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Abstract

A method to compute the power spectral density of sound transmitted on the axis of an axisymmetric
enclosure for a wide frequency band is presented. This method is very easy to program.

Even when the driving excitation is not axisymmetric, the method only requires the in vacuo structural
modes to be calculated. This can be achieved by a finite element calculation, since the density of these
modes tends to zero while the frequency tends to infinity.

The results improve as the frequency increases, but generally they are already valid at the first resonance
of the elastic shell.

The problem comprises three coupled domains: external acoustics, internal acoustics, and structural
vibrations. The internal acoustics is formulated with acoustic dissipation, modelled by locally reacting wall
impedance superimposed onto the motion of the elastic structure.

It can be solved through three original arguments:

e The joint use of an integral representation and a modal decomposition of the Helmholtz equation results
in an integral relation between the pressure inside the cavity, the wall acceleration and the acoustic and
structure damping.

e This integral expression can be developed with the stationary phase method since the axisymmetric
modes of most aeronautical structures are acoustically fast, even below the coincidence frequency, and
only these modes are needed to compute the pressure on the axis. As a result, the structure zones which
contribute to the pressure on a specific point of the axis are very localized. Generally, there is only one
zone: the parallel constituted by the points nearest to this axis point.
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o A wall pressure jump formulation provides a second equation for the pressure on the axis point; the
equality of both pressure expressions leads to a local relation between the pressure jump expression and
the wall acceleration: the fluid—structure coupling for axisymmetric modes is quite local.

Once the modal coupling terms are known, the wall acceleration, and therefore the internal pressure on
the axis, can be computed by using only the structural modes.
© 2004 Elsevier Ltd. All rights reserved.

1. Literature review

Initially limited to the transmission of airborne noise into an aircraft fuselage, noise
transmission-related problems have received significant attention, particularly since noise levels
in modern launchers exceed acceptable safety criteria payloads.

The most advanced noise transmission analyses were briefly reviewed by Dowell [1] with respect
to all flight vehicles.

Smith [2] was among the first authors to model a fuselage with an infinite cylinder, for which an
analytical expression can be written.

To some extent, Koval [3—11] extended Smith’s results to finite shells. He systematically
introduced panel curvature, internal pressurization, cavity resonance, stiffeners and orthotropic
panels into his analysis.

Cockburn and Jolly [12] considered the structural and acoustic modes of a stiffened cylindrical
shell and enclosed volume.

Pope [13-18] studied the acoustic band-limited power flow into an enclosure. He needed two
main simplifying assumptions: the first one was that the coupling between the structural and
acoustic modes was weak, which, however, in no way excludes well-coupled modes which occur
when acoustic and structural modes have resonance frequencies that are closely spaced relative to
the modal bandwidths. But Unruh [19], using a finite element calculation, showed that this
assumption had to be treated with caution: at low frequencies, there could be a strong coupling
between structural and cavity modes. The second assumption was that the structural inter-modal
coupling could be neglected, for which the preceding remark was also true.

Lyon [20] applied the Statistical Energy Analysis (SEA) method to structures with complex
shapes, assuming that it was unnecessary to know with accuracy the frequencies of the modes,
provided that they were sufficiently numerous.

The authors have generally modelled the structure either as a cylinder, like Koval [3,4,7-10]
and Smith [2], or as an assembly of panels like Vaicatis [21-23] and Koval [11], with simply
supported or clamped boundary conditions. These panels can be flat and rectangular [21-23] or
curved [11].

Chang and Vaicatis [24] studied a semi-cylindrical enclosure closed by a floor and two rigid
walls. The individual panels could be formed into linear arrays joined up by stiffeners. Vaicatis
[21] used the transfer matrix method of Lin [25,26] to solve the equations associated with these
discrete elements. Pope, Wilby, Willis and Hayes [13,14,17,18] proposed a complete analytical
model of a propeller aircraft by means of a cylinder with a floor.
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All these authors presented a modal approach to the problem.

In general, the internal pressure was expressed as a function of the displacement of the structure
via the Green function of the interior problem.

The external pressure was the sum of the pressure on the blocked structure and the acoustic
field radiated by the structure. The latter was related to the displacement of the structure via the
Green function of the exterior problem.

These integral expressions were coupled by the equations of the motion of the structure, the
excitation of which was the difference between the external and internal wall pressures.

A system of algebraic equations was thus formed to obtain the modal response of the
transmitting structure.

The final result was achieved through the concept of acoustic power flow balance: the net time-
averaged power flow into the receiving volume equalled the net time-averaged acoustic power
dissipated on the internal wall, defined via a mean absorption coefficient on its surface.

Particular attention must be paid to the formulation of Dowell, Gorman and Smith [27], which
provides a clear understanding of the coupling between the elastic structure and the cavity: to
express the motion of the structure, they used the basis of the in vacuo modal shapes of the
structure, and to express the Green function of the cavity, they used the rigid-wall eigenmodes of
the cavity.

They showed that the nature of the coupling between the structure and cavity was gyroscopic
and thus that the structure without damping and internal non-dissipative fluid constituted a
system without damping. A numerical method for computing the modes of this coupled
system was developed by Meirovitch [28]. He modelled the fluid damping with locally
reactive wall impedance and showed which coupling this wall impedance introduced between
the cavity modes.

2. Proposed method

Our starting point will also be a formal development of the internal pressure on a modal basis
as used by Dowell [27]. We will then develop three original basic arguments to perform the
complete calculation.

The first argument is that the modal expansion will be combined with an integral formulation
using the Green function in an undefined domain. We will show that an integral equation can be
obtained linking the pressure inside the cavity, the wall acceleration and the acoustic and
structural damping, the importance of which will be discussed in the formulation and resolution
of the problem.

Then we will show that the pressure along the axis of an axisymmetric enclosure depends only
on the axisymmetric modes, even when the driving excitation is not axisymmetric. For most
aeronautical airborne structures, these modes are acoustically fast. Therefore, their spatial
variations are smooth in comparison with the phase of the Green function and the method of the
stationary phase can be applied to the integral expression derived from the first argument. This
leads to the second basic argument stating that the zones of the structure which contribute to the
noise at one point of the axis are localized on the shell. These zones correspond to the Green
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function stationary phases. Generally there is only one zone: the parallel constituting the points
nearest to this axis point.

The stationary phase method will also be used to establish the third argument, i.e. that the
coupling between the fluid and the axisymmetric modes of the structure may be considered as
local. To obtain this result, another equation for the pressure will be given as an integral
expression containing the wall-pressure jump. The stationary phase method will be used to derive
a local relation between the wall-pressure jump and the wall acceleration for each localized zone
mentioned in the second argument.

Finally, because the first argument links the internal pressure on the axis to the wall
acceleration and the second one provides the wall jump pressure term to be introduced in the wall
acceleration equation, the proposed method results in a calculation limited to the structure. The
numerical resolution of the Helmholtz equation, which would be intractable because of the high
modal density of the cavity, is thus avoided.

By contrast, the remaining computation of the axisymmetric modes of the structure can easily
be calculated with the finite element method, since their density tends to zero as the frequency
tends to infinity.

This method gives the spectral power density of the pressure along the axis of an axisymmetric
enclosure for any external driving excitation, on a wide frequency band.

It can be applied at high frequencies for any structure, and at any frequency for most
aeronautical airborne structures. An easy graphic process can be used to verify its applicability
when subject to caution at low frequency.

An experiment that shows the relevance of this calculation is presented in chapter 8.

3. Complete formulation of the problem

Let the cavity occupy a volume V and be surrounded by a flexible wall surface S, and two
reflecting rigid ends F; and F». For the sake of simplicity, the thickness of the wall will be assumed
to be null.

Fig. 1 represents the half meridian of an axisymmetric structure and contains all the equations
that will be used hereafter Eqgs. (9)—(11).

Let the displacement u of the flexible surface satisfy a shell equation:

—w’Mu+ Ku = —e + n(p' — p°) Boundary conditions on SN (Fy U F3), (1)

5
where M is the symmetric mass operator, K the symmetric stiffness operator and » the outward
normal vector.

The boundary conditions have to be determined only at the intersection of S and the ends F,
F.

The external driving of the structure is the known data e, which need not be axisymmetric. It is
a wall motion-independent driving as, for instance, the blocked structure acoustic pressure (rocket
motor noise, fan noise, etc.), a boundary layer or an applied force field. But the displacement u of
the shell itself induces an internal pressure p’ and an external pressure p¢. The shell reacts to the
difference between these two pressures on the wall: n(p' — pg)‘ s 18 simply the fluid-structure
coupling term.
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The component of the internal pressure at the angular frequency w satisfies the familiar
Helmholtz equation and the associated boundary conditions:

AP +KPp =0 inV,

a i

- = potn,

0l = 0. )
On F\UF,

An analogous Helmholtz equation is assumed to express the external pressure in the exterior
domain V:

Ap® +K*p* =0in 7,

al = pw’(u, n),

on|g

61 =0, Sommerfeld condition. 3)
On F\UF,

In these equations, p is the equilibrium fluid density and k = w/c is the acoustic wave number, ¢
being the acoustic velocity.

Egs. (1)~(3) do not take into account the damping terms. Indeed, both the structure and the
fluid dissipate energy.

No simple description, if any at all, is available for the structural damping. Most of the energy
dissipated in shells is lost into the end supports and thus greatly depends on the means of support
and the structures the shell is attached to. Nevertheless, a simple way to consider the in vacuo
structural damping is to assume for the dissipation operator the following form:

—2lweu, “4)

¢ being diagonal in the in vacuo modal basis of the shell.

When the modes are sufficiently spaced in frequency, their loss coefficient can be measured as
the logarithmic decrement of the root mean square value of the wall acceleration after any
excitation at the associated frequency has been stopped. It is also a way to verify that ¢ is diagonal
(in fact, the acoustic energy loss is included in this process and the experiment should be
performed in vacuo to conform to the equations of Fig. 1).

The fluid possesses an inherent viscosity, the effect of which appears at very high frequency and
may almost always be neglected in the problem under consideration.

By contrast, the wall itself dissipates part of the sound especially when it is covered with a
sound-absorbing coating. Its absorbing power can be measured with an impedance tube, and is
characterized by a locally reactive impedance, which may be complex; only its real part implies
dissipation.

This impedance is quite different from the wall impedance relative to its elastic behaviour,
which is not locally reactive: the motion of one point of the wall depends on the pressure on the
whole shell and not only on the local pressure.
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Pierce [29] has shown that this acoustic impedance was equivalent to the Sabine
absorption coefficient used to compute the reverberation time in a cavity with an infinitely
rigid wall.

Furthermore, both the impedance pc; and the thickness of the material cons-
tituting the structure contribute to this wall impedance. Indeed, the Ilatter includes
acoustic leakage to the exterior resulting from the variations in acceleration inside the
thickness of the shell, not considered in the shell equations (the velocities on the neutral
surface and on the boundary inside which the Helmholtz equation is applicable are assumed to be
the same).

This locally reactive impedance may, in addition, include the possible presence of the acoustic
boundary layer, thereby avoiding use of the Navier—Stokes equations in the neighbourhood of the
wall.

In any event, the dissipation of sound energy takes place in the neighbourhood of the wall.

To put it simply, it is sufficient to say that the Helmholtz equation does not apply entirely to the
volume V enclosed by the neutral surface of the shell S and the ends F;, F5, but to a volume V7,
slightly smaller and enclosed by a boundary S’.

The surface S” will transmit the normal acceleration of the surface S. In addition, it will
introduce a normal velocity difference (((@u*/dr) — (du’ /1)), n) assumed to be related to the wall
pressure through a locally reactive impedance Zg, eventually complex and depending upon the

frequency:
; ou’S  u
P(t)—ZS’<<F—E>,”>- ®)
The acceleration normal to the surface S will therefore be
0% (1) 0% (1) op'(r) /ot
< o )‘( ar )*( Zs ) ©

It is on this surface S that the boundary condition of (2) (normal derivative of the pressure)
should be imposed.

Retaining the same notation for a function and its Fourier transform, we will write the
boundary condition on S instead of §’, since S is sufficiently close to S”:

= pw’(u,n) + i (o), (7
S ¢

and we will suppose that the Helmholtz equation applies throughout the whole volume V. By
definition, {(w) = Zs(w)/pc is the normalized acoustic impedance.
The same could be applied to the external problem, the equations of which would be

Ap° +K*p°=0 inV,

op'
n ()

op* k

% . = pw*(u,n) — ine,

a €

P =0, Sommerfeld condition. 8)
on | p ur,
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But for the external problem the dissipation due to the acoustic energy radiated in the far field is
predominant. Therefore, this complication is not worthwhile.
The final complete set of equations is as follows:

AP+ =0 inV,

op' ik ; o

<§—?P> S—Pw (u,n),

a i

= =0 ©)
g uF,

— o’ Mu — 2ioeu + Ku = —e + n(p’ —p")!S on S, Boundary conditions on SN (F; U F»),

(10)
Ap¢ + kzpe =0 inV,
al = pw2(u, n),
on |
op° o
-— =0, Sommerfeld condition. (11)
on | p ur,

Obviously, in order to neglect sound dissipation at the wall or structure damping, it is sufficient
to give very large values to { or very small values to .

Using the results of Refs. [27,28], it is demonstrated in Ref. [30a] that the complete problem
defined in Fig. 1 still has a unique finite solution.

More precisely, the system consisting of Egs. (1) and (2) (internal fluid and elastic structure) is
not damped in the absence of mechanical or acoustic dissipation. Thus, there are coupled
fluid—structural modes, and at their frequencies, the response of the system could theoretically be
infinite valued.

Eq. (3) (external fluid) introduces a natural damping by acoustic radiation owing to the energy
loss in the far field. The response of the coupled fluid—structural modes becomes finite, but the
levels inside the cavity may be irrelevantly high.

In other terms, Egs. (1) and (2) remain singular for the eigenvalues corresponding to
the nullity of their right sides (in vacuo modes for Eq. (1) and rigid wall modes for Eq. (2)).
At these eigenfrequencies, the number and frequency density of which tend to infinity
with the frequency, orthogonality relations have to be written instead of Egs. (1)
and (2).

By contrast, Egs. (9)—(11) have a unique solution whatever their right sides may be. In addition,
the associated equations are physically relevant since both mechanical and acoustic dissipations
are considered.

Moreover, it will be demonstrated that the acoustic wall impedance and the structural damping
are fundamental parameters for determining the pressure level inside the cavity.
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Ap® +kp° =0,
6 €
= =put(un),
7 On |,
L2
on FuE,
Sommerfeld condition.

Data Coupling term
s |—w'Mu—2iveu+Ku= —e +n(p' - p*)

ad

Boundary conditions on SN(FUF,). _—===x

” . .
27 |Ap'+kp =0,
v {on {

=pw’(u,n), | F.

S

awl
on RUR,

Fig. 1. The problem to be solved.

4. Solution of the acoustic interior problem
4.1. Green formulation and modal expansion (first argument)

Let u, be the Neumann modes of the cavity (rigid wall modes):

Aun + ’Vyzlun = 01

Ou,

— 0. (12)
on SUF,UF,

The eigenvalues —y,% are real and the set u, constitutes an orthonormal basis in the space of
solutions for the problem (9) (namely the Sobolev space H'(V)), even when the boundary
condition is not a rigid wall.

The Green function G° associated with the problem (9):

AG* + kG = —3(x—y) inV,

oG- ik
<an‘cG>

(where ( is infinite valued on F; U F; in accordance with the boundary conditions in Eq. (9)) can
be expanded in the biorthogonal set of eigenvectors w, and v, of the homogeneous problem

=0, (13)

SUF|UF;
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associated with (13) and its adjoint problem [31]:

n=+00 — n=+00

where a bar over a symbol means, here and hereafter, the conjugated value of a complex-valued
parameter and:

Aw, + kiwn =0,

(aW" - gw,,> —0, (15)
on ¢ SUF|UF,
Av, + %flvn =0,
ov, ik )
—+ =, =0. (16)
<6n ¢ SUF|UF;
Therefore, the internal pressure can be written as
Pkl = [ G esporulrk,o)n,)dS0)
n=+0oo 2 n=-+o00
po-(u(y, k, €), ny)wu(y) dS(y)
-5k S ) = Y- kLo ()

in which every mode w,(x) can be expressed as
p=+c0
wy(x) = Z </ wn%dv) Up(x). (18)
p=—c0 \V

The eigenvalues of Eq. (15), —ki, counted with their multiplicity order, tend towards —y2 when
1/|{| — 0, and are complex. A simple application of the Green formula in Egs. (12) and (15):

(kﬁ—yf,)/ wn@dv+ik/wnu”dS=O, (19)
y s ¢
shows that
—ik 1
lim W, dv = ——— 3 — |, 20
R P R E R (ICI) (20)
2,.2 4.2 n p

n~Tn7lp
so that series (18) will tend, to the first order in 1/|{|, towards a finite linear combination Zu, of
eigenvectors u,.

It results from Eq. (18) that this linear combination XZu,, which is itself an eigenvector
associated with the same eigenvalue —)2, also verifies, to the first order in 1/[{[:

(e = 72) / waZt, dv + ik / Wniun d§ =0, @h
Vv S




54 D. Brenot | Journal of Sound and Vibration 287 (2005) 45-75

allowing us to estimate the imaginary part of —kﬁ:

fSUF]UFz(lzunlz/C)dy _ lk

K —o% = —ik -,
n Vn fV |Zun|2 dx Cn

(22)

where {, may be defined as the normalized impedance of the nth acoustic mode.

Therefore, resonance of system (9) occurs each time kﬁ =72, The smaller R,(1/{) is, the more
intense the resonance, and the narrower its pass band.

A simple application of the Green formula shows that every mode w, of Eq. (15) verifies:

3 ik\ [ elnlvl
a(X) = — — == ) | | () dS ). 23
Wi(X) /SUFIUF2 <6ny C> <4n‘x_y‘>w (1) dS() (23)

The solution of Eq. (1) can thus be written as

n=+00o

Pk, Gey= Y ok, e)wa(x)

n=-—00

n=+00 0 ik ik |x—y|
= =S wklo <$_lf) (ﬁ) () dS(). (24)
;

n=—0oo

But, always with a simple application of the Green formula to Eq. (9) and the Green kernel of

an unlimited domain (eik | =] /4n‘ X — y‘);

. 0 ik ik|x—y| .
Pk, e = — /S . (W—%) (ﬁ)p'@, k,,€)dS(y)
1 2 Y

eiklx—y| )
" /Smpw (u(y. k. ).m) dS(). 2

It results directly from Eqgs. (24) and (25) that

n=+00 d ik eik|x7y| _ eikn|x7y|
Z k) SUFUF, <<a—m_f> ( 4n|x — y| ))wn(y) as0)

n=—0oo

eik|x—y|
_ / P (uly, k, ), m,) dSO). (26)
s 4n}x - y‘

To compare

n=+00 o ik eik,,|x—y|
Z OCn(k, C, 8) SUFLUF, (a—ny - ?> (m) w,,(y) dS(y) (27)

n=—00
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with

n=+00 0 ik eik|)c—y|
Wk, G e ——— || ——|wu(»)dS
AT SUFIUFZ(any c)( ‘)W (1) dS()

n==00 47t|x -y
= 0 ik . eianX*y|
- e <— B _> eilk—k)|x—y| & " w,(y)dS
n;oo ( ) SUF|UF, any 4 ( 47‘5‘x _ y| (J/) O’)
n=+00 . o ek |x—y|
= Z an(k, (, €) <1(k—kn)a—‘x—y\>7
n=-—00 SUF UF, ny 47‘C|x — y‘
i 0 ik gikn]x—y|
R I Pl | D ds 28
' (e ) (any C) (4n’x - y\))wn(y) 0, (28)

let us note that the form of o, (k,(, ¢) is

IR [ (em(y,k) - ny)wa(y) dS() !
kb= 2, Gkn + )k + Ki) Uen = k)l = fem)”

(29)

since u(y, k, ¢) represents the wall acceleration of an elastic shell. The coupling term of the mth
structural mode with the acoustic fluid is included in %, = K,,, — iks,,, where K,, is real.
Therefore, expressions (27) and (28) involve a double summation over the m and » indices.
Let &(k) be a smooth function. Let us compare the convolution by @&(k) of the double
summation terms in expression (27):

o ik\ [ ekl
{gb(k)} f{an,m(k, C, 8) SUFLUF (6_ny - f) <47‘C}x—— y‘> ‘Vn(y) dS(y)}
kK =400 1/ ik, |x—y
= / ' Dk — kYot m(K',  €) (i - ﬁ) bl wa(»)dS(y) p dk’
K'=—o0 SUFUF, \Ony 471:]x - J’}

3 iz [ ekl
= ot —mmneto [ (o) (o moasw fa: (30)
SUF|UF, any C 47'C|x y‘

with the convolution by @(k) of the double summation terms in expression (28), which can be
written in an analogous way:

74 Ok — 2tm(, L, )

d eZlx - 3 iz [ elbl
i(z— k) — |x — e i(Z—ky)|x—y| < _ > e
x /SUFIUFZ ((1(2 )any }x y‘) 4n’x —y‘ + (e ) on, ( 47r‘x —y’

Wa(y) dS(y)}dz. 31)
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These convolutions are to be interpreted as mean values over a short frequency band.

The analytic functions under the integral signs are holomorphic out of the poles. The
integration contour is a half-circle in the inferior half-plane completed with one diameter,
sufficiently large so that the contribution of the circular sector can be neglected. It includes the
poles z = k,, with a negative imaginary part.

Let us use the residues theorem to perform the above comparison. The poles z = k,, clearly
appear in Eq. (17) and in the expression of a,(k, {, ¢) given by Eq. (29). The poles z = k,,, due to
u(y, k, ), also appear in Eq. (29) and represent a resonance of the structure coupled with the fluid.

For a given wavenumber k, the terms in the double summations which will contribute in a non-
negligible way to the results are those for which:

he=o()

k — km = ‘9(8111)

Jon — km—9<C” ) (32)

We thus obtain, for Egs. (30) and (31), respectively:

1 0 ik\ [ efnlxl Wa(1)
3= 2 —— USLATS
<C ’ 8) e /SUFIUFZ (any > <4n|x — y‘) (kp — ko) )

ly @(k = k) [s(€m(y, Kn), ) wa(y) dS(p) n by, @k — k) [o(€m(y, k) m)wa(y) dS() (33)
(kn + k) (ke + Kin) (e + K)o+ ko)

and

1 0 ik\ [ ekalxl wa(y)
I = 2 — n d
<C ’ 8) e /SUF]UF7 (a”ly ) <4n|x - y‘) (ky — k) SO)

(kzdi(k e Fr k31 [ ey, k), my)wa() dS ()

(e + Fen) (ke 4 Ko)
kz ‘P(k k )el(k”’ k”)|Y y| fs(em(y km) n})wn(y) dS(y)
(ke + ko) (Ko + Ke)

s i0(|x = y[) enlxi Ky @k = k) [y, km), 1) wia(3) dS»\
pe /SUF;UFa al’ly 47'C‘X - } Wn(Y) dS(y) (k + km)(km + km)

(34)

We are only interested in resonance peaks and sufficiently high wavenumbers. Under these
conditions, the term in the third line of Eq. (34) becomes doubly negligible, on the one hand,
because it is not affected by a resonance (sharper when ¢ and1/{ tend to 0), and on the other hand,
because its order in k, k,, k,, 1s 0.



D. Brenot | Journal of Sound and Vibration 287 (2005) 45-75 57

Therefore, we may consider that the term under the integration sign of Eq. (34) is simply related
to that of Eq. (33) by a multiplicative term:

<k5¢(k — ke ® =kl [ e (5, ke )wa(y) dy(y)

(k + kn)ken + k)
| B0l = ket b [ 6 00 d70)
(n + Feon) e + Fo)
5 1Dk — ky) [ em(s kn)wa(y) dy() N 2Dk — k) [ em(v, kn)wa(y) dy(y) (35)
(kn + k) (kn + kom) (kn + ki) (ki + Kin) '

It is always possible to choose the function @(k) as a window constant over a sufficiently
narrow band in order to consider that e, (y, k) does not evolve inside it. In this narrow band, the
imaginary and real parts of k, k,, ky,, k, ki, 7, for the terms which contribute in a non-negligible
way to the results become very close when {,, — o0,¢,, — 0. We can thus write

K N 2 1

ke + kn)en + k)~ ke + k) kn +K) — 4
RS (. A )

12

kn_{—ync_n

— ik 1 1 1
ky —k, = —(—+=| iR (=],
k, + k, (Cn C,,) (Q)

ei(k_m*kn)|x7y| o~ 67 (k'gm+2517”) |X*y| . (36)

A simplifying hypothesis consists in considering that the above multiplicative factor does not
depend upon m and » indices and is

(e R el 7 (37)

This relevant hypothesis for defining a worthwhile dissipation model allows us to recombine all
the modes in the equation obtained after a convolution by @(k) of both sides of Eq. (26), which
yields the following:

First intermediary result—Integral relation between wall pressure and acceleration

— : ik|x—y
/ <1 — (e ROhl  mthesa 20l 1) <i _ ﬁ) ) e dso)
SUFUF; ony () \4n|x —y|

eik|x7y| 1
= / e pa*(u(y, k), n,) dS(y)+9(—,z—:>. (38)
¥ Js 4n‘x — y’ 4

Hereafter, for the sake of simplicity, we will omit the 9(1,¢) term and the convolution over k,
which will be implicit in all the equations written below, and we will assume that { is strictly real.
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4.1.1. Physical interpretation of result (38)

When 1/ is small enough, everything occurs inside the cavity as if the wall were quite rigid as
regards reflection of the waves. The energy introduced by the motion of the wall is dissipated both
acoustically at the wall and in the structure. The integral relation (38) sums up this behaviour in
mean value.

4.1.2. Remarks on modal expansion inside the cavity
It may seem irrelevant that the pressure inside the cavity, even to the first order in 1/, is a sum
of modes w,, since each one verifies a homogeneous boundary condition:

awn_%
on "

so that the sum verifies such a homogeneous condition instead of

(54
n (

In fact, Eq. (17) results from the convolution of a Green function with a wall source term. This
Green function has a singularity at the location of the Dirac distribution. Its modal expansion
cannot converge at that location, even if the result of the convolution strongly converges.

Thus, the derivation of the resulting expression cannot be made by a simple derivation of the
Green function under the integral sign, which would correspond to the derivation of the series

term by term.
opt ik
(%)

Indeed,
because of the boundary condition verified by the Green function. Actually, the derivation must
be achieved in a distribution sense and concretely obtained by excluding a disk centred at the
location of the Dirac distribution [30b].

Nevertheless, since the resulting expressions strongly converge even at the wall, the modal
expansion is suitable, provided its normal derivative is avoided.

A formulation with Dirichlet modes (the Green function null on the wall) could have been
studied, but would have certainly been less tractable because of the derivation to be performed.

=0, (39)
SUFUF,

= pa* (u(y, k, e)ny). (40)
S

oGt ik ,\
S;,é/s(an_gce)pw (u(y, k), ny)dS = 0, (41)

4.2. The stationary phase method for localizing noise provenance (second argument)

In all the above expressions, the normal derivative of the Green kernel of an unlimited domain
(e‘k|x’y|/4n|x —y|) is

o eiklx—y| _ eik|x—y| g 1 (y—x, ”y) ‘ (42)
ony, \4n|x—y|)  4n|x—)| =) x =]
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When x is a point of the axis inside an axisymmetric enclosure, ‘x — y‘ retains the same value
when y runs on a same parallel of latitude. So does (y — x,n,). Thus, (elk|x’y|/4n|x —y|) and
(0/0n,)(e* x| /4r|x — y|) remain constant on a parallel of latitude.

In consequence, the integrations in Eq. (25) can be transformed into integrations on the
meridian line.

Calling M a meridian line, du(y) its infinitesimal length, y the running abscissa on this line, 0 the
azimuth and f(y,0) any integrand:

2n
/ F(,0)dS(y, 0) = / ( 10, 9)d0) du(y) = / FO) duy). 43)
S M 0=0 M

F(y) is the zero-order azimuthal component of the function f(y,0), which, as a 2n periodic
function of 0, can be expanded in an azimuthal series:

2f (v, 0) = F) + Y _f1(0)e”. (44)

[#0

Let us retain the same notation for the surface and the meridian line and use a capital letter for
the zero-order azimuthal component. When Xx is an axis point, instead of Egs. (38) and (37), we

can write, respectively:
: o ik\ [ ekl
pl(x,k, C, 8) = - / ( _) (7|> Pl(yak, C, 8)dS(y)

SUF|UF, 6—”)» ¢ 47t‘x -y
eik|x—y| 5
b [ o AU K0 SO, (45)
S 4713‘)( - y’
., ., -1 ; ik|x—yl| .
/ (1 _ (e—lx—y\/s + e—(ka+1/24)lx—y|> ) (ﬂ — ﬁ) (ei) Py, k, ¢ e)du(y)
SUF|UF, ony, ) \4n|x — yl|
eiklx_yl
— [ g PP UG8 m) ), (46)
s4n|x =yl

The combination of Egs. (45) and (46) gives:

1 ik|x—
Plxkle)= — / (el g gtk 2011y (i _ ﬁ) ekt
SUF,UF, on, ( 4n’x — y|

x Pi(y,k,C,e)dS(»). 47)

Let o be a running parameter for the points y(a) of the meridian line.
Define ¢ and d functions:

X — ()] = d(a), (43)

du(y(0)) = (@) d(@), (49)

where x is the axis point on which the pressure is to be computed.
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Fig. 2. Plot of e7d()eikd(®) on a truncated cone meridian for three frequencies. (a)—(c) real part; (d)—(f) imaginary part.
Frequencies: (a), (d), 500 Hz; (b), (e), 1000 Hz; (c), (f) 3000 Hz.

First left prolongation Initial cavity First right prolongation

Fig. 3. Extension of problem (9) with respect to the rigid ends F; and F,. Top: plot of sin (k(d(x) — d(x))). Bottom:
plot of cos (k(d(x) — d(x))).

The integrals in expressions (45), (46) and (47) have the form:

/ e %@y (or) dor. (50)
M

When k tends to infinity, e*“® becomes highly oscillating outside the zones in which d(x) is
stationary, that is to say:

Od(a)

da

Fig. 2 shows this better than mathematical arguments. The represented structure is a truncated
cone closed by two rigid ends. Its dimensions are indicated in meters. It has been used in a

0. (51)
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reverberant room for an experiment, which will be discussed below to compare a theoretical
calculation with the experimental results. In this particular case, for each axis point, there is only
one point y(op) where the distance d(o) = ‘x — y(oc)| is stationary (minimal).

The real and imaginary parts of e kd(®)elkd® ere plotted on the meridian curve for three
frequencies (500, 1000, 3000 Hz).

Stationary lobes clearly appear.

It will be assumed that there is always a finite number of such stationary points o;, thus defining
J contributing zones ;. This excludes the case of a sphere where there are only stationary distance
points when Xx is the centre of the sphere, a case in which all the derivatives verify: (0"d /0a")(«t) =
0, whatever the values of o and m.

Another point to be noted is that, in expressions (45)—(47), some integrations are performed on
S'U F| U F;, and others on S only. In fact the integration over S U F; U F is not necessary, since
Eq. (9) can easily be extended by symmetry.

For instance, let us assume that the initial cavity has been extended with two similar cavities on
which the motions of the flexible portions are exactly the same, but symmetrical with respect to
the ends F| and F, as shown in Fig. 3.

The pressure inside the initial cavity will not be modified if the intermediary ends | and F, are
suppressed. Actually, all the internal points x of the initial cavity are outside the appended
cavities. The Green relation thus gives 0 at x for an added cavity:

0 ik eik|x—y| i

eik|x—y| 5
+/ ———pw-(u(y, k,¢),n,)dS(y), (52)
s, 4713‘)6 — y’
where S{; is the edge of an appended cavity constituted of a surface S, (identical to S) closed by
two rigid ends (identical to F| and F?).
Calling U the reunion of initial and added surfaces and recalling that { is infinite valued on
F, U F,, wé can write:

. 0 ik\ [ ekl
pl(xak, S, 8) = - / <___> -1 | pl(y,ka S, S)dS(y)
TS 4n|x - y‘

ik|x—y|
+ /U N m (per(u(y. k. 2), n,)) dS(). (53)

Since the sums over two adjacent ends cancel each other out because the normal vectors have

opposite signs, we can write
o ik\ [ erhl
( )(7‘ Pk, (e)dS(y)

pl(x,k;Cag): —/ %_? 47T|x_y

Fl U(Uasa)UFZ

ik|x7 ,|
N / ok, £),m,) dS(). (54)
U |

S, 4n‘x—y
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The process can be reiterated as many times as needed, which comes to pushing back the ends
as far as wanted [30c].

Obviously, the integration has to be performed not only on the initial surface but also over all
S, surfaces.

However, the stationary phase zones will stay at the same place on the edge of the new cavity, as
shown by the plot of e~kd()eikd(®) in Fig. 3,

Hence, we can legitimately neglect the effects of the ends F| and F5, most likely of the second
order, which probably compensate for the contribution of the edges of the definition domain of
parameter o, neglected up till now.

Let us therefore assume that the stationary phase method can be applied.

One could use the formulae derived from this method, but it is not actually necessary. It is
sufficient to recall that |x — y(a)| = d(a) does not evolve inside each of the J stationary lobes, so
that Eqgs. (46) and (47) can be written, respectively, as

(mdo)e (ke 20)da) Y (i L1k eik]x—y]|
;(1 <e é—l—e( + ) ) )(1/{ i) C)/ ‘P(ykés)du(y)

47r|x —

ik|x—y|
=37 [ ey sk o) ) (59)

— Ju 477:’x

Pl'(X, k, C, 8) = — Z (e—d(“_/)/c + e—(ks-&-(l/QO)d(Z/_)) -1
J

) 1 ik 1k|x | .
% <lk_@_f>/4n\x— {P(y k, ¢, ) du(y). (56)

In these two equations, we have used the relation:

(V(0)) = X, my)) = |x = y(o)| = d(ay). (57)

valid for a stationary point y(«) [30d]. _

There are two axis stationary phase points for the integration over P'(y, k, {, ¢). Nevertheless, as
{ is infinite valued on F; U F, their contributions in expression (55) tend towards zero by pushing
back F; and F, to infinity as mentioned above.

When, for an axis point x, there is only one stationary phase point (¢ = op)—which is generally
the case—the final expression is particularly simple because the contribution of wall acceleration
only comes from one parallel of latitude, using after [32]:

+oo 1 1n/4 )
lim e @y () dor = Llw(ao)e‘kd(“”). (58)

k—00 J_ oo =
d| |2
Qa
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Thanks to Eq. (58), the integral expressions in Eq. (55) become a simple equality at the
stationary point specified by o, which can be introduced into Eq. (56) to give:

POk, e) = (1 _ (e—d(ao)/é n e—(ks+(l/2§))d(o<0)))_l /
p

eik|x—y|

4—90)2([]()’: ka S)a ny) d:u(y)
Alx =y

. } —1 eik|x—y]
_ / (1 _ <e—\x—y|/s + e—(ks+(1/2g))|x—y|)) ! iﬂaﬂ(l]()}, k, o), I’ly) d,u()/), (59)
B 4n‘x — y‘

2
when &4 0.
(onte4 %

However, Eq. (59) remains true when, for J distinct points ¥/ at least, the main contributions in
each of the J corresponding Eq (55) come from J parallels of latitude uj of the surface S where

the distance |x/ — y(oc’ )| = d(oc ) is statlonary
Indeed, using Eq. (58) for each zone ,u’ Eq. (55) can be transformed into

1 1kd(oc’) _

2n 2 i M(OC] ) —d@))¢ —(ks+(1/2g))d(afi’) :
0=<7> € Ej _— <<1—<e J +e 1) >
d(OC] ) |:aoc2 :|

VL LA P, — o / .,
x <1k ) C)P(y(o;),k,g,g) pw <U(y(oc§),k,s),ny(#)>>. (60)

If the determinant in oc; below is different from O:

N—

1kd(oc’ )M((xl )

0, 61)
i) [W

the equality between pressure and wall acceleration can still be written locally as

(1= (e g trarom)™) (ik—d(ll) ) PG kL)
%

= po? (U(y(og’),k, o #’))’ (62)

and introduced in Eq. (56) to give again Eq. (59):
: -1 ike|x—y|
i = _ (e dE)/E 4 o—(ket(1/20)d(z)) O P
Pkt =3 (1= (e ) /Hj47r}x—y\pw (U k. 2).m,) du(y)

ik|xfy|

_ (o=l (ke 20) - ) € 2
/S(l (e W/E 4 o= (ket(1/2 y)) 4n|x—y}pw (U, k,&),n,)du(y). (63)
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It remains to be determined when the stationary phase method is applicable, i.e. which
functions Y(«) in expression (50) appear to be smooth in comparison with the highly oscillating
behaviour of the complex exponential.

When the frequency tends to infinity, the structural wavelengths evolve, for axisymmetric
modes, like the power % of the acoustic wavenumber [30¢], and they will appear to be infinitely
greater than the acoustic wavelength associated with the oscillations of e*¥®: above the
coincidence frequency, structural modes are acoustically fast and the stationary phase method will
be suitable for the acceleration terms of Eqs. (45) and (46).

But this acceleration term pw?*(U(y, k, €),ny) 1s also smoothly variable for most aeronautical
airborne structures in comparison with e*“®  as soon as the frequency is higher than the first
axisymmetric mode frequency of the structure in vacuo.

Indeed, as already indicated, only axisymmetric structural modes contribute to the pressure on
the axis. In addition, the curvature strongly increases the rigidity of most aeronautical airborne
structures, as explained in Ref. [30f] with reference to Ref. [33].

Two consequences of this curvature effect on axisymmetric modes concur to make the
stationary phase method suitable for developing the integral term containing the wall acceleration
in Egs. (45) and (46) for such structures:

e the first axisymmetric mode of the structure in vacuo is sufficiently high for the asymptotic
expansion to be relevant;

e the wavelengths of all the structure axisymmetric modes are longer than the acoustic
wavelength, even below the coincidence frequency (the axisymmetric modes of such structures
are always acoustically fast).

Nevertheless, a graphic method is given in Ref. [30g] to verify the applicability of the stationary
phase method when it has to be treated with caution.

As regards acoustics, structural axisymmetric modes only excite the acoustic axisymmetric
modes when their trace on the wall matches the structural acceleration. The wavelengths of the
wall pressure oscillations are as long as those of the structure vibrations.

This is not in contradiction with the fact that in a sphere, the diameter of which is an acoustic
wavelength, there is necessarily at least one surface of nodes [30h]. This simply means that the
nodes of the excited axisymmetric acoustic modes are more concentrated perpendicularly to the
wall than tangentially.

Therefore, the integral expressions (45)—(47), containing both the pressure and wall ac-
celeration terms, can all be developed through the stationary phase method to derive Eq. (63).
This can be performed at any frequency for most aeronautical airborne structures, since the
structure acts as a frequency filter, which practically eliminates any response below its lowest
natural frequency.

Let us now recall the second intermediary result.

Second intermediary result—Expression of the cavity axis pressure

_ ik|x—y
Py = [ (1= (e ety £
S

e o P U0 k). m) Ay, (64)
m|x — |
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Noise on the axis generally comes from a particular parallel of latitude, the parallel constituted by
the points nearest to this axis point.

4.2.1. Remark

The stationary phase lobe width is of the same order in k as the structure wavelength [30g]. This
is not a problem since the significant point is that the contribution outside the lobes tends to zero
when k tends to infinity. It is better to keep the integration on the whole lobes—or roughly on the
whole surface S—instead of using a relation such as Eq. (58).

5. Fluid—structure coupling (third argument)

When x is an axis point inside the cavity, the integral relation:

. / oik|x—y] (ik 1 ) (v —x,ny) P00 du(y)
s

UFIUF247T|x_y‘ _|X_J" ‘x—y‘
eik|x7y| 5
- / Ty Uk ).my) du(y) (65)
S 4n|x — y‘

can be obtained through the Green theorem applied to the external equation (11).
For the same reasons as in 4.2.:

e the stationary phase method is suitable for developing the integral expression (65);
e the extension of the problem by symmetry with respect to the rigid ends allows us to avoid
integration over these ends.

Thus, the main contributions in expression (65) come from the same parallels of latitude p; of
the surface S where the distance |x — y(«j)| = d(«;) is stationary. If we add hypothesis (61), we

obtain
S B S T
0= (%) ~72) [ ey 000

7

ik — o) —i% ik |x—y|
Bylusts) | e WOk a0 (66
; (1k — d(a,)) 1y y

J
which can also be written, again thanks to hypothesis (61), as

0 ik eik|x=y|
= || = | PO, k)d
/SUF1UF2 (a”y i’> <4n|x — y‘) O, K)dn(y)

i giklx—y|

_ /S -y P0M UGk 2),) ). (67)

_h—_)}l 47'C‘X—y
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With the same considerations as above, we can write Eq. (46) as

0 ik eik|x—J/| .
O Y ET ) ik e)d
/SUF1UF2 <6ny C) <4n]x — y‘) (k, &) du(y)

. ., -1 ik|x—yl
— 1+ (efley\/g 4+ e~ (ket(1/20)1x=yl _ 1) eipaﬂ((]@’ k,e),n,)du(y).  (68)
s 4mlx — yl

The subtraction of Eq. (67) from Eq. (68) leads to another expression of the pressure inside the
cavity:

0 ik eik|x—y\
/SUF1qu <% B z> <m> [Py, k,C e)ldu(y)

ik _ ik|x—y|
_ ¢ —|x=yl/C —(ke+(1/20)|x—y| _ : ISP
/S(ik (e e 1) )4nxy;”” U,k 8),my) du(v),

[x—y]

(69)

where [P(y,k,(,e)] = (P'(y,k,(,e) — P°(y,k))| sur,ur, 18 the wall-pressure jump between interior
and exterior cavity.

Let
e L) =) Y G et da,
x=y|) |x—y ¢
ik _
(lkél_i_ (e—lx—y\/é 4 e—(ka+(l/2£))|x—y| _ 1) 1) pr dﬂ(y) — (pU(OC)M(OC)dO(. (70)
xX—y

With the same considerations used for establishing Eq. (64) through the transformation of Eq.
(55) into Eq. (60), instead of Eq. (69), we can write

2\? o en €5 (o) / ' A '/
(F) S (o [Pt ko] = 00 (V06K o, ) ) ) =0,
J

- , s ) i
ao|ed],| an
Therefore, using the same hypothesis (61), the coupling is purely local:
[POG) kLo = CPU(“-’?) <U(y(a’i’) k.oon ) (72)
] 2 b b (/)P(aj ) / 2 b b y(aj )

In the most common case where the summation is limited to one term, that is to say when there
is only one stationary point for all axis points, relation (61) is obvious.

We will not try to determine whether geometries exist which violate condition (61). We will use
relation (72) to establish the coupling term between the axisymmetric motion of the structure and
both internal and external fluids. The use of relation (58) implies that U(y, k, ¢) and [P(y, k, (, ¢)]
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Fig. 4. Calculation of d(«) for a point y(«) of the meridian line.

evolve slowly inside the stationary lobe. We have shown in Ref. [30] that the results remain true
when they evolve inside it.

The way to obtain these coupling terms is therefore as follows: a “‘stationary distance’ is
associated with each point on the meridian line. Fig. 4 shows that this distance corresponds to the
length of the segment between the point and the intersection with the axis of the straight line
carried by the normal n,; it is this distance which local relation (72) deals with.

It is to be noted that a problem arises when the normal issued from a point of the surface leads
to a point of the axis outside of the structure.

Actually, as already mentioned, the problem remains the same when it is extended by symmetry
with respect to the rigid ends.

Thus, d(x) must be determined as if the ends did not exist, as shown in Fig. 4. This allows us to
derive the third intermediary result.

Third intermediary result: Relation between the axisymmetric wall-pressure jump and the
acceleration

i —d@)/C 4 g—(ke+(1/20)d(o ~1
Tty + (67O 4 gmke+(1/20M0) _ 1) )

pw? (
[P((2), k., e)] = ik — (1/d(2)) — (ik /0)

(U(@), k, ), ny0))- - (73)

The relation is strictly local.

5.1. Remark

Generally, 1/{ is much smaller than ke, but both are very small in comparison with 1.
Therefore, when k is sufficiently large in comparison with 1/d(«), the coupling term simply results
in the plane wave hypothesis:

2
[P((), k)] = % (U, k, &), 1y@y) = —iwpc(U (@), k, &), (). (74)

An easy asymptotic expansion in k, 1/{ and ¢ would give a more precise result, but this is not
useful here.
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6. Sructural modal expansion

U(y,k,¢) is a linear combination of the axisymmetric modes of the structure in vacuo:

m=-+4o00

U ko)=Y bu(k,)¢,,(). (75)

m=—0o0

where
> bulk,8)[—w* M — 2iwe + K] ,,(y) = [Pln, — E,
-~ w*Mé¢,,+Kp,, =0,
| Mo =3, (76)

The boundary conditions are to be given only on the edges of S(S N (F U F,)) with the chosen
shell equations.

Since the pressure jump due to the displacement of the structure U(y,k,¢) alone is given by
expression (73), the components of the wall displacement verify

bk, &) [0, M — 2ie 0o + Zym(k) — *] + Z bk, &) Znq(k) = —E,, (77)
q#m

assuming a diagonal form for the damping operator ¢ and calling E,, the components of the
exterior field driving on the in vacuo structural modes ¢,, and Z,,,, the coupling term between the
structural modes ¢,, and ¢, resulting from the fluid effect:

ik

L (e g g lker(1/20)d) 1)*1
Zungl) = por? | 77 ® @ d 78

1 _—— —

d@ ¢

The matrix, which connects the vector of components b,,(k, &) to the vector of components
E,,(k) when the system is truncated, is no longer diagonal. It is theoretically full and complex but
remains symmetrical. Generally the crossing terms are weak. Their weakness can be appreciated
by using the plane wave assumption and assuming that the mass operator M is diagonal with a
constant value p, and the normal component of the eigenvector ¢,, predominant:

2

~ PO sq
Zg(k) = T 57 (79)

7. The complete method
We have gathered all the elements which enable us to propose a method for calculating the

spectral density of the pressure at any point of the axis of an axisymmetric structure. We will now
present this method step by step.
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7.1. Excitation field on the blocked structure

The excitation field, that is to say the force field that would exist on the structure if it were
perfectly rigid, may consist of mechanical forces, an acoustic pressure field diffracted by the
blocked structure or a turbulent boundary layer, etc.

These fields need not be axisymmetric. Only their axisymmetric component has to be known:

2n

1
E(vk) =5 / €00, d0. (80)

More precisely, only the power spectral density of that component needs to be known:
.1 —_—
Spp(v,)0) = lim — SE(; 0 TE(; o; T)), (81)
— 00

where —&Je] denotes expectation, E(y; w; T) the time Fourier transform of E(y;?) truncated at
time 7, and a bar over a symbol its conjugated value.

This power spectral density can be calculated or estimated. The cross-spectrum matrix can also
be measured on a rigid model, which requires microphone crowns. It is essential to know these
data for the following computation.

7.2. Axisymmetric in vacuo structural modes

This calculation can be performed with a finite element method because only axisymmetric
modes are needed. Since their density tends to zero when the frequency tends to infinity—even if
their number tends to infinity—they become sufficiently separated to be accessible through a finite
element calculation.

To verify that the stationary phase method can be applied, the graphic method proposed in Ref.
[30g] can be used as mentioned in Section 4.2.

7.3. Calculation of the fluid—structural mode coupling term

The general formulation of the problem has shown that this term comes from the linear
dependence between the wall-pressure jump due to the wall displacement and the wall
displacement itself.

We have shown that, for the particular case of axisymmetric in vacuo structural modes, the
ratio between wall pressure and displacement was quite local and was easily calculated with
formula (78), once parameter d() is known.

The coupling between the fluid and a structural mode consists of the effect of both external and
internal fluids on the structure, supposedly vibrating on its in vacuo normal mode ¢,,,.

The determination of parameter d(«) was programmed for a truncated cone. This could have
been easily generalized for any axisymmetric geometry.

Once this parameter d(o) is computed, the integration in formula (78) can be achieved for each
in vacuo structural mode calculated in Section 7.2, which leads to the coupling term Z,,,(k).
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7.4. Structure displacement

The resolution of the complete fluid—structure coupling problem would have led to the
following truncated system of equations [27,30]:

n=-+oo

(—’M = 2wé+ K)by = > Comtn — (e +15) .-
n=—o0
) m=+00 (82)
(—a)fn — 12— wz)a,, = pctw? > Combm,
m=—oQ

calling @, the component of the internal acoustic pressure on the modal basis {w,} (15), very close
to the Neumann modal basis {u,}, b,, the component of the structure displacement on its in vacuo
modes basis {(bm}, C,, the coupling factor between the acoustic mode w, and the structural mode
¢,,» and 7 the reverberation time of the cavity. Furthermore, in this formulation, p¢ would have
been unknown and, in fact, would have depended linearly on the wall displacement U.

With the proposed method, the resulting truncated system is considerably simplified, since the
acoustic problem is totally eliminated.

The remaining problem is reduced to a structural problem with a fluid—structure coupling term:

(—wfn - 2iémwmw + me(k) - (Dz)bm(k, 8) + Z qu(k)bq(ka 8) = _Em(k)- (83)
q#m

Recalling that the axisymmetric structural mode density tends to zero, while the acoustic mode
density grows to infinity, the time gain is considerable because now the matrix truncated system
has a size equal to the number of calculated structural modes.

The acoustic problem would have required a much too high degree of freedom number; its
resolution would have been numerically impossible, because of the frequency closeness of those
acoustic modes.

Moreover, as Eq. (79) shows, in air, the coupling between different modes (Z,,,(k), m#q) is
generally much weaker than the diagonal term, which makes it possible to avoid a matrix
inversion in the resolution of Eq. (83), by simply considering:

_Em(k)

b(k, &) = _w’2n — 216,00 + Z (k) — w?’

(84)

7.5. Final expression

An approximate transfer function H%(y,)’; w,¢) between the axisymmetric components of the
excitation and the normal displacement (U 0, k,e), ny) is thus easily obtained with simplification
(84):

a /. _ e (¢n1(y)’ ny)d)m(yl)
" (y’y @ 8) B Z wlzqq - 2iémwma) + me(CO/C) - 602 '

m=—0o0

(85)

If one does not want to use simplification (84), one can always invert the matrix system (83) to
derive the exact transfer function between the axisymmetric components of the excitation E(y/, k)
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and those of the displacement (U(y,k, ¢),n,):

m=+00
HY 50,00 = ba(212) (600):1,) 9,0, (86)

m=-—0oQ
One of these last two equations can be used to compute the internal pressure on the
axis with formula (59). The integration could be performed with the stationary phase
method through formula (58). However, this is not necessary. The stationary phase method
has been used to derive theoretical results. To save time, the integration could be limited
to the portion of the meridian line included in the lobe of the stationary phase, but it is simpler
to integrate more roughly on the whole meridian line. Indeed, integration in Eq. (59) will be
better performed that way. Details of the programming of all these points are given in Ref. [30,

French version only].

8. Application to a truncated cone
8.1. Description of the experiment

We have applied this method to a 2.50-m-long truncated cone, made of a 1-cm-thick composite
material, closed by two rigid lead plates, 0.182m in diameter at the front and 0.693 m in diameter
at the back. It was suspended at the front and the back by slings. The experiment was conducted
inside a reverberating room (3.70m x 3.70m x 2.10 m).

The characteristics adopted for calculating the structure are described in detail in
Ref. [30i], as well as the approximations for determining the pressure inside the reverberating
room [30j].

Only the ten first axisymmetric modes of the structure have been computed. The complete
calculation has been performed with the same 7% damping factor for each structural mode. The
wall was covered with a 2500 kgm™2s~! acoustic impedance cork, equivalent to a 30ms cavity
reverberation time.

For the sake of simplicity, expression (82) has been used instead of Eq. (83). The power spectral
density of the pressure field inside the reverberating room, fed with white noise through loud
speakers in the 0-2500 Hz range, is shown in Fig. 5.

The parallel of latitude on which the wall acceleration summation has been calculated and the
four axis points on which the pressure has been computed are indicated in Fig. 6.

The acoustic driving field is not precisely known, nor are the mechanical characteristics of the
structure, especially its resonance frequencies. The aim of this experiment is only to give a clear
understanding of the tractability of the proposed method.

8.2. Comparison of the measured and computed results

The results will be given in linear scale, and thus not converted into decibel, since we are only
interested in the level at the resonance peaks.

Fig. 7 shows the comparison between the measured and computed wall acceleration summations.
The calculation has been performed with and without fluid—structure coupling terms.
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Fig. 5. Pressure field in the reverberant room.

Fig. 6. Summation of the wall acceleration calculation and comparison with measurement: parallel of latitude (M).
Pressure calculation on the axis and measurement points 1, 2, 3, and 4.

The pressure power spectral densities measured and computed at location points 1, 2, 3, and 4
of Fig. 6 are compared in Fig. 8.

8.3. Analysis of results

Recalling that the aim of this experiment is only to show the tractability of the proposed
method and considering the imprecise knowledge of the acoustic driving field and the mechanical
characteristics of the structure, the agreement between the measurements and calculations is not
perfect (poor superposition of the power spectral densities), all the more so since the computation
is performed in a frequency domain in which the performance of the method is not best (the
higher the frequency, the better suited the method).

However, the levels of the computed power spectral densities are satisfactory, which reflects a
good representation of the physical reality. The computation of 100 structural modes (with one
thousand degrees of freedom instead of one hundred on the meridian line) would have greatly
improved the power spectral densities and largely increased the analysed bandwidth.
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9. Conclusion

We propose an easily programmable method for computing the acoustic pressure inside an
axisymmetric enclosure, since only the in vacuo structure axisymmetric modes are needed.

It is suitable for most aeronautical airborne structures, not only above the coincidence
frequency but at any frequency, because curvature has the determining effect of increasing the
lowest resonance frequency of the axisymmetric structural modes.

It gives the fluid—structure coupling terms without resolution of the Helmholtz equation.

The final result is the power spectral density of the pressure on the axis when the structure is
excited by any force field, for a wide frequency band, and not only for a single frequency.

An experiment, carried out in a reverberating room, shows its tractability and gives satisfactory
results considering the lack of knowledge about the structure and the room pressure.

The use of the stationary phase method for points outside the axis and non-axisymmetric
cavities would probably lead to the generalization of intermediary results 2 and 3, and thus of the
complete method for any point inside any kind of structure, but to a lesser degree with regard to a
higher frequency domain.
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