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Abstract

The use of a buckled or pre-bent column with fixed ends as a vibration isolator is analyzed. The column is
designed to have a high axial stiffness under the weight that it supports, so that the static displacement of
the weight is not excessive, and then to have a low stiffness during excitation. The base of the column is
assumed to have an axial motion which is simple harmonic or a linear combination of two simple harmonic
functions. The column is modeled as an elastica. First the equilibrium shape under the supported weight is
determined. Then small steady-state vibrations about the equilibrium configuration are obtained
numerically using a shooting method. The inertia of the supported weight and the transverse and axial
inertias of the column are included. The axial displacement transmissibility is computed, and the effects of
external and internal damping, column stiffness, supported weight, and initial curvature are investigated.
For the two-frequency excitation, the effects of the relative amplitudes and frequencies of the excitation
components are considered.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Isolators are placed between a “base” and a ‘“‘system”, either to reduce the transmission of
motions from the system to the base, or to reduce the effect of base motions on the system [1].
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Effective filtering often requires that the dominant excitation frequency be higher than the
fundamental frequency of the system. Therefore, it is desirable that this latter frequency be low.
Sometimes it is also required that the static deflection of the weight supported by the isolator be
small (e.g., if there is a displacement constraint). Slightly buckled or pre-bent columns may be
useful in satisfying these two characteristics.

Winterflood et al. [2-4] discussed such a potential application of buckled columns with fixed
ends. They performed a static analysis, conducted static and vibration tests, and obtained
transfer functions. Virgin and Davis [5] carried out experiments involving a weight supported
by two buckled pinned—pinned columns in parallel. Vertical harmonic base excitation was
applied, and the vertical response of the weight was measured. A similar type of isolator con-
sisting of a buckled mechanism (two rigid bars with a rotational spring at the connecting
hinge) was analyzed by Plaut et al. [6]. Both parametric and external (forcing) excitations
appeared in the equation of motion, and chaotic responses were exhibited for certain large
base motions.

The related problem of free vibrations of buckled columns has been studied in a number of
papers. Virgin [7] performed a one-mode analysis for a pinned—pinned column, Nayfeh et al. [§]
treated fixed—fixed, fixed—pinned, and pinned—pinned columns (with the assumption that the
equilibrium shape along the post-buckling path is the same as at the origin of that path), and
Lestari and Hanagud [9] considered columns with rotational springs at the ends. In the field of
nanomechanics, Nicu and Bertaud [10] and Nicu et al. [11] conducted experiments on buckled
fixed—fixed “‘microbridges”.

The response of buckled columns to harmonic axial loading was investigated by Abou-Rayan
et al. [12] and Ji and Hansen [13]. Since the column is not straight, parametric and external
excitations are involved in the analysis. In Ref. [12], the same approximation as in Ref. [8] was
made and large responses were computed for a pinned—pinned column. In Ref. [13], experiments
were carried out on fixed—fixed columns.

Here the dynamic response is analyzed for a buckled or pre-bent fixed—fixed column that
supports a weight and is subjected to axial motion at its base. It is assumed that horizontal
motion of the supported weight is suppressed, without affecting the vertical motion. Section 2
contains the formulation for the case of simple harmonic base motion, and results are presented in
Section 3. Excitation consisting of a linear combination of two harmonic motions is considered in
Section 4, and concluding remarks are given in Section 5.

2. Formulation for simple harmonic excitation

The column is assumed to be an elastica, which is thin, flexible, inextensible, and unshearable
[14]. It is uniform with constant bending stiffness £/, constant mass per unit length y, and length
L. The supported weight at the top of the column is Py, and the weight of the column is neglected.
From the base, the arc length is S, the axial and transverse coordinates are X (S, T) and Y (S, T),
respectively, and the rotation angle in radians is 0(S, T'), where T denotes time. The column is
unstrained when the rotation angle is 6y(S), with 6y3(0) = 6¢(L) = 0. The coefficients of external
and internal (Kelvin—Voigt) damping are C and I', respectively. The bending moment M(S, T) is
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The axial and transverse forces in the column are denoted P(S,T) and Q(S, T), respectively,
U(T) is the axial displacement of the base with U, being its amplitude, and @ is an applied
frequency. The analysis is carried out in terms of the nondimensional quantities

given by [15]
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where r will be called the stiffness parameter.

In nondimensional terms, the column is drawn in a horizontal configuration in Fig. 1, with its
base at the left. A free body diagram of an element of the column is depicted in Fig. 2. Based on
geometry, Eq. (1), and dynamic equilibrium in Fig. 2, the governing nondimensional equations
are as follows:
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Fig. 1. Geometry of buckled or pre-bent column subjected to base motion and to static and inertia forces of supported
weight, in nondimensional terms.
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Fig. 2. Free body diagram of column element, including inertia and external damping forces.
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The boundary conditions at s = 0 are
x(0,7) = u(?), »(0,1)=0, 0(0,7)=0. “4)

At s = 1, the boundary conditions are

0°x(1, 1)
y(l,[):o, 0(1,1):0, p(lﬂt)=p0+rpOT (5)
For simple harmonic axial base excitation, it is assumed that
u(t) = uge'”, (6)

where 14> 0.
First the equilibrium configuration is analyzed. The subscript ““e” is used for the corresponding
quantities. The internal forces are p, = p, and g, =0, and the governing equations for the

remaining quantities are
dx, dy, do, doy dm,

gy =08 O o =sinbe, Sgm=metgn, g

The boundary conditions are x,(0) = 0,y,(0) =0,0,(0) = 0,y,(1) =0 and 0.(1) = 0. Egs. (7) are
solved numerically using a shooting method with the subroutines NDSolve and FindRoot in
Mathematica [16]. For given supported weight p, and initial displacement 0y(s), the value of m,(0)
is varied until one of the boundary conditions at s = 1 is satisfied with sufficient accuracy [17].

Next, small steady-state vibrations about the equilibrium configuration are considered. The
variables are written in the following complex form:

X(8, 1) = xe(8) + Xa($)e™, Y5, 1) = yo(s) + ya(s)e”,
0(s, 1) = 0c(5) + 0a(s)e"”",  m(s, 1) = me(s) + ma(s)e"”,
p(S, [) =Do +pd(s)eiwt’ Q(S, Z‘) = qd(s)eiwt’ (8)

where the subscript “d”’ designates “dynamic”. The dynamic quantities are assumed to be small,
and the resulting linear equations for these quantities are as follows:

= —py sin 0O,. (7)

dxd . . dyd . d@d . mgy

Gy = lasinOe SgE=0qcos O, SgE=7mm O

dmd . dp .

K = ((]d —Poed) cos 0, — Py S1in 0., d—sd = (602 —iwc)xy,

dg .

4, = (@ —iway, ©)

The boundary conditions are x;4(0) = ug,y,(0) =0,04(0) =0,y,(1) =0,04(1) =0, and p,(1) =
—rpo?xa(1).

The solution procedure for Egs. (9) is similar to that for equilibrium. The weight p,, initial
rotation angle 0y(s), external damping coefficient ¢, internal damping coefficient 7, stiffness
parameter r, excitation amplitude u, and excitation frequency w are specified, and #1.(0) is known
from the equilibrium solution. The quantities m,4(0), p4(0), and ¢,(0) are varied until the boundary
conditions at s = 1 are satisfied [17].
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The transmissibility TR is defined as the ratio of the amplitude of the axial motion of the
supported weight to the amplitude of the applied axial motion at the base of the column. Hence,

TR = VIReLa(DI + (Im[xg(D]Y

Uo

(10)

and TR is independent of u, (since x; is proportional to uy). The objective is for TR to be much
less than unity for a large range of excitation frequencies, or at least for the expected range to
which the system will be subjected.

In some of the numerical examples, the column will be “‘perfect™, i.e., unstrained when straight
(Oo(s) = 0), and the supported weight will be slightly above the critical load pcg = 47> = 39.48. In
the remaining examples, the column will have an initial displacement (before supporting the
weight p,) in the shape of the first buckling mode, i.e.,

0o(s) = ag sin 27s, (11)

in which case the corresponding central displacement is y = 0.32a.

3. Results for simple harmonic excitation

First the column is assumed to be perfect, i.e., @y = 0. In most of the figures, the transmissibility
TR will be plotted as a function of the excitation frequency w. For sufficiently small damping and
sufficiently high values of the stiffness parameter r, the curves have an infinite number of peaks,
usually diminishing in magnitude as the frequency increases. Only the first peak will be included in
the frequency range used in many of the figures, and the corresponding frequency will be called
the peak frequency.

In Fig. 3, the abscissa is w./r rather than o to show the effect of the column bending stiffness E7
on the transmissibility. Since the definition of the nondimensional frequency w depends on EI, the
abscissa in Fig. 3 is chosen to be proportional to the dimensional applied frequency. For p, = 40,
¢ =1, and y = 0, transmissibility curves are shown for stiffness parameter values » = 0.1, 1, and

12

Transmissibility

Scaled Frequency, wr'?

Fig. 3. Variation of transmissibility with w./r (proportional to dimensional frequency); p, = 40,c =1, y = 0,49 = 0.
v, r =015 ----,r=1;, ——, r=10.
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10. It is seen that the peak dimensional frequency increases as the column bending stiffness
increases. Also, the maximum value of the transmissibility increases, as shown explicitly in Fig. 4
for this weight p, = 40 and also for p, = 41 (again with ¢ =1 and y = 0).

Fig. 5 illustrates the effect of internal damping for the case p, = 40,r = 0.1, and ¢ = 0. The
external damping coefficient ¢ has a similar influence on the transmissibility curves [17]. The effect
of the supported weight is shown in Fig. 6, where r = 1,¢ = 1, and y = 0. The central transverse
displacement of the column in equilibrium under the weight is y = 0.10 for p, =40 and y = 0.17
for p, = 41. An increase in the weight from p, = 40 to 41 causes a significant increase in the
maximum transmissibility (also see Fig. 4) and a small increase in the peak frequency.

Next, the column is assumed to be pre-bent with its initial rotation angle given by Eq. (11).
Cases of supported weight less than the critical load are included in the numerical results. First the
equilibrium configuration is determined, and Table 1 lists the central deflection y,(0.5) and the end
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Fig. 4. Maximum transmissibility vs. stiffness parameter; c =1,y = 0,49 = 0. ----, py = 40; ——, p, = 41.
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Fig. 5. Transmissibility curves; p, =40,r=0.1,c =0,40 =0. —, y=0; ----, y =0.001; ----, y=0.01; ——,
y=0.1.
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Fig. 6. Transmissibility curves; r =1,c =1,y =0,ayp =0. ----, py = 40; ——, p, = 41.

Table 1
Central displacement and end shortening for various supported weights, in nondimensional terms
ap = 0.05 ap = 0.05 ap = 0.10
Po Y.(0.5) 0 Po .(0.5) 0 Po .(0.5) 0
10 0.0043 0.000045 10 0.021 0.00050 10 0.043 0.0020
20 0.0064 0.00010 20 0.032 0.0019 20 0.064 0.0076
30 0.013 0.00043 30 0.065 0.0098 30 0.12 0.036
40 0.16 0.064 40 0.23 0.15 40 0.28 0.22

shortening ¢ for weights p, = 10, 20, 30, and 40, with @y = 0.01, 0.05, and 0.10. Transmissibility
curves are plotted in Fig. 7 for p, = 40 and in Fig. 8 for p, = 10 (withr =1,c=1,and y = 0). In
Fig. 7, as ay increases, the peak frequency and maximum transmissibility increase. For the case
po = 10 in Fig. 8, however, the peak frequency decreases as ay increases (see Fig. 9). No curve is
shown for the perfect column, since it does not exhibit transverse motion when p, <pcg.

To be effective as an isolator, the transmissibility TR should be less than unity. In Fig. 7, the
range in which this occurs (which lies to the right of the peak and after TR decreases below unity)
becomes smaller as ay increases. Therefore, if the supported weight will be greater than the critical
load, the unstrained column should be as straight as possible.

To illustrate the behavior when the applied frequency is higher than plotted in the previous figures,
transmissibility curves for a larger frequency range, 0 <w < 300, are depicted in Figs. 10 and 11. The
parameters are ap = 0.05, r = 1, ¢ = 0.1, and y = 0. In Fig. 10, the transmissibility is plotted up to
TR = 20 and curves for p, = 10, 20, 30, and 40 are presented, whereas the range is 0<TR <2 in
Fig. 11 and only curves for p, = 20 and 40 are shown. For p, = 40, the five peaks occur at w = 0.88,
45, 77, 142, and 227. The corresponding vibration modes about the equilibrium configuration have
zero, one, two, three, and four nodes, respectively, and are alternately symmetric and anti-symmetric
about the center s = 0.5 [17]. If py <pcg, the local transmissibility peaks corresponding to the anti-
symmetric modes are very small, as seen at o = 54 and 190 in Fig. 11.
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Fig. 7. Transmissibility curves; py=40,r=1,c=1,y=0. ----, a9 =0; ----, ap =0.01; ——, a9 =0.05; —,
ayg = 0.1.
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Fig. 8. Transmissibility curves; p, = 10,r =1,c¢=1,7=0. --- -, a9 = 0.01; ----, ap = 0.05; ——, a9 = 0.1.

With regard to the effectiveness of the column as an isolator, Fig. 11 indicates that the
transmissibility is almost zero for large ranges of applied frequency if the weight is slightly above

the critical load for this imperfect case. For weights lower than the critical load, the frequency
ranges in which the transmissibility is very low are not as large.

4. Two-frequency excitation

In this section, the axial excitation is assumed to have the form

u(t) = upe'’ + raupe’ ™, (12)
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Fig. 9. Weight vs. peak frequency; r=1,c =1,y =0. ——, ap = 0.01; ----, ap = 0.05; ——, ap = 0.1.
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Fig. 10. Transmissibility curves with 0<w<300;r = 1,¢ =0.1,7 = 0,49 = 0.05. ——, py = 10; ----, py = 20; ——,
po = 30; ——, py = 40.

where uy>0, r,>0, and ry>1, with r, and r; representing the ratios of the amplitude and
frequency, respectively, of the added component to those of the original one. The analysis is
similar to that for the single-frequency excitation, but the steady-state vibrations have two
dynamic components. For example,

x(8, 1) = xo(8) + x1(5)e'” + xa(s5)e" . (13)
Eqgs. (9) are replaced by two similar sets of six equations. It is assumed that there is no initial
displacement of the column (ay = 0).

For a given excitation (12), the axial response x(1,?) of the weight is not simple harmonic
motion and is not proportional to the axial base excitation. The transmissibility is defined in a
different way than previously. The dynamic axial response, given by the real part of the last two
terms in Eq. (13) at s = 1, is computed for a length of time equal to 50 periods of the second
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Fig. 11. Transmissibility curves with 0<w <300 and 0<TR<2;r=1,¢=0.1,y = 0,a9 = 0.05. ----, py = 20; —,
po = 40.
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Fig. 12. Transmissibility curves; py =40,r=1,c=1,9=0,a0 = 0,1y = L.5.

y tg =05 ----, r, =10, ——,
r, = L.5.

dynamic component. The root mean square of this response is used as the numerator of the
transmissibility ratio, and the root mean square of the real part of Eq. (12) over the same range of
time is used as the denominator.

Fig. 12 shows the effect of the amplitude ratio r, for the case py =40, r=1,c=1,y =0, and
frequency ratio ry = 1.5, for the range 0 <w < 1.25. The second component of excitation causes a
second peak at a value of w approximately equal to % of the original peak frequency. The relative
heights of the peaks depend on r,, with the first peak being higher if r, is sufficiently large. For
higher modes, the second component in Eq. (12) also causes additional peaks to occur at
frequencies approximately % of those of the peaks due to the first component. These additional

peaks reduce the regions of frequencies in which the column is an effective isolator, compared to
the single-frequency case.
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The effect of the bending stiffness of the column is depicted in Fig. 13. As in Fig. 3, the abscissa
is w./r rather than . In Fig. 13, p, =40,c = 1,y = 0, the amplitude ratio is r, = 1, and the
frequency ratio is rr = 2. The transmissibility is only plotted to a value of 2. Stiffness parameter
values r = 0.1, 1, and 10 are considered. For each r, the first peak is at half the frequency of the
second peak. The curve for r = 0.1 dips down to a low value of transmissibility at a lower value of
the dimensional frequency than for the cases r = 1 and 10.

Finally, Fig. 14 illustrates the effect of the second component of the excitation. For both curves,
po=40,r=0.1, c=1, and y = 0. The solid curve corresponds to a single-frequency excitation.
For the dashed curve, the amplitude ratio is 1 and the frequency ratio is 2. With respect to an
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Fig. 13. Variation of transmissibility with w./r (proportional to dimensional frequency); p,=40,c=1,
y=0,a0=0,r,=1rp=2. -, r=01,----,r=1;,—— r=10.
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Frequency, w

Fig. 14. Transmissibility curves; p, =40,r =0.1,c = 1,7 = 0,49 = 0.
r, = 1 and ry = 2 (two-frequency excitation).

r, = 0 (single-frequency excitation); --- -
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application as an isolator, for 0 <w <3 in Fig. 14 the transmissibility is less than unity for a larger
range of frequencies when the input includes the second component.

5. Concluding remarks

The application of a slightly-buckled or slightly-bent fixed—fixed column as an isolator was
analyzed. Small axial base excitations were considered, consisting of one or two simple harmonic
components. The transmissibility was defined as a ratio of amplitude measures of the motions of
the supported weight and the base, and the objective is for this ratio to be much less than unity. In
practice, a rigid or flexible body could be supported by a number of such columns.

The column was modeled as an inextensible elastica, which allows large displacements in
equilibrium. Also, this model makes it easy to include both transverse and axial inertia forces of
the column in the governing equations, and to include the base displacement excitation and the
axial inertia force of the supported weight as boundary conditions. Numerical solutions were
obtained with the use of a shooting method, in which the boundary value problem was treated as
an initial value problem. First the equilibrium configuration was obtained, and then small steady-
state vibrations about this configuration were analyzed.

For sufficiently low damping and sufficiently high column stiffness, the transmissibility curves
exhibit an infinite number of peaks. Considering harmonic base motion, for columns with no
initial displacement, it is advantageous for the weight to be only slightly above the critical load.
For columns with initial displacement in the shape of the first buckling mode, lower
transmissibilities are exhibited between the peaks if the supported weight is above the critical
load. If the weight is lower than the critical load, the transmissibility peaks corresponding to anti-
symmetric modes are very small.

Considering the addition of a second harmonic component of base motion which has a higher
frequency than the first, another set of transmissibility peaks occurs at correspondingly lower
frequencies. In the examples treated, the transmissibility in frequency ranges between the peaks is
almost the same as if the excitation only contained the first frequency.

Buckled or pre-bent columns have the potential to act as effective vibration isolators which can
support weights without significant vertical deflections, and possess low fundamental frequencies
which could lead to low transmissibilities for large ranges of applied frequencies.
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