 0:25Þ. In Fig. 9, the control forces and error sensors
are arbitrarily located, with the control forces located in line with the primary force on plate 1 at
ðxs1; ys1Þ ¼ ð0:17; 0:4Þ and ðxs2; ys2Þ ¼ ð0:45; 0:29Þ, and the error sensors located on plates 2 and 3
respectively at ðxe1; ye1Þ ¼ ð0:17; 0:19Þ and ðxe2; ye2Þ ¼ ð0:36; 0:4Þ. With the relatively symmetrical
control arrangement (Fig. 8), the attenuation levels achieved are very similar using dependent
control forces (dotted line) or independently driven control forces (dashed line). However, for any
arbitrary control arrangement as shown in Fig. 9, the independently driven control force
arrangement (dashed line) produces significantly better attenuation levels than the dependently
driven control set-up (dotted line).
To investigate the effect of active control on the global response of the T-shaped plate, a low

resonance frequency of 90Hz was examined. This is the fourth natural frequency of the T-shaped
plate, and corresponds to mode (3,1) of each plate. Various combinations of control force
and error sensor arrangements were used, and their effect on control performance was observed.
Fig. 10 shows that the uncontrolled response for the resonance frequency of 90Hz has no nodal
1sF

pF

2sF 1e

2e

Fig. 8. Primary (solid line) and controlled frequency responses for the T-shaped plate using two dependently (dotted

line) and two independently (dashed line) driven control forces located at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ and ðxs2; ys2Þ ¼

ð0:371; 0:31Þ and two error sensors located on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼ ð0:28; 0:25Þ.
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1sF

pF

2sF
1e 2e

Fig. 9. Primary (solid line) and controlled frequency responses for the T-shaped plate using two dependently (dotted

line) and two independently (dashed line) driven control forces located at ðxs1; ys1Þ ¼ ð0:17; 0:4Þ and

ðxs2; ys2Þ ¼ ð0:45; 0:29Þ, and two error sensors located on plates 2 and 3, respectively at ðxe1; ye1Þ ¼ ð0:17; 0:19Þ and

ðxe2; ye2Þ ¼ ð0:36; 0:4Þ.

Fig. 10. Contour plot of the uncontrolled response at 90Hz (analytical).
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lines running along the x-direction. Figs. 11 and 12 show the controlled responses for the
resonance frequency of 90Hz for two different control configurations, each consisting of one
error sensor and one control force. In both cases, the control force was placed in-line along the
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Fig. 11. Contour plot of the controlled response at 90Hz for one control force at ðxs1; ys1Þ ¼ ð0:371; 0:31Þ and an error

sensor location of ðxe1; ye1Þ ¼ ð0:23; 0:25Þ.

Fig. 12. Contour plot of the controlled response at 90Hz for one control force at ðxs1; ys1Þ ¼ ð0:371; 0:31Þ and an error

sensor location of ðxe1; ye1Þ ¼ ð0:43; 0:375Þ.
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x-direction with the primary force at ðxs; ysÞ ¼ ð0:371; 0:31Þ, and is also in a symmetrical
arrangement with respect to the simply supported boundary conditions. Fig. 11 shows that global
attenuation was achieved when the error sensor was placed on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ,
which corresponds to the midway point along the width of the T-shaped plate. This symmetrical
control arrangement with respect to the simply supported boundary conditions produces the
best control results for the one control force, one error sensor application [9]. Fig. 12 displays the
controlled response when the error sensor was randomly placed on plate 2 at ðxe2; ye2Þ ¼

ð0:43; 0:375Þ. Global attenuation is still achieved, however the control performance deteriorates
once the error sensor is moved away from the symmetrical arrangement of ye ¼ 0:25
corresponding to the midway point along the plate width.
Figs. 13 and 14 show the contour plots of the attenuation levels using two dependently driven

control forces located at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ and ðxs2; ys2Þ ¼ ð0:371; 0:31Þ, and two error
sensors positioned on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ and ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (Fig. 13), and
ðxe1; ye1Þ ¼ ð0:23; 0:25Þ and ðxe2; ye2Þ ¼ ð0:28; 0:25Þ (Fig. 14). In each case, global attenuation was
achieved, and the control performance is not as dependent on the error sensor locations compared
with using a single control force and a single error sensor. The improvement in control
performance by using three control forces and multiple error sensors as opposed to two control
forces and two error sensors is negligible. Fig. 15 displays the contour plot of the controlled
response for the same control arrangement as Fig. 14, but with the control forces driven
independently. Global attenuation was also achieved. The independently driven control forces
achieved slightly better overall attenuation levels than the dependently driven control forces.
Fig. 13. Contour plot of the controlled response at 90Hz for two dependently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:31Þ, ðxs2; ys2Þ ¼ ð0:371; 0:25Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ and

ðxe2; ye2Þ ¼ ð0:23; 0:31Þ.



ARTICLE IN PRESS

Fig. 14. Contour plot of the controlled response at 90Hz for two dependently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:31Þ, ðxs2; ys2Þ ¼ ð0:371; 0:25Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ and

ðxe2; ye2Þ ¼ ð0:28; 0:25Þ.

Fig. 15. Contour plot of the controlled response at 90Hz for two independently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:31Þ, ðxs2; ys2Þ ¼ ð0:371; 0:25Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ and

ðxe2; ye2Þ ¼ ð0:28; 0:25Þ.
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When the control forces and error sensors are arbitrarily located, the attenuation levels using two
independently driven control forces are significantly greater than those achieved using
dependently driven control forces.
Active control experiments were conducted to confirm the analytical results. The contour plot

at a low resonance frequency of 53.13Hz was experimentally obtained (Fig. 16). This is the second
natural frequency of the T-shaped plate, and corresponds to mode (2,1) of each plate. The same
control arrangements were used in the experiments as for the control force and error sensor
combinations used in the analytical investigation. Figs. 17 and 18 show the controlled responses
obtained experimentally at the resonance frequency of 53.13Hz, for a fixed control force location,
and an optimally and arbitrarily located error sensor. Fig. 17 shows that significantly greater
attenuation levels are achieved (around 15 dB globally over the entire plate’s surface) under the
symmetrical control arrangement with respect to the simply supported boundary conditions. This
symmetrical control arrangement corresponds to the primary and control forces positioned at the
same x-location in plate 1 and in a symmetrical arrangement in the y-direction (between the
simply supported parallel edges). The error sensor is located in the far -field of the forces, but
midway between the forces which corresponds to the midway point along the width of the plate
(ye ¼ Ly=2). It is important to note that this symmetrical control arrangement works well when
there is no nodal line running along the x-direction at the midway point along the width of the
plate, that is, at ye ¼ Ly=2. The arbitrary error sensor location of (0.43, 0.375) is close to the nodal
line on plate 2, and the contour plot of the controlled response shows an increase in the overall
vibration levels of the plate (Fig. 18).
Figs. 19 and 20 show the contour plot of the controlled response obtained experimentally at

53.13Hz, for two dependently driven control forces at ðxs1; ys1Þ ¼ ð0:371; 0:25Þ,
Fig. 16. Experimental contour plot of the uncontrolled response at 53.13Hz.
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Fig. 17. Experimental contour plot of the controlled response at 53.13Hz for one control force at ðxs1; ys1Þ ¼

ð0:371; 0:31Þ and an error sensor location of ðxe1; ye1Þ ¼ ð0:23; 0:25Þ.

Fig. 18. Contour plot of the controlled response at 53.13Hz for one control force at ðxs1; ys1Þ ¼ ð0:371; 0:31Þ and an

error sensor location of ðxe1; ye1Þ ¼ ð0:43; 0:375Þ.
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ðxs2; ys2Þ ¼ ð0:371; 0:31Þ, and two error sensors positioned on plate 2 at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ,
ðxe2; ye2Þ ¼ ð0:23; 0:31Þ (Fig. 19) and ðxe1; ye1Þ ¼ ð0:23; 0:25Þ, ðxe2; ye2Þ ¼ ð0:28; 0:25Þ (Fig. 20).
Global attenuation of the T-shaped plate is achieved in both cases, although better attenuation is
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Fig. 19. Contour plot of the controlled response at 53.13Hz for two dependently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:25Þ, ðxs2; ys2Þ ¼ ð0:371; 0:31Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:19Þ and

ðxe2; ye2Þ ¼ ð0:23; 0:31Þ.

Fig. 20. Contour plot of the controlled response at 53.13Hz for two dependently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:25Þ, ðxs2; ys2Þ ¼ ð0:371; 0:31Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ and

ðxe2; ye2Þ ¼ ð0:28; 0:25Þ.
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Fig. 21. Contour plot of the controlled response at 53.13Hz for two independently driven control forces at

ðxs1; ys1Þ ¼ ð0:371; 0:25Þ, ðxs2; ys2Þ ¼ ð0:371; 0:31Þ and two error sensors located at ðxe1; ye1Þ ¼ ð0:23; 0:25Þ and

ðxe2; ye2Þ ¼ ð0:28; 0:25Þ.
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achieved when the error sensors are located along the anti-nodal line, corresponding to the
midway point along the width of the plate for this resonance frequency (Fig. 20). Fig. 21
shows the contour plot of the controlled response for the same control arrangement as Fig. 20,
but with the control forces driven independently. Significantly better overall attenuation
levels are achieved using independently driven control forces than the dependently driven control
forces.
6. Conclusions

In this paper, active control of the dynamic response of a T-shaped plate subject to point force
excitation has been carried out. Feedforward active control of the flexural vibrational levels in the
coupled plate structure has been analytically and experimentally investigated using multiple
control forces and error sensors, and for both dependently and independently driven control
forces. It was shown that using two control forces to minimise the vibrational response at two
error sensors, global attenuation of the primary frequency response was achieved, as well as
global attenuation of the plate structure at a discrete resonance frequency. At arbitrary force and
sensor locations, higher attenuation levels were achieved using independently driven control
forces compared to dependently driven control forces.
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Appendix A

For the cross-shaped plate, ½Ei
p	 is described as

E1I
p

h i
¼ e�jkxx1 ejkxx1 e�knx1 eknx1 0 0 0 0 0 0 0 0 0 0 0 0
� �T

; xppx1pLx1;

ðA:1Þ

E1II
p

h i
¼ 0 0 0 0 e�jkxx1 ejkxx1 e�knx1 eknx1 0 0 0 0 0 0 0 0
� �T

; 0px1pxp;

ðA:2Þ

E2
p

h i
¼ 0 0 0 0 0 0 0 0 e�jkxx2 ejkxx2 e�knx2 eknx2 0 0 0 0
� �T

; 0px2pLx2;

ðA:3Þ

E3
p

h i
¼ 0 0 0 0 0 0 0 0 0 0 0 0 e�jkxx3 ejkxx3 e�knx3 eknx3

� �T
; 0px3pLx3;

ðA:4Þ

½ap	 is a 16� 16 matrix for the T-shaped plate, and is obtained from the boundary conditions, and
structural continuity and equilibrium equations. The boundary equations at the free edges xi ¼

Lxi are for zero bending moment and net vertical shear [14]. At the driving force location of
ðxp; ypÞ, four coupling equations are used to describe the continuity of the plate response under
forced excitation [4,9]. The continuity relationships correspond to the continuity of the plate
displacement, slope, moment and shear force. The boundary conditions at the structural junction
of the coupled plates corresponding to ðxi; ziÞ ¼ ð0; 0Þ must also satisfy continuity and equilibrium
of plate displacement, slope, moment and shear force [9].
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½ap	 ¼
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