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Abstract

Acoustic waves in a rigid axisymmetric tube with a variable cross-section are considered. The governing
Helmholtz equation is solved using Neumann series (expansions in Bessel functions of various orders) with
a stretched radial coordinate, leading to a hierarchy of one-dimensional ordinary differential equations in
the longitudinal direction. The lowest approximation for axisymmetric motion includes Webster’s horn
equation as a special case. Fourth-order differential equations are obtained at the next level of
approximation. Good agreement with existing asymptotic theories for waves in slender tubes is found.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The propagation of sound along rigid tubes is a classical subject with an enormous literature.
Early studies are concerned with low-frequency waves, meaning that the acoustic pressure is
supposed to be constant over any cross-section of the tube. This assumption leads to an ordinary
differential equation,

1 d dp w’
L <A(z)dz) + 2 PGy =0, ()

where z is a coordinate along the tube, P(z) is the pressure at z where the cross-sectional area is

A(z), w is the frequency and c is the speed of sound. Eq. (1) is usually known as Webster’s horn
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equation, even though it is actually much older; for a thorough review, see Ref. [1]; for a textbook
derivation, see Ref. [2, p. 360]. Extensions of Webster’s equation to other related problems (such
as when there is fluid flow along the tube) have been made; for example, see Refs. [3,4]. Exact
solutions of Eq. (1) are also known for various specific functions, A(z); see Refs. [5,6] and
references therein for more information on this topic.

The exact problem for time-harmonic waves in a tube can be formulated as a three-dimensional
elliptic boundary-value problem for a pressure field, u. However, exact treatments of this
boundary-value problem are scarce. The simplest exact solutions concern waves in a cylinder with
a circular cross-section; these solutions can be obtained by the method of separation of variables
in cylindrical polar coordinates, (r,0,z), and they involve Bessel functions. Indeed, the lowest
axisymmetric mode depends on z only, and it does satisfy Webster’s equation. However, all other
modes are not governed by Eq. (1).

We are interested in the derivation of other one-dimensional models. Inevitably, these will be
approximations, but there is much scope for improvements on Webster’s equation. We suppose
from the outset that the tube is axisymmetric, with the rigid lateral boundary given by r = %(z).
We then change the independent variables in the governing Helmholtz equation from r and z to p
and {, where p is a scaled version of r chosen so that the lateral boundary at r = #(z) is mapped to
p = constant, and { = z. This leads to a more complicated governing partial differential equation
(which we write concisely as Zu = 0; see Eq. (9) below), but this is outweighed by moving the
lateral boundary condition onto a coordinate surface.

In a previous paper [7], we solved #u = 0 using a power-series expansion in the new ‘radial’
variable p, namely

o0

wp, 0,0 =" uOp**" cos mo, )

n=0

similar expansions have been used previously by Bostréom [8] for elastic waves in cylindrical rods
of circular cross-section. Substitution of Eq. (2) into Zu = 0 leads to a recursive construction of
u, for n=1 once uy has been determined. Substitution of Eq. (2) into the lateral boundary
condition leads to a further equation; if the tube is slender (in a sense to be made precise later),
this equation can be truncated, resulting in a hierarchy of ordinary differential equations for uy({).

The method outlined above is attractive and general: the approximations can be improved at
the expense of solving higher-order differential equations, and the method itself can be extended
to other governing partial differential equations. However, the lowest-order approximations only
work well for low-frequency motions. For this reason, we have modified expansion (2), replacing
the power series by a Neumann series [9, Chapter 16],

o0

wp, 0,0) =Y un(OJanym(2p) cos mo,

n=0

where J, is a Bessel function and A is a parameter to be selected. The main motivation behind
choosing a Neumann series is that we know that all modes for circular cylinders (# = constant)
are given by single Bessel functions of various orders and arguments. Thus, we may expect better
results for tubes of slowly varying cross-sections, even when the frequency is not low. In addition,
we have previously used Neumann series with success for elastic waves in wooden poles [10].
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The problem of waves in a tube of length L is formulated in Section 2; the stretched variables
are also used there, leading to Zu = 0. The effects of using the Neumann series are explored in
Section 3, with ordinary differential equations for uy derived in Section 4. At the lowest order of
truncation, we find that u( solves a second-order equation,

uy + DV + EDyg =0, (3)

where the coefficients DV and E) are explicit functions of the axial coordinate z and the
azimuthal mode number m; we recover Webster’s equation in an appropriate limit. For tubes of
finite length, Eq. (3) is to be solved subject to certain boundary conditions (which are derived
below); the resulting problem is a regular Sturm—Liouville problem, for which efficient numerical
algorithms are available [11].

At the next order of truncation, we find that u, solves a fourth-order equation,

o+ By + g+ Dty + By = 0, @

where, again, the coefficients are known explicit functions of z and m. Higher orders of truncation
lead to higher-order differential equations.

In Section 5, the quality of the approximations obtained by solving Eq. (3) or (4) is assessed by
comparison with some asymptotic approximations of Ting and Miksis [12] and Geer and Keller
[13]. These authors treated the original three-dimensional elliptic boundary-value problem for u,
exploiting the slenderness assumption. We find, in particular, that for non-axisymmetric modes
with m = 1, Eq. (4) gives excellent agreement with the asymptotic approximation in Refs. [12,13],
and this agreement is significantly better than that achieved when using the analogous fourth-
order equation derived in Ref. [7] from Eq. (2). Consequently, we conclude that similar fourth-
order models will offer both simplicity and approximations of good quality: the key is seen to be
the use of accurate representations in each cross-sectional plane.

2. Formulation

Consider a tube of circular cross-section and length L; the cross-section’s radius can vary
along the tube. We define dimensionless variables using L as our length scale. Thus,
using (dimensionless) cylindrical polar coordinates, (r,0,z), the interior of the tube is
specified by

0<r<eR(z), 0<0<2m, O0<z<l.

Here, ¢ = a/L and 0<R(z)< 1, so that 2a is the maximum diameter of the tube.
Inside the tube, the acoustic potential U(r, 6, z, f) satisfies the wave equation,

10/ d0U\ 13U U L[*?3U
Lo 18, 9y _L oY 5)
r or or 2 90 oz ¢* Ot
where ¢ is the speed of sound. On the lateral wall of the tube, the normal derivative of U vanishes:
oU oU
— —¢R(z)—=0 onr=c¢R(z), 0<z<l1. (6)
or oz
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We assume that R(0) and R(1) are both positive, and close the two ends of the tube with rigid
circular discs, giving

oU/oz=0 atz=0andatz=1. (7)
We seek free vibrations of the compressible fluid within the axisymmetric tube. Thus, we put
U(r,0,z,t) = u(r, z) cos m0 cos wt,
where m is a non-negative integer and w is the frequency. The wave equation becomes
6 Ou 6 u
— I — mu = 0 8

where k = wL/c is a dimensionless wavenumber. We are interested in determining eigen-
frequencies w so that there is a non-trivial u that satisfies Eq. (8) and the boundary conditions.

It is convenient to make a simple change of the independent variables, from (r, z) to (p, {), so
that the new geometry is a circular cylinder. Thus, define new variables p and { by

p=r/R(z) and (=z

so that the tube is mapped onto the circular tube, given by
0<p<e, 0O0<i<l.
Application of the chain rule shows that Eq. (8) becomes

0 [ du 5 Ou Q®u
1+ 2R/2 _< _>+3R/ _RR//_+ 2R2
(I+p )pap 3 p( )ap p e

3 az
— 20°RR ——
PR Bpat

the lateral boundary condition (6) becomes

+ [(kpR)* = m*Ju =0, )

(1—|—82R/2)a RRSE— 0 onp=¢ 0<(<l (10)
op o(
and the end boundary conditions (7) become
Ou R Ou

6_C_’0R6 =0 at{=0and at{=1. (11)

3. Neumann series

In a previous paper [7], we solved Eq. (9) using a power-series expansion for u; see Eq. (2). Here,
motivated by the exact solution for circular tubes, we use a Neumann expansion,

u(p,0) =" Tarap)un(0), (12)
n=0

where o and u,({) are to be found, 4 is a (non-zero) constant at our disposal and J,(z) is a Bessel
function.
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When substituting in Eq. (9), we make use of the fact that w(p) = J,(4p) solves
plow'] + (A2p* = vH)w = 0.
Thus, Eq. (9) becomes

0= [Cn+2) = mlup(O)Janral2p)

gk

3
Il
S

o0
+ 02 Y A@n+a)’R? = 2+ K2Ry + R} 2142(4p)
n=0

— PR O 20sali)
n=0

o0
+ p*2) [(R? = RR")u, — 2RRW\,, ,(p).
n=0
We rewrite this equation in the form

Z gnJ2n+oc(/1p) = Oa
n=0

where ¥, is independent of p. Then, it follows that 4, =0 forn =0,1,2,....
In order to obtain Eq. (14), we need the following three expansions:

2J(2) = Z DIy (2), 2(2) = Z a2 J50(2),
n=1 n=2

00
1@ =S d (),
n=1

59

(13)

(14)

The coefficients a¥) can be obtained by manipulating the recurrence relations for Bessel functions.

For our purposes, we shall want the coefficients for n<2. Thus

204(2) = 40 + D[ + DI yg2(2) = 200 + 4 1D + - -+,
20(2) = 16(v + DO+ 2)(v + 3)(v + 4T y14(2) + - -+,

2T(z) =40 + v + DJyia(2) = 200 + D2V + 3 a2 + - - -
Substitution in Eq. (13) gives Eq. (14) in which
Gy = (@@ — m*uo(0),

G, = [(a+2)* — m* () + 4 + (24 2)2{R*u] — 20RR 1
+ [K*R® — 2% + a0+ D)R? — aRR up},
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Gy =[(+ 4 — mNua(0) + 4 + 3)( + HA Q1)
— 8(a 4 2)(o + 4)A72Qy(20),

Qo(x) = R*ufj — 2(2% + 3)RR'uj,
+ [K*R* = 22 + (302 + 100 + 9)R"* — (20 + 3)RR uy,

Q1(0) = R2ul] — 2(0 4+ 2)RRU) + [P R?> — 2% + (2 + 2)(2 + 3)R* — (o + 2)RR Ju.

From %, = 0, we deduce that o> = m?; we take o = +m>0, as we want u to be bounded at
p = 0. Then, 4; = 0 yields an expression for u; in terms of u:

—2%u; = (m + 2){R*u] — 2mRRu) + [k*R*> — 3> + m(m + 1)R”> — mRR"Juy}. (15)
Similarly, 4, = 0 yields an expression for u; in terms of u; and uy:
—2(m + uy = (m + H{(m + 3)Q1(m) — 2(m + 2)Qo(m)}.
Eliminating u; from this equation, using Eq. (15), gives
224y = (m + 3)(m + ) [t + Bty + Vit + Oty + emitto}, (16)
where
om(z) = R',  B,(2) = —4mR’R,

1(2) = 2RMICR? + 3m[(m + 1)R* — RR")} — 222 R*(m + 2)/(m + 3),

om(z) = — 4mR{UCPR*R + R*R” — (m+ )R[BRR" — (m + 2)R'*]}
+ 42*RR'm(m +2)/(m +3),
em(2) = K*R* 4+ 2mk>R*{(m + 1)R* — RR"} — mR*RY
+ m(m + D{RXAR'R" 4+ 3R"*) — (m + 2)R*[6RR" — (m + 3)R"]}
1 2
4 2L 2R L Gm 4+ )R? — mRR).
m+3 m+3

Proceeding in a similar way, we could determine all the functions u,({) in Eq. (12) in terms of
derivatives of uy({). Evidently, hand calculation of u, with n>2 would be tedious, but the
calculation could be mechanized if desired.

3.1. Lateral boundary condition
Substituting Eq. (12) in the lateral boundary condition (10) gives
D A1+ ERPup(0) Ty () = > eRRU(O T angm(28) = 0, (17)
n=0 n=0

where we have used « = m. Later, we shall want to truncate this equation, assuming that e<1.
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With this in mind, we rewrite Eq. (17) as
o0
> ATy m(8) =0, (18)
n=0

using the following two expansions:

250 =3 dih, ()
n=1

=4v(v+ DJ, 5(2) = 8[(v+2)(v+4) =2/, 4(2) + - - -,

o0
z),(z) = Z ddJ,. (2)
n=1

=4(v+ 1)']:;+2(Z) - 8J/v+4(Z) + e
Thus, we find that the first three J#, are
H 0= )Vzu(),

Ay = 2Py + dm+ 1)(mR’2u0 — RRuy),

Hy =72y + 4m + 3){(m + 2)R*u; — RR'U})
— 8{[(m + 2)(m + 4) — 2]R*uy — RR'u}}.

Eliminating u;, using (15), gives

H1(2) = —(m + DR (uj(2) + D\ (2)uy(2) + EL) (2)uo(2)}, (19)
where
DY = 2(2m;+n;2) S, ED) =k - %22 —me, 4 J};l}r(’; =2 42 (20)
and, here and below, we use the following shorthand notation:
S1=R/R, ¥ =R'/JR, $3=R"/R, ¥4=R"/R.
A similar calculation yields
202 H(2) = (m 4+ 3)(m + HR Y + Bu + Gulj + Duy + Eup), (21)

where

B =4S4 —2m —m*)/(m + 4),

b—m—m* ,
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4 — 2m — m? 2 mt =2
G =4S — S Amy
R s A
dms
"7+ D@ — DS+ 3m(m + 3)S),
m+ 4
A m+1
4 2
2 —4 Am? 3
bomd{ M=t o g | A mEd) o o
m+ 4 m+ 4
1 2
_”W”+Xm+)yﬂwwg+m+m—nﬁyﬁ
m+44
2 (m+2 m(m + 1)(m — 2)
— 22T —me I Z8Y
Rz{m+3( m2) + m+3 1}

3.2. End boundary conditions

Substituting Eq. (12) in the end boundary conditions (11) gives
D (O awsm(ip) = ipS 1D (O ys(Ap) = 0
n=0 n=0
at { = 0 and at { = 1, where we have used o = m. Using the expansion

2I(2) = vIy(2) + 2D (=D + 2D Ty (z)
=1
and then changing the order of summation, we can write Eq. (22) as
> MO im(Ap) =0 at{=0andat{=1,

n=0
where .#y({) = u, — m¥ 1uy and

n—1
M) =u, — (2n+m)S, {un + ZZ(_l)nHul}

1=0
forn=1,2,.... Hence, we immediately obtain
M0)=M,(1)=0 forn=0,1,2,....
In particular, we have
uy(z) —mS1(2)up(z) =0 atz=0and at z =1

and

uy(z) — (m~+ 2)S1(2){u1(z) — 2up(z)} =0 atz=0and at z = 1.

(22)

(23)

24)
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Eliminating u; using Eq. (15), and then using Eq. (23), we can write Eq. (24) as
uy — 3mPuy + 2m* — 1)S7 + 32}y — mS 3up = 0 (25)

at the two ends of the tube. This form of the boundary condition does not involve k>.

4. Ordinary differential equations

In order to obtain ordinary differential equations for uy(z), we truncate Eq. (18). (Some
comments on this procedure are given in Section 6.) The term with n = 0 gives

22 (Qeup(z) = 0

and so we take
-/

g =Imt _ Tty (26)
&

say, where £ is an integer and j, , is the ¢th zero of J,: J, (j,,,) = 0 for £ =1,2,.... Note that
Jox =0.

4.1. First approximation

Retaining the n = 1 term in Eq. (18), we obtain
%1J;n+2(i:n,€) =0.
Hence, our first approximation is #; = 0, so that Eq. (19) gives
uy(z) + DD(2)u(2) + EN(2) up(z) = 0, (27)

where D,(),) and Eﬁ,ll) are defined by Eq. (20) wherein 4 is given by Eq. (26). Eq. (27) is to be solved
subject to Eq. (23).
When R(z) = 1, Eq. (27) reduces to

uy(2) + (k> = 25, Juo(z) = 0, (28)
which yields the exact solution for circular tubes. (Note that we also obtain u,(z) =0 for

n=12,....)
When m = 0, Eq. (27) reduces to

(Rup) + (kK R* — 7§ Jug = 0. (29)

This is a generalization of Webster’s horn equation (for which 49, = 0). It is to be solved subject
to u(0) = uy(1) = 0. Note that exact solutions of Eq. (29) can be found for specific functions,
R(2); for example, if R(z) = pz (where u is a constant), solutions for u, can be constructed in terms
of Bessel functions.

Eq. (27) can be transformed so as to eliminate the first-derivative term. Thus, put

up(z) = R'Ug(z) with y = (m* —2)/(m +2). (30)



64 P.A. Martin | Journal of Sound and Vibration 286 (2005) 55-68
Then, we find that Ugy(z) solves

Ug(2) + [ — K@) Uo(2) = 0, (1)

where

2(m+1) my% /1,27,5
K(z) = S ’
(2) ) {m+2+ 20+ e

subject to (m+ 2)U, =2(m+ 1)Uy at z = 0 and at z = 1. Notice that Eq. (31) has oscillatory
solutions when k> > K but exponential solutions when k*><K.

Eq. (27) and its associated boundary conditions can also be written as a regular
Sturm—Liouville problem. Thus,

= (P52 + 0+ o) =0,

where p = w = R™%, vy is defined by Eq. (30), and

o, [ m(m + 1)(m - 2) I,
q(z):Rz'{ > ,sﬂ%—m,%—Rj .

Software for solving Sturm-Liouville problems is available [11].

4.2. Second approximation

If we retain both the n = 1 and the n = 2 terms in Eq. (18), we obtain
%1'];1’1-‘1-2(].:11,5) + %2‘]:11-&-4(]';;1,{,’) = 0.
Then, Eq. (19) and (21) give

uy (2) + B (2) u (2) + C(@)ug(2) + D (2)ug(2) + ES(2) ug(2) = 0, (32)
where
B2 =2, C? =%+ (R 1
D? =G+ (eR) 1, DY), EP =&+ (eR) 1, E)
and

2 F DUl T pialind)
mfl — — 7 " .
(Wl + 3)(m + 4) Jm+4(/m,f)

Elementary calculations, using the recurrence relations for J, together with J:n(i:n,f) =0, give

B (m + D[ — m(m + 2)]
T m A 3)m D[ — 30m + 2022 + 2m(m + D)(m + 3)(m + 4)]

(33)

Tm,e
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w1th J =i Formula (33) is not valid when j=0. This case can arise only for 7¢;: as
J5(W]/[T5(w)] ~ 24/w? as w — 0, we have

70,1 = —8. (34)

Eq. (32) is to be solved subject to Egs. (23) and (295).
When R(z) = 1, Eq. (32) reduces to

d2 m+1 ’Emg du()

which is satisfied by any solution of Eq. (28).
When m = 0, Eq. (32) reduces to

/

- 4R
ubv_i_ 2 ///+2<k2 ‘;II;Z)ug

4R/ 2 Vl,g , 4 2](2\11,5 Vz,[
+ R (k —W)Mo—f—(k _827—’_84? MOIO, (35)

, 1 1, ,
3 UEM]Z T and vy, =3 [/0,5]4 — U Fo

where

The boundary conditions (23) and (25) reduce to u(0) = 1y (0) = uy(1) = uy' (1) = 0.

5. Asymptotic approximations

Asymptotic approximations for waves in slender tubes have been derived in Refs. [12,13]. Two
kinds of approximation are available. First, there are those for which the wavelength is
comparable to the length of the tube, so that k = O(1) as ¢ — 0. It can be shown that all solutions
of this kind are axisymmetric.

Thus, consider the fourth-order equation (35) with m = 0 and ¢ = 1. Eq. (34) gives v;; = 4 and
v2.1 = 0, and then Eq. (35) reduces to an equation studied previously; see Section IV.A of Ref. [7].
Moreover, this reduced equation was shown to yield the two-term approximation k ~ ko + &k,
with a formula for k, that agrees precisely with that obtained in Ref. [13] using a completely
different approach.

All other solutions have shorter wavelengths. For wavelengths comparable to the tube
diameter, we have k = O(¢™") as ¢ — 0. For such solutions, the comparisons made in Ref. [7] were
disappointing; indeed, these comparisons motivated the present work. Let us examine how our
new approximations perform. Thus, in the differential equations (27) and (32), put

k= % and uy(z) = E(z)w(z) with E(z) = exp{é/z D(1) dt}, (36)

where @(¢) and w(z) are to be determined, and z; is a constant. Suppose further that

w(z) = wo(2) + ew1(2) + Ewa(2) + - - -
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Then, we obtain the following approximations:

up/E = wo + ewy + O(e?), uy/E = e lidwy + 0(1),
Uy |E = —& 2wy + & ' 2idwj, + id'wy — @*wy) + O(1),
uy JE = —& i@ wy + O ™),

uy [E = e @%wo + e 0D wy — 2130wy + 20w)} + O )

as ¢ —> 0.
Let us begin with the second-order equation (27). We note that

DV =0(1) and EV) =20 —2/R*)+O(1) ase— 0,

m

where J =Jjm. Then, substituting in Eq. (27) and collecting powers of ¢, we find that the terms in
2 give

(@@ =x* — /R (37)
This agrees with the asymptotic solution obtained by Ting and Miksis [12] and by Geer and

Keller [13].
The terms in ¢! give

20wy + (@' + @DV}wy = 0,
which is a first-order differential equation for wy. Rearranging gives

@2 _wy @ D)) R

wo®'/2 w20 2 TR
where ¢\l = (2 — m?)/(m + 2). An integration gives
wé(Dqu = constant, (38)

where wy, @ and R are all functions of z only, and ¢ = ¢').
Next, consider the fourth-order equation (32). Substituting as before, we find that

B? =0(1), C? =269 4 0(1),

DY =¢29P +0(1) and EY =460+ 06

as ¢ — 0, where

1 m—+2
(2):22 22
€ K +_R2 (Tmf J m+3>

4 — 2m — m? 2 — m? m+2
9% =27 {2;8 + (Tm —2'2—>},
" ! m+4 mt R\ T mt3

2
2 2 J 2, 1 am+1
gﬁn): (K —F>{K —i—R2 (Tme —J m——i-3>}
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Then, we see that the terms in e~ give
Pt — 9?60 4 62 =0, (39)

which can be rewritten as

) o)
+1 ] Tm,t
q)Z_ 2_]_ (1)2_ 2_”1 J m, -0
< % RJ)( iR TR
This equation is satisfied by Eq. (37).
The terms in &3 give
0= {®* — &> 4 6D)w) + 210w, (6P — 207
+ imp{@Z? + &6 — @B — 607D},

The factor multiplying wy vanishes, due to Eq. (39), leaving a first-order differential equation for
wo(2):

wy | DI + dPE) — 3B — 607

= 0.
wo 20%[62 — 247
Rearranging this equation gives
(no®'2) _ 409" — 9D + &*BD _o K R
wo@'/? 24P — 207 ™R’

where

o 2- m*)(m + 3)m + H e — 277 (m + 2)2m? + 11m + 8)

e (m 4 2)(m + [(m + 3)tms + 2]
J = Jm and we have used Eq. (37). Hence, an integration gives Eq. (38) again, but with ¢ = qfs)[
The version of Eq. (38) derived in Refs. [12,13] has ¢ = 1 for all m and for all £. In general our

approx1mate solutions for ¢ differ from unity. For example, we have qo =1 but q(l) . For
= 0, our second approximation becomes

(40)

310, — 4l I

Gor=57

310, + 2[j
for the lowest ax1symmetrlc mode, this gives qo1 = 1. For the lowest non-axisymmetric mode
(m ={=1), we have j = j | > 1.841, so that Eq. (33) gives 711 = —12.22 and then Eq. (40) gives

qﬁ =~ 1.06; this is a 51gn1ﬁcant improvement over the value 1.43 obtained from the fourth-order

differential equation derived in Ref. [7] using the power-series expansion (2).
6. Conclusions
The fourth-order ordinary differential equation (32) is seen to be worthy of further study. We

have begun to develop the model for elastic waves in slender solid axisymmetric bodies [14]. (A
good example of such a body is a wooden baseball bat.) The underlying method is sufficiently
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general that cylindrical orthotropy can be included without much extra effort; see Ref. [10] for
information on the modelling of wooden poles.

One mathematical point remains. Recall that ordinary differential equations were obtained by
truncating an equation that was derived by imposition of the lateral boundary condition. The
relevant equation is Eq. (18). We truncated this equation by truncating the sum over n. It is
difficult to give a rigorous justification of this step because, although ¢ is small, we typically take
Ae as being independent of & (see Eq. (26)); in addition, the terms 3, also depend on e.
Nevertheless, the basic strategy is sound: we always generate an exact solution of the underlying
partial differential equation via Eq. (12), regardless of the choice of uy; then, good approximations
of the lateral boundary condition should lead to good approximations for u.

Much remains to be done with the method developed above, even for axisymmetric, long-
wavelength motions. For such motions, the textbook approach is to use Webster’s horn equation,
which is derived by assuming that the pressure is constant at any station z. We have shown that
Webster’s equation can be generalized and refined; we can represent any (unknown) cross-
sectional variation via Eq. (12). Notice that u;, us, u3, . .. are all determined from uy: in general, we
always have an infinite series for u. The function u itself is found by imposing the boundary
condition on the rigid wall of the tube. We anticipate that a variety of exact analytical solutions of
the simplest generalization of Webster’s equation, namely Eq. (29), will be found for specific
geometries, R(z). Moreover, various numerical treatments are envisaged, but all this remains for
future investigations.
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