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Abstract

We derive a recursion formulae of transition probability of the noise-induced synchronization arising in a
pair of identical uncoupled logistic maps linked by common noisy excitation only. The formulae has a
delta-type stationary solution which represents the perfect synchronization with probability 1. The
stationary solution maintains under chaotic bifurcation while the escape times to reach the perfect
synchronization increase in the chaotic region. The escape times analysis implies existence of lower
dimensional dynamics around the perfect synchronization. We also provide a physical implementation of
the synchronization.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

One of the most surprising results of the last few decades in the field of the nonlinear dynamics
is that a dynamical system and its copies can be synchronized with each other when they are
linked by the common excitation only. For instance, the main idea of the chaotic synchronization
resides in sending the output of a driving system to response systems of the same structure whose
conditional Liapunov exponents are all negative [1,2]. Recently, stochastic counter parts of the
chaotic synchronization have also been developed, showing that common excitations as elements
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of the original system are not necessary to produce the synchronization and can be replaced by
external noisy signals. This kind of noise-induced synchronization of the dynamical system with
its copies can easily be found in nonlinear systems, such as the discrete maps [3,4], the Lorenz
system [3], the Duffing oscillator [5], the single mode CO, laser [6], and the uncoupled neurons [7].
One of the most important results in these studies is that the perfect synchronization may arise
under some suitable conditions [3,5,6]. Moreover, it also must be noted that the perfect
synchronization exhibits significant degree of robustness against mismatches in the copies such as
the parameters mismatch [5] and the independent random fluctuation of the copies [3.,8].

Stability of the synchronization has been explored in terms of the error dynamics [9,10].
Fujisaka [9] proposed the general stability theory to characterize relationship between the
coupling strength and non-synchronized motion. Kim [10] estimated the critical parameter value
for the onset of on—off intermittency. These studies mainly focus on the coupled synchronization
or the master—slave interaction of coupled systems. In contrast to these studies, the stability for
uncoupled case has also been investigated by Pikovsky [11]. He investigated uncoupled one-
dimensional noisy maps and derive the scaling law of statistics of trajectory separation. In
addition, as another approach from random dynamical systems point of view [12], we have
already reported that the noise-induced perfect synchronization of the van der Pol systems, the
Duffing systems, and the nonlinear retarded systems can be characterized by point attractors of
random invariant measures [8,13], showing that if system and its copy are subjected to a common
sample path of the noisy excitation, their orbits belonging to the different coexisting fixed points
(or attractors), which are produced by the Hopf bifurcation [8,13], the saddle-node bifurcation,
and pitchfork bifurcation [8], lose their sensitivity of initial conditions, and consequently becomes
perfectly synchronized.

In these studies, however, the main interest involves long time behaviour of target systems to
characterize dynamical aspects of the synchronization, so that it seems that only a few sample
paths of the excitation are of interest in their investigations. This means that little attention
has been given to the question as to whether the synchronization occurs over all the sample
paths of the excitation. To solve this problem, Maritan and Banavar [14] employed the
Fokker—Plank equation of a pair of randomly forced continuous-time nonlinear systems to
provide rough estimation of existence of stationary joint probability distribution of the form
o(x — y)exp(—pV(x)), which confirms the perfect synchronization of the pair of continuous-time
systems.

In contrast to the continuous-time case above [14], we focus on a pair of uncoupled discrete-
time systems and propose a recursive description of the perfect synchronization arising in the pair.
Our description will provide a discrete-time counterpart of the Fokker—Plank description given by
Maritan and Banavar [14]. From an engineering point of view, we mainly focus on periodic
response of the pair. That is, the perfect synchronization of the periodic pair implies that one can
synchronize coexisting engineering oscillators of the same specification by adding a common noisy
input only, instead of performing accurate setup of initial conditions of the oscillators. In this
paper, we first investigate stochastic properties of the noise-induced synchronization arising in a
pair of identical uncoupled logistic maps linked by common noisy excitation only. Although the
same system has already been studied by Maritan and Banavar [14] and Rim et al. [15], it seems
that their stochastic results on the logistic maps, obtaining the mean square distance or
probability densities of error dynamics, are computed from Monte-Carlo simulations. In contrast,
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we regard the response of the discrete maps as a Markov process and derive the joint probability
density of it in a recursive form. We then analytically show that the Markov process has an
absorbing barrier which corresponds to the perfect synchronization. The analytical result is in
good agreement with that of Monte-Carlo simulations. We also provide numerical estimations
of mean escape times and show that extent of attraction of the absorbing barrier are changed
under chaotic bifurcations. Furthermore, presence of lower dimensional dynamics around the
perfect synchronization is shown numerically and analytically. Finally, we propose a physical
implementation of the noise-induced synchronization and demonstrate the nearly perfect
synchronization arising in a pair of multivibrators linked by a common noisy input only.

2. Noise-induced synchronization
2.1. Synchronization of the logistic maps

We consider a synchronization system composed by a pair of identical uncoupled logistic maps
linked by common noisy excitation of the following form:

Xn+l = Iélnxl’l(1 - xn)a yn+l = Anyn(l - yn)7 (1)

where A, is the noisy term which is uniformly distributed in the interval [4, — 6, A. + ¢]. If 6 = 0,
then system (1) coincides the deterministic logistic map with the constant parameter A, = A. (Vn).
In order to determine the range of ¢ to be considered, the bifurcation diagram of the one-
dimensional logistic map:

Xnt1 = Axy(1 — x,) (2

is shown in Fig. 1. From the diagram, we choose the centre value 4, = 10/3 and strict the value of
o in the range 0<0<0.2 to avoid the one-periodic domain, 4 <4y ~ 3, in which the trivial
synchronization of system (1) occurs.

Fig. 2 shows a sample process of the synchronization system (1) whose noise intensity o is
changed from 0 to 0.2 at n = 30. In the deterministic case for n< 30, the two-periodic responses x;,,
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Fig. 1. Deterministic bifurcation diagram of logistic map.
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Fig. 2. Noise-induced synchronization of the pair of logistic maps linked by common noisy excitation where the noise
intensity ¢ is changed from 0.0 to 0.2 at n = 30.

v, of different initial values oscillate with the phase difference of period one. As ¢ is changed to 0.2
at n = 30, the responses x,, y, become synchronized with each other.
For further investigation, we introduce the transformation:

T'n 1 -1 Xn
Su | {1 1 ] Yo |
Then, the original equation (1) is rewritten as

2 2
Fnp1 = Aprp(1 — Sn): Spt1 = Ay <Sn - @) s (3)

where r, = x, — y, represents error of the synchronization. In what follows, we refer to the new
equation (3) as an error system of the synchronization system (1).

2.2. Stability of the error system

We first examine the case for the fixed 4,, = 4, (Vn). Based on the linearized form of the error
system (3) given by
5Vn+1 5}’”
5sn+l N 5Sn ’

the stability of the period two points of Eq. (3) is obtained. All the stable period two points for
A, =10/3 are listed below.

A1 =) —A.ry,
— Aty Ac(l - Sn)

Index Period two point Eigenvalue
FP1 (0,(13 £ +/13)/10) —4/9
FP2 (£+/13/10,13/10) —4/9

The trivial (FP1) and the nontrivial (FP2) solutions correspond to the synchronized and the
unsynchronized responses of the error system (3) respectively. It is clearly shown that both the
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Fig. 3. A sample process of the error system for 4 = 10/3 where the noise intensity o is changed from 0.0 to 0.2 at
n = 30.

synchronized and the unsynchronized solutions have the same eigenvalue —4/9 which is a stable
eigenvalue of discrete maps. Therefore, in the deterministic case, there is no difference in stabilities
between the synchronized and the unsynchronized solutions.

By contrast to the deterministic case, the nontrivial solution (FP2) loses its stability in the
stochastic case where 4, is random. Fig. 3 shows a sample process of error system (3) starting
from the nontrivial solution (FP2). The noise intensity ¢ is changed from 0 to 0.2 at n = 30. In the
deterministic case for n< 30, the nontrivial solution (FP2) maintains the stability of the stable
eigenvalue —4/9. However, the nontrivial solution vanishes and the response jumps into the trivial
solution (FP1) as ¢ is increased to 0.2 at n = 30. The trivial solution after » = 30 exhibits a strong
stability, that is, it is not randomly fluctuated and seems to maintain the constant value r, = 0
while the original system (1) is randomly fluctuated by A,,.

This example makes it clear that the synchronization we consider cannot be characterized by
the deterministic stability analysis because the difference between the synchronized and the
unsynchronized solutions cannot be characterized by the same eigenvalue.

3. The Markov process generated by discrete maps

As another option to characterize the synchronization, we derive a recursion formulae which
determines the transition probability densities of the stochastic system (1).

3.1. The single map case
We start with the simplest case, that for the single logistic map with the random coefficient A4,
of the form:
Xpr1 = Apxn(1 — Xxp). 4)

Let p"(x), p"t!(x), p(A) be the probability density function (PDF) of x,, X,41, A, respectively,
and suppose that p"(x) is known, p(A4) is known and stationary, and p"(x) and p(A4) are
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independent. To avoid singularity, we also assume the condition 0<x,<1 without loss of
generally because the trivial solutions x = 0,1 are not of interest in our investigation. Then, the
unknown density p"*!(x) is determined as follows [16].
We first introduce the transformation:
Xnp1 = Apxn(1 = x,), ¥y =xp,
whose Jacobian is given by
a(-xn-i-l s J’) _
a(141’“ xi’l)

From the assumption 0<x< 1, the transformation is holomorphic so that the unknown joint
PDF, p(x,y1,y) can be determined by the known p(A4,, x,,) = p(A)p"(x) as

Xu(1 — x3).

a(x}’l+1 ) y)
O(An, xn)

Integrating it from 0 to 1 with respect to y, the desired p"+!(x) is obtained as the marginal PDF of
P(Xns1,¥),

1
pm%wz( )ﬂmmﬂ

1
pmmzlpm%ww

b Py ( x )
— dy.
/0 (1 —y)p (1 =y) Y ©)

Therefore, the transition law from p”(x) to p"+!(x) is obtained as the recursion formulae (5) which
governs the Markov process generated by map (4).

3.2. The linked pair case

Such a transformation of PDF also leads to the transition law of the synchronization
system (1), however, some additional trick is needed in this case. We thus start with the unlinked
form:

Xpa1 = Anxn(1 — xp), Vpp1 = Buy,(1 —p,). (6)

Let p"(x,y) be the joint probability density of x, and y,, and p(A4, B) be that of 4, and B,,
and suppose that the response is independent of the input at the same time, i.e.,
P(Xn, Yp» Ans By) = p(x,3,)0(A, B), and that p is stationary. Then, we introduce the following
transformation:

Xp1 = Apxn(1 = x,),

yn+1 = Bnyn(l _yn)a
u= Xy, v=y,

whose Jacobian is

a(anrl ayn+] » U, U)
a(x}’l) ynv A}’l: B}’l)

= xnyn(l - Xn)(l - yn)
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It is clear that the transformation is holomorphic in the domain 0<x,,y, <1, so that

pn(u’ U) Xn+1 Yt
w(l —w(1 -\l =w ol =0))

Integrating p(x,+1,,41, 4, v) from 0 to 1 with respect to « and v, we obtain the recursion formulae:

n _ : ! pn(u’ U) X y
Py = /0 /0 uv(l — u)(1 — v)p<u(1 —u) v(l — v)) dudv. M

To rewrite the unlinked form (7) to the linked form corresponding to the linked pair of maps
(1), we assume the joint density p(A4, B) of the form

p(4, B) := p(4)0(4 — B) = p(B)o(4 — B), ®)

where the probability density p(4) of A, and p(B) of B, are assumed to be identical, i.c.,
p(A) = p(B), and 9 is the Dirac’s delta function with the following properties [17]:

p(xn+1ayn+l’u’ U) =

(dl) o(—x) = d(x),
(d2) f(x)o(x — a) = f(a)o(x — a),
(d3) 8(ax) = |a|~'d(x), more generally,

gx)=0 (=12,...,n)

= 3(g(x) = Y _ ldg(x;)/dx|~"5(x — x,).
i=1

From definition (8), the probability of the event A4, # B, equals 0 and the marginal density of it is
identical to the density p(A4) = p(B), that is,

o]

/_ p(A, BYdA = p(A) = p(B) = / p(4, B)dB.

o —00
This means that the value of the random variable 4, is identical to that of B, with probability 1,
and thus assumption (8) reasonably corresponds to the situation where the pair of maps is linked
by the common noise 4, as defined in Eq. (1).
Then, the linked version of (7) is obtained in the form:

T ) x x y
" (X’y)‘/o /0 ol —w(1 =) (u(l—u)>5<u(1—u>‘v<1—v)> dude. O

Applying (d1)—(d3) to eliminate the delta function from Eq. (9), we finally obtain the recursion

formulae:
! X P = ®),0) +p" (31 + D), v
Py = / p & )G ) da, (10)
0 v(l —v) yo
where @ := &(x,p,v) = \/1 — dxv(1 — v)/y.
The recursion formulae (10) describes the transition law from p”(x, y) to p"*'(x, y). This means

that the error among the synchronization system (1) generates the Markov process governed by
Eq. (10).
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4. Probability densities of the synchronization
4.1. A special solution for the perfect synchronization

We first assume a candidate of a stationary solution of Eq. (10) of the following form:

P(x,p) = 0(x — p)p"(x) = o(x — y)p" (),
where p”(x) is a solution of Eq. (5) which is the state probability density of the single map (4) at
the time n.
Put, o := x/y, and
91 ::%(I_QD)_U, 9> =U—%(1+§D),
=" (30 = @),v) = (g)p"(v),
P =" (51 + @), v) = d(g)p" (v),
where @(x,y,v) = ®(a,v) = /1 — 4awv(l — v). Then, zeros of g, = g,(«) are obtained as a simple
point « = 1 (i = 1,2), and the derivative of g;(x) is
20(1 — v)

V1 —4dov(1—v)

Therefore, from (d1)—-(d3), we can rewrite p, p5 as

" B [yl o
pi = |,(1)|5(X/y Dp"(v) = Ié(l)lé(x )" (v)

WO 50— p) (= 1.2) (1
v(l —v)
Substituting Eq. (11) into Eq. (10), we have

s y) = P(0)y/T— &1 — ) do
(ry) = ol = y)/ < ) v(l — U)\/l 4o(1 — U)x/y.

gi() = g'(a) =

Since o(x — y) = 0 if x#y,

I 4 > p'(©)y/1—4u(l —v)do
o y)</ (v(l—v) o(l —0)y/T~ 40(1—”)’“/y>x—y

P"(v)
=d(x — y)/ ( )v(l—v)dv

From Eq. (5), finally we have

= 3(x — " ).
Therefore, it is proved that é(x — y)p"(y) is a special solution of Eq. (10).
This special solution exactly corresponds to the perfect synchronization of x, and y, in system
(1) because from the definition of the delta function, the probability of the event, r, = x, — y, #0,
equals 0 and the density of unit volume is perfectly concentrated on the line r, = x, —y, = 0.
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In other words, values of the random variables x, and y, are perfectly synchronized with
probability 1.

4.2. Numerical examples

Fig. 4 shows the transient probability densities of the synchronization system (1) obtained by
Monte-Carlo simulations over 2 x 10’ samples of the numerical solution of Eq. (1) starting from
(x0,¥0) = (%,%) which corresponds to one of the nontrivial solutions (FP2).

As the time n is increased, the initial density concentrated at the initial point (xo, y,) becomes
diffused around. Meanwhile, a part of diffused density becomes captured by the peak on the line
rn = x, —y, = 0. The diffused density nearly vanishes until » = 2000 and only the peak of the
form d(x — y)p"(y) becomes alive.

This numerical result provides a phenomenological evidence of the stationary density of the
form d(x — y)p"(y) generated by the synchronization system (1), and thus the analytical result is
confirmed. To this end, we can reasonably conclude that the perfect synchronization
corresponding to the trivial solution (FP1), r, = x, — y, = 0 can be identified as an absorbing
barrier of the Markov process. In view of this, the nontrivial solution (FP2) can be regarded as

60 (n=40)

(1=2000)

Fig. 4. Numerical transient probability densities of the pair of maps for 4 = 10/3, ¢ = 0.2 and for n = 40, 2000. The
density is obtained from 107 samples of the numerical solution.
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local minima having a potential higher than that of the trivial solution confined on the absorbing
barrier.

5. Mean escape times under chaotic bifurcations

What has been probed in Section 4.1 is independent of the density of 4,. In other words, the
existence of the perfect synchronization does not depend on the parameters A. and o. The
implication is that the synchronization system (1) may produce the perfect synchronization even
in the chaotic region of the logistic map. However, the proof guarantees the existence only, so that
the global stability of the solution é(x — y)p,(») is unknown yet. In particular, the extent of the
basin of attraction of the absorbing barrier x =y directly affects applicability of the
synchronization to physical situations. From this point of view, we finally investigate escape
times to reach the absorbing barrier 6(x — y)p,(v). The escape times are supposed to be roughly in
inverse proportion to the extent of attraction.

Fig. 5 shows the mean escape time (n(xg,y,)) for ¢ =0.2 and 4 = 10/3,3.6 where n(xy,y,)
represents the escape time in which a sample starting from (xo, y,) reaches the absorbing barrier
x = y. Symmetric parts with respect to the line x = y are omitted in the plots. The average (- - ) is

A =10/3

il “ / /lll’” ~\ ' ”I i
N 600 [ \\\\“ ;.',,'f :Imlun’,/l%,' ‘\\\\\\\\\ \‘\‘!\,’l,{lyllll'
;é\ 300 l’ l ..... ‘ V%'M" m ‘\
v 0 “W ]
0

Fig. 5. Mean escape times to reach the absorbing barrier x = y, for ¢ = 0.2, and for 4, = 10/3 in the two-periodic
region and A, = 3.6 in the chaotic region. Each point to plot is obtained from 2 x 10* samples starting from the
uniform 60 x 60 grid points. Symmetric parts with respect to the line, x = y, are omitted.
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taken over 2 x 10* samples of the numerical solution (x,, y,) (1 <n<2000) of Eq. (1). The initial
points are placed on the uniform 60 x 60 grids on the rectangle region (0,1) x (0,1). For
numerical representation of the equality x, = y,, the criterion |x, — y,| < 10~ is applied.

For A4.=10/3, the maximal mean escape time is estimated as max(,, (7(Xo,Yy))
~ 544.18 < 555. Thus, all of the averaged responses of different initial conditions reaches the
absorbing barrier before n = 555. We can detect a set of zeros of (n(xy,,)) along the line xy —
¥o = 0 which corresponds to the perfect synchronization. This synchronizing set is surrounded by
the steep wall of a ravine like shape. The wall is ended by a flat part of the height (n(xo, y,)) ~ 120.
The flat part is divided into several parts by oblique prisms like rises being placed symmetrically
with respect to the centre (0.5,0.5). These rises imply that the extent of attraction of the barrier
Xn — ¥, =0 as a function of (xo,y,) has local minima. In particular, the right-hand side of the
larger two rises covers the two-periodic solution which causes the transient peak of densities as
shown in Fig. 4 for n = 40. Besides all this, it is also important to note that there is the second
ravine along the line xo + y, = 1.

The second ravine implies the existence of lower dimensional dynamics along which it takes a
few iterations to reach the absorbing barrier. Indeed, the numerical estimation of the escape time
n(xo,y,) along the line xo + y, = 1 is obtained as

0 if xo =y,

n(xo’y0)|xo+J’0:1 = { (12)

1 otherwise
for all of 2 x 107 samples of the excitation. It follows numerically that n(xo, ¥o) is not random any
more on the line xp + y, = | and becomes the deterministic function which is locally constant in
the domain {(xo,y,) | Xo + ¥y = 1, Xx0#,}. Analytical explanation of it can easily be obtained by
the trivial fact: for any x,, y,, 4,, the condition xy + y, = 1 gives

Vst = Ay, (1 = p,) = Ap(1 — X)X = Xyt (13)

Therefore, it is numerically and analytically shown that there exists the lower dimensional
dynamics where all the initial points on the line xo + y, = 1 reach the synchronizing set xo — y, =
0 in the unit step of iterations. It must be noted that this flow from points on xy + y, = 1 to the
perfect synchronization is not stochastic because of the deterministic law (13).

As A, is increased to 4. = 3.6, the sample path becomes chaotic, that is, the chaotic bifurcation
occurs. This is because the condition 4. = 3.6 is within the chaotic region of the logistic map
already shown in Fig. 1. First of all, as shown in Fig. 5 for 4, = 3.6, the first ravine along the
synchronizing set xo — y, = 0 maintains even in the chaotic region, showing that the analytical
result is also valid for the chaotic case. It is also found that the second ravine along xo + y, = |
maintains in the chaotic region because of the fact (13).

In the chaotic region, however, ripples of (n(xo, y,)) disappear and the set of initial conditions
can be divided into only three parts: the flat of the maximal height (n(xo,y,)) = 2000, the first
ravine along xo — y, = 0 of zero height, and the second ravine along xo + y, = 1 of unit height.
This means that the extent of attraction hardly depends on the initial conditions in this time
interval, that is, all the initial conditions out of the ravines cannot reach the synchronizing set
Xo — ¥y = 0 by the maximal iterations of this simulation.

The above result on the escape times makes it clear that the bifurcation from periodic to chaotic
behaviour reduces the attraction of the absorbing barrier while it does not affect the existence of
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the perfect synchronization and the lower dimensional dynamics. In other words, the perfect
synchronization exists even in the chaotic region but it is rarely produced by arbitrary initial
points although the convergence to the perfect synchronization might be slightly accelerated by
the lower dimensional dynamics.

6. Experimental synchronization

In order to provide an intuitive example of the synchronization in physical situations, we
propose the circuit shown in Fig. 6. The circuit consists of a pair of multivibrators of the same
physical structure, which are linked by the common noisy input V;, only. The input Vi, is a
Gaussian white noise with zero mean. The root square mean voltage of Vi, is changed from 0 to
0.3 V(rev/min) at t =40s and from 0.3 to 0V(rev/min) at ¢t = 80s. It should be noted that
0.3 V(rev/min) is 16.7% of the peak-to-peak voltages of the outputs V., V,. The physical
parameters are selected as V. =5V, C =47uF, Ry =22kQ, R, = 330Q.

Fig. 7 shows the experimental data of the output V', V', of the pair of multivibrators. In the
absence of noise before = 40s, the multivibrators oscillate with slightly different periods due to
experimental errors. In contrast, in the presence of noise from ¢ = 40s, they rapidly become
synchronized with each other while lower voltages of the outputs are randomly fluctuated by the
noisy input Vj,. When the noisy input is removed at ¢ = 80, the multivibrators oscillate with
slightly different periods again.

The most important point here is that the synchronization is nearly perfect even in this
experimental situation. Although we have to note that our analytical model based on
logistic maps is too simple to explain this experimental synchronization, we believe that our
circuit provides an intuitive example to understand how to construct the perfect synchronization
in physical uncoupled systems linked by external noisy inputs only. Further experimental
investigation based on more precise models will be shown in our future studies.

25C1815
+Vee +Vee 25C1815
oO— Oo—
25C1815 25C1815
N R, J) MR,y J)
Ve v,

Fig. 6. The pair of multivibrators subjected to the common noisy input voltage V;,. The output voltages V', and V', are
measured.
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input'on

0 10 20 30 40 50 60

Vo Vy V]

60 70 80 90 100 110 120

Fig. 7. Experimental synchronization in the pair of multivibrators. The noisy input Vi, is applied from ¢ = 40 to 80.

7. Summary and concluding remarks

We have demonstrated that the pair of identical uncoupled logistic maps can perfectly be
synchronized when they share the same noisy excitation and shown analytically that the pair
generates the Markov process having the special solution of the form d(x — y)p"(y). The special
solution can be regarded as the absorbing barrier of the Markov process which corresponds to the
perfect synchronization. To evaluate the extent of attraction of the absorbing barrier, we have
numerically estimated the mean escape time to reach the barrier as a function of the initial
conditions. The result shows that the special solution maintains under chaotic bifurcation whereas
the probability to reach the absorbing barrier is significantly decreased in the chaotic region. In
addition, we have also found that there is the lower dimensional dynamics along the line xo + y, =
1 on which all the initial points reach the perfect synchronization in the unit step of iterations.

From these results, we can reasonably conclude that the presence of the perfect synchronization
of the uncoupled logistic maps linked by the common noisy excitation has been guaranteed both
analytically and numerically in a stochastic manner.

Our recursion formulae (10) will provide a new analytical tool to investigate the
synchronization of logistic maps. Because the recursion formulae (10) describes not only the
stationary density d(x — y)p(y) but also transient densities converging to the perfect synchroniza-
tion d(x — y)p(y). Therefore, our result presenting the existence of the stationary solution only is
just the first step toward future developments of stochastic methods related to the noise-induced
synchronization. Solving the recursion formulae (10) for the transient densities might answer
physical or industrial questions such as how to design the optimal synchronization in practical
situations or how long it takes for the solution to reach the perfect synchronization. Although the
Monte-Carlo method is still effective for this purpose, it consumes too much computational
resources. In view of this, the main problem in the near future would be investigating how to
obtain analytic or semi-analytic solutions of Eq. (10). Primitive numerical methods for the
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transient solution might encounter numerical instabilities because the solution must converge
analytically to the delta-type stationary solution.

Finally, we have proposed a physical implementation of the synchronization as the pair of
multivibrators linked by the common noisy excitation only. The result clearly shows that it is
possible to produce the noise-induced perfect synchronization even in physical situations. We
believe that our experimental technique directly provides a new method to synchronize, for
example, initial states of independently coexisting oscillators of the same specification.
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