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Abstract

A method is presented to determine the vibration response of a solid, elastic, isotropic cylinder with
arbitrary length to radius ratio when subject to arbitrary distribution of axisymmetric excitation on its
surfaces. In this method, the axial and radial components of displacement are expressed as a sum of two
infinite series. Each term in both the series is an exact solution to the governing equations of motion and
has a coefficient that is used to satisfy boundary conditions. One series contains Bessel functions that form
a complete set in the radial direction and the other contains trigonometric functions that form a complete
set in the axial direction. The components of stress are also expressed in terms of complete sets of functions
by using the expression for displacement. The coefficients in the series are determined by using the
orthogonal properties of the functions to satisfy the boundary conditions in a mean-square-error sense.
Numerical results are presented to illustrate the broadband responses of cylinders to uniform and
concentrated loads on the flat and curved surfaces. They are in good agreement with results obtained using
ATILA—a commercial finite-element software.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Soldatos [1] presented a detailed review of three-dimensional dynamic analyses of infinite and
finite circular cylinders and cylindrical shells in 1994. The review includes several methods used to
study circular cylinders of finite length. Hutchinson used infinite series to determine the resonance
see front matter r 2004 Elsevier Ltd. All rights reserved.
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frequencies and eigenmodes of isotropic cylinders. He investigated solid cylinders encased in a
rigid container [2], axisymmetric vibrations of free solid cylinders [3], and three-dimensional
vibrations of free solid [4] and hollow cylinders [5]. Lusher and Hardy [6] used the same method to
analyze transversely isotropic cylinders. Rumermann and Raynor [7] found the axisymmetric
resonance frequencies and eigenmodes of solid isotropic cylinders with free lateral surface and free
ends and fixed lateral surface and free ends. They expressed the components of displacement as
weighted sums of the corresponding pure radial and axial modes of the infinite cylinder and used
the Ritz method. Gladwell et al. [8] used the finite element method. McMahon [9] used the finite
difference method to study the free vibrations of axisymmetric solid isotropic cylinders. Heyliger
[10] and Soldatos and Hadjigeorgiou [11] used power series and fictitious layers in conjunction
with the Ritz method and the governing differential equations, respectively, to analyze the free
vibration of anisotropic cylinders.

After 1994, there have been more investigations of the resonance frequencies and mode shapes
of finite cylinders. Leissa and So [12,13] presented tables of resonance frequencies of solid, elastic,
free–free and free–fixed cylinders with various length to radius ratios and Poisson’s ratios using
the Ritz method. Their results are in excellent agreement with Hutchinson’s results [14,15].
Buchanan and Chua [16] used the finite element method to study isotropic and anisotropic
cylinders with free–fixed and fixed–fixed flat surfaces. Kari [17,18] presented the resonance
frequencies and mode shapes of cylinders with stress-free curved surface and free, clamped, simply
supported, and slip conditions on the flat surfaces. Zhou et al. [19] used the Chebyshev–Ritz
method to determine the lower and higher order resonance frequencies of solid and hollow
cylinders that are completely free or fixed on one of the flat surfaces.

Earlier, Holland and Eer Nisse [20] used a Ritz approach to determine the resonance
frequencies and eigenmodes of free–free transversely isotropic solid cylinders. They used complete
sets of frequency-independent trial functions that did not satisfy the governing equations or the
boundary conditions. They obtained faster convergence by using over-complete sets.

Chau and Wei [21] analyzed solid isotropic cylinders subjected to arbitrary static loads using
infinite series. They determined the response of the cylinder to a patch load [22].

Several investigations over the last half-century, including the one presented here, of the
vibration of elastic cylinders are motivated by a desire to understand and model piezoelectric
transducers. However, the forced vibration of a finite cylinder is of interest in all fields.

In this paper, the method used by Hutchinson to study the free vibrations of cylinders is
extended to determine the vibration response of solid, elastic, isotropic, cylinders to arbitrary
distributions of certain functions on the boundaries. Each component of displacement in the
cylinder is expressed as the sum of two infinite series. Each term in both the series is an exact
solution to the governing equations of motion and has a coefficient that is used to satisfy
boundary conditions. One series contains Bessel functions that form a complete set in the radial
direction and the other contains trigonometric functions that form a complete set in the axial
direction. The stress components are also expressed in terms of complete sets of functions by using
the expressions for displacement. The coefficients in the series are determined by using the
orthogonal properties of the function to satisfy the boundary conditions in a mean-square-error
sense. Numerical results are presented to illustrate the broadband response of the cylinder to
uniform and concentrated loads on the flat and curved surfaces. They are in good agreement with
results obtained using ATILA [23]—a commercial finite-element software.
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2. Theoretical analysis

Consider a solid, elastic, isotropic cylinder of finite length L and radius a as shown in Fig. 1.
Non-uniform, axisymmetric, stresses or displacements are specified on the surfaces of the cylinder.
The response of the cylinder is of interest. The response to non-axisymmetric excitations can be
determined by using Fourier series expansions in the tangential direction.

The excitation and, therefore, the response of the cylinder are axisymmetric. The dynamic
equilibrium equations are expressed in cylindrical coordinates (r, y; z) as

qTzz

qz
þ

qTrz

qr
þ

1

r
Trz ¼ �ro2U (1a)

and

qTrr

qr
þ

qTrz

qz
þ

1

r
Trr � Tyyð Þ ¼ �ro2W , (1b)

where U and W are the axial and radial displacements, respectively, Trr, Tzz and Tyy are normal
components of stress, Trz is a shear component of stress, r is the density and o is the angular
frequency. The components of strain are

Srr; Syy; Szz; Srz

� �
¼

qW

qr
;

W

r
;

qU

qz
;

qU

qr
þ
qW

qz

� �
. (2)

The constitutive relations for an isotropic elastic cylinder are
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Fig. 1. A solid cylinder of length L and radius a. The axial and radial components of displacement are U and W,

respectively.
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where l and m are the Lamé’s constants. The exact axisymmetric governing equations are obtained
by substituting Eqs. (2) and (3) in Eq. (1) and expressed as

lþ 2mð Þ
q2

qz2
þ m

q2

qr2
þ

1

r

q
qr

� �
þ ro2 lþ mð Þ

q2

qr qz
þ

1

r

q
qz

� �

lþ mð Þ
q2

qr qz
lþ 2mð Þ

q2

qr2
þ

1

r

q
qr

�
1

r2

� �
þ m

q2

qz2
þ ro2

2
66664

3
77775

U

W

� �
¼

0

0

� �
.

(4)
It is easily verified that [3,24]

U W
� �T

¼ U1 W 1

� �T
þ U2 W 2

� �T
(5a)

is the sum of two exact solutions to Eq. (4) where

U1

W 1

( )
¼

A sin Kzð Þ

0

� �
þ

PMr

m¼1

P2
s¼1

AmsJ0 krmrð Þ sin kzmszð Þ

PMr

m¼1

P2
s¼1

AmscmsJ1 krmrð Þ cos kzmszð Þ

8>>>><
>>>>:

9>>>>=
>>>>;

, (5b)

U2

W 2

( )
¼

0

BJ1 Krð Þ

( )
þ

PMz

m¼1

P2
s¼1

BmsJ0 krmsrð Þ sin kzmzð Þ

PMz

m¼1

P2
s¼1

BmswmsJ1 krmsrð Þ cos kzmzð Þ

8>>>><
>>>>:

9>>>>=
>>>>;

, (5c)

K ¼ o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r
lþ 2mð Þ

r
, (5d)

and Jm is the mth order Bessel function of the first kind. Eqs. (5b) and (5c) are exact solutions for
arbitrary values of krm, m=1, 2, 3,y,Mr and kzm, m=1, 2, 3,y,Mz.

The frequency-dependent values of kzms are determined by substituting Eq. (5b) into Eq. (4) and
equating the determinant of the resulting equation to zero. The characteristic equation is
quadratic in k2

zms and is solved for m=1, 2,y,Mr to obtain

kzm1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ro2

m
� k2

rm

s
(6a)

and

kzm2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ro2

lþ 2mð Þ
� k2

rm

s
. (6b)

Similarly, the frequency-dependent values of krms are determined by substituting Eq. (5c) in Eq.
(4) and equating the determinant of the resulting equation to zero. The characteristic equation is
quadratic in k2

rms and is solved for m=1, 2,y,Mz obtain

krm1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ro2

m
� k2

zm

s
(7a)
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and

krm2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ro2

lþ 2mð Þ
� k2

zm

s
. (7b)

cms and wms are then obtained by substituting Eqs. (5b) and (5c), respectively, in Eq. (4) and
rearranging. They are expressed as

cms ¼
lþ mð Þkzmskrm

ro2 � lþ 2mð Þk2
rm � mk2

zms

� � (8a)

and

wms ¼
lþ mð Þkzmkrms

ro2 � lþ 2mð Þk2
rms � mk2

zm

� � , (8b)

respectively.
In this paper, krma are chosen to be the roots of J1(krma)=0 and are approximately equal to 0,

3.83, 7.02, 10.17,y for m=0, 1, 2, 3,y respectively. In the leading term in Eq. (5b) that
corresponds to m=0, krma and radial displacement are zero but axial displacement is non-zero
and a function of Kz: Similarly, kzmL=2 are chosen to be mp with m ¼ 0; 1, 2, 3y In the leading
term in Eq. (5c) that corresponds to m=0, the axial displacement is zero and the radial
displacement is a function of Kr:

The values of krma and kzmL=2 are chosen such that the displacements on the flat and curved
surfaces are expressed in terms of complete sets of functions. It is noted that for Mr=N, JmðkrmrÞ

form a point-wise complete set of functions when m ¼ 0 and a norm-wise complete set of functions
when m ¼ 1; i.e.,Za

0

JmðkrmrÞJmðkrnrÞr dr ¼
0 man;
a2

2 J2
0ðkrmaÞ m ¼ n;

(
m ¼ 0 or 1; m ¼ 0; 1; 2; . . . . (9)

(Sets of functions that are not all zero at the same point and form a norm-wise complete set of
functions are known as point-wise complete sets.) Similarly, for Mz=N, sin kzmzð Þ and cos kzmzð Þ

form norm-wise and point-wise complete sets of functions, respectively, i.e.,

ZþL=2

�L=2

sin kzmzð Þ sin kznzð Þdz ¼
0; man;

L=2; m ¼ n

(
(10a)

and

ZþL=2

�L=2

cos kzmzð Þ cos kznzð Þdz ¼
0; man;

L=2; m ¼ n:

(
(10b)

The axial displacement in Eq. (5) is antisymmetric about the centre of the cylinder. A symmetric
axial displacement can be obtained by using sin in place of cos and cos in place of sin. The Bessel
function of the second kind has not been included in Eqs. (5b) and (5c) to satisfy the finiteness
condition at the origin. If the cylinder is hollow, this function should also be included.
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Other quantities of interest are now easily determined by using Eqs. (2),(3),and (5). The normal
components of stress are expressed as

Trr ¼ A½Kl cosðKzÞ� þ B ðlþ 2mÞKJ0ðKrÞ �
2m
r

J1ðKrÞ

� �

þ
XMr

m¼1

X2

s¼1

Ams ½lkzms þ ðlþ 2mÞcmskrm�J0ðkrmrÞ �
2m
r
cmsJ1ðkrmrÞ

� �
cosðkzmszÞ

þ
XMz

m¼1

X2

s¼1

Bms ½lkzm þ ðlþ 2mÞwmskrms�J0ðkrmsrÞ �
2m
r
wmsJ1ðkrmsrÞ

� �
cosðkzmzÞ ð11Þ

and

Tzz ¼ A½ðlþ 2mÞK cosðKzÞ� þ B½lKJ0ðKrÞ�

þ
XMr

m¼1

X2

s¼1

AmsJ0ðkrmrÞ½ðlþ 2mÞkzms þ lcmskrm�cosðkzmszÞ

þ
XMz

m¼1

X2

s¼1

BmsJ0ðkrmsrÞ½ðlþ 2mÞkzm þ lwmskrms�cosðkzmzÞ: ð12Þ

The shear stress is expressed as the sum of two series:

Trz ¼ � m
XMr

m¼1

X2

s¼1

AmsJ1ðkrmrÞ½krm þ cmskzms�sinðkzmszÞ

� m
XMz

m¼1

X2

s¼1

BmsJ1ðkrmsrÞ½krms þ wmskzm�sinðkzmzÞ. ð13Þ

It is noted that each term in the first series is zero at r=a and each term in the second series is zero
at z ¼ �L=2:

All the components of displacement and stress are expressed in terms of over-complete sets of
functions in both the axial and radial directions. (An over-complete set of functions is the sum a
point-wise or norm-wise complete set of functions and other functions.) In the radial direction,
J0ðkrmrÞ; m ¼ 0; 1; 2; . . . ;1 form a point-wise complete set of functions: U, Trr and Tzz are
expressed as a weighted sum of these functions and other terms. Further, J1ðkrmrÞ; m ¼ 1; 2; . . . ;1
are all zero at r=0 and a, and form a norm-wise complete set of functions: W and Trz are
expressed as a weighted sum of these functions and other terms. Similarly, in the axial direction,
cos kzmzð Þ; m ¼ 0; 1; 2; . . . ;1 and sin kzmzð Þ; m ¼ 1; 2; . . . ;1 form point-wise and norm-wise
complete sets of functions: the components of displacement and stress are expressed as the sum of
either one of these sets of functions and other terms. In brief, the components of displacement and
stress are expressed in terms of complete sets of functions. It, therefore, follows that arbitrary
distributions of displacement and stress can be expressed in terms of these functions and the
response of the cylinder can be determined for arbitrary excitations.
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3. Special cases

Several special cases are presented to illustrate the procedure for finding the response of the
cylinder to non-uniform, axisymmetric excitations. The stress on the surface of the cylinder is
specified in all the cases. However, a similar procedure can be used when the displacements are
specified.

Let the normal and shear stress on the flat surfaces be denoted by T̄zz and T̄ rz; respectively, and
the normal and shear stress on the curved surface be denoted by T

_

rr and T
_

rz; respectively, i.e.,

Tzz ¼ T̄zz and Trz ¼ T̄rz on 0prpa; z ¼ �L=2, (14a,14b)

and

Trr ¼ T
_

rr and Trz ¼ T
_

rz on r ¼ a; jzjpL=2. (14c,14d)

The boundary condition on Tzz in Eq. (14a) is satisfied by using the orthogonal property of
J0 krnað Þ: Substituting Eq. (14a) in Eq. (12), multiplying both sides by rJ0 krnrð Þ and integrating over
r, yields

A ðlþ 2mÞ
Ka2

2
cos

KL

2

� �� �
þ B½laJ1ðKaÞ�

þ
XMz

m¼1

X2

s¼1

Bmsð�1Þm½ðlþ 2mÞkzm þ lwmskrms�
a

krms

J1ðkrmsaÞ ¼

Z a

0

T̄zzr dr; n ¼ 0 ð15aÞ

and

B lKR Kð Þ½ � þ
X2

s¼1

Ans cos
kznsL

2

� �
lþ 2mð Þkzns þ lcnskrn

� �
R krnð Þ

þ
XMz

m¼1

X2

s¼1

Bms �1ð Þ
m lþ 2mð Þkzm þ lwmskrms

� �
RðkrmsÞ ¼

Z a

0

T̄zzJ0 krnrð Þr dr; n ¼ 1; 2; . . . ð15bÞ

by using [25] Z a

0

J0ðXrÞJ0ðkrnrÞr dr ¼ RðX Þ, (16a)

where

RðX Þ ¼

0; X ¼ krm; man;
a2

2
J2

0ðkrnaÞ X ¼ krn; m ¼ n;
Xa

X 2�k2
rn

J0 krnað ÞJ1 Xað Þ Xakrn; n ¼ 1; 2; 3; . . . :

8>><
>>: (16b)

The boundary condition on Trz in Eq. (14b) is satisfied by substituting it in Eq. (13), and using
the orthogonal property of J1ðkrnrÞ in Eq. (9). Multiplying both sides of Eq. (13) by rJ1ðkrnrÞ and
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integrating over r yields

�m
a2

2
J2

0 krnað Þ
X2

s¼1

Ans½krn þ cnskzns� sin kznsL=2
� �

¼

Z a

0

T̄ rzJ1 krnrð Þr dr; n ¼ 1:2: . . . . (17)

The boundary condition on Trr in Eq. (14c) is satisfied by substituting it into Eq. (11) and using
the orthogonal property of cos kzmzð Þ in Eq. (10). Multiplying both sides of Eq. (11) by cos kznzð Þ

and integrating over z yields

A 2l sin
KL

2

� �� �
þ B ðlþ 2mÞKJ0ðKaÞ �

2m
a

J1ðKaÞ

� �
L

þ
XMr

m¼1

X2

s¼1

Ams2 lþ
ðlþ 2mÞ

kzms

cmskrm

� �
J0ðkrmaÞ sin

kzmsL

2

� �
¼

ZL=2

�L=2

T
_

rr dz; n ¼ 0; ð18aÞ

and

A½KlSðKÞ� þ
XMr

m¼1

X2

s¼1

Ams½lkzms þ ðlþ 2mÞcmskrm�J0ðkrmaÞSðkzmsÞ

þ
X2

s¼1

Bns ½lkzn þ ðlþ 2mÞwnskrns�J0ðkrnsaÞ �
2m
a
wnsJ1ðkrnsaÞ

� �
SðkznÞ

¼

ZL=2

�L=2

T
_

rr cosðkznzÞdz; n ¼ 1; 2; . . . . ð18bÞ

by using ZþL=2

�L=2

cos Xzð Þ cos kznzð Þdz ¼ SðX Þ, (19a)

where

SðX Þ ¼

0; X ¼ kzm man

L=2; X ¼ kzn m ¼ n

2 �1ð Þ
nþ1XL2

4n2p2�X 2L2ð Þ
sin XL

2

� �
; Xakzn n ¼ 1; 2; 3; . . . :

8>><
>>: (19b)

The boundary condition on Trz in Eq. (14d) is satisfied by substituting it into Eq. (13) and using
the orthogonal property of sin kzmzð Þ in Eq. (10). Multiplying both sides of Eq. (13) by sin kznzð Þ

and integrating over z yields

�m
L

2

X2

s¼1

Bns krns þ wnskzn

� �
J1 krnsað Þ ¼

ZL=2

�L=2

T
_

rz sinðkznzÞdz; n ¼ 1; 2; . . . . (20)

Eqs. (15)–(20) are combined, truncated, and expressed in matrix form as
F½ � Xf g ¼ Gf g, (21a)
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where

Xf gT ¼ A;B;A11;A12;A21;A22; . . . ;AMr1;AMr2;B11;B12;B21;B22; . . . ;BMz1;BMz2

� �
, (21b)

[F] is a square matrix of size 2ðMr þ Mz þ 1Þ; 2ðMr þ Mz þ 1Þ½ �; and Mr and Mz are now finite.
The elements of the column matrix G are zero when there is no stress on the boundaries.
Hutchinson [3], in essence, condensed [F] to a matrix of smaller size by rearranging the equations
before computing the resonance frequencies.
3.1. Case 1A

The stress on the surfaces, except T̄zz inside a circle of radius a/N, is zero everywhere, i.e.,

T̄zz ¼
�1 on 0prpa=N; z ¼ �L=2

0 on a=Norpa; z ¼ �L=2

(
, (22a)

T̄ rz ¼ 0; T
_

rz ¼ 0, (22b,22c)

and

T
_

rr ¼ 0. (22d)

It therefore follows that the non-zero elements of Gf g are

G1 ¼

Z a

0

T̄zzr dr ¼ �
a2

2N2
, (23a)

Gnþ1 ¼

Za

0

T̄zzJ0 krnrð Þr dr ¼ �
a

Nkrn

J1
krna

N

� �� �
; n ¼ 1; 2; . . . ;Mr. (23b)

3.2. Case 1B

The stress on the surfaces, except T̄zz outside a circle of radius a/N, is zero everywhere, i.e., the
boundary conditions are

T̄zz ¼
0 on 0proa=N; z ¼ �L=2

�1 on a=Nprpa; z ¼ �L=2

(
(24)

and Eqs. (22b),(22c) and (22d).
It therefore follows that the non-zero elements of G are

G1 ¼

Z a

0

T̄zzr dr ¼ �
a2 N2 � 1
� �

2N2
, (25a)

Gnþ1 ¼

Z a

0

T̄zzJ0 krnrð Þr dr ¼
a

Nkrn

J1
krna

N

� �
; n ¼ 1; 2; . . . ;Mr. (25b)
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3.3. Case 2A

The stresses on the surfaces, except T
_

rr inside a band, are zero everywhere, i.e., the boundary
conditions are

T̄zz ¼ 0 on 0prpa; z ¼ �L=2, (26a)

Eqs. (22b) and (22c), and

T
_

rr ¼
�1 on r ¼ a; jzjpL=N;

0 on r ¼ a; L=NojzjpL=2:

(
(26b)

The only non-zero elements of G are

G2Mrþ2 ¼

ZL=N

�L=N

T
_

rr dz ¼ �
2L

N
, (27a)

G2Mrþnþ2 ¼

ZL=N

�L=N

T
_

rr cosðkznzÞdz ¼ �
L

np
sin

2np
N

� �
; n ¼ 1; 2; . . . ;Mz. (27b)

3.4. Case 2B

The stress on the surfaces, except T
_

rr inside two bands, is zero everywhere, i.e., the boundary
conditions are Eqs. (26a),(22b) and (22c) and

T
_

rr ¼
0 on r ¼ a; jzjoL=N;

�1 on r ¼ a; L=NpjzjpL=2:

(
(28)

The only non-zero elements of G are

G2Mrþ2 ¼

ZL=N

�L=N

T
_

rr dz ¼ �
L N � 2ð Þ

N
, (29a)

G2Mrþnþ2 ¼

ZL=N

�L=N

T
_

rr cosðkznzÞdz ¼
L

np
sin

2np
N

� �
; n ¼ 1; 2; . . . ;Mz. (29b)

4. Numerical results and discussion

Numerical results are presented for a solid elastic cylinder to illustrate free and forced
responses. The Young modulus, Y ; the Poisson ratio, s; and density, of the cylinder are 200 GPa,
0.3, and 7800 kg=m3 respectively, i.e., the Lame’s constants are l 
 115.38 GPa and m 


76.923 GPa, respectively. The diameter and length of the cylinder are 10 mm each. Solid lines and
dots are used to show forced responses obtained using the present approach and ATILA,
respectively. In the present approach Mr ¼ Mz ¼ 20 is used to obtain the forced responses shown
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Table 1

Resonance frequencies of a cylinder (Young’s modulus=200 GPa, the Poisson ratio 0.3, density 7800 kg/m3) of length

and diameter 10 mm each computed using various methods

Mode no. Resonance frequency (kHz)

Leissa and So [13] ATILA [23] Present method

Mr=Mz=5 Mr=Mz=10 Mr=Mz=20 Mr=Mz=200

1 232.5 232.5 232.7 232.6 232.5 232.5

2 306.6 306.6 307.2 306.8 306.6 306.6

3 398.7 398.8 398.8 398.8 398.7 398.8

4 489.4 489.4 489.7 489.5 489.6 489.5

5 559.1 559.0 561.6 559.8 559.2 559.0

6 686.7 687.4 686.9 686.8 686.7

7 708.0 708.2 708.2 708.0 708.0

8 830.5 834.8 831.8 830.8 830.8

9 862.3 863.2 862.5 862.3 862.3

10 903.5 903.7 903.5 903.5 903.5

11 942.5 941.4 943.0 942.6 942.5

12 990.2 990.6 990.3 990.1 990.2
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in the figures. In ATILA, 8 noded, axisymmetric, rectangular, quadratic elements are used to
model half the cylinder. All forced responses are computed only at frequencies that are integer
multiples of 10 kHz.

The resonance frequencies of the completely free cylinder that are less than 1 MHz, obtained by
using finite values of Mr and Mz, are shown in Table 1. For values of Mr=Mz less than or equal to
12 the resonance frequencies are obtained by finding the minima in the determinant of [F] For
higher values of Mr and Mz [F] is ill-conditioned and the resonance frequencies are obtained by
finding the frequencies at which the smallest eigenvalue of [F] reaches a local minimum, i.e.,
through singular value decomposition. Resonance frequencies obtained using Leissa and So [13]
and ATILA [23] are also shown in Table 1. In ATILA, 1600 square elements are used. It is seen
that there is good agreement between the three methods.

The difference in the resonance frequencies obtained using the present method and ATILA is
less than 0.1%, except for the resonances approximately at 307, 560, and 830 kHz even when Mr

and Mz are only 5. It is of interest to note that the relative accuracy is greater for some high
resonance frequencies than some low resonance frequencies. This is because of the mode shapes
associated with the resonances at 307, 560, and 830 kHz. At 307 and 830 kHz, the maximum
values of U and W in the cylinder occur at r ¼ a; z ¼ L=2: At 560 kHz, the maximum values of U

on the curved surface and W in the cylinder occur at r ¼ a; z ¼ L=2: Modes with these
characteristics are called surface modes, for example, by McMahon [26] who presented
experimental values of the normalised frequency parameter oa=c; where c ¼ ðY=rÞ1=2: The
frequency parameters for the resonances at 232.5 and 306.6 kHz are 1.4 and 1.9, respectively, and
approximately the same as McMahon’s results for s ¼ 0:293: It is seen from the expression for U2

in Eq. (5c) that each term in the norm-wise set of functions that is complete in the axial direction is
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Fig. 2. Axial displacement, U, at r ¼ 0; z ¼ L=2 for Case 1A. Solid line: present method, dots: ATILA. (a) N ¼ 1; (b)

N ¼ 2; and (c) N ¼ 20:
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zero at z ¼ L=2: Further, it is seen from the expression for W1 in Eq. (5b) that each term in the
norm-wise set of functions that is complete in the radial direction is zero at r ¼ a: Therefore, more
terms in the series are required when the maxima in U and W occur at r ¼ a; z ¼ L=2:

The axial displacement, U, at r=0, z=L/2 is shown in Figs. 2(a)–(c) for Case 1A, N=1, 2, and
20, respectively. The agreement is good. The ATILA results in Figs. 2(a) and (b) are obtained by
using 1600 square, equisized elements and those in Fig. 2(c) are obtained using a total of 2500
elements (400 square, equisized elements in the region rp0:1a; zX0:95L; 900 square,
equisized elements in the region rX0:1a; zp0:95L and 1200 rectangular, equisized elements
elsewhere). For uniform stress, i.e., N=1, at low frequencies, U on the flat surfaces is
approximately equal to the static displacement T̄zzL=ð2Y Þ ¼ 2:5 � 10�14 m: The static result is
obtained by using Trr ¼ Tyy ¼ Trz ¼ 0 and Tzz ¼ T̄zz everywhere in the cylinder. All the
resonances shown in Table 1 are seen in Fig. 2 also. In Fig. 2(b), at 830 kHz, the difference
between the present method and ATILA is greater than at other frequencies. This occurs because
there is a resonance at 830.5 kHz in ATILA and 830.8 kHz in the present method and the forced
response is being compared at a frequency that is very close to the resonance frequency. This
occurs in other figures also but is not obvious because some of the values are outside the
displacement range shown in the figures.
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Table 2

Axial displacement, U, at r=0, z=L/2 for Case 1A

Excitation N Frequency (kHz) Axial displacement, U (10�15 m)

ATILA [23] Present method

Mr=Mz=5 Mr=Mz=10 Mr=Mz=20 Mr=Mz=200

1 100 �30.0 �30.1 �30.0 �30.0 �30.0

200 �91.0 �91.3 �90.7 �90.9 �91.0

300 154.4 148.2 149.6 152.9 154.3

400 �184.3 �193.0 �185.3 �184.4 �184.3

500 77.0 82.7 77.8 77.2 77.0

600 21.6 21.8 21.9 21.7 21.6

700 18.1 17.7 18.5 18.2 18.1

800 �14.4 �15.4 �15.1 �14.6 �14.4

900 220.4 210.8 216.9 219.5 220.5

1000 41.2 41.9 41.4 41.2 41.2

2 200 �41.7 �40.8 �41.6 �41.5 �41.7

500 76.0 83.0 76.7 76.2 76.0

1000 20.7 21.4 20.5 20.7 20.7

20 200 �2.52 �1.07 �1.83 �2.66 �2.52

500 �1.13 0.45 �0.40 �1.26 �1.12

1000 �1.37 0.36 �0.63 �1.51 �1.37
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Fig. 3. Axial displacement, U, at r ¼ 0; z ¼ L=2 for Case 1B, N ¼ 2: Solid line: present method, dots: ATILA.
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The effect of the number of terms, Mr and Mz; in the series on the computed axial
displacement, U, at r ¼ 0; z ¼ L=2; is shown in Table 2 for Case 1A, N=1, 2, and 20 at 200, 500
and 1000 kHz. For N=1 and 2, it is seen that Mr ¼ Mz ¼ 10 is sufficient get accuracies of interest
in most practical cases. When N increases, the load is more concentrated and the number of terms
required to obtain a similar relative accuracy also increases. Results are shown even for Mr ¼

Mz ¼ 200 to indicate that the response can be determined to much more concentrated loads. It is
seen from Eqs. (21) and (23) as well as from Table 2 that the values of Mr and Mz required to get
reasonable accuracy depends primarily on the spatial distribution of the excitation and not on the
frequency of excitation.

The axial displacement, U, at r=0, z=L/2 is shown in Fig. 3 for Case 1B, N=2. The agreement
with the results obtained using ATILA is once again good. As expected, the sum of the responses
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Fig. 4. Axial displacement, U, at r ¼ 0; z ¼ L=2 for Case 2A. Solid line: present method, dots: ATILA. (a) N ¼ 1; (b)

N ¼ 2; and (c) N ¼ 20:
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to the excitations in Case 1A and 1B, N=2 is equal to the response to the excitation in Case 1A,
N=1, i.e., the sum of the responses to excitations inside and outside a circle of radius a/2 is equal
to the response to the excitation over a circle of radius a. It is seen by comparing Figs. 3 and 2(b)
that the response at a particular frequency is strongly dependent on the spatial distribution of the
excitation. For example, at 560 kHz, the responses in Fig. 2 are much greater than that in Fig. 3
indicating that the mode with a resonance frequency of 559 kHz is strongly excited by stresses
acting at the centres of the flat surfaces.

The axial displacement, U, at r=0, z=L/2 is shown in Figs. 4(a)–(c) for Case 2A, N=1, 2, and
20, respectively Table 3 . The agreement with the results obtained using ATILA is good. For
N=20, a total of 2500 elements and a fine mesh in the neighbourhood of r=a, z=0 are used. For
N=1, at low frequencies, U is approximately equal to T

_

rrlL=½2mð3lþ 2mÞ� ¼ T
_

rrLs=Y ¼

1:5 � 10�14m: The static result is obtained by using Trr ¼ Tyy ¼ T
_

rr and Tzz ¼ Trz ¼ 0
everywhere in the cylinder.

The axial displacement, U, at r=0, z=L/2 is shown in Fig. 5 for Case 2B, N=2. The agreement
with the results obtained using ATILA is good. Again, the sum of the responses to the excitations
in Case 2A and 2B, N=2 is equal to the response to the excitation in Case 2A, N=1. Again, all
the resonances in Table 1 are seen in Figs. 4 and 5 though the magnitudes of the responses are
dependent on the spatial distribution of stress.
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Table 3

Axial displacement, U, at r=0, z=L/2 for Case 2A

Excitation N Frequency (kHz) Axial displacement, U (10�15 m)

ATILA [23] Present method

Mr=Mz=5 Mr=Mz=10 Mr=Mz=20 Mr=Mz=200

1 100 19.4 19.4 19.3 19.4 19.4

200 72.4 72.7 72.1 72.3 72.4

300 �137.3 �132.0 �133.1 �136.0 �137.2

400 �1147.5 �1201.7 �1154.1 �1148.7 �1147.5

500 151.0 160.3 152.1 151.2 151.0

600 10.2 10.3 10.3 10.2 10.2

700 �48.7 �49.7 �49.7 �49.0 �48.7

800 �0.52 �0.05 �0.17 �0.42 �0.52

900 �310.4 �301.7 �308.0 �309.8 �310.5

1000 �12.6 �18.4 �13.2 �12.6 �12.5

2 200 55.4 55.8 55.1 55.3 55.4

500 180 192 182 181 180

1000 �49.1 �52.3 �49.6 �49.1 �49.1

20 200 12.3 12.4 12.2 12.2 12.3

500 68.9 72.0 69.3 69.0 68.9

1000 �1.78 �3.34 �1.90 �1.79 �1.78

-0.2

0.2

0 100 200 300 400 500 600 700 800 900 1000

Frequency (kHz)

A
xi

al
 d

is
pl

ac
em

en
t 

(p
m

)

Fig. 5. Axial displacement, U, at r ¼ 0; z ¼ L=2 for Case 2B, N ¼ 2: Solid line: present method, dots: ATILA.
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5. Conclusions

A method is presented to determine the response of solid cylinders to axisymmetric distributed
excitations. The method is based on the use of two infinite series solutions to the governing
equations. Each term in the two series is an exact solution to the governing equations. The two
series consist of terms that are orthogonal and form complete sets of functions in the axial and
radial directions, respectively.
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Numerical solutions are presented to illustrate free and forced vibration responses. It is seen
that only a few terms of the infinite series are needed to compute a large number of resonance
frequencies as well as determine the response to high-frequency loads on the flat and curved
surfaces. The number of terms required depends primarily on the spatial distribution and not on
the frequency of the excitation. For example, the response of a cylinder of length and diameter
10 mm each to uniform axial stress, acting inside a circle of radius 5 mm, on the flat surfaces is
determined with an error of less than 1% even at 1 MHz using only 10 terms in each series.
However, results obtained using 200 terms in each series are also presented to show that the
response to very highly concentrated loads can be determined.

The method can be extended to determine the responses of solid and hollow cylinders to
excitations that are not axisymmetric and neither symmetric nor antisymmetric about the centre
of the cylinder. It can also be extended to analyse the response of piezoelectric cylinders to
arbitrary excitations [27].
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