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Abstract

The moment Lyapunov exponents and the Lyapunov exponents of a 2D system under both harmonic
and white noise excitations are studied. The moment Lyapunov exponents and the Lyapunov exponents are
important characteristics determining the moment and almost-sure stability of a stochastic dynamical
system. The eigenvalue problem governing the moment Lyapunov exponent is established. A singular
perturbation method is applied to solve the eigenvalue problem to obtain second-order, weak noise
expansions of the moment Lyapunov exponents. The influence of the white noise excitation on the
parametric resonance due to the harmonic excitation is investigated.
r 2005 Elsevier Ltd. All rights reserved.

1. Introduction

The study of the dynamic behaviour of a mechanical or structural system under periodic
parametric excitation is one of the oldest problems in the theory of vibration. There are numerous
engineering systems that are subject to periodic parametric excitations. A 2D system under
harmonic parametric excitation is the well-known Mathieu equation. However, in engineering
applications, loadings imposed on the mechanical or structural systems are quite often random
forces, such as those arising from earthquakes, wind and ocean waves, which can be described
satisfactorily only in probabilistic terms. Under the action of such loadings, the parameters that
characterize the motions of the systems fluctuate in a stochastic manner. Because of the
see front matter r 2005 Elsevier Ltd. All rights reserved.
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coexistence of periodic loadings and random forces, the responses of the systems are governed by
differential equations of motion with parameters or coefficients containing both periodic
functions and stochastic processes. It is therefore of practical importance to investigate the
dynamic behaviour, especially dynamic stability, of systems under parametric periodic and
stochastic excitations.
The almost-sure stability of dynamical systems under combined harmonic and stochastic

excitations was studied by Sri Namachchivaya [1] by evaluating the largest Lyapunov exponents.
Baxendale [2] determined weak noise expansions of the moment Lyapunov exponents and
Lyapunov exponents of a similar system using a different approach as presented in this paper. An
example of such a system is the uncoupled flapping motion of rotor blades in forward flight under
the effect of atmospheric turbulence.
The sample or almost-sure stability of the trivial solution of a stochastic dynamical system is

determined by the Lyapunov exponent, which characterizes the average exponential rate of
growth of the solutions of system for time parameter t large, defined as

l ¼ lim
t!1

1

t
log kxðtÞk, (1)

where xðtÞ is the vector of states of the system and k � k denotes the Euclidean vector norm.
Depending on the initial conditions xð0Þ; there are n Lyapunov exponents for the system, where n

is the dimension of the system. The trivial solution of the dynamical system is stable with
probability one (w.p.1) if the top Lyapunov exponent is negative, whereas it is unstable w.p.1 if
the top Lyapunov exponent is positive.
On the other hand, the stability of the pth moment, E½kxðtÞkp	; of the trivial solution of the

dynamical system is determined by the moment Lyapunov exponent defined as

Lð pÞ ¼ lim
t!1

1

t
logE½kxðtÞkp	, (2)

where E½ � 	 denotes expected value. If Lð pÞo0; then E½kxðtÞkp	 ! 0 as t ! 1: The pth moment
Lyapunov exponent Lð pÞ is a convex analytic function in p with Lð0Þ ¼ 0 and L0ð0Þ is equal to the
top Lyapunov exponent l: The non-trivial zero d of Lð pÞ; i.e. LðdÞ ¼ 0; is called the stability
index.
However, suppose the top Lyapunov exponent l is negative, implying that the dynamical

system is stable w.p.1, the pth moment grows exponentially when p4d; where d is the stability
index, implying that the pth moment of the dynamical system is unstable when p4d: This can be
explained by the theory of large deviation as follows. Although the solution of the system
kxðtÞk ! 0 as t ! 1 w.p.1 at an exponential rate l; there is a small probability that kxðtÞk is
large, which makes the expected value E½kxðtÞkp	 of this rare event large for large enough values of
p; leading to pth moment instability.
To have a complete picture of the dynamic stability of a dynamical system, it is important to

study both the sample and moment stability and to determine both the top Lyapunov exponent
and the pth moment Lyapunov exponent. A systematic study of moment Lyapunov exponents is
presented in Ref. [3] for linear Itô systems and Ref. [4] for linear stochastic systems under real
noise excitations. A systematic presentation of the theory of random dynamical systems and a
comprehensive list of references can be found in Arnold [5].
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Although the moment Lyapunov exponents are important in the study of dynamic stability of
stochastic systems, the actual evaluations of the moment Lyapunov exponents are very difficult.
Using the analytic property of the moment Lyapunov exponents, Arnold et al. [6] obtained weak
noise expansions of the moment Lyapunov exponents of a 2D system in terms of e p; where e is a
small parameter, under both white noise and real noise excitations. Khasminskii and Moshchuk
[7] obtained an asymptotic expansion of the moment Lyapunov exponent of a 2D system under
white noise parametric excitation in terms of the small fluctuation parameter e; from which the
stability index was obtained. Sri Namachchivaya and Vedula [8] obtained general asymptotic
approximation for the moment Lyapunov exponent and the Lyapunov exponent for a 4D system
with one critical mode and another asymptotically stable mode driven by a small intensity
stochastic process. Sri Namachchivaya and Van Roessel [9] studied the moment Lyapunov
exponents of two coupled oscillators driven by real noise. Xie [10] obtained weak noise expansions
of the moment Lyapunov exponent, the Lyapunov exponent, and the stability index of a 2D
system exhibiting pitch-fork bifurcation under real noise excitation in terms of the small
fluctuation parameter. Xie [11] determined small noise expansions of the moment Lyapunov
exponent of a 2D viscoelastic system under bounded noise excitation.
In this paper, a 2D system under both harmonic and white noise parametric excitations is

studied. Weak noise expansions of the moment Lyapunov exponents and Lyapunov exponents
are obtained. The effect of the white noise excitation on the primary and secondary parametric
resonance due to the harmonic excitation is investigated.
2. Formulation

Consider the dynamic stability of the following 2D system under both harmonic and white
noise excitations:

d2qðtÞ
dt2

þ 2eb
dqðtÞ
dt

þ ½O2
0 þ em0 sin n̂0tþ en=2s0xðtÞ	qðtÞ ¼ 0, (3)

where xðtÞ is a unit Gaussian white noise process in time t; e40 is a small parameter. It is well-
known that, in the absence of the white noise excitation, i.e. s0 ¼ 0; the primary and secondary
parametric resonance occurs when n̂0=ð2O0Þ is in the vicinity of 1 and 1

2
; respectively. In Eq. (3),

n ¼ 1 and 2 corresponds to the primary and secondary parametric resonance in the absence of the
white noise excitation.
The damping term in Eq. (3) can be removed by applying the transformation qðtÞ ¼ xðtÞe�ebt to

yield

d2xðtÞ
dt2

þ ½O2 þ em0 sin n̂0tþ en=2s0xðtÞ	xðtÞ ¼ 0, (4)

where O2 ¼ O2
0 � e2b2: Eq. (4) can be further simplified by applying the time scaling t ¼ Ot to

result in

d2xðtÞ

dt2
þ ½1þ em sin nt þ en=2szðtÞ	xðtÞ ¼ 0, (5)
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where m ¼ m0=O; n ¼ n̂0=O; s ¼ s0=O3=2; and zðtÞ is a unit Gaussian white noise process in time t.
In the absence of the white noise excitation, the primary and secondary parametric resonance
occurs when n=2 is in the vicinity of 1 and 1

2
; respectively.

The Lyapunov exponents and the moment Lyapunov exponents of systems (3)–(5) are related by

lqðtÞ ¼ �ebþ lxðtÞ ¼ �ebþ OlxðtÞ,

LqðtÞð pÞ ¼ �epbþ LxðtÞð pÞ ¼ �epbþ OLxðtÞð pÞ. ð6Þ

The eigenvalue problem satisfied by the moment Lyapunov exponent LxðtÞð pÞ of system (5) may
be established following a procedure proposed by Baxendale [12].
Denoting y ¼ nt; y may be considered as a random process with generator G ¼ nq=qy: Letting

x1 ¼ x; x2 ¼ _x; Eq. (5) may be written in the form of state equations

dx ¼ B0xdt þ B1xdW , (7)

where

x ¼
x1

x2

( )
; B0 ¼

0 1

�ð1þ em sin yÞ 0

" #
; B1 ¼

0 0

�en=2s 0

� �
,

and W ðtÞ is the standard Wiener process. Applying the Khasminskii transformation [13]:

s1 ¼
x1

a
¼ cosj; s2 ¼

x2

a
¼ sinj; s ¼

s1

s2

( )
¼

cosj

sinj

( )
; ŝ ¼

sinj

� cosj

( )
, (8)

where a ¼ kxk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
1 þ x2

2

q
is the Euclidean norm of vector x; the random process x is projected

onto the unit sphere s: From the general theory of moment Lyapunov exponents [12], it is well-
known that the moment Lyapunov exponent LxðtÞð pÞ of system (5) is the principal simple
eigenvalue of the infinitesimal differential operator Lð pÞ given by

Lð pÞTðj; yÞ ¼ LxðtÞð pÞTðj; yÞ, (9)

where Lð pÞ ¼ L þ pX þ pQ þ 1
2

p2R þ G:
To evaluate L, X, Q, and R, it is necessary to determine bi; hi; and qi; for i ¼ 0 and 1, as

bi ¼ ŝ
T
Bis; b0 ¼ 1þ em sin y cos2 j; b1 ¼ en=2s cos2 j,

hi ¼ �bi

q
qj

; h0 ¼ �ð1þ em sin y cos2 jÞ
q
qj

; h1 ¼ �en=2s cos2 j
q
qj

,

qi ¼ sTBis; q0 ¼ �em sin y cosj sinj; q1 ¼ �en=2s cosj sinj.

Hence

L ¼ h0 þ
1

2
h2
1 ¼ �ð1þ em sin y cos2 jÞ

q
qj

� ens2 cos3 j sinj
q
qj

þ
1

2
ens2 cos4 j

q2

qj2
,

X ¼ q1h1 ¼ ens2 cos3 j sinj
q
qj

,

Q ¼ q0 � q21 þ
1
2 s

TðB1 þ BT
1 ÞB1s ¼ �em sin y cosj sinj� ens2 cos2 j sin2 jþ 1

2 e
ns2 cos2 j,

R ¼ q2
1 ¼ ens2 cos2 j sin2 j.
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Hence, the infinitesimal differential operator Lð pÞ is

Lð pÞ ¼
1

2
ens2 cos4 j

q2

qj2
þ ½�1� em sin y cos2 jþ enð p � 1Þs2 cos3 j sinj	

q
qj

þ n
q
qy

þ p �em sin y cosj sinjþ
1

2
ens2 cos2 j½ð p � 2Þ sin2 jþ 1	

	 

. ð10Þ

The eigenvalue problem (9) for the moment Lyapunov exponent LxðtÞð pÞ can also be derived
using a more straightforward approach, which was first employed by Wedig [14] to derive the
eigenvalue problem for the moment Lyapunov exponent of a 2D linear Itô stochastic system.
For system (5) or (7) in the form of state equations, apply the Khasminskii transformation (8)

and define the pth norm P ¼ ap: The Itô equations for P and j can be obtained using Itô’s
Lemma:

dP ¼ pPf�em sin y cosj sinjþ 1
2
ens2 cos2 j½ð p � 2Þ sin2 jþ 1	gdt

þ en=2spP cosj sinjdW ,

dj ¼ ð�1� em sin y cos2 j� ens2 cos3 j sinjÞdt þ en=2s cos2 jdW . ð11Þ

Applying a linear transformation

S ¼ Tðj; yÞP; P ¼ T�1ðj; yÞS; �1
2
ppjo1

2
p; 0pyo2p,

the Itô equation for the new pth norm process S can also be obtained from Itô’s Lemma:

dS ¼ f1
2
ens2 cos4 jTjj þ ½�1� em sin y cos2 jþ enð p � 1Þs2 cos3 j sinj	Tj þ nTy

þ pf�em sin y cosj sinjþ 1
2
ens2 cos2 j½ð p � 2Þ sin2 jþ 1	gTgPdt

þ en=2s cosjð p sinjT þ cosjTjÞPdW . ð12Þ

For bounded and non-singular transformation Tðj; yÞ; both processes P and S are expected to
have the same stability behaviour. Therefore, Tðj; yÞ is chosen so that the drift term of the Itô
differential (12) is independent of the processes j and y; i.e.

dS ¼ LS dt þ en=2s cosjð p sinjþ cosjTjT�1ÞS dW . (13)

Comparing Eqs. (12) and (13), it is seen that such a transformation Tðj; yÞ satisfies the differential
equation

1
2
ens2 cos4 jTjj þ ½�1� em sin y cos2 jþ enð p � 1Þs2 cos3 j sinj	Tj þ nTy

þ pf�em sin y cosj sinjþ 1
2
ens2 cos2 j½ð p � 2Þ sin2 jþ 1	gT ¼ LT . ð14Þ

Eq. (14) is an eigenvalue problem with L being the eigenvalue and Tðj; yÞ the associated
eigenvector. From Eq. (13), it is seen that L is the Lyapunov exponent of the transformed pth
moment process S, implying that L ¼ LxðtÞð pÞ: Hence, the eigenvalue problem (9), with the
infinitesimal differential operator given by Eq. (10), established using the general theory of
moment Lyapunov exponent [12] is the same as Eq. (14) derived using a more straightforward
approach originally employed by Wedig [14].
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3. Moment Lyapunov exponents

In this section, the eigenvalue problem (14) is solved to obtain the moment Lyapunov exponent
for system (5). Since the small parameter e appears in the coefficient of the second-order partial
derivative term Tjj; a method of singular perturbation is applied to Eq. (14) to obtain a small
noise expansion of the moment Lyapunov exponent LxðtÞð pÞ:
Denote the frequency n ¼ n0 þ enD; n ¼ 1; 2; where n0 ¼ 2=n is the harmonic excitation

frequency corresponding to the primary and secondary parametric resonance in the absence of the
white noise excitation, and D is the mistune parameter.
3.1. Primary parametric resonance, n ¼ 1 and n0 ¼ 2

In the absence of the white noise excitation, primary parametric resonance occurs when n0 ¼ 2:
Letting n ¼ 2þ eD; applying the transformation j ¼ z � 1

2
y; z ¼ e1=2c; Eq. (14) becomes

k1ðz; yÞ
q2

qc2
þ 2

q
qy

þ e1=2k2ðz; yÞ
q
qc

þ e D
q
qy

þ k3ðz; yÞ
� �	 


Tðc; yÞ ¼ LxðtÞð pÞTðc; yÞ, (15)

where

k1ðz; yÞ ¼ 1
2
s2 cos4ðz � 1

2
yÞ,

k2ðz; yÞ ¼ 1
2
D� m sin y cos2ðz � 1

2
yÞ þ ð p � 1Þs2 cos3ðz � 1

2
yÞ sinðz � 1

2
yÞ,

k3ðz; yÞ ¼ p f�1
2
m sin y sinð2z � yÞ þ 1

2
s2 cos2ðz � 1

2
yÞ½ð p � 2Þ sin2ðz � 1

2
yÞ þ 1	g.

Expand the eigenvalue LxðtÞð pÞ and the eigenfunction Tðc; yÞ as

LxðtÞð pÞ ¼
X1
i¼0

ei=2Li; Tðc; yÞ ¼
X1
i¼0

ei=2Tiðz;c; yÞ. (16)

Substituting Eqs. (16) into Eq. (15), noting that

qT

qc
¼

qT0

qc
þ e1=2

qT0

qz
þ

qT1

qc

� 

þ e

qT1

qz
þ

qT2

qc

� 

þ � � � ,

q2T

qc2
¼

q2T0

qc2
þ e1=2 2

q2T0

qzqc
þ

q2T1

qc2

� 

þ e

q2T0

qz2
þ 2

q2T1

qzqc
þ

q2T2

qc2

� 

þ � � � ,

expanding, and equating terms of equal power of e results in the perturbation equations,

Oð1Þ : L0T0 ¼ L0T0;

Oðe1=2Þ : L0T1 þ L1T0 ¼ L1T0 þ L0T1;

OðeÞ : L0T2 þ L1T1 þ L2T0 ¼ L2T0 þ L1T1 þ L0T2;

Oðe3=2Þ : L0T3 þ L1T2 þ L2T1 ¼ L3T0 þ L2T1 þ L1T2 þ L0T3;

..

. ..
.

(17)
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where

L0 ¼ k1ðz; yÞ
q2

qc2
þ 2

q
qy

; L1 ¼ k2ðz; yÞ
q
qc

þ 2k1ðz; yÞ
q2

qz qc
,

L2 ¼ k1ðz; yÞ
q2

qz2
þ k2ðz; yÞ

q
qz

þ D
q
qy

þ k3ðz; yÞ.
3.1.1. Zeroth-order perturbation
The zeroth-order perturbation equation is L0T0 ¼ L0T0; or

k1ðz; yÞ
q2T0

qc2
þ 2

qT0

qy
¼ L0T0. (18)

From the property of moment Lyapunov exponent, it is well-known that L0ð0Þ ¼ 0: Since Eq. (18)
does not contain the parameter p explicitly, L0ð0Þ ¼ 0 implies that L0ð pÞ ¼ 0 for all values of p. A
solution of Eq. (18) may be taken as T0ðz;c; yÞ ¼ Z0ðzÞ; where Z0ðzÞ is a periodic function of
period p:
The adjoint equation of Eq. (18) is

k1ðz; yÞ
q2T�

0

qc2
� 2

qT�
0

qy
¼ 0. (19)

A solution of Eq. (19) may be taken as T�
0ðz;c; yÞ ¼ Z�

0ðzÞC
�
0ðcÞY

�
0ðyÞ: Because the coefficients of

Eq. (19) are periodic functions in y of period 2p and in z of period of p; one may take Y�
0ðyÞ ¼

1=2p; 0pyo2p: If C�
0ðcÞ is also taken as a constant, the solution of Eq. (19) may be written as

T�
0ðz;c; yÞ ¼ Z�

0ðzÞ; 0pzop; where Z�
0ðzÞ is a periodic function of period p:
3.1.2. First-order perturbation

The first-order perturbation equation is

L0T1 ¼ L1T0 � L1T0. (20)

Since T0 ¼ Z0ðzÞ; it is obvious that L1T0 ¼ 0: The solvability condition of Eq. (20) is given by,
from the Fredholm Alternative,

ðL1T0;T
�
0Þ ¼ 0, (21)

which leads to L1ð pÞ ¼ 0; in which ð f ; gÞ denotes the inner product of functions f ðz;c; yÞ and
gðz;c; yÞ defined as

ð f ; gÞ ¼

Z p

z¼0

Z
c2Mc

Z 2p

y¼0

f ðz;c; yÞgðz;c; yÞdydcdz,

where Mc is the range of variable c:
Eq. (20) then becomes L0T1 ¼ 0; whose solution may be taken as T1ðz;c; yÞ ¼ Z1ðzÞ; where

Z1ðzÞ is a periodic function of period p:
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3.1.3. Second-order perturbation

The second-order perturbation equation given in Eqs. (17) becomes

L0T2 ¼ L2T0 � L1T1 � L2T0. (22)

It is easy to show that L1T1 ¼ 0 and

L2T0 ¼ k1ðz; yÞ
q2T0

qz2
þ k2ðz; yÞ

qT0

qz
þ D

qT0

qy
þ k3ðz; yÞT0

¼ k1ðz; yÞ €Z0ðzÞ þ k2ðz; yÞ _Z0ðzÞ þ k3ðz; yÞZ0ðzÞ.

The solvability condition of Eq. (22) is, from the Fredholm Alternative,

ðL2T0 � L2T0;T
�
0Þ ¼ 0,

i.e. Z p

z¼0

Z 2p

y¼0

fk1ðz; yÞ €Z0ðzÞ þ k2ðz; yÞ _Z0ðzÞ þ ½�L2 þ k3ðz; yÞ	Z0ðzÞgZ
�
0ðzÞdydz ¼ 0. (23)

Since Eq. (23) is valid for any periodic function Z�
0ðzÞ; one must haveZ 2p

0

fk1ðz; yÞ €Z0ðzÞ þ k2ðz; yÞ _Z0ðzÞ þ ½�L2 þ k3ðz; yÞ	Z0ðzÞgdy ¼ 0,

which yields, after integration,

3s2 €Z0ðzÞ þ ð8D� 4m sin 2zÞ _Z0ðzÞ þ ½�16L2 þ s2pð p þ 2Þ þ 4mp cos 2z	Z0ðzÞ ¼ 0. (24)

Hence the second-order perturbation L2ð pÞ of the moment Lyapunov exponent LxðtÞð pÞ is the
eigenvalue of the eigenvalue problem (24) with a second-order ordinary differential operator.

3.1.4. Determination of L2

The second-order perturbation of the moment Lyapunov exponent L2 can be obtained by
solving the eigenvalue problem (24) with a second-order ordinary differential operator.
Since the coefficients of Eq. (24) are periodic functions of z with period p; a series expansion of

the function ZðzÞ may be taken in the form

ZðzÞ ¼ C0 þ
XN

k¼1

ðC2k cos 2kz þ S2k sin 2kzÞ. (25)

Substituting Eq. (25) into Eq. (24), multiplying the resulting equation by cos 2nz; sin 2nz; n ¼

0; 1; 2; . . . ; and integrating with respect to z from 0 to p leads to a system of 2N þ 1 homogeneous
linear equations for the unknown coefficients C0;C2;S2; . . . ;C2N ;S2N : The existence of a non-
trivial solution requires that the determinant of the coefficient matrix DðNÞ be equal to zero. The
determinantal equation DðNÞ results in a polynomial equation in LðNÞ

2 of degree 2N þ 1 of the form

½LðNÞ

2 	2Nþ1 þ d2N ½L
ðNÞ

2 	2N þ � � � þ d1½L
ðNÞ

2 	 þ d0 ¼ 0, (26)

from which the eigenvalue LðNÞ

2 can be obtained, where the superscript ðNÞ denotes that N
sinusoidal terms are taken in Eq. (25).
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Note that when the number of terms N in Eq. (25) approaches infinity, the coefficient matrix
DðNÞ is of infinite dimension. The solution LðNÞ

2 of Eq. (26) approaches the exact result L2:
When N ¼ 1; Dð1Þ ¼ 0 is a cubic equation and an analytical solution for Lð1Þ

2 may be obtained.
In this case, the coefficients of Dð1Þ ¼ 0 are

d2 ¼ � 3
16
s2ð p þ 4Þð p � 2Þ,

d1 ¼ � 1
256

pð p þ 2Þð�3s4p2 � 6s4p þ 48s4 þ 8m2Þ þ D2 þ 9
16
s4,

d0 ¼
1

4096
s2pð p þ 2Þ½�s4p4 � 4s4p3 þ 4ð2m2 þ 5s4Þp2 þ 16ðm2 þ 3s4Þp

� 16ð9s4 þ 6m2 þ 16D2Þ	.

The solution of Eq. (26) with N ¼ 1 is given by

Lð1Þ
2 ¼

1

6
ðA2 � 2d2Þ �

2

3

3d1 � d2
2

A2
, (27)

where

A2 ¼ ð�108d0 þ 36d1d2 � 8d3
2 þ 12A1Þ

1=3,

A1 ¼ ð81d2
0 � 54d0d1d2 þ 12d3

1 þ 12d0d
3
2 � 3d2

1d
2
2Þ

1=2.

When N41; no analytical solution exists for LðNÞ

2 from the polynomial Eq. (26). A numerical
approach has to be applied to obtain LðNÞ

2 : Typical results of LðNÞ

2 are shown in Fig. 1. It is seen
that, for m ¼ 1; D ¼ 1; Lð1Þ

2 agrees with Lð7Þ
2 extremely well for all values of s: For s ¼ 1; D ¼ 1;

Lð1Þ
2 agrees with Lð7Þ

2 well for smaller values of m (up to 2); when the value of m is increased, some
discrepancy exists between Lð1Þ

2 and Lð7Þ
2 ; especially for �2opo0:

The second-order perturbation of moment Lyapunov exponent Lð4Þ
2 is plotted in Fig. 2 for

s ¼ 0:5; 1.0, and 1.5 to illustrate the influence of the white noise excitation on the primary
parametric resonance. For small values of s; the impact of the white noise excitation is small, and
the effect of the primary parametric resonance due to the harmonic excitation is very prominent.
When the values of s are increased, the influence of the white noise excitation is increased, and the
effect of the primary parametric resonance due to the harmonic excitation is diminished.
Having obtained an approximate result LðNÞ

2 for L2; a second-order approximation of the
moment Lyapunov exponent is given by LxðtÞð pÞ � eLðNÞ

2 þ oðeÞ:
3.1.5. Determination of second-order perturbation of Lyapunov exponent l2
Using the property of the moment Lyapunov exponent,

lxðtÞ ¼ lim
p!0

LxðtÞð pÞ

p
, (28)

the Lyapunov exponent can be obtained easily. A second-order approximation of the Lyapunov
exponent is given by

lxðtÞ ¼ el2 þ oðeÞ, (29)
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Fig. 1. Second-order perturbation of moment Lyapunov exponent LðNÞ

2 ; primary resonance, D ¼ 1:0: Lines, N ¼ 1;
analytical results; dots (� or �), N ¼ 7; numerical results: (a) m ¼ 1:0; - - - , s ¼ 2:0; —, s ¼ 4:0; - – - – -, s ¼ 6:0; - — -,

s ¼ 8:0; - - — - - , s ¼ 10:0; (b) s ¼ 1:0; - - - , m ¼ 1:0; —, m ¼ 2:0; - – - – -, m ¼ 2:5; - — -, m ¼ 3:0:
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Fig. 2. Second-order perturbation of moment Lyapunov exponent Lð4Þ
2 ; primary resonance, m ¼ 1:0: (a) s ¼ 0:5;

(b) s ¼ 1:0; (c) s ¼ 1:5:
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where

l2 ¼ lim
p!0

L2

p
or lðNÞ

2 ¼ lim
p!0

LðNÞ

2

p
.

Since L2 ¼ Oð pÞ when p ! 0; one has Lk
2 ¼ oð pÞ; k ¼ 2; 3; . . . ; and lðNÞ

2 can be easily obtained
from Eq. (26) as

lðNÞ

2 ¼ lim
p!0

d0

d1
. (30)

When N ¼ 4; Eq. (30) leads to

lð4Þ2 ¼
s2

8

N ð4Þ

Dð4Þ
,
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where

Nð4Þ ¼ 3779136s16 þ ð3149280m2 þ 9564480D2Þs12 þ ð310068m4 þ 2021760m2D2

þ 5660928D4Þs8 þ ð7452m6 þ 46512m4D2 þ 276480m2D4 þ 1105920D6Þs4

þ ð37m8 þ 192m6D2 � 256m4D4 þ 65536D8Þ,

Dð4Þ ¼ 3779136s16 þ ð629856m2 þ 9564480D2Þs12 þ ð30132m4 þ 124416m2D2

þ 5660928D4Þs8 þ ð324m6 þ 6768m4D2 � 124416m2D4 þ 1105920D6Þs4

þ ðm8 � 96m6D2 þ 2816m4D4 � 24576m2D6 þ 65536D8Þ.

The expressions of lðNÞ

2 for larger values of N can also be determined easily. However, because of
the complexity of the expressions, the results are not presented here. Typical results of lðNÞ

2 as a
function of the mistune parameter D are shown in Fig. 3 for different values of m: The influence of
the white noise excitation on the parametric excitation can also be easily seen.

To determine the accuracy of lðNÞ

2 for different values of N, the results are plotted in Fig. 4 for

N ¼ 4; 8, and 12. It is seen that lð4Þ2 agrees with lð8Þ2 and lð12Þ2 extremely well for smaller values of m

(up to 5). When m is larger, there are some discrepancies between lð4Þ2 and lð12Þ2 ; especially in the

vicinity of D ¼ 0; whereas lð8Þ2 agrees with lð12Þ2 extremely well for all values of m:
It is observed that

lim
m!0

lðNÞ

2 ¼ lim
D!�1

lðNÞ

2 ¼
s2

8
.

When m ¼ 0; the 2D system is excited by the white noise only; whereas when D ! �1; ma0; the
frequency of the harmonic excitation is away from the region of parametric resonance and the
influence of the harmonic excitation can be neglected. The second-order approximation l ¼ elðNÞ

2 ¼

es2=8 is the same as that of a 2D system under white noise excitation (see, e.g., Refs. [15,16]).
Fig. 3. Second-order perturbation of Lyapunov exponent lð14Þ2 ; primary resonance. (a) s ¼ 1:0; (b) s ¼ 2:0:
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The validity of the second-order perturbation results (29) with l2 being approximated by lðNÞ

2 is
checked by a digital simulation. Eq. (5) is solved numerically using the Euler scheme as

x1ðt þ DtÞ ¼ x1ðtÞ þ x2ðtÞ � Dt,

x2ðt þ DtÞ ¼ x2ðtÞ � ð1þ em sin ntÞx1ðtÞ � Dt � e1=2sx1ðtÞ � DW .

Note that the Milstein scheme for system (5) is the same as the Euler scheme. The numerical
algorithm proposed by Wolf et al. [17] is applied to determine the Lyapunov exponent. Typical
results are shown in Fig. 5. It is seen that the second-order approximation agrees well with that
obtained from digital simulation.
3.2. Secondary parametric resonance, n ¼ 2 and n0 ¼ 1

In the absence of the white noise excitation, i.e. s ¼ 0; the secondary parametric resonance
occurs when n0 ¼ 1: Let n ¼ 1þ e2D; and apply the transformation j ¼ ec� y and z ¼ ec: Eq.
(14) becomes

K1ðz; yÞ
q2

qc2
þ K2ðz; yÞ

q
qc

þ
q
qy

� �
þ e ½Dþ K3ðz; yÞ	

q
qc

þ K4ðz; yÞ
	 
	

þ e2 D
q
qy

þ K5ðz; yÞ
� �


Tðc; yÞ ¼ LxðtÞð pÞTðc; yÞ, ð31Þ
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Fig. 5. Lyapunov exponent lxðtÞ; primary resonance. Dots (� or �), simulation; lines, analytical results, N ¼ 12; - - -,
m ¼ 1:0; —, m ¼ 2:0; - – - – -, m ¼ 3:0; - — -, m ¼ 4:0; - - — - -, m ¼ 5:0:
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where

K1ðz; yÞ ¼ 1
2
s2 cos4ðz � yÞ,

K2ðz; yÞ ¼ �m sin y cos2ðz � yÞ,

K3ðz; yÞ ¼ ð p � 1Þs2 cos3ðz � yÞ sinðz � yÞ,

K4ðz; yÞ ¼ �pm sin y cosðz � yÞ sinðz � yÞ,

K5ðz; yÞ ¼ 1
2

ps2 cos2ðz � yÞ½ð p � 2Þ sin2ðz � yÞ þ 1	.

Expand the eigenvalue LxðtÞð pÞ and the eigenfunction Tðc; yÞ as

LxðtÞð pÞ ¼
X1
i¼0

eiLi; Tðc; yÞ ¼
X1
i¼0

eiT iðz;c; yÞ. (32)

Substituting Eqs. (32) into (31), noting that

qT

qc
¼

qT0

qc
þ e

qT0

qz
þ

qT1

qc

� 

þ e2

qT1

qz
þ

qT2

qc

� 

þ . . . ,

q2T

qc2
¼

q2T0

qc2
þ e 2

q2T0

qzqc
þ

q2T1

qc2

� 

þ e2

q2T0

qz2
þ 2

q2T1

qzqc
þ
q2T2

qc2

� 

þ . . . ,
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expanding, and equating terms of equal power of e leads to the perturbation equations:

Oð1Þ : L0T0 ¼ L0T0;

OðeÞ : L0T1 þ L1T0 ¼ L1T0 þ L0T1;

Oðe2Þ : L0T2 þ L1T1 þ L2T0 ¼ L2T0 þ L1T1 þ L0T2;

..

. ..
.

(33)

where

L0 ¼ K1ðz; yÞ
q2

qc2
þ K2ðz; yÞ

q
qc

þ
q
qy

,

L1 ¼ ½Dþ K3ðz; yÞ	
q
qc

þ 2K1ðz; yÞ
q2

qzqc
þ K2ðz; yÞ

q
qz

þ K4ðz; yÞ,

L2 ¼ K1ðz; yÞ
q2

qz2
þ Dþ K3ðz; yÞ½ 	

q
qz

þ D
q
qy

þ K5ðz; yÞ.

3.2.1. Zeroth-order perturbation
The zeroth-order perturbation equation is L0T0 ¼ L0T0; or

K1ðz; yÞ
q2T0

qc2
þ K2ðz; yÞ

qT0

qc
þ

qT0

qy
¼ L0T0. (34)

Following the same procedure as Section 3.1.1, one has L0ð pÞ ¼ 0 and T0ðc; z; yÞ ¼ Z0ðzÞ; where
Z0ðzÞ is a periodic function of period p:
The adjoint equation of Eq. (34) is

K1ðz; yÞ
q2T�

0

qc2
� K2ðz; yÞ

qT�
0

qc
�

qT�
0

qy
¼ 0. (35)

A solution of Eq. (35) may be taken as T�
0ðz;c; yÞ ¼ Z�

0ðzÞC
�
0ðcÞY

�
0ðyÞ; in which C�

0ðcÞ is a
constant, Y�

0ðyÞ ¼ 1=2p; 0pyo2p: Hence T�
0ðz;c; yÞ ¼ Z�

0ðzÞ; 0pzop; where Z�
0ðzÞ is a periodic

function of period p:
3.2.2. First-order perturbation
The first-order perturbation equation is L0T1 ¼ L1T0 � L1T0: Since T0 ¼ Z0ðzÞ; one has

L1T0 ¼ K2ðz; yÞ _Z0ðzÞ þ K4ðz; yÞZ0ðzÞ: From the Fredholm Alternative, the solvability condition is
ðL1T0 � L1T0;T

�
0Þ ¼ 0; which leads to L1ð pÞ ¼ ðL1T0;T

�
0Þ=ðT0;T

�
0Þ ¼ 0:

The first-order perturbation equation becomes

K1ðz; yÞ
q2T1

qc2
þ K2ðz; yÞ

qT1

qc
þ

qT1

qy
¼ K2ðz; yÞ _Z0ðzÞ þ K4ðz; yÞZ0ðzÞ.
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Seeking a solution of the form T1ðz;c; yÞ ¼ T1ðz; yÞ leads to

T1ðz; yÞ ¼ _Z0ðzÞ

Z
K2ðz; yÞdyþ Z0ðzÞ

Z
K4ðz; yÞdy

¼
1

12
mf½3 cosð2z � yÞ � cosð2z � 3yÞ � 6 cos y	 _Z0ðzÞ

þ p½3 sinð2z � yÞ � sinð2z � 3yÞ	Z0ðzÞg.

3.2.3. Second-order perturbation
The second-order perturbation equation is reduced to L0T2 ¼ L2T0 � L1T1 � L2T0: From the

Fredholm Alternative, the solvability condition is ðL2T0 � L1T1 � L2T0;T
�
0Þ ¼ 0; orZ p

z¼0

Z 2p

y¼0

ðL0T1 � L1T1 � L2T0ÞZ
�
0ðzÞdydz ¼ 0.

Since this condition is satisfied for any periodic function Z�
0ðzÞ; one must haveZ 2p

0

ðL0T1 � L1T1 � L2T0Þdy ¼ 0,

which results in, after integration,

9s2 €Z0ðzÞ þ ð4m2 þ 48D� 6m2 cos 2zÞ _Z0ðzÞ � ½48L2 � 3s2pð p þ 2Þ þ 6m2p sin 2z	Z0ðzÞ ¼ 0. (36)

The second-order perturbation L2 of the moment Lyapunov exponent LxðtÞð pÞ is the eigenvalue of
the eigenvalue problem (36).

3.2.4. Determination of L2 and l2
The approach applied in Sections 3.1.4 and 3.1.5 can be employed to solve the eigenvalue

problem (36) for L2 and then to determine l2 using Eq. (28).
When N ¼ 1; an analytical solution Lð1Þ

2 is given by Eq. (27) with

d2 ¼ � 3
16
s2ð p þ 4Þð p � 2Þ,

d1 ¼
1

256
pð p þ 2Þ½3s4pð p þ 2Þ � 2m4 � 48s4	 þ 1

36
m4 þ 2

3
Dm2 þ 9

16
s4 þ 4D2,

d0 ¼ � 1
36864s

2pð p þ 2Þ½9s4p3ð p þ 4Þ � 18ðm4 þ 10s4Þp2 � 36ðm4 þ 12s4Þp

þ 8ð35m4 þ 192Dm2 þ 162s4 þ 1152D2Þ	.

Typical results of Lð1Þ
2 are plotted in Fig. 6 along with Lð7Þ

2 ; which is obtained by solving a

polynomial equation of degree 15 in the form of Eq. (26). It can be observed that for m ¼ 1; D ¼ 1;

Lð1Þ
2 agrees with Lð7Þ

2 extremely well for all values of s: However, for s ¼ 1; D ¼ 1; Lð1Þ
2 agrees with

Lð7Þ
2 well for smaller values of m (up to 2). For larger values of m; discrepancies exist between Lð1Þ

2

and Lð7Þ
2 ; especially for �2opo0:

Results of Lð4Þ
2 are plotted in Fig. 7 for s ¼ 0:5; 1.0, and 1.5 to illustrate the influence of the

white noise excitation. For small values of s; e.g. s ¼ 0:5; the influence of the white noise
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Fig. 6. Second-order perturbation of moment Lyapunov exponent LðNÞ

2 ; secondary resonance, D ¼ 1:0: Lines, N ¼ 1;
analytical results; dots (� or �), N ¼ 7; numerical results: (a) m ¼ 1:0; - - -, s ¼ 2:0; —, s ¼ 4:0; - – - – -, s ¼ 6:0; - — -,

s ¼ 8:0; - - — - -, s ¼ 10:0; (b) s ¼ 1:0; - - -, m ¼ 1:0; —, m ¼ 2:0; - – - – -, m ¼ 2:5; - — -, m ¼ 3:0:
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Fig. 7. Second-order perturbation of moment Lyapunov exponent Lð4Þ
2 ; secondary resonance, m ¼ 1:0: (a) s ¼ 0:5; (b)

s ¼ 1:0; (c) s ¼ 1:5:
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excitation is small and the parametric resonance due to the harmonic excitation is significant.
When s is increased, the impact of the white noise excitation is increased and the prominence of
parametric resonance due to the harmonic excitation is reduced.
Having obtained an approximation of the second-order perturbation LðNÞ

2 ; the moment
Lyapunov exponent is given by LxðtÞð pÞ � e2LðNÞ

2 þ oðe2Þ:
Second-order perturbations of the Lyapunov exponents are plotted in Fig. 8. The impact of the

white noise excitation on the parametric resonance can also be clearly seen. To study the accuracy of

lðNÞ

2 ; the results are shown in Fig. 9 for different values of N. It is seen that lð4Þ2 gives very good results

up to m ¼ 3; whereas lð8Þ2 and lð12Þ2 both give very good results up to m ¼ 6: It is noted that even lð14Þ2

does not yield satisfactory results for mX7: The Lyapunov exponent is given by lxðtÞ � e2lðNÞ

2 þ oðe2Þ:
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Fig. 8. Second-order perturbation of Lyapunov exponent lð14Þ2 ; secondary resonance. (a) s ¼ 1:0; (b) s ¼ 2:0:
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Fig. 9. Second-order perturbation of Lyapunov exponent lðNÞ

2 ; secondary resonance. � � �; N ¼ 12; —, N ¼ 8; - - -,
N ¼ 4; m ¼ 1:0; - – - – -, N ¼ 4; m ¼ 4:0; - — -, N ¼ 4; m ¼ 7:0; - - — - -, N ¼ 4; m ¼ 10:0:
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For checking the correctness of the perturbation results, the approximate results of
Lyapunov exponent lxðtÞ � e2lð12Þ2 are compared with values obtained using numerical simulation
in Fig. 10. It can be seen that both results agree quite well, especially near the top of the
hump.
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It is noted that the Lyapunov exponent is almost symmetric about D ¼ 0 in the vicinity of
primary resonance n0 ¼ 2 (Figs. 4 and 5); whereas it is skewed towards �D in the region of
secondary parametric resonance n0 ¼ 1 (Figs. 9 and 10).
4. Conclusions

In this paper, the dynamic stability of a 2D system under both harmonic and white noise
excitations is studied through the determination of the moment Lyapunov exponents and the
Lyapunov exponents. An eigenvalue problem for the moment Lyapunov exponent is established
using the theory of stochastic dynamical systems. A singular perturbation method is applied to
obtain second-order small noise expansions of the moment Lyapunov exponent in both the
primary and secondary parametric resonance regions due to the harmonic excitation. The
Lyapunov exponents are determined using the relationship between moment Lyapunov exponents
and Lyapunov exponents. The approximate analytical results compared well with those of
numerical simulation. When the values of s are small, the influence of the white noise excitation is
small and the parametric resonance due to the harmonic excitation is prominent. When the values
of s are increased, the impact of the white noise excitation is intensified and the prominence of the
parametric resonance is reduced.
When the amplitude of the harmonic excitation m ¼ 0 ! 0 or when the influence of parametric

resonance approaches zero with D ! �1; the resulting Lyapunov exponent approaches that of a
2D system under white noise excitation. However, the results for the Mathieu equation cannot be
obtained by setting s ¼ 0; because the eigenvalue problem (14) implies that sa0:
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