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Abstract

Following previous work on computing approximate frequency response functions for the Duffing
oscillator under white Gaussian excitation, an approximation is obtained here for the coherence function.
A Padé approximation of order (1,1) is made for the asymmetric Duffing oscillator (i.e. with non-zero
quadratic term), and an approximation of order (2,2) is made for the symmetric (no quadratic term)
oscillator. The analytical results are shown to give excellent qualitative agreement with numerical
simulation. However, in quantitative terms, the approximations underpredict the coherence distortion as is
consistent with the low-order truncations of the Volterra series.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

This paper forms the latest in a series which attempts to form analytical approximations to
structural dynamic observables using the Volterra functional series. In the first two [1,2],
approximations to the nonlinear composite frequency response function (FRF) were obtained for
a symmetric and asymmetric Duffing oscillator and a two degree-of-freedom (dof) system with a
cubic stiffness nonlinearity, respectively. The approximations, which were obtained for the specific
case of white Gaussian excitation, reproduced the correct qualitative behaviour of the FRFs as
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Nomenclature ¢ normalised time
x(2) excitation

FRF frequency response function W) displacement response of system

HFRF higher-order FRF V(0 nth-ord@r component of response

sdof single degree-of-freedom A () composite FRF of nonlinear sys-

E[] expectation operator tem

H(w) linear FRF Y cpherence ’ o

H,(w,...,o,) nth-order Volterra kernel trans- V. (i,j)-order Padé approximation to
form the coherence

P power-spectral density () Dirac delta function

Suu(@) auto-power spectrum of u(?) $u(0) autO-Correlatlpn funct1.on of u(t)

S,() cross-power spectrum  between () cross-correlation function between
u(t) and v(7) L.t(l) and v(¢)

h() linear impulse response ® circular frequency

ha(t1,. .., t,) nth-order Volterra kernel g damped natural frequency

ko, k3 quadratic and cubic stiffness para- Wn undamped n.atural frequency
meters ¢ damping ratio

m, ¢, k linear system parameters (mass, Sup.erscqpt stars denote complex
damping, stiffness) conjugation.

T time

the level of excitation increased, i.e. in the single-dof (sdof) case, the ‘resonance’ peak in the FRF
shifted upwards in frequency and downwards in amplitude as the level of forcing increased. The
motivation for the calculations is the need to understand if the Volterra series is applicable to
structural dynamics at realistic levels of forcing. That the levels of excitation applied in Refs. [1,2]
are realistic follows from the fact that the frequency shifts observed from the calculations are
consistent with those seen in experiments.

Another interesting feature of the calculations was the suggestion that all the FRF poles,
including poles generated at multiples of the linear system poles, were in the upper half of the
complex plane. This contrasts directly with low-order approximations for the FRF under
sinusoidal excitation and goes some way to explaining why the Hilbert transform test for
nonlinear systems fails for random excitation, yet works well for stepped-sine forcing.

The current paper extends the previous calculations by computing an approximation to the
coherence for the asymmetric and symmetric Duffing oscillators. Unlike the previous
calculations that were polynomial in P, the power of the white Gaussian excitation, the
new calculation is necessarily a rational or Padé approximation and thus a little more
complicated. It could be argued that the calculations have only academic interest, given the
uncertainty which surrounds the application of the Volterra series. However, as the levels of
excitation used here produce frequency shifts which are consistent with experiment and the
convergence of the series is established at these levels [1], the authors feel that the analysis
does make contact with reality. The authors also feel that analytical results always contribute
some insight and there is the possibility of using the functional forms obtained by the route shown
here for nonlinear system identification if the excitation is appropriately low (but also high
enough to excite the nonlinearity of course).
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The layout of the paper is as follows. Section 2 reviews the necessary background on the
Volterra series in general, and in the particular case of the sdof Duffing oscillator. Section 3
discusses how the Padé approximations are formed from the various cross-spectra involved.
Sections 4 and 5 construct the approximations in the asymmetric and symmetric cases of the
Duffing oscillator, respectively. The paper concludes with some discussion in Section 6.

2. FRFs and cross-spectra

The coherence for a linear system is constructed as the ratio of certain cross-spectra and auto-
spectra, or alternatively in terms of the FRF and the auto-spectra. Before proceeding to the
construction of the coherence function for a nonlinear system in terms of a Volterra series
expansion, it is useful to recall the definitions of the FRFs and cross-spectra for such systems in
terms of the Volterra series.

It is well-known that many nonlinear systems or input—output processes x(1)—>)(f) can be
realised as a mapping [3,4],

VO =00+ +y3() + -+ () +- -, ()

where
+00 +00
yu() = / e / dry...dt, hy(ty, .., t)x(t — 1) ..o x(F — 1), 2)

Among the conditions for such a series to apply are time-invariance of the system of interest and
polynomial nature for the nonlinearity.

This is the Volterra series and the functions £, are the Volterra kernels. The dual frequency-
domain representation is based on the higher-order FRFs (HFRFs) or Volterra kernel transforms,
H,(wy,...,w,), n=1,...,00, which are defined as the multi-dimensional Fourier transforms of
the kernels.

+00 400 )
Hy(o,...,0,) = / e / dry ... dt, bz, . . ., 1) @0 Font) (3)
—0 —0o0

The definition of the FRF of a linear system based on the input/output cross-spectrum, S)(w),
and input autospectrum, Sy.(®), is also well-known,

S yx(w)

H(o) = Hi() = 2",

4
where the spectral quantities are defined as expectations i.e. S (w)= E[Y(w)X(w)]. The
expectations are obtained by averaging discrete or fast Fourier transforms from neighbouring
time segments.

The composite FRF A,(w), of a nonlinear system under random excitation, is defined similarly,

S)u()
Sl@) ©)

A(w) =
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Using the Volterra series representation in (1) results in the expression
() = SO F Spn(@) e Sy(0)
Sxx(®)

(6)

A.(w) was approximated in Ref. [1] by obtaining expressions for the various cross-spectra between
the input and the individual output components. The general term used was

2m)!S (@) [T +°°
Sy, x(@) = ( 31 S, 1) / .odw,_y
n!2"(2mn)
XHZn—l((Dl: —W1, ..., Wp—1, —Wp—1, w)Sxx(wl) .o Sxx(wn—l)‘ (7)

Now, given that the input autospectrum is constant over all frequencies for a white noise input
(i.e. Syx(w) = P), the composite FRF for random excitation follows. Substituting the constant S,
into (7) gives

Q2n)1 P!
Al0) = ZE: 2" 2n)" "

+00 +00
X/ / da)1 ...dwn,lHg,,,l(a)l,—wl,...,wn,l,—wn,l,w). (8)
—00 —00

The system of interest here is going to be the basic asymmetrical Duffing oscillator with equation
of motion,

my + ¢y + ky + kay* + ksy® = x(1), )

where m is the mass and ¢ is the damping constant. &, k> and k3 are the linear, quadratic and cubic
stiffnesses, respectively. This system is time-invariant as required for the application of the
Volterra series.

Note that this system can be unstable at high levels of excitation in the cases where k3 <0.
In the analysis here where k370 it is always positive and this ensures stability. For the case
when k3 is set to zero, the excitation level used here is not high enough to induce
instability. Setting k3 to zero here is purely a device to simplify the analysis, in practice
it would be assumed that the asymmetric oscillator always has a higher-order odd term to ensure

stability.
The relevant higher-order FRFs of this system for the forthcoming analysis are
1
H = - , 10
1) —mm? +icow + k (10)
Hy(w1,m2) = =k Hi(w1)Hi(w2)Hi(w1 + w2), oy

Hi(w1, wy,m3) = Hi(w)Hi(w2)H(w3)H (w1 + w2 + @3)

X{% k%(Hl(a)l 4+ @) + Hi(wy + w3) + Hi(w3 + w1)) — k3} (12)
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for the asymmetric case when (k;#0), and

Hs(w1, s, w3, 04, 05)

3

=10 KSH (01 + 0y + 03 + 04 + os)H (o)) H i (02) H i (03) H  (04) H (05)
x{H (w1 + w2 + w3) + Hi(w) + w2 + w4) + Hi(w) + w2 + w5)

+ Hi(w) + w3 + w4) + Hi(w) + 03 + ws)

+ Hi(w1 + w4 + ws) + Hi(wz + w3 + wa) + Hi(w2 + @3 + w5s)

+ Hi(w2 + w4 + 0s) + Hi(w3 + w4 + w5)} (13)

for the situation with k, = 0.

The assumption throughout is that the appropriate auto- and cross-spectra are well-defined. In
fact, the theoretical white noise signal applied here is not physical as it has infinite variance
(power). This does not matter in practice as any measured signal will always have finite power.
The assumption of whiteness does not invalidate the analysis as it is largely valid as long as the
real bandwidth of the input signal is wide enough to cover the natural frequency of the sdof
system and any significant superharmonics [5].

3. Padé approximations for the coherence

The well-known expression for the coherence of a linear system is
_ S(@)S(@) _ [H@)PS ()
Sxx(a))Syy(w) Syy(a)) ’

() (14)

where the interpretation is that the coherence is the ratio of the power in the output linearly
correlated with the measured input divided by the power in the output. For a linear system, one
expects this ratio to be unity. It is a textbook calculation [6], to show that the coherence is always
less than unity if measurement noise is present on the input or output. It is also well-known that
the coherence falls below unity if the system in question is nonlinear, although this belief is
considerably less well-supported theoretically.

It is worth noting that the coherence is not infallible and it is possible to observe
erroneous high coherence [7]. However, it can only occur in the case where multiple
inputs to the system are present—which is not the case here. Even in the case of multiple
correlated inputs, progress is possible by computing the partial coherences, however this is not
pursued here.

Assuming that the coherence is computed from the auto and cross-spectra as in the linear case,
the expression in the nonlinear case is simply

_ Sl @)Sy(@) [ A(@)]*S ()

2
) = @8 @ Sy

(15)
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with reference to Eq. (14). In terms of the individual Volterra components of the signal y, this
becomes,

”/2((1)) — (Sylx(w) + Sy3x(w) + Sysx(w) + - ')(Sxyl ((U) + SX}’3(Q)) + SX}75(Q)) + - )

Sxx(w)(SMyl (a)) +S ’1}’3(0‘)) + SJ’syl (a)) + SJ’z)’z + - )

(16)

and this expression takes into account the fact that terms of the form S, \(w) can be shown to
vanish identically when 7 is even as do terms S, , (w) where m + n is odd.
In terms of the dependence on the input level P, (with a slight abuse of notation) this looks like,
(O(P) + O(P?) + O(P?) + - - )(O(P) + O(P?) + O(P*) + - - -)
P(O(P) + O(P?) + O(P*) + O(P¥) + - - )

(o) = (17)

so both the numerator and denominator are expanded in powers of P. This means that an
approximation to the coherence will have the general Padé form

Zin:o a;P '

2
- - 18
y(m,n) Z?:() b,‘Pl ( )

where m and n are the orders of approximation of the numerator and denominator, respectively.
For the purposes of this paper we will take m = n.
To order (0,0), the expression for the coherence is
Sy (@)Syy, () _ PS, , (w) _
PS}’])H(w) PSJ’lJ’l (Cl))

V%o,o)(w) = (19)

on using the first lemma of Appendix A. This shows that to this order the coherence is unaffected
by the nonlinearity. To order (1,1), one obtains from Eq. (18) (suppressing the argument w)

SyleX,VI + SY1XSXY3 + S}’sxSXJ’I _ S}’IXSX)’I +2Re S}'IXSXh

2
0D = (S, + Syys + Sy, + Sys)  P(Syy +2ReS, . + Sy (20)
and using the first lemma, from Appendix A, this becomes
y1x9xy, y1xO Xy, Y202 1 11
where
Ay = 8y,xSxy, +2Re Sy Sy, (22)
and
By = PS,,,. (23)

One can immediately observe that if the Duffing oscillator is symmetric and k, = 0, then y, =0,
S},y, = Bi1 = 0 and the expression for the coherence to this order collapses to y(zl’l) = 1. So for the
symmetric system, the coherence is still insensitive to the nonlinearity to this order. If the
oscillator is asymmetric, one would expect some distortion to occur and this is shown in the next
section. In the symmetric case, higher-order approximations are required. The (2,2)
Padé approximation will be considered next, but to simplify matters the symmetric case
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will be assumed.
_ S}’1XSXJ’1 + SJ’3XSX)’3 +2Re SJ’lexh +2Re S}’l?foYs

ey = P(Sy 0, + Sy + Syory + Sy + Syve + Sy @4
A little rearrangement using Lemma 1 from Appendix A gives
Yoy = ISylxlz + 1Sy,x* + 2 Re Sy, «Sxy, + 2 Re Sy Sy, 25)
1Sy, x|” +2Re Sy xSy, +2ReSy xSy, + PSy,,
and using (A.33), one obtains
V(zz,z) = ﬁ’ (206)
where
Az = |8, x* + ISyxI* + 2 Re Sy, «Sxy, + 2 Re Sy xSy, (27)
and
By = (25:; /_: /_: doy dos|Hs(wr, 01, —0 — o — o). (28)

This shows that to (2,2) order, the coherence for the symmetric Duffing oscillator finally shows
some sensitivity to the nonlinearity.

In the next two sections, the preceding equations will be used to compute the (1,1)
and (2,2) Padé approximations for the asymmetrical and symmetrical Duffing oscillators,
respectively.

4. The asymmetric oscillator—an approximation of order (1,1)

This section computes the coherence y(zl,l) for the asymmetric Duffing oscillator, i.e.
that given by Eq. (9). This amounts to calculating the terms A;; and B;; from Egs. (22)
and (23).

In order to obtain Ay, it is necessary to calculate the quantities S, . and S, (note that these
are the complex conjugates of S, and S,,,, respectively). The first is simple and is given in Ref.
[1]as PH(w). The second is also computed in Ref. [1], but only for the simpler k>, = 0 case, a little
more work is needed when k, #0. First, from Ref. [1],

3P2 00
Sw@ =3 [ doy K100 29)

and from Eq. (12) of this paper,
2
Hi(w1, -0, 0) = Hl(a))2|Hl(wl)|2{§ k5(H 1 (0) + Hi(o + o) + Hi(o0 — o)) — k3}. (30)
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Now H(0) = 1/k, and the terms with H(® + ;) and H(w — w) can be shown to give the same
value when integrated as in (29). This gives

3P (2 k3 %
S)x(w) = Ers <§?2—k3>H1(w)2/_ dow; | Hi(op)|?
272 00
+2if{/ dooy |H ()P Hi( — o). G1)

The first integral is standard in structural dynamics [1]. The second is a little more complicated but
is readily evaluated by using the calculus of residues. (The computations are rather intensive and
have been carried out here with the help of Mathematica.) The final result is

3P? (2 %

Syx(w) = ek \3% k3> Hi(0) + 2P2k%H1(0))211(w)a (32)

where,
—(w — 4iw,0)

1) = k(0 — B0 — 200 = 2,00 + 20 — Z0,D)

(33)

So, substituting into (22) gives,
3P (213

Ay = P2|H(w)|2{l + <§ - k3> Re H\(w) + 4Pk3 Re(Hl(a))Il(co))}. (34)

In order to complete the approximation for the coherence, it is necessary to evaluate By =
PS,,,,(w) (Eq. (21)). This involves essentially the same manipulations as used in Appendix A and
in Ref. [1] so the detailed analysis will not be given here. The result in the general case is

3 o) 2 o0
Bu=§%{<[ dwﬂb@m—w0>5mﬂ+2/idewabw—wOV} (39

Using Eq. (11) for the asymmetric Duffing oscillator gives
p3 k 00 2
Bu=5 4 (-2 [ dontn@r) s
2n k J_w

+ 2k§|H1(a))|2/ doy |Hy(o)* 1 Hi(o — w1)|2}: (36)

where d(w) is the Dirac delta function. (Note that it is an abuse of notation to have this function
appearing outside of an integral. It is used here to show that the first integral only affects the dc
component of Bjj.)

The first integral is the familiar standard, and the second is again obtained by using the calculus
of residues. The result is

T

@H&@+wmm%mﬁ, (37)

By = P3k§{2
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where
2(0* + 405 + 20020%)
m2ck(w? + 4023 ([0 + 2041 + 4020 [0 — 204 + 40207

h(w) = (38)

As A1 and By are now available, it is straightforward to compute the Padé¢ (1,1) approximation
to the coherence using Eq. (21). The formula was embedded in Fortran code and the
approximations for the values P = 0.005, 0.01 and 0.02 were used as in Ref. [1] to generate
Fig. 1 for yil. Unlike the situation in Ref. [1] for the symmetric Duffing oscillator, there
is no readily available expression for the radius of convergence of the Volterra series in the
asymmetric case so the convergence of the Volterra series for the higher values of P are not
necessarily assured, A large effect is evident because of the high value of the k, coefficient—the
values used for the simulation here were m =1, ¢ = 20, k = 10*, k, = 107 and k3 = 5 x 10°.
These values give an undamped natural frequency w, of 100rad/s and a damping ratio
of 0.1 (10% of critical damping). With the parameters chosen, this figure shows
excellent agreement with the coherence shown in Fig. 8 of Ref. [8]. This agreement is very
encouraging as the figure in question represents the coherence for a simulated rotor
with a breathing crack. The crack induces a bilinear nonlinearity which has a dominant even
component which to a first approximation can be represented by the asymmetric Duffing
oscillator. The slight distortion around the natural frequency for P = 0.01 is not evident in the
simulation from Ref. [§] and probably arises from a higher relative contribution from & and k3 in
the current analysis.

The dips in the coherence occur when the ratio By /Ay is greatest. Clearly this will occur at the
poles of Bj; and the zeros of A;;. Leaving aside the latter quantities as they are not
straightforward to obtain analytically, the poles of B;; occur in the vicinity of @ = 0 and w = 2wy
according to Eq. (38). This explains the main behaviour observed in Fig. 1.

In order to see what degree of FRF distortion this corresponds to, the O(P) approximation to
A (o) is plotted in Fig. 2. This is

2
M) = Hi(@) + 20 (23—% - k3>H1<w>2 CPRH ()T (o). (39)

where /;(w) is defined in Eq. (33). Although one cannot directly contrast the results from
the (1,1) Padé approximation with the linear approximation to the FRF, one might venture
that a small (3%) change in natural frequency here corresponds to a gross reduction in
coherence.

In order to do a final validation, the equation of motion (9) was integrated numerically
using a fourth-order Runga—Kutta scheme. The coefficient values were the same as in the
Padé approximation described above. The excitation was a Gaussian white noise sequence with
rms values chosen to correspond to the P values above. This in itself was not trivial as the
Gaussian sequence was filtered into the interval [0,200] Hz in order to ensure correct behaviour
of the Runga—Kutta routine. This lowered the rms from the required value and the final
simulation used a corrected rms to account for this. 190000 points of data for each case
were taken and the coherence was estimated from a 512-line FFT, this gave 185 averages.
The results are shown in comparison with the analytical results in Fig. 3. It is observed that
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Fig. 1. Coherence from (1,1) Padé approximation for asymmetrical (k, #0) Duffing oscillator: P = 0.005 (solid line),
P =0.01 (dotted), P = 0.02 (dashed).
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Fig. 2. FRF from O(P) approximation for asymmetrical (k;#0) Duffing oscillator: P = 0.0 (solid line), P = 0.005
(dotted), P = 0.01 (dashed), P = 0.02 (dot-dash).

the best correspondence is for P = 0.005 as one might expect. Qualitatively the results are quite
good, although the analytical results appear to underpredict the distortion. There is also an
indication in the numerical results of a dip in coherence at three-times the natural frequency,
which is consistent with excitation of the cubic term at higher values of P. This effect is not
predicted at the (1, 1) level of approximation.
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Fig. 3. Coherence from (1,1) Padé approximation for asymmetrical (k, #0) Duffing oscillator: P = 0.005 (solid line),
P =0.01 (dotted), P = 0.02 (dashed). Comparison with numerical simulation (lines with circles).

5. The symmetric oscillator—an approximation of order (2,2)

This section computes the coherence y(zz,z) for the symmetric Duffing oscillator, i.e. that
given by Eq. (9) with k, =0. As described in Section 3, the coherence is insensitive
to the nonlinearity at order (1,1) and this is why the higher-order approximation is
necessary. This amounts to calculating the terms Ay, and B,y from Egs. (27) and (28). The
necessary cross-spectra for Ay are from (27), S, ., S, and S,. The first of these two
quantities are given above (by setting k, = 0 for the asymmetric case), and the third was
computed in Ref. [1]; it is

9
&M@:ﬁ%H@ﬁ{

(Hl(a))+llc) +13(w)}, (40)

2 2¢2k?

where
—(0? — 30)(21 — 10iw,{w — 27(0%(2)

.l
mc2k (o — wg — 31w, )0 + 0g — 3w )0 — 3wz — 3io,d)(® + 3wy — 3iw,l) “1)

I3(w) =

The expression for the By, term in Eq. (28), on using the expression (12) for H3 with k, =0,
becomes,

6k2P4 00 00
4;2 |H(60)|2/ do, |H1(w1)|2/ dwy |H (o)’ |Hi(0 — o1 — ). (42)

Bx(w) =
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Fig. 4. Coherence from (2,2) Padé approximation for symmetrical (k, = 0) Duffing oscillator: P = 0.005 (solid line),
P =0.01 (dotted), P = 0.02 (dashed).

This is readily evaluated by contour integration (in fact the first integral has already been carried
out for By;). The result is

9k2P*
By(w) = —3" | H(w)|* 14(o), 43
n(0) = = H@) Li(@) (43)
where
0t + 20202 + 4504 + 540202 + 5220302 + 1053w ?
[4(0)) — d d n d*’n n (44)

([0 — w4 + 9022 ([0 + w4 + 9020 )([w — 3wl + 9020 [0 + 304l + 902%)

The (2,2) Padé approximation to the coherence can now be computed using the expression
in (26), the results for P = 0.005, 0.01 and 0.02 are shown in Fig. 4. The size of the distortion is
small compared to the antisymmetric case. A comparison with numerical simulation is made in
Fig. 5, the simulated data being generated in the same way as in the last section. It is seen
that the Volterra approximation considerably underpredicts the coherence distortion, but is
consistent with the fact that the O(P*) FRF prediction also underpredicts the frequency shift in
the FRF [1]. The Padé approximation generates the correct features, i.e. is less than unity in
the neighbourhood of the natural frequency and its third harmonic. However, it fails to predict
the shift upwards in these dips which is shown in the numerical results. This is presumably a
higher-order effect.

Again, the dips in the coherence can be attributed to the poles of B, and the zeroes of Aj; in
fact they are explained by the former here as seen from (44).
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Fig. 5. Coherence from (2,2) Padé approximation for symmetrical (k; = 0) Duffing oscillator: P = 0.005 (solid line),
P =0.01 (dotted), P = 0.02 (dashed). Comparison with numerical simulation (lines with circles).

6. Discussion and conclusions

This paper extends the set of structural dynamic observables which can be approximated using
the Volterra functional series. These approximations are valuable because they can give
information about the pole structures of the various quantities which may later be exploited for
identification purposes. The particular observable approximated here is the coherence function for
the sdof asymmetric and symmetric Duffing oscillators. In the asymmetric case (k, #0), the (1,1)
approximation is obtained and shown to give excellent quantitative agreement with the results of
numerical simulation. Specifically, the approximation shows dips in the coherence at low
frequencies and at twice the linear natural frequency. At higher levels of excitation, there is also
distortion evident at the natural frequency itself. What the approximation fails to capture is a dip
at the third harmonic of the natural frequency when the level of excitation takes its higher values.
This is consistent with the order of truncation of the approximation. The level of qualitative
agreement is also fair with the ‘true’ distortions being factors of two or three greater than the
rational approximation. Again, this is consistent with the effects of truncation. For the symmetric
oscillator, the qualitative agreement is also good with the approximate coherence dipping at the
natural frequency and third harmonic. However, in this case the qualitative agreement is less good
with the numerical results showing relatively much greater dips than in the asymmetric case.
Another effect not captured by the (2,2) approximation is the frequency shift upwards in the
coherence dips for the numerical results. Again this appears to be a truncation effect and is
reduced for the lower values of excitation level as one might expect.

These results were obtained in the belief that there is insight to be gained from the analytical
approximations. There is also the possibility that appropriately accurate approximations may be
used to extract information from measured data. This possibility lies somewhat in the future and
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will require some means of extracting higher-order approximations. The authors are pursuing this
with the aim of converting the calculations here from hand calculations with the assistance of
computer algebra to full computer algebraic calculations.

Appendix A. Relations between cross-spectra

Two useful relationships between cross-spectra will be proved here. Although they could
probably be derived faster using the machinery developed in Ref. [9], it is instructive to
derive them from first principles, this also saves explaining the notation and techniques from
Ref. [9].

Lemma. Suppose the sequence y(t),i =1,...,00 is the Volterra expansion for a nonlinear system
and that the excitation x(t) is a white noise sequence with auto-correlation function ¢ (1) = Po(t)
then if n is odd,

Sy x(0)Sxy, (@) = PSy,y, (). (A.1)

Proof. First, consider the term S, (0)Sy,, (®).
Taking the inverse Fourier transform (with time variable 7)gives

Sy () Su (@)] = @, () by, (1) = / A7’ ¢, (), (= ) (A2)
= /OO dt E[y,(6)x(t + NEX@ )y, (I + 1 —1)]

- / h A7’ E[y,()x(t + DNED, ()x({ —1+7)] (A3)

after using stationarity of the signals.
Substituting for the Volterra operators gives

/OO dr’E[/oo dty hy(ry)x(t — 7)x(z + ‘E/):|

XE|:/ . / dny...dn, hy(py,. . on )X —ny) ... x( —n)x(f +7 —1)|. (A4
—00 —00

Combining the terms and using the well-known decomposition of the expectation of a product of
Gaussians into pair-wise expectations [4] gives

/dr/ dflhl(fl)/ /d'h dn, by -5

X E[x(t — r)x(t + DIE[x(" — n)x( —np)]- -
[X(l - nn—Z)x(t - nn—l)] [X(l - nn)x(t + T - T)]a (AS)

where the term m, counts the number of allowed permutations of the expectations. There is
only one way to form the first expectation and there are clearly n ways to form the last. The case
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of the intermediate (n — 1)/2 terms is more complicated, but a little thought shows that there are

(n— 1)!/(2(”’1)/2((11 —1)/2)!) ways of arranging them. The end result is
n!

2T ()

Note that (A.5) depends critically on the symmetry of 4, under the interchange of any two

symbols. The pair-wise expectations in (A.5) are simply autocorrelation functions of the input, so
the integral becomes

00 00 00 00
mln/ dr// dr, hlm)/ / dny - Ay s o 11,)
xd)xx(r/ + Tl)(bxx(nl - 772) e d)xx(nn—Z - nn—l)d)xx(nn + T/ - T)- (A7)

But Gaussian inputs have been assumed with ¢,.,(t) = Pd(t), so the expression reduces to

mlﬁ/ d{/ dnhl(rl)/ / iy diy (s )
00 —00 - -

my, = (A.6)

x3(t" +11)0(n — 1) -+ 00,0 — 1,-1)0(n, + 7 — 7). (A.8)
Arbitrarily choosing to project out the # variables with even indices yields
o0 o0 o0
mlnP_3/ df// / iy - Ay (=T Y1111 - T2y y2n T — T, (A.9)

where the overline indicates that only #s with odd indices are included in the product.
Finally, changing 7'— — 7’ gives

TSy, (@) Sy, (0)]

743

o o o
= mlnP_/ d'L'// e / d”]l N d]’]n_z hl(T/)hn(i/h, M- Ny—2sMy—n,7T + T/). (AIO)

Now, consider,

7Sy, (@)Sx(@)] = PF TS, (@)] = Py, (7). (A.11)
Considered as an expectation, this is simply
Ely, (1 = 0y,(0)] (A.12)

and in terms of Volterra kernels this is

E|:/0<> dri h(t)x(t — 1 — 11)

x/ / dn,...dn, hy(my,....n)x(t—ny) ... x(t—n,)|. (A.13)

As before this is decomposed into pair-wise expectations,

/d’flhl(fl)/ /dm -dn, hu(nys .o omy,)

X E[x(t = 7 — 1)x(t = nIE[x(t = n)x(z = m3)] -+ E[x(t =, )x(t — )] (A.14)
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mln/ drl hl(fl)/ / dnl "'dnnhn(nl,---ann)
quxx(fl +17 - 171)¢xx(’72 - 773) s d)xx(nnfl - nn) (AlS)

and this is

but because x is white-Gaussian, this is

mlnP(n+3)/2/ d’C] hl(fl)/ / d’71 "'dnnhn(nlr--,nn)
—o0 -0 —o0

x8(t1 + 7 = 11)001, —n3) - .. 00,y — 1) (A.16)
Projecting out the odd variables using the delta functions leads to the expression,

o0 o0 o0
mlnP(n+3)/2 / dTl / s / an s d”lnflhl('fl)hn('fl + 7, N2sN2s e o - Nyt 1/,)171)? (A17)
—0oQ —0o0 —0o0

where the overline omits the odd indexed variables now.

Using the symmetry properties of /4, under any permutations of indices and making a trivial
relabelling of the integration variables leads to the same expression as in (A.10) and this
establishes that

F Sy, x(@)Syy, ()] = P, , (1) (A.18)
so that taking the Fourier transform establishes the desired result. The relation can

obviously also be proved by computing S, , and showing that it factorises into terms of the
form (A.1).

The next result of use is:

Lemma. Under the same conditions as the previous lemma,

n+5

PT o0 o0 o0 o0
PS,, () = S, (@)Syy, () + ‘(’; = / / dodws / / e,
) 2 —00 J —00 —00 —00

xHz(w1, w2, —w — w1 — w2) H3(—w1, —w2, w + 0

+ @2, M4 Mg -+ » Mu—15 _7//1171)' (A19)

Proof. First consider the term S, (w)S,,, (w). The manipulations needed are very similar to those
in the first lemma. First, take the inverse Fourier transform and convert to the correlation,

TS, (@), ()] = / 47 b, ()b, (2 — 7). (A.20)
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After replacing the correlations by the appropriate expectations and substituting the Volterra
operators for y; and y,, one obtains

/dr/ / / dﬁdrzdfz/ / dny ...dn, ha(t1, T2, ©3) a0y, - - -5 1,)
—00

x E[x(t — t1)x(t — 1) E[x(t — 13)x(t + 7')]
X E[x(t" = n)x(@ = my)]. .. E[x({" = ,_)x({" — n,_)]
xE[x({ — n,)x({ —t+ 1), (A.21)

where the number of ways of combining the arguments of the expectations is

3n!

ms, = —————. A.22
"0 (i) (4.22)

Substituting the correlation function for Gaussian noise, gives the final result,

mg,,P(SJr”)/Z/ / dr d13/ / dn...dn,_, h(ty,t1,73)
—00 —0o0 —00 —0o0
XI(, 1M e My M2y T+ T3). (A.23)
Next consider,
F S, @Su(@l = [ 40y, @l =) (A24)
—0o0

After substituting for the ¢s and introducing the Volterra operators, the resulting integral
contains the product of expectations,

Elx(t—11)...x(t —t3)x(t+ 17" —n) ... x(t +7—n,)]
X Ep({)x(t + 7+ 7)] (A.25)

This leads to two distinct pairwise products of expectations. In the first, the t variables are
grouped together thus, E[x(¢ — t;)x(f — t2)]E[x(t — 13)x(¢ + v — ;)] . .. and this leads eventually
to an integral identical to (A.23). In the second grouping, the t variables are all paired up with 5
variables leading to E[x(7 — t1)x(¢ + 1" — n)]E[x(t — t2)x(¢ + " — n)]E[x(t — t3)x(1 + 7" — )] . ..
This leads to a final integral,

o0 o0
I3, = 61311/ : / dny dnydnydny...dn,,
—0Q — 00

Xh3(’71 -1, 1/]2 -1, ’73 - T)hn(nla 1129 ’73: ’747 ’747 LIS nn—lnn—l)a (A26)
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where

6(n — 3)!
Q3n = 0z 3 (A.27)
2 3)/2)(73)!

Now taking the Fourier transform of the integrals obtained so far gives
Sy3x(w)Sxy,1(w) = PSy3yn(w) + 9‘;[13”] (AZS)
and in order to establish the required result, one has simply to evaluate the Fourier transform of

(A.26).

First, take the multidimensional FT of (A.26) and replace each of the A; with their FT (see
Eq. (A.3) in the main body of the paper).

97[13,1]
=q3nP(5+”)/2/ dre_i‘”/ / / d’hd’?zd’h/ / dng...dn,_,

o0 o0 o0 .
“ Ga / / / doy dar dews H (01, s, 3)el@ =0 +020—+0301=0)
T - —00 J —00

(A.29)
o o0
% (21)n/ N / doy . .. da, Hn(OCI, o, o(n)ei[‘-'xl"Il+a2ﬂ2+0‘3ﬂ3+(“4+9‘5)’74+'"+(°‘n—l+‘1n)11n].
n —00 —00

First, one integrates out the variables u, to 5,_,. This is accomplished by collecting the
factors

1 [ ;
_/ i N = (o + oy41). (A.30)
21 J_oo
and using the projection property of the delta functions. This gives

5+n

— / / drdw; dw, dws doy dop dos dorg . . . doy,— g
(2ﬁ)_

xH3(w1, 0y, w3)H (o1, 02, 03, 04y —0ds . . ., Olp—1, —0Olp—1)

U (% g am@an VL[ st
_ d 17 (01401 d i, (w240
X{zn/_oo e }{271/_00 12€ }

L™ e : (A31)
X {— / d773 em;(wﬁ-m) }e—1r(w+w1+w2+w3)
21 J_ s
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after a little rearrangement. Now, the bracketed quantities in the last equation are delta functions
o(w; + o;) and can be used to project out the first three os, yielding

ps+m)2
Gsn (o )(n+3)/2/ / dw, dwrdws dag . .. do,—

XH3(('015 w3, (D3)Hn(—CUI, —W2, —W3,04, —0K4,...,0—1, _Ocn—l)

Lo
X{% / dre“<w+wl+w2+w3>} (A.32)

and the bracketed quantity is again a delta function d(w + w; + wy + w,). If this is used to project
out 7, the required result follows.

A specific result used in the main body of this paper is obtained by setting » = 3 in the lemma.
This gives

6Pt % [ ,
PSy.,, = |Syw| (27:)2 e doy dws|H3(w1, o1, —0 — w1 — w2)] (A.33)

and from this it follows that:

PSy > 1Sy (A.34)
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