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Abstract

An approximate acoustic model of a finite cylindrical duct for studying the sound radiation of MRI
scanners is presented in this paper. The finite duct was regarded as a ‘‘virtually closed cavity’’ with a specific
boundary definition at the two open ends. The eigenfunctions c chosen as consisting of the acoustic modes
at the cut-off frequencies were used for the Green’s functions to solve the Kirchhoff–Helmholtz (K–H)
integral. The sound fields calculated by the analytical model were similar to the results obtained by the
boundary element method (BEM) model except for some relatively minor differences in the region close to
the open ends. When compared to the previous work, this model is relatively simple and much more
computationally efficient.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Magnetic resonance imaging (MRI) is used extensively for medical research and diagnostic
work, but the excessive and potentially dangerous acoustic noise generated by MRI scanners
presents a significant problem for patients by heightening their anxiety and even causing
temporary and permanent hearing impairment [1]. The noise is a direct result of the structural
vibration of gradient coils caused by manipulation of the magnetic field during the scanning
see front matter r 2005 Elsevier Ltd. All rights reserved.
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process [2]. An understanding of the characteristics of the sound field inside the gradient coil
system is of considerable importance to the design of low-noise MRI scanners. An analytical
acoustical model of the sound radiation of an MRI scanner was first developed by Kuijpers et al.
[3] with the gradient coil system modeled as a baffled finite duct. An extension model for the
baffled finite duct with more general boundary conditions was developed by Shao and Mechefske
[4] and the sound field calculated by this analytical model had good agreement with that obtained
from the boundary element method (BEM) model. However, its derivation and computation were
quite complicated.

Green’s functions provide a concise mathematical expression and are commonly used for
solving problems in sound radiation and scattering [5]. For example, Green’s function techniques
were applied to solve interior sound fields of cavities [6,7]. Acoustic models for the sound field
inside circular expansion chambers with an open side based on the Green’s function analysis have
also been reported [8,9], however, there were computational difficulties in solving the
transcendental equation. To the authors’ knowledge, no studies have been reported using
Green’s function techniques to solve the sound radiation from a finite cylindrical duct. An
approximation model to describe the sound radiation of MRI scanners based on Green’s
functions will be presented in the paper, which will show simplicity in both its mathematical
expression and computation.
2. K–H integral

The geometry of the gradient coils of an MRI scanner can be modeled as a finite cylin-
drical duct with infinite baffles at the two ends [4], which is shown in Fig. 1. The duct wall is
vibrating and can be modeled as acoustically rigid or absorptive. The two open ends
can be regarded as general boundaries, which can be described by general radiation imped-
ances [10]. The approximation model that will be derived in this paper considers the finite
duct model as a ‘‘virtually closed cavity’’ with a specific boundary definition at the two open
ends.
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Fig. 1. Schematic cross-sectional view of an MRI scanner gradient coil cylinder.
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The sound field inside a duct can be obtained by solving the Kirchhoff–Helmholtz (K–H)
integral [11]:

pðrÞ ¼

Z
s

pðrsÞ
qGðrs; rÞ

qn
þ

qpðrsÞ

qn
Gðrs; rÞ

� �
dS, (1)

where pðrÞ is the sound pressure at a point r inside the duct, pðrsÞ is the sound pressure at a point rs
on the boundary surface (see Fig. 1). The Gðrs; rÞ is the Green’s function between points r and rs
and the normal n is directed into the interior space of the duct. The Gðrs; rÞ of a cavity can be
expressed by [11]

Gðrs; rÞ ¼
X1

m¼�1

X1
n¼1

cmnðrÞcmnðrsÞ

LmnððamnÞ
2
� k2

Þ
(2)

with

Lmn ¼

Z
V

c2
mnðrÞdV , (3)

where amn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðamn

r Þ
2
þ ðamn

x Þ
2

q
, amn

r and amn
x are the wavenumbers in the radial and the axial

directions for a certain mode, respectively (see Fig. 2); k is the free field wavenumber. The
eigenfunction c in the cylindrical cavity with rigid boundaries can normally be written as [11]

cmn ¼ Jmðamn
r rÞ cosðmyÞ cosðamn

x xÞ, (4)

where the cylindrical polar coordinates (r; y; x) are shown in Fig. 2. For the finite cylindrical duct,
the sound energy is mainly concentrated around the cut-off frequency when amn

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k � amn

r

p
¼ 0

[4] and the sound field inside the duct can be approximately regarded to be constructed by these
modes at the cut-off frequencies. Therefore the term ðamn

x xÞ in Eq. (3) will be equal to one and the
eigenfunction c can be rewritten as

cmn ¼ Jmðamn
r rÞ cosðmyÞ. (5)
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Fig. 2. Cylindrical polar coordinates.
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Therefore, c are chosen to make the Green’s functions vanish on the duct wall and at the open
ends:

qGðrs; rÞ

qn

����
rs¼a

¼ 0, (6)

qGðrs; rÞ

qx

����
x¼L

¼ 0. (7)
3. Sound field inside the duct

The pressure gradient on the duct wall can arise from two mechanisms [12]. The first is through
the imposed surface normal vibration and second is through the surface particle velocity resulting
from the finite impedance of the duct wall. Thus the pressure gradient on the duct wall can be
expressed as

qpðrsÞ

qn

����
rs¼a

¼ ikrcurs
þ ikbpðrsÞ, (8)

where r and c are the density and sound speed of the media, respectively, urs
is the normal velocity

of the duct wall and b is a specific acoustic admittance on the wall duct.
Considering that the inside sound field is caused by both the boundary conditions at the wall

and open ends, it can be expressed as

pðrÞ ¼ PwallðrÞ þ PopenðrÞ. (9)

The sound field can then be calculated by the integrations over the surfaces of the duct wall Swall

and the open ends Sopen:

pðrÞ ¼

Z
s

ðikrcurs
þ ikbpðrsÞÞGðrs; rÞdSwall þ

Z
s

Gðrs; rÞ
qpðrsÞ

qn
dSopen. (10)

The relation between the modal pressure Pmn and velocity Vml amplitudes can be expressed by
the generalized radiation impedance Zmnl for the finite duct [10]

Pmn ¼
X1
l¼1

ZmnlVml ¼ ZmnnVmn þ
X
lan

ZmnlVml. (11)

The first term on the right-hand side indicates the modal pressure generated directly by t
he corresponding modal velocity and the second term represents the coupling between a
certain mode of the modal pressure with other modes of the model velocity. The second term
is normally significantly smaller than the first term and it is neglected in this study. The pressure
pðrÞ in the sound field can also be expanded in terms of an infinite series of rigid-wall
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eigenfunctions as:

pðrÞ ¼
X1

m¼�1

X1
n¼1

AmncmnðrÞ, (12)

where Amn are modal coefficients for the acoustic modes.
Substituting Eqs. (2), (11) and (12) into Eq. (10), we can obtain
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Since the eigenfunctions have the property that the integral of the product of two dissimilar
modes over the enclosure volume is zero and it can be expressed as

Z
V

cmnðrÞcvlðrÞdV ¼
Lmn for m ¼ v and n ¼ l;

0 for mav and nal:

(
(14)

Multiplication by cvlðrÞ on both sides of Eq. (13), followed by the integration over the enclosure
volume, yields
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Therefore the modal coefficients Amn can be obtained by

Amn ¼
jk

Lmnða2mn � k2
� jkbDmn=Lmn � jkD0

mn=ZmnLmnÞ

Z
S

rcuðrsÞcmnðrsÞdSwall, (16)

where

Dmn ¼

Z
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Z
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c2
mnðrsÞdSopen. (18)
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Referring Eq. (12), the sound field can now be calculated by

pðrÞ ¼
X1

m¼�1

X1
n¼1

jkcmnðrÞ

Lmnða2mn � k2
� jkbDmn=Lmn � jkD0

mn=ZmnLmnÞ

Z
S
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where Lmn can be calculated by

Lmn ¼

Z
V
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mnðrÞdr ¼
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r aÞ2ÞÞJ2

mða
mn
r aÞ (20)

with
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1; m ¼ 0;

2; ma0

(
(21)

and the integration over the duct wall and the open ends can be calculated by

Dmn ¼

Z
S

c2
mnðrsÞdSwall ¼

4paL

em

J2
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mn
r aÞ, (22)
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em
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r aÞ2ÞÞJ2

mða
mn
r aÞ. (23)
4. Numerical results and discussion

To evaluate the accuracy of this approximate method, numerical results of the sound field for a
gradient coil cylinder with length 1.2m and radius 0.3m were obtained and compared with data
calculated using the commercial program LMS SYSNOISE based on BEM. Different wall
acoustic admittances (rigid, b ¼ 0:1 and 0.3) were used to investigate the effectiveness of applying
absorptive materials to cover the inner surface of the duct wall of the gradient coil cylinder.

A uniform velocity distribution of the duct wall with an amplitude of 0.0001m/s was used for
the calculations. Referring to Eq. (19), it can be found that the integration over the duct wall must
have non-zero value as the circumferential order m ¼ 0. The infinite matrices are truncated. In this
study, the truncated radial order n ¼ 9 was used for the analysis frequency ranging from 100 to
3000Hz.

Sound pressure levels Lp (dB, taking 20� 10�6 Pa as the reference pressure) at the isocenter
(the coordinate origin for the model, see Fig. 1), points r ¼ 0:1m, x ¼ 0 and r ¼ 0:2m; x ¼ 0 on
the center plane calculated by the BEM and analytical models with rigid wall are shown in Fig. 3.
The results at these points for absorptive wall with the admittance b ¼ 0:1 and 0.3 are shown in
Figs. 4 and 5, respectively. It can be seen that the overall general shape and amplitudes at the
peaks of all the curves are similar. This suggests a good agreement between the BEM results and
the analytical results at the center plane especially for the duct with an acoustically absorptive
wall. The possible reason is that the reflections at the open ends of the duct with a rigid wall
contribute more to the sound field at the center plane than with an absorptive wall. The
approximation is used for the radiation impedances at the open ends where the coupling terms are
neglected. As the absorptive wall could attenuate more sound energy reflected by the open ends
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Fig. 3. Sound pressure level calculated by BEM and the analytical method for the duct with rigid wall at: (a) the

isocenter; (b) r ¼ 0:1m, x ¼ 0; (c) r ¼ 0:2m, x ¼ 0. –m–, BEM; - - - - -, analytical model.
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than the rigid wall, errors caused by the approximation have less influence on the sound field
around the center plane for the absorptive wall than for the rigid wall case.

Since the sound field inside the duct is symmetrical to the isocenter, the acoustical pressure
distributions for just half the duct (r ¼ 020:2m;x ¼ 020:6m) are studied. The sound fields at 700
and 1250Hz inside the duct with the wall admittance b ¼ 0:1 are shown in Figs. 6 and 7,
respectively. It is obvious that results obtained by both methods are similar at the region close to
the isocenter. The differences at those points close to the open end are mainly caused by
approximately choosing eigenfunctions c (see Eq. (5)) and neglecting the coupling terms of the
radiation impedances.

5. Conclusions

The approximate analytical model of a finite cylindrical duct based on Green’s function
techniques has been developed for studying sound radiation characteristics of the MRI scanners.
The finite duct was regarded as a ‘‘virtually closed cavity’’ and the Green’s functions for the cavity
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Fig. 4. Sound pressure level calculated by BEM and the analytical method for the duct with admittance b ¼ 0:1 at: (a)

the isocenter; (b) r ¼ 0:1m, x ¼ 0; (c) r ¼ 0:2m, x ¼ 0. –m–, BEM; - - - - -, analytical model.
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were used to solve the K–H integral where the eigenfunctions c had been chosen as consisting of
the acoustic modes at the cut-off frequencies. The boundary condition at the open ends of the duct
was described by the general radiation impedances and the coupling terms were neglected.

The sound field calculated by the analytical model is similar to the results obtained by the BEM
model except for some differences in the region close to the open ends. This was mainly caused by
the selection of approximate eigenfunctions c for the Green’s functions and neglecting terms of
radiation impedances at the open ends. However, this procedure demonstrates a significant
advantage over the baffled finite duct model previously described [4] because of its more
straightforward mathematical derivation and the simplicity of its expressions. Compared with the
baffled finite duct model and BEM model, the model based on Green’s function techniques
studied in this paper is the most computationally efficient. For example, it took about 2 weeks for
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Fig. 5. Sound pressure level calculated by BEM and the analytical method for the duct with admittance b ¼ 0:3 at: (a)

the isocenter; (b) r ¼ 0:1m, x ¼ 0; (c) r ¼ 0:2m, x ¼ 0. –m–, BEM; - - - - -, analytical model.

Fig. 6. The Sound field (Lp) at 700Hz ðb ¼ 0:1Þ. Axial direction from 0 to 0.6m (from isocenter to open end), radius

from �0:2 to þ0:2, ‘‘þ’’ denotes the point on the left side to the isocenter, ‘‘�’’ denotes the right side; (a) BEM, (b)

analytical model.
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Fig. 7. The sound field (Lp) at 1250Hz ðb ¼ 0:1Þ: (a) Calculated by BEM, (b) by the analytical model.
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calculating a model with absorptive walls from 100 to 3000Hz using the BEM in a computer with
an Intel P4 1.7GHz CPU and 1.5GB memory. The same calculation required 2 h for the baffled
finite duct model and only 10min for the model discussed in this paper on the same computer.
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