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Abstract

An exact three-dimensional solution is obtained for the cylindrical bending vibration of simply supported
laminated composite plates with an embedded piezoelectric shear actuator. The piezoelectric actuator,
which is poled in the longitudinal direction, will induce a transverse shear strain in the hybrid laminate
when it is subjected to an electric field in the thickness direction. Suitable displacement and electric
potential functions that identically satisfy the boundary conditions at the simply supported edges are used
to reduce the equations that govern the steady-state vibrations of the hybrid laminate to a set of coupled
ordinary differential equations, which are solved by employing the power series method. Natural
frequencies, mode shapes, displacements, electric potential and stresses are presented for three-layer hybrid
laminates consisting of a piezoelectric shear actuator sandwiched between fiber-reinforced composite layers.
Active vibration damping is implemented using either a position feedback controller or velocity feedback
controller. Frequency response curves for different controller frequencies, controller damping ratio and
feedback gain demonstrate that the embedded shear actuator can be used for active damping of the
fundamental flexural mode. In addition, it is shown that vibration suppression of thickness modes is also
feasible using a shear actuator.
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1. Introduction

More than a decade of intensive research in the area of smart/adaptive structures has
demonstrated the viability and potential of this technology. A class of smart structures, consisting
of piezoelectric materials integrated with structural systems, has found widespread use in
engineering applications. Numerous applications have been proposed and conceived experimen-
tally, such as for active vibration suppression [1-3], noise cancellation [4,5] and shape control
[6,7].

A piezoelectric actuator in an adaptive structure is a thin rectangular element that is generally
poled in the thickness direction and is usually bonded to the surfaces of the host structure. The
application of an electric field in the thickness direction causes the actuator’s lateral dimensions to
increase or decrease. The lateral deformations of the actuator force the host structure to deform.
In order to successfully incorporate piezoelectric actuators into a structure, the mechanical
interaction between the actuators and the host structure must be fully understood. Several
mechanical models and finite-element studies have been presented for hybrid beams and plates
with thickness-poled actuators [8—12]. Ray et al. [13] and Heyliger and Brooks [14] have obtained
exact three-dimensional solutions for the static cylindrical bending of simply supported
piezoelectric laminates. Exact solutions for simply supported rectangular piezoelectric laminates
were given by Heyliger [15,16], Bisegna and Maceri [17], and Lee and Jiang [18]. A similar
technique was employed by Yang et al. [19] and Batra et al. [20] to analyze the vibrations of a
simply supported plate with piezoceramic actuators either bonded to its upper and lower surfaces
or embedded within the laminate. Vel and Batra [21-23] have derived three-dimensional analytical
solutions for thick piezoelectric plates subjected to arbitrary boundary conditions at the edges.
Heyliger and Brooks [24] and Heyliger and Saravanos [25] have presented exact solutions for the
free vibration of hybrid plates with thickness-poled piezoelectric layers.

Piezoelectric actuators poled in the thickness direction are usually placed at the extreme
thickness positions of a plate-like structure to achieve the most effective actuation. This subjects
the actuators to high longitudinal stresses that may be detrimental to the brittle piezoceramic
material. Furthermore, surface-bonded actuators are likely to be damaged by contact with
surrounding objects. To alleviate these problems Sun and Zhang [26] proposed an adaptive
sandwich structure consisting of an axially poled piezoelectric core sandwiched between two
elastic facing sheets. The application of an electric field in the thickness direction will induce
transverse shear deformation of the core, thus generating the desired transverse deflection of the
sandwich structure. Piezoelectric actuators poled in such a way as to produce transverse shear
deformation under the action of an electric field in the thickness direction are called shear
actuators. Piezoceramic thin actuators poled along a line in the plane of the actuator were studied
by Boriseiko et al. [27]. Piezoelectric shear actuators of various dimensions are commercially
available [28]. Zhang and Sun [29,30] developed a beam theory for sandwich structures containing
shear actuators by modeling the facing sheets as classical Euler—Bernoulli beams and the central
core as a Timoshenko beam which allows transverse shear deformation. Benjeddou et al. [31]
developed a unified finite-element model for extension and shear actuation mechanisms with more
detailed formulation of the electric problem. Theoretical and finite-element models for the
vibration control of sandwich beams with shear actuators have demonstrated that shear actuators
can be more effective than thickness-poled actuators for the control of bending vibrations [32].
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Benjeddou and Deii [33] have analyzed the vibration of a piezoelectric sandwich plate using a
layer-wise first-order shear deformation theory and through-thickness quadratic electric profile.
Trindade and Benjeddou [34] have reviewed various hybrid active—passive damping treatments
using viscoelastic and piezoelectric materials. Batra and Geng [35] have compared the
performance of axially-poled shear actuators and thickness-poled extension actuators for the
active constrained layer damping of adaptive structures.

The exact solutions for the vibration of composite plates with thickness-poled piezoelectric
extension actuators given by Heyliger and Brooks [24] and Heyliger and Saravanos [25] are not
applicable to piezoelectric shear actuators since they assume that the only nonzero components of
the piezoelectric tensor in the contracted notation (see Eq. (2) below) are e31, e3, €33, €24 and eys.
However, for a piezoelectric shear actuator with poling axis P at an angle to the x;-axis in the
x1—x3 plane (Fig. 1), the nonzero components of the piezoelectric tensor in the contracted
notation are ey, €12, €13, €16, €21, €22, €23, €26, €34 and ess. Recently, Vel and Batra [36,37] gave an
exact solution for the static bending of a simply supported sandwich plate with an embedded
piezoelectric shear actuator.

Here we derive an exact solution for the cylindrical bending vibration of composite plates with
embedded piezoelectric shear actuators. The equations of motion, charge equation and
constitutive equations of linear piezoelectricity are exactly satisfied at every point in the laminate.
The boundary conditions at the simply supported edges, the traction boundary conditions on the
top and bottom surfaces and the electromechanical continuity conditions at the interfaces between
dissimilar layers are also exactly satisfied. The first 12 natural frequencies, mode shapes and
through-the-thickness plots of the displacements and stresses are presented for sandwich plates
consisting of axially poled piezoelectric cores sandwiched between two elastic surface layers.
Active vibration damping is implemented using either a positive position feedback (PPF)
controller [38—40] or a velocity feedback controller, wherein a second-order compensator is forced
by either the transverse displacement or velocity response of the structure. The controller
coordinate, magnified by a gain, is then fed back as a voltage input to a piezoelectric shear
actuator. Frequency-response curves for different controller frequencies, controller damping ratio
and feedback gain demonstrate that the embedded shear actuator can be used for active damping
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Fig. 1. N-layer laminated piezoelectric plate.
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of the fundamental flexural mode. Vibration suppression of the thickness modes can also be
achieved using the shear actuator.

2. Formulation of the problem

We use a rectangular Cartesian coordinate system, shown in Fig. 1, to describe the infinitesimal
deformations of an N-layer piezoelectric laminated rectangular plate occupying the region [0, L] x
(—00,00) X [-H/2,H /2] in the unstressed reference configuration. The laminate is of infinite
extent in the x,-direction. The vertical positions of the bottom and top surfaces as well as of the
N — 1 interfaces between the adjoining laminae are denoted by H" =—H/2, H? . . |
H® . HM N+ — g /2. Each lamina is assumed to be made of a homogeneous material.

The equations of motion for lamina n, in the absence of body forces and free charges, are

offy = pii", D) =0, (i,j=1.2.3), (1)

where o, u; and D; are the components of the Cauchy stress tensor, displacement vector and
electric displacement vector, respectively, and p is the mass density. A comma followed by index j
indicates partial differentiation with respect to the present position x; of a material particle, a
repeated index implies summation over the range of the index, a superimposed dot indicates
differentiation with respect to time ¢ and the superscript (n) signifies quantities for lamina 7.

The elastic and piezoelectric materials of the hybrid laminate are assumed to be monoclinic
materials of class m with the x3;-plane being the symmetry plane [41]. Fiber-reinforced composite
materials and piezoelectric materials with principal material axis in the x;—x; plane (Fig. 1) belong
to the group of monoclinic materials of crystal class m. The constitutive equations, in contracted
notation, for lamina n are

(oY [Cy Cn G5 0 0 Cie1™(en Y Ten en 07"
(%) Cnp Cpn Cyn 0 0 Cx €22 e en 0 £,
033 _ Ciz Cyx Ciz 0 0 Cs €33 e es 0 E ,
023 0 0 0 C44 C45 0 2823 0 0 €34 E3
031 0 0 0 C45 C55 0 2831 0 0 €35
012 ) LCis Cx C3¢ O 0 Ces 2e1n Lete e 0
el (n)
D" en en ez 0 0 eg]” 2 ar en 0] (EN"
D, =len en e3 0 0 ey ;j; + |2 e 0 E , (@)
D3 0 0 0 €34 €35 0 0 0 €33 E3
2e3
2812
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where ¢; are the components of the infinitesimal strain tensor, E; the electric field, C;; the elasticity
constants, e; the piezoelectric moduli and ¢; the electric permittivity. Material elasticities and
permittivities are assumed to yield a positive stored energy density for every nonrigid deformation
and/or nonzero electric field [42]. For an elastic layer, the piezoelectric moduli ¢; are identically
zero. The infinitesimal strain tensor and the electric field are related to the mechanical
displacements u; and the electric potential ¢ by

(n) (u('l) + u(”)) E]('l) — _(b’(;l). (3)

The edges x; =0 and L are assumed to be mechanically simply supported and electrically
insulated; that is

dV=6c"=0, =0, D=0 atx =0,L. (4)

The mechanical boundary conditions of a simply supported plate for the stresses and
displacements in Eq. (4) are identical to those assumed by Pagano [43] and Heyliger and
Brooks [24]. Exact three-dimensional solutions for laminated plates can be obtained only
for certain combinations of boundary conditions on the edges. Heyliger and Brooks [24]
considered electrically grounded (¢ = 0) edges at x; = 0, L in order to obtain exact solutions
for laminates with thickness-poled piezoelectric actuators. In the case of piezoelectric shear
actuators, we assume that the edges are electrically insulated (D(I") = 0) in order to obtain an exact
solution [36].

The boundary conditions prescribed on the top and bottom surfaces of the laminate
consist of either a mechanical displacement component u, or the corresponding traction
component a3, and either the electric potential ¢ or the normal component of the electric
displacement Ds;. Typically nonzero normal tractions and electric potential are prescribed
on the top and bottom surfaces of a plate. Since any function can be expanded in terms of a
Fourier series, it is sufficient to consider electrical and/or mechanical loads on the top surface of
the form

o3a(x1, H/2) = qp ' sin’ 2L g3y(x, H/2) = o3(x1, H/2) = 0,
qs(xl; H/2) — ¢)0 ei(!)l k72x1 ,

where k is a nonnegative integer and o denotes the angular frequency. Similar boundary
conditions are specified on the bottom surface of the laminate.

The interface conditions on the material surfaces x3 = H?,..., H™ may be specified as
follows:

)

(1) Ifthe surface x3 = H”*Y is an interface between two laminae, the mechanical displacements,
surface tractions, the electric potential and the normal component of the electric
displacement between them are continuous. That is

W =u"D, o =oith, g0 =gt DY = DD onxy = HOHD. (6)
Thus, the adjoining laminae are presumed to be mechanically and electrically perfectly
bonded together.
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(2) If the interface x3 = H"*V is electroded, then the electric potential on this surface is assumed
to be a known function of the form d)glﬂ) cos knx; /L. The normal component of the electric
displacement need not be continuous across this interface. Thus

ul(n) _ ul(n+1)’ O_(srlz) — grjz'+l)’ d)(n) ¢(n+1) qb(n+l) iwt cos kTEXl/L on x3 = H(n-i—l). (7)

3. Exact solution

We postulate that the displacements u](") and electric potential ¢™ are functions of x; and x3

only. Thus the laminate is in a generalized plane strain state of deformation. This assumption is
reasonable because the applied loads and material properties are independent of x,, and the body
1s of infinite extent in the x,-direction.
We seek a semi-inverse solution by assuming the following forms for the displacements and
electric potential:
uy"(x1, X3, 1) = U{"(x3)e" cos px,,
u(zn)(xl,x3, 1) = U(zn)(X3)ei“” CoS pxy, ®)
W (x1, 3, 1) = U (x3)e" sin px;,
" (x1, x5, 1) = B (x3)e™” cos px,,
where p = kn/L. The assumed displacement field for s satisfies the boundary conditions (4) at the
edges x; =0, L.
Substitution of Egs. (8) into Egs. (3) and the result into Egs. (2) yields the following expressions
for the stresses and electric displacements:
2,? — ( C(n) U(ﬂ)p + C(n)(U(n)) (n) Ugn)p en)@(n)p) smpxl,
agg (— C(l';) Ugn)p + C%)(Ug”)) - C(;g Ug")p - eg';)cb(”)p) sin px,
o = (—CWTUDp + COUPY — COUDp — D" p) sinpx,,
('l) (C(n)(U(”)) + C(”)(Ugn))/ + C(") U(np + e(n)(@(”))/) cos px,
(”> = (CEUYY + CEUPY + CRUTp + 2(2™)) cospx,, ©)
0.(1”2) _ ( C(”) (”) p+ Cg’g(Ugn)) C(") U(”) (”)@(n)p) sinpxl,
DY — (U + Y — 00 + o sinps,
D(z”) — (—e(”) U (")p + e(2”3)(U my _ (”) LU, Wp 4 e(”)d5(”)p) sin px,,
D(3") (e(n)(U(n)) + e(")(U(n)) + e(”) U(n) 6(3”3)(@(”)) ) cos px,,
where the prime denotes derivative with respect to x3. An examination of Eq. (9) reveals that the

stress components ¢1; and o, and the electric displacement D, satisfy the boundary conditions at
the edges x; = 0 and L.
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Substitution of Egs. (9) into the governing Egs. (1) yields four coupled second-order ordinary
differential equations for U(-")(X3) and ®"(x3)

_ C(") U(’l + (C(") ("))( U(")) p— C(’l) U(") 2

LCOUMY + (@Y =
—C(") U p? 4 (C 1+ COYUPYp — COUP P — D)
LCOUMY + (@Y =
—(CE’? CEUYp - (C +
LCOU) = —pWe? UL,

_ (n) U(n

e + Uy
—p™y? U(”)

+ C(”)(U(”))//
—p"? Uy,

CONUYp ~ LU~ e+

(10)
)@Y p

)+ XU — U0 + 0+ U
(")(U("))// _ Eg’;)((p(n))// =0
We assume a power series solution for U E”)(X3) and &Y (x3) [44]

00 o0
U ) = SO 0 = > 8, an
$=0 p=0

Inserting Eqs. (11) into the differential equations (10) shifting the summation index, f3, to range

over zero to infinity and equating like powers of x3 on both sides of the equations results in the
following recurrence relations for the series coefficients

U(ln,[f+2) (7(11,/)’) U(ln B+
(n,4+2) (n.8) F(n,f+1)
U2 - (K(n))flA(n) U2 1 (K(n))le(n) U, (12)
g2 (T B2+ g [T B+ g (7
(p(n B+2) (i;(n,/f) é(n,ﬁ+ 1)
where
SR I
C('l) C(") 0 e(")
K™ — 45 44 " 34 , (13)
0 0 C3'§ 0
Lo 0
C(1n1) 2 p(n)a)2 C({sz 0 e(lnl)pz
A _ Clor Copt = pe? 0 efer” (14)
0 0 Clpr—pme? 0 |
e(lnl) pz egné) pz 0 (n),2

—€ P
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0 0 (4 Dy 0
o 0 0 —(CY + Cp 0 (15)
( C(n) (n)) p ( C(n) (n) Wy 0 ( e(n) (n)) p
0 0 —( + e 0
(n,p+2)

~ (n,f+2 . . .
The series coefficients U and """ for f>0 can be written in terms of eight unknown

0 0 ~m0) ~(n0 1 1 1 1
coefficients for each lamina, namely U(n ), Ugn ), Ugn ), <15(n ) U(ln ), U;n ), U3n ) and (15(" )

using the recurrence relations (12). Therefore, there are 8N unknown coefficients for an N—layer
composite laminate. These coefficients are determined by satisfying four boundary conditions on
the top surface, four conditions on the bottom surface of the laminate (5) and eight interface
conditions (6) or (7) at each of the (N — 1) interfaces.

3.1. Free vibration analysis

The simply supported plate is in a state of free vibration if it is not subjected to any applied

mechanical or electric loads. For fixed k (i.e. fixed p), the recurrence relations (12) are evaluated
(mp+2)  ~(n,p+2) (n, /H—Z) (n,p+2) .

successively for f=0,1,2,..., to obtain U , Uy ™, U3 nd @ in terms of eight
arbitrary constants U(I"O), U(Z"O), U(;lo), QD("’O), U(ln 1), U(zn 1), U(3n 1), 45('1’1) and the angular

frequency w as

o 3 ~ o A 2 o
Ugn,ﬁ+2) _ Z|: (n, [3+2)( )U(n ,0) A$;1,/3+2)(w) U](n,l)} n bgn’ﬂ+2)(a))(l)(n’0) n bgn,ﬁ+ )(w)@(n’l),

e~

g (16)
55("»1“2) _ Z[ (n, ﬁ+2)( )U(" ,0) A(n ﬂ+2)( )U(" 1)] + ) () 0 L pnB2) (@) (~p(n,1)‘

j
Here, (), i), b"*D(w), 5" D), ¢ (@), {" (@), 1Hw) and
;7(”””2)((0) are known polynomials of w. The degree of the polynomldls increases with increasing
p due to the recurrence relations. Substitution of Eqs. (16) and (11) into Egs. (8) yields the
displacements and electric potential in terms of eight arbitrary constants and the angular
frequency w. The stresses and electric displacements are obtained from Egs. (16), (11) and (9).

The satisfaction of the homogeneous boundary conditions at the top surface and interfaces
between adjoining laminae and bottom surface results in the following homogeneous matrix
equation:

G(0)W =0, (17)

where G(w) is an 8N x 8 N matrix whose elements are polynomials of @ and W is a vector of
length 8N consisting of the unknown constants. A nontrivial solution for W is obtained by setting
the determinant |G(w)| equal to zero. The resulting polynomial equation is solved to obtain a set
of eigenvalues that are arranged in ascending order as {wg) ,a)g) ,wf),. .}, which are the natural
frequencies (eigenvalues) of the plate corresponding to the 10ng1tud1na1 mode shape defined by

integer k. The eigenvector WY associated with the eigenvalue a)k is determined from the nullspace
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of G(w(k])) The displacements, electric potential, stresses and electric displacement at any point
within the laminate are determined using the 8N constants from the eigenvector WY,

3.2. Forced vibration analysis

The forced vibration analysis will focus on the steady-state response of the composite plate due
to harmonic distributed normal loads or electric potential on the top and/or bottom surfaces as
stated in Eq. (5). It should be noted that a harmonic electric potential can also be applied to the
electroded interfaces as in Eq. (7). For the case of forced vibration, k and w are known from the
prescribed harmonic loads. The recurrence relations (12) are evaluated successively for f =

2 2 B+2 +2
0,1,2,..., to obtain U it ) U (2n,/5+ LU (3n[+ " and <15(”’ﬁ "in terms of eight arbitrary constants
U(ln ,0) U(2n ,0) U(3n O), (n 0) U(ln ,1) U(zn 1)’ Ugn ,1) nd gb(n 1)
2 ~(0) ~(n,1 ~(m0)  ALPE2) % (]
(n B+2) Z[ (n,f+2) Uj(n )+ag_q,[;+z) UJ(n )} +b§n,ﬂ+2)¢(n )+b§nﬂ )¢(n ),
=1 ’
g (18)
gp(n,ﬁ+2) = {qj(n,ﬂﬂ) U(n ,0) A(n p+2) U(n 1)] 4 .+ @(H,O) 4 ponB+2) (b(n 1)
A ~(n,p+2 A A
Here a(" b+2), ag”ﬁ +2) b(”’ﬁ +2) bgnﬁ ), q](.”’ﬁ“), q](."’ﬁ“), rB+2) and #P+D are known constants.

The boundary condltlons on the top and bottom surfaces of the plate, and the N — 1 interfaces
between adjoining laminae, result in the following linear system of equations for the 8 NV unknown
constants:

GW =Y, (19)

where the matrix G and vector Y are known, and W is a vector consisting of the 8 N unknown
constants. The linear system of equations (19) are solved to obtain the constants for each layer.

4. Active damping using feedback control

In this section, we implement active damping through feedback control. The top surface of the
composite plate is subjected to the harmonic distributed load

033)(x1,H/2 1) = qy e sinnx; /L, (20)

where the circular frequency w is prescribed. We use two different feedback control algorithms to
achieve active damping. The first is the Positive Position Feedback (PPF) controller, which was
introduced by Goh and Caughey [38]. PPF control introduces a second-order compensator which
is forced by the displacement response of the structure,

il + 20 o) + 0’y = 0?us(L/2, H/2, 1), (1)

where 7 is the controller coordinate, w,. is the natural frequency of the controller and , is the
damping ratio of the controller. For steady-state vibration, the controller coordinate is also
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harmonic 5 = n,e'’ and Eq. (21) becomes
— g + 21 .won, + 0y = 02 U (H)2). (22)

The amplitude of the controller coordinate obtained from Eq. (22) is

602

o= [(co% — w?) + 2i .

} UM (H /2). (23)

The controller coordinate #, magnified by a positive gain, is then fed back as a voltage input ¢ to a
piezoelectric shear actuator
o(x1,1) = gpcofn cosnx;/L

9p o} U(3N)(H /2)
B (CO% - w2) + 2i£cwcw

e cos mx, /L, (24)

where g, is the PPF gain parameter which has units of Vs?/m.

The second controller implemented is the velocity feedback controller. The velocity feedback
controller is also a second-order compensator which is forced by the velocity response of the
structure

il + 2( o) + 02y = 02is(L/2, H /2, 0. (25)

For steady-state vibration, the amplitude of the controller coordinate is harmonic 5 = 5,e'’ and
iww? N

= : UNM(H )2). 26

The negative of the controller coordinate, magnified by a negative gain, is then fed back as a
voltage input ¢ to a piezoelectric shear actuator:

Qb(Xl, t) = - guw?n Ccos TEX]/L

_ [0} USH/2)
(0?2 — w?) + 2l 0.

] el cosmxy /L, (27)

where g, is the velocity feedback gain parameter which has units of Vs? /m. The feedback potential
of the PPF controller (24) and velocity feedback controller (27) are applied as boundary
conditions to the piezoelectric shear actuator. The implementation of the other boundary
conditions on the top and bottom surfaces of the laminate and the interface conditions is similar

to that of forced vibration analysis discussed earlier. Since ¢(xy, ) and U gN )(H /2) are functions of

the unknown constants U(ln’o) , (7(;’0), Ug""”, 55(”’0), 17({1’]) , Ugn’l) , (7(3”’1) and @(n’l), the controller
parameters, ., {. and g, or g, appear on the left-hand side matrix G in Eq. (19). The
displacements and stresses are complex valued since the feedback potential (24)/(27) is complex.
The magnitude and phase of the displacements and stresses with respect to the applied harmonic

load can be inferred from their respective real and imaginary parts.
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5. Results and discussion

We present results for hybrid laminates with each lamina made of either fiber-reinforced
graphite-epoxy or PZT-5A. The graphite-epoxy is assumed to be orthotropic with its principal
material direction inclined at an angle i to the x;-axis in the x;—x; plane. The PZT-5A is assumed
to be transversely isotropic with the x;-axis as the axis of transverse isotropy, which is also the
poling direction. The material properties of the axially poled PZT-5A were obtained by a tensor
transformation of the material properties given by Tang et al. [45] of PZT-5A poled in the x3-
direction. The nonzero values of the material properties are listed in Table 1 for the PZT-5A and
graphite-epoxy for iy = 0° and £45°. In our analysis, we consider all the layers to be piezoelectric
with the piezoelectric moduli of graphite-epoxy set equal to zero.

5.1. Natural frequencies and mode shapes

We consider a hybrid laminate with the top and bottom layers made of 0° graphite-epoxy and
the central layer made of axially poled PZT-5A, i.e. a [0° Gr-Ep/PZT-5A/0° Gr-Ep] laminate. The
thickness of the graphite-epoxy layers is 0.4H, the thickness of the PZT-5A layer is 0.2H. The
location of the bottom surface, the interfaces between laminae and top surface of the hybrid

Table 1

Nonvanishing material properties of graphite-epoxy and PZT-5A shear actuators

Property 0° graphite-epoxy +45° graphite-epoxy PZT-5A
C1; (GPa) 183.443 58.128 86.856
C» (GPa) 11.662 58.128 99.201
C33 (GPa) 11.662 11.662 99.201
C1; (GPa) 4.363 43.788 50.778
C13 (GPa) 4.363 4.140 50.778
Cy3 (GPa) 3918 4.140 54.016
Cy4 (GPa) 2.870 5.020 22.600
Css (GPa) 7.170 5.020 21.100
Ce6 (GPa) 7.170 46.595 21.100
Ci6 (GPa) 0 +42.945 0
Cy6 (GPa) 0 +42.945 0
Cs6 (GPa) 0 +0.222 0
Cys (GPa) 0 +2.150 0

e1r (Cm™2) 0 0 15.118
e, (Cm™2) 0 0 —7.209
ez (Cm™?) 0 0 —7.209
ez (Cm™2) 0 0 12.322
e3s (Cm™2) 0 0 12.322
e (10710 F/m) 153.0 153.0 150.0
€ (10710 F/m) 153.0 153.0 153.0
€33 (10710 F/m) 153.0 153.0 153.0

p (kg/m?) 1590 1590 7750
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laminate are HV = —0.5H, H® = —0.1H, H® = 0.1H and H® = 0.5H. The interfaces between
the PZT-5A lamina and the graphite-epoxy laminae at x3 = H® and x3; = H® are perfectly
bonded. The top and bottom surfaces of the PZT-5A laminae are assumed to be either

(1) electrically closed: ¢V (x1,—0.1H,t) = ¢©(x1,—0.1H, 1) =0, ¢P(x1,0.1H, 1) = ¢P(x1,0.1H,
t)=0, or

(2 electrically open: d)(l)(xl, —0.1H,1) = qb(z)(xl, —0.1H,1), Dgl)(xl, —0.1H,1) = Dgz)(xl, —0.1H,1),
¢ (x1,0.1H, 1) = ¢D(x1,0.1H, 1), DY (x1,0.1H, 1) = D (x1,0.1H, 1).

The top and bottom surfaces of the laminate are electrically insulated
(D(l)(xl, —H/2,1) = (3)(x1,H/2 t) = 0). The length L is chosen to be 0.25m. We consider three
different length-to-thickness (L/H) ratios of 4, 10 and 100, which characterize a thick, moderately
thick and thin laminate, respectively. Thirty five terms in the series solution (11) are used to obtain
results that are accurate to six significant digits. The natural frequencies are computed for
different values of k and arranged in ascending order.

The first 12 natural frequencies for the hybrid plate are listed in Table 2 for electrically closed
and open boundary conditions. In addition, a plane strain numerical solution was computed using
the commercial finite element program ABAQUS/Standard 6.3-1 [46] with 15,700 8-node
biquadratic elements to ensure that there was no algebraic errors in the implementation of the
exact solution. The finite-element natural frequencies are listed in parenthesis next to the exact
results in Table 2. It shows good agreement between the exact and finite-element solutions. Since
ABAQUS does not have a generalized plane strain element for piezoelectric materials, the out-of-
plane modes with displacement in the x,-direction cannot be captured by the plane strain finite-
element solution and are indicated by (- -) in Table 2. For L/H = 4, six out of the lowest 12 modes
are out-of-plane modes that have nonzero displacement in the x,-direction. However, for L/H =
100, only three of the modes are out-of-plane modes. The analytically obtained mode shapes for
L/H =4 and electrically closed boundary conditions are depicted in Fig. 2 by plotting the
deformed shapes of material lines that in the reference configuration are parallel to the coordinate
axes. Although the plate is assumed to be of infinite width in the x,-direction, the mode shapes are
truncated to a finite width for the purpose of illustration. The higher modes of vibration are more
sensitive to the electrical boundary conditions on the top and bottom surfaces of the plezoelectrlc
layer than the lower modes. For example, for L / H = 4, the thickness mode natural frequency w13)
changes by 321.1 Hz dependmg on whether it is electrically closed or open. In comparison, the
fundamental frequency wl changes only by 33.8 Hz. For a thick laminate with L/H = 4, only
five of the lowest 12 natural frequencies, namely wg with k=1,...,5 correspond to flexural
modes. In contrast, a thin laminate with L/H = 100 has nine ﬂexural modes a) ) in the lowest 12
natural frequencies, namely k£ = 1,...,9. It should also be noted that the natural frequencies of
the out-of-plane modes remain essentlally constant for all length-to-thickness ratios. For example,
the natural frequency a)(l = 3752.27, 37559 and 3756.58Hz for L/H =4, 10 and 100,
respectively.

Next, we consider a three-layer [45° Gr-Ep/PZT-5A/—45° Gr-Ep] hybrid laminate that is
unsymmetric about the midsurface. Except for the orientation of the principal material directions
of the graphite-epoxy layers, the geometry and dimensions remain the same as the [0° Gr-Ep/PZT-
5A/0° Gr-Ep] laminate discussed earlier. The off-axis graphite-epoxy layers introduce strong



Table 2
First 12 natural frequencies of a [0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate for L = 0.25m and L/H =4, 10 and 100

L/H =4

L/H =10

L/H = 100

Mode Closed (Hz)

Mode Open (Hz)

Mode Closed (Hz)

Mode Open (Hz)

Mode Closed (Hz)

Mode Open (Hz)

ol
o
ol
o
o)
e
o)
o
ol
o
o)

ol

2449.9 (2449.9) ()
3752.27 () e
6085.51 (6085.5) o)
7479.11 () e
9678.38 (9678.4) ()
11158.1 () e
13238.5 (13239) (!
13368.6 (13369) (¥

13684.7 (-) o
14773.4 () o
167774 (16777) (9
17156 () o)

2483.73 (2483.7) C0(11)

3752.27 () o
6219.85 (6219.9) ()
7479.11 () e
99311 (9931.1) ()
11158.1 () o
13625.6 (13626) ()
13684.7 (-) o

13689.7 (13689) ,
14773.4 () o)
17156 (-) P
173153 (17315) D

1328.91 (1328.9) (V)
3755.9 (-) o
4367.51 (4367.5) )
7507.64 () e
79319 (7931.9) o,
11251.1 () el
11580.3 (11580) (!
14674.1 (14674) )9

14982.4 () el
152138 (15214) o,
18697.8 () el

18821.2 (18821) u)(61)

1334.23 (13342) )V
3755.9 () o)
4415.16 (4415.2) (D
7507.64 (-) o)
8060.28 (8060.3) ()
11251.1 () el
11808.1 (11808) ,(»
14907.4 (14907) o,

14982.4 () e
15549.6 (15550) ("
18697.8 () o)

19271 (19271) w(f)

145.057 (145.06) ("
578.545 (578.55) (!
1295.49 (1295.5) ()
2287.84 (2287.8) ()
3544.82 (3544.8) (!
3756.58 (-) o'
5053.35 (5053.3) (!
6798.55 (6798.6) ¢V
7513.13 (-) o
8764.26 (8764.3) ()
10933.5 (10934) 1
11269.6 (-) o

145.064 (145.06)
578.655 (578.66)
1296.04 (1296.0)
2289.53 (2289.5)
3548.85 (3548.8)
3756.58 (-)

5061.46 (5061.5)
6813.07 (6813.1)
7513.13 (-)

8788.09 (8788.1)
10970.1 (10970)
11269.6 (-)

$08—18L (S00T) 78T uonviqiq puv punog fo puinor [ jag 'S’ ‘uodbivyivg "dq

€6L
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Fig. 2. First 12 mode shapes and natural frequencies for a [0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate, electrically

closed, L=0.25m, L/H

(e) w
(2)
@y

coupling of the displacement components u; and u3 to the out-of-plane displacement component

4 is given in Table 3 for

The lowest 12 natural frequencies for a thick plate with L/H
electrically closed and open boundary conditions. The mode shapes corresponding to the closed

Uu.

boundary conditions are depicted in Fig. 3. The effect of the strong coupling is very evident in the

figure. For example

Through-the-thickness plots of the

the mode shapes shown in Figs. 3(e) and (i) are primarily a combination of
—x3 plane.

b

displacements and electric potential corresponding to the lowest nine natural frequencies are

thickness distention and shear in the x;
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Table 3

First 12 natural frequencies of a [45° Gr-Ep/PZT-5A/—45° Gr-Ep] hybrid laminate for L = 0.25m and L/H =4
L/H =4

Mode Closed (Hz) Mode Open (Hz)
w(l') 1210.29 w(l‘) 1212.93
w(zl) 3786.37 w(zl) 3805.64
wg” 6721.76 wgl) 6770.05
w(lz) 6936.61 w(lz) 6971.56
w(13) 8186.22 w(l3) 8559.04
wg') 9733.10 wgl) 9818.43
w(22) 11881.4 w(zz) 12003.6
w(sl) 12758.8 w(sl) 12886.8
w(;) 13631.9 w(;) 14171.2
w(l“) 15583.7 a)(|4) 15661.4
wg) 15788.9 a)(él) 15963.9
w(15) 15893.9 w(l5) 15955.2

shown in Figs. 4(a)—(i) at specific axial locations. The variables are plotted after normalization by
their respective maximum values. The axial displacement u; has essentially a linear variation in the
thickness direction for the fundamental frequency shown in Fig. 4(a), as is usually assumed in the
classical plate theory. However, u; is highly nonlinear for the higher modes as evident in Fig. 4(h).
The potential in the piezoelectric layer has an approximately parabolic or S-shaped cubic
variation. The through-the-thickness variation of the stress components o1, 013, 033 and o3
corresponding to the first nine modes are presented in Fig. 5. The longitudinal stress a;; is
essentially linear in the thickness direction within each lamina for the fundamental frequency a)(ll).
For the higher modes, the longitudinal stress ¢;; has a nonlinear variation in the graphite-epoxy
layers and an essentially linear variation in the piezoelectric layer. The shear stress o, and
longitudinal stress ¢;; are discontinuous at the interfaces between the graphite-epoxy and
piezoelectric laminae due to the abrupt change in material properties. The transverse shear stress
013 has an approximately parabolic variation through the thickness for the flexural modes shown
in Figs. 5(a)—(c), (f) and (h).

5.2. Active damping

Consider the [0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate discussed in the previous section of
length L = 0.25m and L/H = 10. It is subjected to the harmonic distributed load (20) on the top
surface. We employ a PPF controller to achieve active damping. A second-order PPF
compensator is forced by the transverse displacement of the midpoint of the top surface and
the feedback voltage (24) is applied to the top surface of the PZT-5A shear actuator at x3 = 0.1H.
The bottom surface of the piezoelectric actuator at x3 = —0.1H is electrically grounded. It is
assumed that the graphite-epoxy and piezoelectric laminae do not exhibit material damping.
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Fig. 3. First 12 mode shapes and natural frequencies for a [45° Gr-Ep/PZT-5A/—45° Gr-Ep] hybrid laminate,
electrically closed, L = 0.25m, L/H =4 : (a) o\") = 1210.29 Hz, (b) »}" = 3786.37 Hz, (c) 0}’ = 6721.76 Hz, (d) 0{* =
6936.61 Hz, (¢) o'’ =8186.22Hz, (f) o}’ =9733.10Hz, (2) o =11881.4Hz, (h) o}’ =12758.8Hz, (i) wi” =
13631.9Hz, (j) o\" = 15583.7Hz, (k) o = 15788.9Hz, (1) o}’ = 15893.9 Hz.

Therefore, any damping of the hybrid laminated plate is a result of the PPF controller. We seek to
quantify the effectiveness of the piezoelectric shear actuator and the PPF controller for vibration
suppression. For a given choice of control parameters w., {. and g, the steady-state response of
the system is computed for a given forcing frequency w. The magnitude and phase of the
transverse deflection is plotted as function of the forcing frequency w for different controller
parameters to obtain frequency-response curves.

Targeted vibration suppression of the fundamental mode of vibration is achieved by
choosing the compensator frequency w, to be approximately equal to the fundamental frequency
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Fig. 4. The first nine through the-thickness displacement and stress mode shapes for a [45° Gr-Ep/PZT-5A/—45° Gr-
Ep] hybrid laminate, L =0.25m, L/H =4 ——, u;(0, x3)/Max|u1(0 x3); ——-, u2(0 x;)/Max|u2(0 x3)|;
u3(L/2,x3)/Max|us(L/2, x3)|, ~~~~~~ , $(0,x3)/Max|p(0, x3)|. (a) w = 1210.29 Hz, (b) w = 3786.37Hz, (¢) w(
6721.76 Hz, (d) o\” = 6936.61Hz, (¢) o'’ =8186.22Hz, () o’ =9733.10Hz, (2) o’ = 11881.4Hz, (h) of
12758.8 Hz, (i) w<” 13631.9 Hz.

(1) = 132891 Hz (Table 2). Fig. 6(2? shows the frequency response curves for controller
frequen01es of w. = a)(ll), 1. la)(ll),l 35w, D and 1. 4a) . The controller parameters {. and g, were
kept constant at 0.05 and 0.1 Vs? /m, respectlvely, for results in Fig. 6(a). The magnitude of the
transverse deflection is normalized by the forcing function amplitude ¢y, L and Cy, which have
values of 1 N/m?, 0.25m and 21.1 GPa, respectively. It is observed that the maximum system
damping is dchleved when the controller frequency w, is chosen to be equal to the fundamental
frequency a)l The corresponding phase difference between the transverse deflection and the
applied harmonic load is shown in Fig. 6(b) as function of the forcing frequency w. The
magnitude and phase frequency response curves for controller dampmfg ratios {, = 0.05,0.15,0.35
and 0.5 are shown in Fig. 6(c) and (d) for controller frequency w. = w,; ) and g,="0.1 Vs2 /m. The
figure shows a decrease in system damping for increasing controller damping ratlo The response
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Fig. 5. The first nine through-the-thickness displacement and stress mode shapes for a [45° Gr-Ep/PZT-5A/—45° Gr-
Ep] hybrid laminate, L = 0.25m, L/H = 4: ——, o11(L/2,x3)/Max|a11(L/2,x3)|; ———, 033(L/2, x3) /Max|o33(L/2, x3)|;
———, 013(0, x3)Max|a3(0, x3)[; -+ - , 012(L/2, x3)/Max|o12(L/2, x3)|. (2) @\ = 1210.29 Hz, (b) o' = 3786.37 Hz, (c)
o) = 6721.76 Hz, (d) o\? = 6936.61 Hz, (¢) o = 8186.22 Hz, (f) o}’ = 9733.10Hz, (g) v = 11881.4Hz, (h) 0" =
12758.8 Hz, (i) o5 = 13631.9 Hz.

of the system due to changes in the PPF gain parameter g, is evident from Fig. 6(e). As the
parameter g, is increased, the system damping also increases. For large values of g,, the
magnitude of transverse deflection at the system’s fundamental frequency w = 1328.91Hz is
smaller than at w = 1000 or 1500 Hz. This is a result of extremely targeted vibration suppression
at the fundamental frequency.

The efficacy of the PPF controller for active vibration suppression of the thickness vibration
mode shown in Fig. 2(h) is investigated next. The natural frequency of this thickness mode for
L/H =10 is a)(13) = 14674.1 Hz. The nonzero axial electric field E; will influence the transverse
normal strain &33 and the transverse normal stress o33 through the piezoelectric coefficient es.
Therefore, the feedback controller will introduce active damping in the thickness vibration modes
that exhibit significant transverse normal strain &33. Fig. 7(a) contains the frequency response



B.P. Baillargeon, S.S. Vel | Journal of Sound and Vibration 282 (2005) 781-804

2000
a) .
@ !
1500 | s
g g g
PR _ 1000 1 Zg
- (o
i i &
2 i
500 Iy
1
Jl, Y
0 _..AL’—::_L-
500 1000 1500 2000
Forcing Frequency (Hz)
800
© .
600 | 5
S : g
<] o 00} it 7
- o : ; %
(i ] ot £
™ [
=2 o't
200 f N
ry K
_—————““N
0 1 . .
500 1000 1500 2000
Forcing Frequency (Hz)
100 1 '
(e .
80
o
9]
T )
R oc_) 60 '@
el &
L, g
= 40 £
20 r:'.'?-"-—:'.’fér"'""';:.‘:.,/..,'..";?\..}"ﬁ
0 . .
500 1000 1500 2000

Forcing Frequency (Hz)

799

b
NG
2 L
1 L
0 .
500 1000 1500 2000
Forcing Frequency (Hz)
d
G
2 L
1 L
0 .
500 1000 1500 2000
Forcing Freguency (Hz)
U]
3 -
2 -
1t
0 N
500 1000 1500 2000

Forcing Frequency (Hz)

Fig. 6. Magnitude and phase frequency response curves of transverse deflection with respect to harmonic distributed load for a
[0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate with PPF control, L = 0.25m, L/H = 4: (a,b) {, = 0.05, g, = 0.1 Vs?/m:
Do o =110 oy — 1351 .. , W, = 1_460(11), (cd) w. = a)(ll), gy, = 0.1 Vsz/m: —_

- o, =110\"; ——, 0. = 1.350\";

— W = wl N
(=005 ——, (. =0.15 ——, {, = 0.35;

g, =0.1Vs’/m; ———, g, = 0.45Vs* /m; ———, g, = 0.65 Vs’ /m;

2 (e=05, (e D) o

—_
=w,’,

. g, =09Vs’/m.

(=005~~~ g,= 10" Vs’ /m; —,



800 B.P. Baillargeon, S.S. Vel | Journal of Sound and Vibration 282 (2005) 781-804

15 T T -
@ (b)
o o erous-a. 0 & 05 g0:0-0 00 0
: 3T
L)
b
%
o 10+ s
e 1 T ol
[l 14 =
IV o H
I i %
2| 1 £
=i 05} 17
_— 3 'k l Y
‘:‘l‘ 1
i i 4
0 A . 0 s A s
14200 14400 14600 14800 15000 14200 14400 14600 14800 15000
Forcing Frequency (Hz) Forcing Frequency (Hz)
0.8 T T T
(© (d)
06 | b
o I
[©) oo
= & =
D‘% it ki
T e o4f i il
oe (= 1} 5
Es it :
1 \& 1 'l
02t i »
N
. -———_..w . | | 4 |
14200 14400 14600 14800 15000 14200 14400 14600 14800 15000
Forcing Freguency (Hz) Forcing Freguency (Hz)
0.2 . . :
(e) Lo
b
015t roa
S ) '\_ —
< g
o [
3 o
005433
: b
0 ) 3V: ) 0 ) . )
14200 14400 14600 14800 15000 14200 14400 14600 14800 15000
Forcing Frequency (Hz) Forcing Frequency (Hz)

Fig. 7. Magnitude and phase frequency response curves of transverse deflection with respect to harmonic distributed
load for a [0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate with PPF control, L=025m, L/H =4: (a,b)

{.=0.05, gp = 0.1 Vsz/m: —_— W = (1’(13); ———, W, = l.lw(13); ———, W = 1.35(1)&3 TR , W = 1.4w(13), (c,d) w, =
o, g, =01Vs*/m: ——, {, =005 ——, {, =015 —~\y {, =035 - , (=05, &) o.=of, { =005
e 9, = 1078 VS /My ——, g, = 0.1Vs*/m; ———, g, = 0.45Vs® /m; ———, g, = 0.65Vs*/m; -+ --- .9, =09Vs*/m.



B.P. Baillargeon, S.S. Vel | Journal of Sound and Vibration 282 (2005) 781-804 801

curves for four different controller frequencies w, = a)(13), l.lw(13), 1.35w(13) and l.4w(13). It shows
that vibration suppression of a thickness mode using a PPF controller is feasible. The largest
damping is achieved when the controller frequency w, is equal to the natural frequency co(13). As
expected, a phase shift occurs at the natural frequency w = 14674.1 Hz as shown in Fig. 7(b).
Interestingly, the hybrid plate exhibits very small deflection and a discrete phase shift at o =
14613.7Hz. The transverse deflection without feedback control at w = 14613.7Hz is
lus(L/2, H/2)Co/Lq,| = 5.944 x 1073, As before, the frequency response curves for various
controller damping ratios, depicted in Fig. 7(c) and (d), show that a smaller controller damping
ratio increases the system damping. As expected, a larger gain parameter g, increases the system
damping, as shown in Figs. 7(e) and (f).

The frequency-response curves for velocity feedback control of the fundamental mode of
vibration at 1328.91 Hz are depicted in Fig. 8. This shows that vibration suppression can also be
achieved using a velocity feedback controller. The velocity feedback controller decreases the
frequency where the maximum transverse deflection occurs. As evident from Figs. 8(a) and 6(a),
the performance of the velocity feedback controller is less sensitive to the controller frequency w,
compared to the PPF controller.

6. Conclusions

We have derived an exact solution for the cylindrical bending vibration and active damping of
composite plates with embedded piezoelectric shear actuators. The edges of the composite plate
are simply supported. The governing equations of linear piezoelectricity, the boundary conditions
at the simply supported edges and the interface conditions between dissimilar layers are exactly
satisfied. Suitable displacement and electric potential functions that identically satisfy the
boundary conditions are used to reduce the equations that govern the steady-state vibrations of a
hybrid plate to a set of coupled ordinary differential equations, which are then solved by
employing the power series method. The exact solution thus obtained is valid for any length-to-
thickness ratio.

The first 12 natural frequencies, mode shapes and through-the-thickness plots of the
displacements and stresses are presented for sandwich plates consisting of axially poled
piezoelectric core sandwiched between two elastic surface layers. For a thin [0° Gr-Ep/PZT-5A/
0° Gr-Ep] laminate with L/H = 100, nine of the lowest 12 natural frequencies correspond to
flexural modes of vibration. However, only five of the lowest 12 natural frequencies correspond to
flexural modes for a thick laminate with L/H = 4. It is observed that a three-layer [45° Gr-Ep/
PZT-5A/—45° Gr-Ep] hybrid laminate exhibits strong coupling of the displacement components
u; and u3 to the out-of-plane displacement component ;.

Active damping is implemented using either a PPF or velocity feedback controller. PPF control
introduces a second-order compensator which is forced by the transverse displacement response
of the structure. The controller coordinate, magnified by a gain, is then fed back as a voltage input
to a piezoelectric shear actuator. It is found that the PPF controller is effective for active damping
of flexural and thickness modes of vibration. Frequency-response curves are presented for various
controller frequencies, controller damping ratios and feedback gain parameters. It is found that a
velocity feedback controller can also be used for vibration suppression.
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Fig. 8. Magnitude and phase frequency response curves of transverse deflection with respect to harmonic distributed
load for a [0° Gr-Ep/PZT-5A/0° Gr-Ep] hybrid laminate with velocity feedback control, L = 0.25m, L/H = 4: (a,b)
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