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Abstract

Fiber-reinforced composite materials are an important development in the continuing search for
lightweight materials for great strength and stiffness. Lighter structures are usually more prone to
vibrations. Furthermore, due to material coupling, composite beams normally vibrate with coupled
vibration modes, which complicates vibration analysis. This paper presents the effect of coupling between
bending and torsional deformations on vibrations of composite Euler—Bernoulli beams from a wave
vibration standpoint. In the study, it is found that the torsional mode is only unaffected by the material
coupling at low frequencies. The flexural modes are found affected over the entire frequency band. Unlike
their uncoupled metallic counterparts, the wavenumbers for propagating and decaying wave components
are no longer the same due to material coupling. Free vibration analysis is performed from a wave
standpoint. Free vibration of composite beam with the coupling effect taken into account is of great
importance. This is because the free vibration characteristics can be designed favorably by suitable choice
of ply orientations and stacking sequence—one of the unique features of composite structures. Numerical
examples for which comparative results are available in the literature are presented.
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1. Introduction

Recent development of composite fibrous material has stimulated continuing research interests
in exploring the possibility of constructing lightweight structures. When structures are made
lighter, an accompanying side effect is that they are more prone to vibrations. Furthermore, as
early as 1928, it was recognized that crystalline materials displayed anisotropic behavior with
respect to arbitrarily oriented axes. Because of this anisotropy, the application of either a bending
or twisting moment by itself produces both bending and twisting of a material specimen.
Consequently, free vibration characteristics of slender composite beams with torsional and
flexural material coupling are studied by investigators in the past few decades. Bending—torsion
materially coupled composite beams of both solid and thin-walled cross-sections have been
characterized in the literature by three cross-sectional stiffness parameters defined along a
spanwise midsurface reference axis. The reference axis is chosen so that, the anisotropic composite
beam would correspond to the elastic axis of a similar orthotropic structure without bend/torsion
cross coupling [1]. These cross-sectional stiffness parameters are bending rigidity EI, torsional
rigidity GJ and bending torsion material coupling rigidity K. The rigidity parameters can be found
both theoretically and experimentally [1-3].

Taking into account of the coupling effect, a number of investigators have studied free
vibrations of slender composite beam structures using various approaches, such as standard
eigenvalue solution [2,4], exact numerical integration method, mixed finite element method and
dynamic stiffness matrix approach [5—7]. In this paper, the effect of coupling on wave dispersion
and vibrational modes of composite slender beam is investigated from a wave standpoint. The
wave train closure principle [8] is applied in finding the natural frequencies of beam structures,
which states that a natural frequency occurs if a wave component, after reflection at all
boundaries along its path, returns to its starting point with the same amplitude and phase.

This paper is organized as follows. In the next section, the equation of motion for coupled
bending torsion vibrations of an Euler—Bernoulli beam is presented and expressions for
wavenumbers of the coupled systems derived. In Section 3, wave propagation and reflection
characteristics of a clamped free beam are studied. In Section 4, free vibration analysis is
performed, the wave train closure principle as well as conventional approach of letting equation of
motion satisfy boundary conditions is applied in obtaining natural frequencies and mode shapes
of the structure. In the application of wave train closure principle, the contributions to the
dynamic responses from all possible wave components are taken into account. Hence the natural
frequencies obtained are exact. The approach is illustrated through numerical examples for which
comparative results are available in the literature. Concluding remarks are given in Section 5.

2. Equation of motion and dispersion characteristics

Fig. 1 shows a uniform composite beam with an unbalanced lay-up. Bending-torsion coupling
is well known to occur for such configurations, as discussed earlier. The governing
partial differential equations of motion for the coupled bending-torsional free vibration
of a slender composite beam under the assumption that warping effect is negligibly small is
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Fig. 2. Definition of positive shear force, torque and bending moment.
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where x is the position along the beam axis, ¢ the time, w(x, ¢) the transverse deflection of the
center line of the beam, /(x, ¢) the torsional rotation, / the area moment of inertia of cross section,
I, the polar mass moment of inertia per unit length about the x-axis, J the polar moment of inertia
of the area of the cross-section, A is the cross-sectional area, and E, G and p are the Young’s

modulus, shear modulus and mass density, respectively.

It can be seen that Egs. (1a) and (1b) are coupled through the torsional rotation and the

transverse deflection of the structure.

Following the sign conventions of Fig. 2, the shear force V(x, ), the bending moment M (x, t)
and the torque 7T'(x, #) at any section of the beam are related to the transverse deflection w(x, t) and

the torsional rotation Y (x, ¢) by

O3w(x, 1) LK O%Y(x, 1)

= FEI

)
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£ o“w(x, 1) _x oY(x, 1)

M(x9 t) = - ax2 ax 5 (3)
2
T(x,1) = K ath) + gy WD 4)
Oox Ox

Assuming time harmonic motion and using separation of variables, the solutions to Egs. (1) can
be written in the form w(x, £) = woe * e’ and Y(x, t) = e *e’, where i is the imaginary unit,
o the frequency, k the wavenumber, wy and 1, the magnitudes of flexural deflection and torsional
rotation respectively. Substituting the expressions for w(x, ¢) and (x, ¢) into Egs. (1) and rewriting
the equations in matrix form, one has

EIK* — pAw? iKk? ol _, )
ik —GIIP + L, | | Yo |
Setting the determinant of matrix
Ell* — pAw? iKk?
iKk? ~GJI* + 1,07
to zero gives a third-order polynomial in k>—the dispersion equation:
(EI* — pAw?)(—GJI? + [,w?) + K*k® = 0. (6)

Noting that when setting the coupling coefficient K to zero, one obtains the well-known
wavenumbers of the uncoupled positive and negative going bending propagating, bending
decaying and torsional propagating waves eTik¥, eFko¥ and eFh as

4 pACl)2 . i
kp =1/ i and kl_”GJw’ (7

It can be seen from Eq. (7) that the uncoupled waves are dispersive, in that the phase velocity
w/k is frequency dependent.
In terms of the uncoupled wavenumbers, the coupled dispersion equations can be rewritten as

2
— EII<GJ kS + (k* — k(i — k) = 0. (8)
Expanding Eq. (8) gives
K2
(1 -5 GJ) kS — kik* — Kyl + Kk} = 0. 9)

The explicit solutions to the above third-order polynomial in terms of k> can be found in most
mathematical handbooks. This paper is not concerned with detailed study of the roots, therefore
no elaboration is necessary. The focus is on the effect of coupling on the flexural and bending
vibrations.
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Both strain energy consideration and stiffness matrix condition require that [1,9]

K <l or 1< K <1 (10)
EIGJ EIG]

For the convenience of discussion, let us rewrite Eq. (9), the cubic equation in terms of &2, in the
form of

ax®* +bx* + cx+d =0, (11)
where
K>
x = k7, a=1-fr= b=—ki, c=—k; and d=k'k}. (12)
From Egs. (7), (10)—(12), it is known that
a>0, b<0, ¢<0 and d>0. (13)

It has been proved that the roots of Eq. (11), x; x» and x3, are all real [7]. Furthermore, the
roots are related to coefficients a, b, ¢ and d by [10]

b d 1 1 1 ¢
XI+xX+x3=—-, Xxpx0ox3=——, —+—+—=——. (14a—c)
a a’ x1 X2 x3 d

Eqgs. (13) and (14b) require that the three real roots x;, x, and x3 to be either all negative or one
negative and two positive. Egs. (13) and (14a) do not allow the three roots to be all negative. As a
result, the signs of the three real roots to the cubic equation in terms of k° are two positives and
one negative, which correspond to two propagating waves and one decaying wave respectively.
From the above analysis, one can conclude that the material coupling does not affect the types of
wave components in the structure; that is, there still exists two propagating waves and one
decaying wave: flexural propagating wave, torsional propagating wave, and flexural decaying
wave. Which is the same as materially uncoupled beams subjected to torsion and bending.
However, the values of wavenumbers are affected by the coupling, as is not difficult to see from
the coupled dispersion Eq. (8).

To examine the effect of material coupling on wave dispersion, two numerical examples are
studied. The physical parameters of the composite beam are as listed in Table 1. For the purpose
of comparison, the parameters are chosen from available literature. The first set of data was used
by Refs. [2,6,7]. The beam is a thin 12-ply strip of carbon-fiber-reinforced plastic material with
|45°/0° |5, lay-up. The second set of parameters was used by Refs. [2,4,7]. It is a flat rectangular

Table 1

Physical parameters of example composite beams

Parameters  Bending Torsional Coupling  Polar mass Density Width  Depth Length
rigidity EI  rigidity GJ  rigidity K moment of inertia  p (mg/m®) b (m) h (m) L (m)
(Nm?) (Nm?) (Nm?) (kgm)

Beam 1 0.5317 0.3586 0.0990 1.66 x 107° 4557 0.03 0.00054  0.56

Beam 2 0.0143 0.0195 0.00632 5.562 x 107 1469 0.03 0.00054  0.56
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Fig. 3. Difference in wavenumber with and without coupling of (a) bending propagating waves in beam 1, (b) bending
propagating waves in beam 2, (c) bending decaying waves in beam 1, (d) bending decaying waves in beam 2,
(e) torsional propagating waves in beam 1, (f) torsional propagating waves in beam 2.
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cross-section carbon-epoxy composite beam with stacking sequence [45°/0°],. From the length-
to-width and length-to-depth ratios, it can be seen that both beams can be considered as slender
beams [11].

Fig. 3 shows the difference in wavenumber dispersion characteristics of torsional and flexural
vibrations of the example composite beams with and without material coupling. From which it
can be seen that the dispersion characteristics of the torsional wave at low frequencies are not
affected by the material coupling. The dispersion characteristics of the flexural waves, however,
are found altered by the material coupling over the entire frequency band. Consequently, the
material coupling in general modifies both natural frequencies and mode shapes of the structure.

Under the situation when only lower frequency modes are of interest, due to the fact that at
these frequencies the dispersion characteristics of the torsional wave remain almost identical with
and without material coupling, the flexural wavenumbers of the propagating wave component kp;
and the decaying wave component kp, of the coupled system are related to the uncoupled
wavenumbers k; and k, as

A+~A*—4B A—~A*—4B
kp = ArVA =45 and kpyy=——"7""-—¥—, (15)
2 2
where

1 - k)
A=-"212 and B=-"b (15a)

a

With the time dependence e’ suppressed, the solutions to Eqs. (1) are written as

Y(x) = afe ¥ + afe ¥ 4 afe ™™ 4 areht + az e + aget, (16)
W(X) _al 1k|x+a e —ikyx +a+ k“—l—feik‘x—l—a e'kzx—i—a* k3x (17)

where ki, k; and k3 are wavenumbers of the torsional propagating, bending propagating and
bending decaying components respectively. The wavenumbers can be solved from Eq. (9) or, at
lower frequencies, approximated using k;, k51 and k;, as discussed above.

Clearly the wave amplitudes a of ¥(x) and @ of w(x) are related to each other. The relation can
be found from Eq. (5) as

— - pr — o= Vi
a__l|_=_iP]5 a_?F:_iPZs a_3+=_P3’ a__=iP13 a_2_:iP2’ a_i=P3a (18)
a; ) a; a; ) a;
where
K ki K K K K
P =— Py =— 2 d Py=—— . 18
1 (k4 k4> 2 EI <k§ _ ki) an 3 EI <k§ _ kg ( a)

3. Wave propagation and reflection

From a wave vibration standpoint, vibrations that propagate along a beam component are
reflected and transmitted by discontinuities and boundaries. The propagation is governed by the
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Fig. 5. Wave reflection at a general boundary.

so-called propagation matrix, and the reflection and transmission by the reflection and
transmission matrices.

3.1. Propagation matrix

Consider two points A and B on a torsionally and flexually vibrating uniform beam a distance x
apart, as shown in Fig. 4. Waves propagate from one point to the other, with the propagation
being determined by the appropriate wavenumber. Denoting the positive and negative going wave
vectors at points 4 and B as a* and a~, and b™ and b~ respectively, they are related by

a- =f(x)b-, b'=f(x)a", (19)
where
e7kbx 0 0
f(x) = 0 e7x 0 (19a)
0 0 gk

is known as the propagation matrix for a distance x.

3.2. Reflection matrices at boundaries

A general boundary condition is shown in Fig. 5. The incident waves a™* give rise to reflected
waves a~, which are related by

a_ =rat. (20)
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The reflection matrix r can be determined by considering the boundary conditions, considering

clamped and free boundaries as examples:
At a free end, one has

M=0, 0=0, T=0. (21)
At a clamped end, one has
ow
=0, w=0, o 0 (22)

From Egs. (2)-(4), (16)—(18), (22) and (20), the reflection matrix at the clamped end is found to
be

1 1 117 -1 -1 -1
r. = 1P, 1P> Ps 1Py 1P Ps (23)
Piky Pk,  —Psk; —Piky  —Pky  P3ks |
From Egs. (16)—(18), (21) and (20), the reflection matrix at the free end is found as
r K. : K . , K 17!
Elk] —lplk% Elkz —1P2k§ Ek3 +P3k§
K > 3 K ;3 Ko, 3
rf: —Ekl-i-Plkl —Ekz-i-szz Ek3+P3k3
K . . . . K
—alPlk%—l-lk] —alek%—l-lkz ap3kg+k3
K. . K. . K T
E lkl — lplk% E lkz — 1P2k§ E k3 + P3k§
K K K
x| kPR SRRk -k - Pk (24)
K . . . : K
—alplk%-i-lkl —alpzk%-i-lkz ap3k§+k3

4. Free vibration analysis
4.1. Natural frequencies

4.1.1. Applying the wave-train closure principle

The propagating and reflection matrices can be combined for free vibration analysis of
bending—torsion coupled composite beams.

Fig. 6 shows a general beam structure with boundaries 4 and B. Now consider the free response
of this structure. Denoting the incident and reflected waves at boundaries 4 and B as a—,a* b*
and b~ respectively, the relationships between the different waves are given as

+ b~ =rgzb", a~ =f(L)b~, b" =f(L)a", (25)

a " =rya ,
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Fig. 6. A uniform beam structure with boundaries A and B.

where ry and rp are the reflection matrices at boundaries 4 and B respectively and f(L) is the
propagation matrix between 4 and B that is L distance apart.
Solving Egs. (25) gives

[rf(L)rpf(L) —Ia™ =0, (26)
where I denotes the identity matrix. For a non-trivial solution, it follows that
[r f(L)rpf(L) — 1| = 0. (27)

Eq. (27) is the characteristic equation from which the natural frequencies of the composite
beam can be found. In the case of a clamped free beam, one has

e f(L)xA(L) — 1| = 0. (28)

4.1.2. Letting the equation of motion satisfy boundary conditions

The principle of this approach, that is allowing the equation of motion satisfying boundary
conditions, represents the conventional concept of free vibration analysis. From a wave
standpoint, the approach is described using the same example cantilevered uniform composite
beam of length L, for which one has

w(x) — aii-e—iklx + a;—e—ikgx + a;-e—kp' + al—eikl(x—L) + az—eikg(x—L) +a3—ek3(x—L)’ (29)
w(x) = —iPiafe MY — iPyaie ¥ — Piafe ™ +iPiay e 1D 4 iPyas D 4 pyggehiD),
(30)

To satisfy the clamped boundary conditions given by Eq. (22), with origin chosen at the
clamped end, one has

af +af +ai +aye M payeT Rl 4 gre ™ =0,
—iPlaT — iPza;_ — P3Cl;_ + iPlal_e_lk‘L + iPzClz_e_lkzL + P3a3_e_k3L =0,

—Plklaf — szza;_ + P3k3a§'_ — Plklal_e_ik‘L — szzaz_e_ikzL + P3k3a3_e_k3L =0. (31)
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To satisfy the free boundary conditions given by Eq. (21), one has

K K
(—— ik + 1P1k2> el 4 < — iky + P2k ) ekl 4 (_E ks — P3k§) afe L

K _
— (-EI ks — P3k§>a3 =0,

— (—Elik1 +1P1k§)a; — ( o7 2 +iPok >
K . K
<— — i+ P1k3> Tk (— — 5+ P2k§> aje kol 4 (— k3 + P3k§> aje ok

EI EI EI
K _ K (K _
+ (‘E ki + P1k§>al + <_E ks + sz§> a + (E k3 + P3k§>a3 =0, (32)
K —i K . —1 K —K3
(GJ 1P1k1 1k1)a e kL + <GJ 1P2k2 1k2> a;e kel _ (GJ P3k2 + k3>a3 ksl

K _ K . . _ K _
— <GJ Pkt — 1k1>a1 — (5 P2k — 1k2>a2 + (E/ P3k; +k3>a3 =0.
Eqgs. (31) and (32) can be written in matrix form as
Aa=0, (33)
+

where vector a = [af af af a7 a5 a7]", and A is a 6 by 6 matrix in the form:
o1 %2 %13 U4 o5 X6
Gap G2 O3 24 025 O2g
031 O32 33 034 O35 (36

A= . (34)

O41 42 043 44 045 Ol46

051 Osp 53 Ols4  Ols5 Os6

Oe1  %e2 O3 Ued  Ke5  Ueo

The coefficients o; (i,j = 1,...,6) are not difficult to find from Egs. (31) and (32).

Table 2
Natural frequencies of beam 1

Mode number Natural frequency (Hz)

Ref. [2] Ref. [6] Ref. [7] Section 4.1.1 Section 4.1.1 Section 4.1.2 Section 4.1.2 Uncoupled

(approx.) (exact) (approx.) (exact)”
1 43 4.66 4.66 4.7 4.7 4.7 4.7 4.8®
2 28 29.6 29.17 293 29.3 29.3 29.3 30.1®
3 78 84.89  81.63  81.8 81.8 81.8 81.8 84.1®
4 135 113.43 11328 1134 113.4 113.4 113.4 113.40

*(exact), Wavenumbers solved from Eq. (9); (approx.), Wavenumbers approximated using k;, kp; and k.
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Table 3
Natural frequencies of beam 2

Mode number  Natural frequency (rad/s)

Ref. [2]  Ref. [4,7] Section 4.1.1  Section 4.1.1  Section 4.1.2  Section 4.1.2  Uncoupled

(approx.) (exact) (approx.) (exact)
1 8.040 8.040 8.2 8.2 8.2 8.2 8.8®
2 50.32 50.39 50.9 50.9 50.9 50.9 54.7®
3 141.4 141.0 141.4 141.4 141.4 141.4 152.7®
4 279.0 276.0 276.5 276.5 276.5 276.5 299.1®
5 306.0 304.3 304.7 304.7 304.7 304.7 304.10
6 456.2 456.2 456.2 456.2 494.5®
7 680.5 680.5 680.5 680.5 738.3®
8 911.1 911.7 911.1 911.7 912.30
10 3.5210°
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Fig. 7. Magnitude responses of the characteristic polynomials of (a) beam 1, obtained from Eq. (28), (b) beam 1,
obtained from Eq. (35), (c) beam 2, obtained from Eq. (28), (d) beam 2, obtained from Eq. (35).
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Setting the determinant of matrix A to zero, as is well known, gives the natural frequencies of
the structure:
i Oz o3 g os o %ie
0] O 03 o4 05 026
31 32 033 034 X35 U36
041 042 043 044 045 Olde

051 G52 53 Ols4 055 (56
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Fig. 8. Real (solid lines) and imaginary (broken lines) responses of the characteristic polynomials of (a) beam 1,
obtained from Eq. (28), (b) beam 1, obtained from Eq. (35), (c) beam 2, obtained from Eq. (28), (d) beam 2, obtained
from Eq. (35).
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4.2. Mode shapes
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Once the natural frequency is found, the mode shapes can be readily obtained by deleting one
row of the 6 by 6 matrix and solving for the remaining five components of vector a in terms of the

arbitrarily chosen component. An example arrangement is

a1
o21
31
041

s

12
%22
32
o42

052

o13
023
o33
43

53

d14
%24
o34
044

054

015 |
%25
35

045

ass

-
a;

[ —ae
—026
— 036

—0l46

| — %56

(36)

Substituting @ (i = 1,2,3) into Egs. (29) and 30, one obtains the mode shapes of torsional
rotation and transverse deflection of the centerline of the beam.
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mode, (b) second coupled mode, (c) third coupled mode, (d) pure torsional mode.
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4.3. Numerical examples

The natural frequencies of the two example beams are listed in Tables 2 and 3. The natural
frequencies of the uncoupled vibrations are listed in the last column with superscript » and ¢
denoting bending and torsional vibrations, respectively. The coupled natural frequencies are
obtained from Egs. (28) and (35). Note that both equations are complex in nature. The natural
frequencies are found either at those points with zero magnitudes or, equivalently, with both real
and imaginary parts equaling zero. Fig. 7 shows the magnitude responses and Fig. § the real and
imaginary responses obtained from Eqgs. (28) and (35) of beams 1 and 2. The actual values of the
natural frequencies are obtained through a self-written program in Matlab environment by
recording simultaneous sign changes in both real and imaginary responses. The precision of the
parameters can be as high as machine precision. Here the step size is chosen as 0.1 Hz, which is
considered sufficient for comparison purposes.
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Fig. 10. Torsional rotation (solid lines) and flexural deflection (broken lines) mode shapes of beam 2: (a) first coupled
mode, (b) second coupled mode, (c) third coupled mode, (d) fourth coupled mode, (e) pure torsional mode, (f) fifth
coupled mode, (g) sixth coupled mode, (h) pure torsional mode.
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Fig. 10. (Continued)

It can be seen in Tables 1 and 2 that the natural frequencies calculated agree well with
published results. The natural frequency values obtained in this study agree especially well
among themselves. By comparing the coupled and uncoupled natural frequencies, it can be
seen that bending vibration is more sensitive to material coupling than torsional vibration.
Among bending modes, the higher frequency modes are far more sensitive to such a coupling
effect.

Fig. 9 shows the mode shapes of the first four modes of beam 1. Fig. 10 shows the mode
shapes of the first eight modes of beam 2. The fact that the pure torsional mode is less sensitive
to the coupling effect than the bending mode at low frequencies is also reflected in the mode
shape responses; see for example, the mode shapes plot (d) of beam 1 and plots (¢) and (h) of
beam 2. Which are essentially pure torsional modes themselves. However, apart from pure
torsional modes, the rest of torsional modes due to coupling evolve to a shape resembling
the mode shape in between the current and the next torsional mode in the case when there is
no coupling.
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5. Conclusions

The effect of coupling between bending and torsional deformations on vibrations of composite
Euler—Bernoulli beams is studied from a wave standpoint. It is found that the dispersion
characteristics, the natural frequencies and the mode shapes are in general affected by the material
coupling except torsional mode at low frequencies. Higher frequency modes are more sensitive to
such material coupling. Free vibration analysis is also performed from a wave standpoint, from
which both natural frequencies and mode shapes are obtained. Numerical examples for which
comparative results are available in the literature are presented and good agreement has been
reached. The study offers guideline in choosing material, ply orientations and stacking sequence,
which together determines the coupling coefficient, for favorable vibration characteristics. The
results obtained in this paper are applicable to slender beams or structures that consist of slender
beam components. For a deep beam, the shear deformation and rotary inertia must be taken into
account.
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