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Abstract

Since the impulse response of a system is a transient and non-stationary signal, difference of record
length makes the unit impulse response spectrum of the system to be not unique. It means that the
magnitudes and phases of the frequency response function obtained from impact hammer testing depend
on the record length. Whenever the record length is not longer than the duration time during which the
impulse response completely diminishes, ‘finite record length error’ takes place in the impulse response
spectrum. In this paper, the finite record length error is theoretically verified and a new method reducing the
error is introduced. The system parameters to induce the finite record length error are investigated, and an
optimization method is also proposed to reduce this error. Numerical and experimental examples are
carried out to show the characteristics of the finite record length error and the validity of the new method
proposed in this paper.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Impact hammer testing has been used in wide area of engineering to get frequency response
function (FRF) owing to its convenience and simplicity on experimentation as well as its validity
on analysis procedure [1-3]. There have been various works in which some kinds of problem such
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as leakage error, the ratio of signal to noise (S/N ratio), low-pass filtering, nonlinearity, window
function and so on are improved to get more accurate FRF from impact hammer testing [4—6].

When a system is excited by an impact hammer, the system vibrates for a while and the response
finally dies down. In fact, the time duration of the free vibration depends on the physical
characteristics of the system, especially its damping coefficient. The record length for signal
analysis is usually restricted by the memory size and computation time of the dynamic analyzer. It
is difficult to have a record length longer than the time duration of the signal for system having
low damping coefficient. In this case, significant errors occur in the FRF obtained by impact
hammer testing [7,8]. It is termed as finite record length error in this paper.

In this paper, the finite record length error in a FRF is theoretically identified by using the unit
impulse response function. The disadvantage of applying an exponential window function to an
impulse response signal is also proved analytically [9]. After the correct expression for the impulse
response spectrum considering the finite record length error is derived, a new method is suggested
to estimate the modal parameters of the system by using the expression. Numerical and
experimental examples are carried out to show the validity and usefulness of the new method
proposed in this paper.

2. Theoretical background
2.1. Finite record-length error in impulse response spectrum

The equation of motion of a viscously damped 1-dof system is described as follows
mx(t) + cx(¢) + kx(t) = f(2). ()
The impulse response under unit impulse input of the Dirac delta function is well known as

—{wpt

h(o) = mwy

sinwygt, =0, 2)

where A(¢), {, and w,; mean unit impulse response function, damping ratio, and damped angular
frequency of a system, respectively. Considering a field test such as impact hammer testing, the
infinite time cannot be integrated and must be modified for a record length Ty when Fourier
transformation is carried out. And then the Fourier transformation of /(¢) in Eq. (2) is written as

TRL g—{ont

H(w = sin wyre 3 dt =
Olp = [ Ssine

m[l - E(w)|TRL]> (3)

where

E((D){TRL = e_g("”TRLej“’TRL{ : sinwy TRy + cos wyTRL + ] 2 sin wyT RL} 4

\/I—Cz Wy

represents the finite record length error in this paper, and Ty is the record length during which
the signal is acquired in an impact hammer testing. If the record length Try were infinite, the finite
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record-length error could disappear and then the FRF be
B 1 B 1/k
k—o'mtjoc 1 —(o/o,) +j2l(o/o)

H) = lim H) (5)
This means that the FRF obtained from an impact hammer testing would match the theoretical
FRF only when the record length is infinite. However, the finite record length error is not actually
avoidable because the record length should be inevitably finite in the real test condition such as
impact hammer testing.

2.2. Distortion of FRF caused by exponential window function

Exponential window function is usually applied to an impulse response signal in order to reduce
the finite record length error as well as the leakage error which takes place when the record length
is not sufficiently long. If an exponential window function with decay rate « is applied to Eq. (2),
the unit impulse response is revised as

—{opt

(1) = e ™

sinwgt, t=0. (6)
may

When the time data is acquired for a record length Txy, the Fourier transformation of Eq. (6) is
described as [9,10]

_ TRL e—cwnt .
H ()7, = / e ™ sin wgre " dt
0

mawgy
1/k :
1= (@/@n) + 20/ 0y) + (@) 0,)’ + 2 + 2/ ) /o,

1 - EW(('O)|TRL]7 (7)

where

_ , o . ) o Wy .
Ew(w)‘TRL — e~ (@/ontDonTRL L)_d sin wy TRy sin TRy, + (— + C) 60_:1 sin wy TRy cos wTRrL
n

oo
+ cos wyTrr cos TRy +J{— sin wy; TRy, cos TRy
Wy

— <i—|— C) On sin wy TRy, X sin TRy, — cos wy TR SIn wTRLH. (8)
Wy Wq
The Ew(w)|TRL given in Eq. (8) represents the finite record length error of the exponentially
windowed FRF. It is known from Eq. (8) that the finite record length error still remains in the
FREF if the decay rate « or the record length Ty is finite. By selecting a large decay rate of the
exponential window function, the finite record length error E,,(w) can be removed so that the fully
windowed FRF becomes
1/k

Hy(@)|r, = 1 — (@/0n)* + 20/ @y) + (@) w,)* + 2+ a/w)o/w, @
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Eq. (9) shows that the exponential-windowed FREF is still different from the theoretical FRF given
in Eq. (5), although the effect of its decay rate in the imaginary part of the denominator of Eq. (9)
can be removed by modal analysis technique.

2.3. Expression of finite record length error for multi-dof system

The equation of motion of the viscously damped n-dof system is described as follows

[MI{x(0)} + [CHX()} + [KNx(0)} = { f (D)} (10)
A FRF of Eq. (10), the displacement response of a point / by the exciting force of a point i, is
theoretically known as

_X/(Cl)) (/)l; ir
@) = F () Z(k —?m, + joc,)’ (ah

where Fi(w), X/(w), ¢, and ¢, are the spectrum of the force input, the spectrum of the
displacement output, the value of the rth natural modal vectors of a point i and the value of a
point [, respectively. And k,, m, and ¢, represent respectively the modal stiffness, mass, and
damping coefficient of the multi-dof system given in Eq. (10).

On the other hand, if the exciting force of the Dirac delta function is applied to a point 7, the
unit impulse response function at a point / will be [11-13]

hy(t) = Z Puir e rOnrt §in gt (12)

Mm@ gy

Since the signal should be acquired for only a record length TRy in a real situation, the Fourier
transformation of the unit impulse response given in Eq. (12) can be calculated as

H = R h jotdy — n Ir¥ir 1—-E.( 13
. — (e t = - —E, ,
(@) 7, >0 /—0 i(t)e ;:1 K — wim, Jcoc,‘[ () 7y, ] (13)
where
_ f(Cwm#jw)TRL é, @
Er(w)|TRL =e —=L __sinwy Try + cos wg TR —|—J—sm ouTrL 7. (14)

Ji-o o

In this paper, E,(a))} Try in Eq. (14) is called as the finite record length error of the rth mode of the
FRF. As mentioned at the previous paragraph, Eq. (13) shows that the exact FRF of a multi-dof
system cannot be also obtained from the impulse response spectrum as long as the record length
TRL 1s finite.

Until now, the unit impulse response function has been analytically dealt with to show the
existence and characteristics of the finite record length error. The finite record length error should
be properly dealt with in discrete data to usefully remove this error in an actual impact hammer
testing. From now on, the spectrum of discrete signals of an impulse force and its impulse
response is considered to improve the FRF obtained by an impact hammer testing. Although
there may be different expressions, in dynamic signal analyzer the impulse response spectrum is
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actually obtained from the following equation:

. Xi(kAS)
Bkt = 5 x
In Eq. (15), the denominator which is the discrete Fourier transformation of an impulsive force
may have no finite record length error because the signal of impact force is certainly much shorter
than the record length in any impact hammer testing. But the numerator of Eq. (15), the discrete
Fourier transformation of the impulse response has the finite record length error when the record
length is not sufficiently long. Consequently, the FRF obtained from the impact hammer testing
cannot avoid the finite record length error in case that the record length is not longer than the
duration time for complete disappearance of the impulse response. The record length should be
properly chosen according to the signal processing ability of the dynamic analyzer, frequency
resolution, the ratio of signal to noise (S/N ratio) and so on. Since the duration time of a lightly
damped structure is too long to completely acquire all the signals, it is necessary to improve the
impulse response spectrum in order to get a better FRF.

k=0,1,...,N/2. (15)

3. Improvement of impulse response spectrum

In this section, the correct expression of the impulse response spectrum including the finite
record length error is theoretically derived, and an optimization method is introduced to reduce
the error and get more improved FRF of the system.

3.1. Impulse response spectrum entailing finite record length error

As shown in Eq. (2), the unit impulse response function of a multi-dof system can be
expressed as

h(t) = ZA €77 sin wyt, (16)
A, = ¢lr¢ir , (16a)

my gy
Oy = Crwnra (16b)

g =11 = Cop. (16¢)

In Eq. (16), A4,, o,, and w,; are the rth modal constant, the rth modal damping and the rth damped
angular frequency of the system, respectively. If the signal of Eq. (16) is digitized with a sampling
time At and a discrete Fourier transformation applied, then the impulse response spectrum can be
written as

Nowooan

2,...,2

T .
H(kAf) = ;L Z > A TRUN sinfgiAfle PN j = —
i=0 r=1
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where N represents the number of data for discrete Fourier transformation, and # is the degree of
freedom of the system. Using the sum’s formula of geometric progression, Eq. (17) can be
rewritten as

~ T n 1 — —[or TR —j2n(ar—k)] 1 — —[oy TRy +i2n(ar+k)]
H(kAf) === [ o i ——
9 N[l — e~ lorTrL-j2n(ar ] N[l — e lorTRLH2m(ar ]
N N
k=——,...,—1,0,1,...,——1 18
2 b b b b b b 2 b ( )
where
fdr (OF]
= =faTr= 5T 19
a Af SfaTre o LRL (19)

means the number of sinusoidal waves of rth mode which exists within the record length Tgy.
Since a, generally is a real number, it should be divided into an integer part and a decimal fraction
part as follows:

a, = p, (integer part) + g, (decimal fraction part) (20)

where the integer number p, stands for a serial number pointing out the peak of the rth mode on
the impulse response spectrum, and the decimal fraction number ¢, describes the resolution error
which disturbs to find the exact peak frequency on the spectrum. Assuming the number of data N
in Eq. (18) to be sufficiently large and substituting Eq. (20) into Eq. (18), the impulse response
spectrum is rewritten as

21)

Fl(kAf) — Ei/‘l |: 1 — e—O'rTRLejZﬂ{(Pr+‘1)‘)—k} 4 1 _ e_“VTRLe—jzﬂ{(Pr+qr)+k}
2 d 27'[{(pr + qr) - k} +j61‘TRL 27'5{(17;' + C];) + k} _jO-rTRL '

r=1

Eq. (21) is the expression of the unit impulse response spectrum including the finite record
length error.

When the impulse response spectrum H 1(kAf) of Eq. (15) obtained by an impact hammer
testing is compared to H(kAf) of Eq. (21) derived from the unit impulse response function, their
magnitude and phase should be exactly the same at all frequencies.

There are results available for a single dof method by which the unknown parameters A4,, o,
and ¢, in Eq. (21) can be directly calculated from the correct expression of a single dof FRF
including the finite record length errors [7,8]. In this method, the rth modal damping o, of each
mode is firstly calculated by solving the following equation:

n R, — R>. 2+ 8 o)
0, — —— — .
" Tro R +R_ -2) R, +R -2

where R, and R,_ represent the ratio of the rth peak value to the fore and aft values of the peak
respectively. The previous research also derived the following equations which show the relation
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of the unknown parameters:

R — Hlp,Af] i _ (g, + D+ (0, TrL 120 + [2(0, Tre/27) o)
= A, - VA1 4,20, + (0, Tre /20T + 200, Tre 200,

g = | A " 04— D)+ (0T /20°F + 200, Tre /200F (24)
r+ ﬁ[(pr + I)Af] [qr ' 2p, + (G,,T'RL/leZ)Z]2 + [2(O-VTRL/27T)]7,]2 ’

where H [p,Af] is the peak value showing on the spectrum obtained by impact hammer testing,
and H [(p, — DAf] and H [(p, + 1)Af] are the fore and aft values of the peak, respectively. By using
the above Eqgs. (19)—(24), the unknown parameters of each mode of the FRF can be directly
calculated [7,8]. The parameters calculated by the single dof method cannot avoid some errors
caused by mode coupling of the multi-dof system because of the assumption of the single dof
model. Nevertheless, this single dof method is still useful for a lightly damped model, to find initial
values of an optimization method which will be introduced below.

3.2. FRF of multi-dof model improved by an optimization algorithm

Each mode of the multi-dof system is actually coupled with its adjacent modes so that mode
coupling should be considered to estimate more accurate FRF from an impulse response
spectrum. In this paper, an optimization algorithm is applied to the impulse response spectrum
entailing the finite record length error in order to calculate the unknown parameters of the
impulse response function, such as the rth modal constant value 4,, the rth modal damping ¢, and
the rth damped natural frequency wg in Eq. (16).

The ultimate purpose of the optimization method proposed in this paper is to minimize the
discrepancies between the impulse response spectrum obtained by the experiments given in Eq.
(15) and the expression of the spectrum entailing the finite record length error given in Eq. (21). In
order to establish the cost function of the optimization algorithm, first of all, the right-hand side
of Eq. (21) is divided into a real part and an imaginary part as follows [8]

f](kAf) = Re[FI(kAf)] +j Im[ﬁ(kAf)], (29)
where

Re[H(KAf)] = TrL Y | Are™ " RL[=167° TRk 0, 5in 2mq, + (4°((p, + ¢,)° — k) + Ty 07)

r=1

x {4n(p, + q,)(e”TRL — cos2nq,) — 2TrL0, sin 214, }]
~[167* Tk, k*a* + {(4n°((p, + ¢,)" — k*) + Tx 02},

Im[HKAf)] = — Tre Z A Anke " TRL[4n(p, + ¢,)TrLo(e” TRL — cos 2nq,)

r=1
+ {4pf7r2 + 8p,q, 7 + 4n2(qf — )+ T%{Laf} sin 2nq,]
(167> Th ka? + {(47°((p, + ¢,)* — K*) + T3, %Y1
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Eq. (25), a function including the parameters ¢,, 4, and o,, can be simply expressed as
follows

H((gy' (A" o)) = Areg) " A4 {0} + iH w(g} (4}, {a}7), (26)
where

H{gy" (A (0} = H(qy, .. .. 4 A1, ..., Apyo1, .. 00).

In Eq. (26), H k({q} {4} T{s}7"), a complex value of the impulse response spectrum entailing the
finite record length error, is divided into the real part H Rk({q}T{A}T{o}T) and the imaginary part
H Ik({q} {4} T{5}T). Now the differences of magnitude between the experlmental spectrum of Eq.
(15) and the correct expression of Eq. (25) are summed at all the frequencies. And the summed
value is defined as a cost function for the optimization method which represents at the following
equation:

N/2—-1
TU" A 0 = ) (Hrg)" (417, (0}T) — Re[H (kAN
k=0
N/2—1 3 X
+ > Hi{g)" (A, (o}T) — Im[H (kAN 27
k=0

where H(kAf) is a complex value of the impulse response spectrum obtained by an impact
hammer testing at a frequency kAf. In Eq. (27), the 3n values of the frequency errors ¢,, the modal
constant values A4,, and the modal dampings o,(r=1,..., n) are regarded as the design
parameters of the optimization. For convenience of mathematical expression, the 3n design
parameters is represented as u; (i = 1, ..., 3n). If the cost function in Eq. (27) is differentiated over
the design parameters to determine their optimum values minimizing the cost, the following
equation is obtained:

N/2-1

AR <{HRk — Re[AAN])

au,- =0

+{H i — Im[H(kAN)])

@HRk aH”‘) i=1,...,3n. (28)

According to the Gauss—Newton method [14], the search direction for optimum values is
determined by solving the following simultaneous equation:

3n oJ .
Zau,auj = =5 i=1,...,3n. (29)

In this paper, the second-order differentiations in Eq. (29) are approximated by the first-order
differentiations as follows:

62.] N2 GI:IRk al:IRk aﬁ[k aI?Ik
=2
Ou; Ou; k=0 ( Ou; " Ou; " Ou; " Ou; >’ (0
o7 &K'l 5\, OH 5 :
RS ( By (Re{ A (KAP)] — H ) + 2 wkam[mkAf)]—sz)), (31)
Ui = \ Oui Ou
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where wy is the weighting factor with respect to a frequency kAf. Once the suitable direction for
optimum design changes is calculated by Eqs. (29)—(31), the step size « can be determined by the
golden section search method [14].

(1)) = (4 4 g Au). (32)

New values of the design parameters calculated by Eq. (32) are used for the next step of the
optimization method. This process is repeated until new design parameters u; (i = 1,..., 3n), or ¢,,
A,, o.(r=1,..., n), make the cost function be a minimum. Once the optimum values of the
parameters ¢,, A4,, o, are estimated, the improved FRF is calculated by the following equation
which is a revision of Eq. (11) composed of the design parameters:

H) =3 2/ (9, + 4)Ar
r=1 {4n2Af2(pr + Qr)z + G% - wZ +J20rw} ‘

In Eq. (33), the serial number of rth mode peak p, and the frequency resolution Af are readable on
the impulse response spectrum obtained by the impact hammer testing.

(33)

4. Numerical and experimental examples
4.1. Numerical example

The 3-dof lightly damped model shown in Fig. 1 is numerically simulated to show whether the
finite record length error takes place in the impulse response spectrum according to the length of
recording time. In this example, the response of the model is calculated by the Runge—Kutta
method when the force f{(¢) is impulsively enforced.

To show a case of almost no finite record length error, the impulse response is calculated with
16,348 (2'*) steps for 20s. The impulsive force and the response signals obtained are plotted in
Fig. 2. The frequency-magnitude and Nyquist plot of the impulse response spectrum are plotted in
Figs. 3 and 4, respectively, which are compared with the exact FRF theoretically obtained by

S
-
Xt X2 (1) X3 (1)
> — —>
kj' k2 kj k.’

7/ S Y/ BV R TS
T HH T HHHE

" o0 oo oo ¥
////////////////////////////////

Fig. 1. A 3-dof damped model (m; = my = m3 = 3kg, ki = ks = k3 =15,000N/m, ¢; = ¢2 = ¢3 = 0.2N/m/s).

DN
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Fig. 2. Impulse force and its response signals for the model in Fig. 1 (16,348 samples for 20s).
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Fig. 3. Comparison between the theoretical FRF and the impulse response spectrum (in case of 16,348 samples for
205s).

modal analysis [11,12]. It is shown from Figs. 3 and 4 that the impulse response spectrum is well
matched to the exact FRF except the frequency resolution error when the record length is
sufficiently long.
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Fig. 4. Comparison between Nyquist plot of the theoretical FRF and one of the impulse response spectrum (in case of
16,348 samples for 20s).
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Fig. 5. Impulse force and its response signals for the model in Fig. 1 (1024 samples for 1.25s).

It must be considered that the record length is limited by various reasons, such as capacity of
memory resister, computation time, the ratio of signal to noise (S/N ratio) and so forth. The force
and its response signal of 1024 data for 1.25s are plotted in Fig. 5, which is referred as a
insufficient record length. The frequency-magnitude and Nyquist plot of the impulse response
spectrum are plotted in Figs. 6 and 7, respectively, and are compared with the exact FRF. It is



1234 S.J. Ahn et al. | Journal of Sound and Vibration 288 (2005) 1223-1239

10" -
point 1

107

T lllll|T| T TTTTTT

107

T Illlm'l

10*

Magnitude [m/N]

10°

T I|I|Ill|

10°

E
F exact FRF
[ —e—— byFFT (R.L.:1.25sec No.data:1024)
4 I S T AN ENS S SR T TR N S S TR S R S S R
10 0 25 50 75 100
Freq. Hz]

Fig. 6. Comparison between the theoretical FRF and the impulse response spectrum (in case of 1024 samples for
1.255).
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Fig. 7. Comparison between Nyquist plot of the theoretical FRF and one of the impulse response spectrum (in case of
1024 samples for 1.255).
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Table 1
Initial and optimum values of the system parameters obtained by the single dof method and the optimization method,
respectively

Initial Optimum Exact
a0 —0.0402 0.0477 0.0479
¢ —0.1227 —0.0885 —0.0883
¢ 0.2565 0.1982 0.1988
A, 495% 1073 4.85% 1073 4.87 x 1073
A, 480 x 1073 521 x 1073 527x 1073
A 1.63 x 1073 1.97 x 1073 2.02x 1073
o1 0.230 0.195 0.195
o2 0.501 0.669 0.667
o3 0.674 1.131 1.138

Magnitude [m/N]

10"

107

10°

10°

T IIIIIII| LI ¢ III| T IIIIIII| U IIIIIII|

——o—— by Opt. method

exact FRF

point1

o

25

50
Freq. Hz]

Fig. 8. Comparison between the theoretical FRF and the improved FRF by an optimization method.

shown from Figs. 6 and 7 that the impulse response spectrum is different from the exact FRF
when the record length is not properly long.

In this simulation example, the optimization method is applied to the impulse response
spectrum entailing the finite record length to show the validity of its results. To calculate the
parameters ¢,, A, and ¢, as initial values of the optimization method, the single dof method is
used. The initial and the optimum values are compared with the exact values in Table 1. The
frequency-magnitude and Nyquist plot obtained by substituting the optimum values into Eq. (33)
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- 1~ - -1t 1 - 1
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©
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S -001} .
g I
| ————— exactFRF
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-0.02 — e L

1 s L 1
-0.01 0 0.01
Real
Fig. 9. Comparison between Nyquist plot of the theoretical FRF and one of an improved FRF calculated by the
optimization method.

are presented in Figs. 8 and 9, respectively. It is shown from these figures that the optimization
method proposed in this paper is needed to calculate the improved FRF from the impulse
response spectrum including the finite record length error.

4.2. Experimental example

An aluminum plate mounted on 4 rubber posts is used for an impact hammer testing. The
aluminum plate has the length of 500 mm, the width 510 mm, the thickness 5.9 mm and the density
2193kg/m®>. A plastic tip is mounted on the head of the impact hammer used in this experiment in
order that the aluminum plate is excited up to the interesting frequency, 150 Hz, without
significant error caused by the shape of the impulse signal. The time history is displayed in Fig. 10
when the plate is excited by an impact hammer. The vibration signal still oscillates after §'s, which
means that a record length longer than 8 s is necessary to get the correct FRF of the plate without
the finite record length error. In Figs. 11 and 12, the magnitudes and phases of the impulse
response spectrum using the record lengths of 8s and 1s are compared with those of the FRF
improved by the optimization method with an impulse response spectrum of 1.0s. In this paper, it
is assumed that the impulse response spectrum of 8 s record length is nearly close to the exact FRF
of the rubber-mounted plate because its record length is sufficiently long for the acceleration
response to disappear. It is clear from Figs. 11 and 12 that the impulse response spectrum of 1s
record length is different from that of 8 s in the magnitude and phase because of its finite record
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Fig. 10. Acceleration signal of an impulse response for a plate.
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Fig. 11. Magnitudes of two impulse response spectra with 1.0s record length, 8.0s record length, and the improved
FRF.

length error. On the other hand, the improved FRF estimated by the proposed method matches
well with the exact FRF in both magnitude and phase if it is assumed that 180 and —180° phase
are the same as in Fig. 12.
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Fig. 12. Phases of two impulse response spectrums with 1.0s record length, 8.0s record length, and the improved FRF.

5. Conclusion

This paper dealt with a special error which occurs in impact hammer testing, especially when
record length is not sufficiently long. This kind of error, called as a finite record length error, is
uncovered, formulated by the theoretical process, and improved by the single dof method and the
optimization method. Some examples are carried out to show both the characteristics of the finite
record length error and the effect of the optimization method. The conclusion of this paper can be

summarized as the following:

(1) The finite record length error, which makes the impulse response spectrum to be different from
the exact FRF, is theoretically formulated.

(2) Exponential window used to reduce some errors including the finite record length error causes
a bias error of the impulse response spectrum.

(3) The single dof method directly estimating the system parameters from an impulse response
spectrum including the finite record length error is applied to a multi-dof system and an
optimization method is proposed to improve the accuracy of the parameters.

(4) Numerical and experimental examples showed the effectiveness of the proposed method to

reduce the finite record length error.
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