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The limitation of the spectrum estimation based on the procedure using the fast Fourier
transform (FFT) is that of frequency resolution [1]. This limitation is particularly prominent when
analyzing short data records. In practice, short data records occur because many measured
processes have time-varying spectra and are considered constant only for short intervals. The
following non-harmonic Fourier analysis is available for analyzing short data records.

Let a(f) and b(f) be Fourier coefficients which are given by
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where W (m) is the data sequence for m = 0,1,...,M sampled from a waveform by the frequency F,
fis the arbitrary frequency and

S(m, f) = sin[2n(m — M /2)f | F], 3)

C(m,f) = cos[2n(m — M /2)f | F]. (4)
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Obtain a temporary sinusoidal component H(m,f) such that
H(m,f) = a(f)S(m.f) + b(f)C(m, ). (%)

Then, subtracting the temporary sinusoidal component from the data sequence, we have a
residual data sequence:

R(m,f) = W(m) — H(m,f). (6)
Since
M
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for all f, we have
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Thus, if the power of H(m, ) is maximum at f = |, that of R(m, f) becomes minimum at /|, so
that we attain a least-squares fit of W (m) to a sinusoid by the first sinusoidal component H(m,f ).

The same procedure is carried out substituting the weakest residual data sequence R(m,f ) for
W(m) to find the second sinusoidal component H(m,f,), and so on. Thus, detecting sinusoidal
components one by one, after N process iterations, we have
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The power of residual data sequence R(m,fy) decreases as N increases. Unlike conventional
Fourier analysis, a data sequence reconstructed using sinusoidal components obtained by the new
method is generally nonperiodic, enabling prediction by extrapolation of a reconstructed data
sequence (m<0, m>M).

The non-harmonic Fourier analysis yields the accurate estimate of the spectrum of sinusoids in
noise. An example of the analysis applied to the detection of a sinusoid in white noise is illustrated
in Fig. 1, where (a) shows a 512-point data sequence for analysis and (b) the detected sinusoid
which is compared with an original one. The period of the sinusoid normalized by 1/F is 1700, so
that the duration of the available data record is 0.3 period which limits the frequency resolution of
the harmonic analysis, i.e., normalized periods estimated by the FFT are 512, 256, and so on. The
non-harmonic analysis described above reduces to the conventional Fourier analysis when the
arbitrary frequencies are harmonic. Thus, we can reduce the computational burden of the non-
harmonic Fourier analysis by employing the FFT for rough analysis to limit arbitrary frequency
assignments within a certain band of frequencies indicated by the maximum FFT power spectrum
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Fig. 1. (a) A 512-point data sequence W (m) for analysis and (b) the detected sinusoid H(m, /") (broken line) comparing
with an original one (solid line; the duration of 0.3 period).

frequency of the data sequence [2]. It should be noted that one can use the same procedure to
obtain sinusoidal components until the error (the power of a residual data sequence) is reduced to
a desired value.
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