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Abstract

A multi-stepped approximation has been developed to study the free vibration of a string with arbitrary
variation in the tension and the mass density. To achieve this objective, a novel exact approach is developed
to study free vibration of a string with N uniform sections of different mass densities under N different
tensions with N+ 1 attached concentrated masses and springs at the ends. The two advantages of this
approach are that it leads to a single frequency equation for any number of sections and the same computer
program can be used to solve different problems using pertinent data. This method is applied to cases where
tension and/or mass density changes continuously such as hanging chain, rotating chain, or inhomogeneous
strings vibrating in either horizontal or vertical position. In all cases, the results obtained using this
approach agreed with previous results obtained using exact and approximate methods. It was found that
natural frequencies of a fixed string under constant tension 7 with linear variation in the mass density,
p(x) = po(1 + ox/L), can be approximated using a very simple equation, w, = (nr/L)[T /{py(1 + 0.5x)}]'/?
and results reasonably agree with previous results for a wide range of «. New results for many other cases
are also presented in what follows.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Often transverse vibration of uniform string has been used as an example to introduce vibration
of continuous systems [1]. Exact closed-form solutions under constant tension can be obtained
with classical boundary conditions and with end masses and springs. Vibrations of strings under
constant tension with stepped changes in mass density are investigated to find natural frequencies
and to obtain harmonic spectra [2,3]. Vibrations of string with continuous variation in mass
density under constant tension are also investigated [4—6]. Vibration of a uniform fixed string with
attached concentrated mass is also investigated [7].

In all of the above cases tension is constant. However, in cases such as uniform hanging cord
with or without tip mass [8—10] and rotating cord [11] tension changes from the free end to the
fixed end. Such problems are solved using Bessel functions of zero order [8,9], method of
Frobenius [10] and Legendre function [11]. However, solutions are not available for cases where
the tension and the mass density vary arbitrarily along the length.

Here an approximate approach is developed to study vibration of string where mass density and
tension varies arbitrarily using a multi-stepped representation. To achieve this goal, an exact
approach has been developed in this manuscript to study the free vibration of a string with N
uniform sections with different mass densities and tensions and with N+ 1 attached concentrated
masses and with elastic springs at ends. A transfer matrix method developed previously by
the author [12,13] is used here as it leads to a single-frequency equation for any number
of sections. Exact closed-form solutions are developed for simple cases. It is found that
natural frequencies of a fixed string under constant tension 7 with linear variation in the
mass density, p(x) = py(l +ax/L), can be approximated using a very simple equation,
w, = (nn/L)[T [{py(1 + O.Sa)}]l/z. The predictions of the proposed theory agree in all cases with
previous results and new results are presented in the following.

2. Theory

The differential equation of motion of a string with variable tension 7(x) and mass per unit
length p(x) is given as

0/x[T(x)Iy(x, 1)/dx] = p(x)[D°y(x, *1]. (1)

In a multi-stepped method the 7; and p; of the ith section are determined as, 7T'; = (Tjexact +
Tiyexac)/2 and  p; = (Piexact T P(i+1)exact)/2- Using this approximation, a transfer matrix
approach is developed, and is presented in what follows.

Consider a string shown in Fig. 1 which consists of N different but uniform sections with end
points of the ith section, i and i + 1, length L; and attached concentrated mass at point i, m; and
two springs at end points 1 and N + 1 as K; and Ky, respectively. The differential equation for
the small transverse vibration of the uniform ith section can be written as,

T:0%y,(x;, 1)/0%x; = p,0°y,(xi, 1)/0%t. )
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Fig. 1. Model of a string with N different tensions on different uniform sections with attached concentrated masses.

The y,(x;, t) represents the deflection of the ith section at distance x; measured from the ith point at
time ¢. The pth mode during the harmonic motion of the ith section can be expressed as

Vip(Xiy 1) = (Ajp €08 Ajpx; + Bjp sin Ajpx;) exp(jwpt), 3)

where 4, = w,/a;, a? = (T;/p;) and w), 1s the natural frequency to be determined. There are N
sections and N values of 4;, and B, and this lead to 2N unknowns. Here an efficient approach,
based on the transfer matrix method, is developed to express (2N—2) unknowns in terms of A4,
and By, [12,13]. A novel general single-frequency equation in only one unknown w, was obtained
by eliminating 4,, and B, using boundary conditions at the end points 1 and N + 1. The required
transfer matrix M; relates 4;, and B;, of the ith section to A4(;_1), and B(;_1), of the (i—1) th section
and is obtained next. Considering the continuity of transverse displacement and force balance at
point i leads to

Yii—vplx-n=Li-ny = Viplxi=0 @
and
(Ti0y(xi, 1)/0x1) .0 — (T(i=1)0¥;—1 (Xi=1, 1)/ OXi—1) 1y, 12,1
= (m;&y,(xi, 1)/ 1) 0, ®)

Substituting and evaluating expressions of y,,(x;, ) from Eq. (3) into Egs. (4) and (5) leads to
Ajp = Ai—1p Ciz1 + Bii—1yp, Si-1, Cim1 = cos[A—1pLi-n] and Si—y = sin[4i-1pLi-pl,  (6)

TilipBip + w;miAip =T 1i-1p (=Ai-1pSi-1 + Bi-1),Ci-1). (7)

Eqgs. (6) and (7) can be solved to express 4;, and B, in terms A(_1), and B(_1), using a transfer
matrix M; as

[Aip, Bip]" = M[Ai—1yp, Bu-1y]", &)

where

M(1,1) = Ci_1, Mi(1,2) = Si1, Mi(2,1) = (=T i—1Ai=1pSi-1 — wﬁmiCi—l)/Tiizp,

M;(2,2) = (Ti—1AGi-1pCi-1 — w;mz’Sifl)/Tilm ©)

Eq. (8) can be repeatedly used to relate the coefficients of the Nth span to those of the first span as,
[Anp, Bnp]" = Myn[Aip, Biy]" where Myy = MyMy_1My_s,..., M>. (10)
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The boundary conditions at points 1 and N + 1 can be obtained by using force balance at these
points as

(T18y1(x1,0)/0x1) 20 = (1101 /%1 + K1y )y (11)
and
(—=Tnoyy/oxn)|(xn = Ly) = (my418°yy /5°0) + Kn1yy))|(xy = Ly). (12)
Evaluating and substituting values of derivatives from Eq. (2) into Egs. (11) and (12) leads to
(Ky —mwy) Ay, — T1ipBi, =0 and RiyAy, + Roy By, =0, (13a,b)
where
Riy = TninpSy + (=Kny1 +my107)Cyp and Ryy = —TninyCy + (—Kn11 4+ my10,)Sy

Values of AN], = MTN(l; l)Alp + MTN(1,2) Blp and BNp = MTN (2, I)A]p + MTN (2, 2) Blp are
obtained from Eq. (10) and are substituted into Eq. (13a) to get
[RinM7n(1,1) + Ron M 7n(2,1)]41, + [RinM n(1,2) + Ron M 7n(2,2)1B1, = 0. (14)

Eliminating 4,, and B;, from Egs. (13a) and (14) leads to a general frequency equation
Ky — mlw;][RlNMTN(la 2)+ RoyMn(2,2)] + TiAp[RinM (1, 1) + RoyMn(2,1)] = 0.
(15)

Closed-form solutions can be obtained from Eq. (15) for large N, however, it is not practical. It
is also possible to get results for fixed ends using extremely large values of spring stiffnesses K; and
Ky, 1. However, to avoid numerical problems following equations are used. Frequency equation
of a string with fixed left end (i.e. K; — o0) and with both ends fixed (i.e. K; »> o0 and Ky, —
o0) could be obtained as

RinM7n(1,2) + RoyM7n(2,2) = 0 and CyM7n(1,2) + SvM7n(2,2) = 0. (16a,b)

The elements of M; for a string under constant tension with all m; = 0, are,
Mi(1,1) = Ciey, Mi(1,2) = Si—1, Mi(2,1) = (=a;-1/a)Si-1, Mi(2,2) = (ai-1/a;)Ci1. (17)

The frequency equation for single span (V. = 1) is obtained by substituting My as an identity
matrix as

[(K1 — miwp)(Ky — myar) — T7i,1sin(Zy,Ly)
+ T12[Ky + Ky — @) (my 4 my)] cos(ZipLy) = 0. (18)

Next, closed-form solutions under constant tension (7'y =7, =1T) for N =2 and 3 are
developed. The frequency equation of a fixedfixed uniform string (p, = p, = p), with
concentrated mass m, at the center (N = 2) and length 2L (L; = L, = L) is obtained using
Cl = C2 = COS(ilpL), Sl = S2 = (sinilpL), MTN = Mz, and MTN(1,2) = Sl and MTN(2, 2) =
C] — Cl)lzijI/Tlﬂylp as

sin(41,L)[2 cos(41,L) — (w[z,m/ T 41p)sin(41,L)] = 0. (19)
The second part of this equation is tan (4, L) = 2T /(ma; w,) and agrees with that given in

Ref. [7]. However, Eq. (19) is preferred. The frequency equation of a fixed—fixed string under
constant tension with N =2, p,#p, can be obtained using Mgy = M,, with elements
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MT2(1,2) = Sl, MT2 (2, 2) = +(a1/a2)C1 given by Eq (17), into Eq (16b) as
281 + (a1/a)C1S2 =0, (20)

and is the same as given in Ref. [2]. Similarly, frequency equation of a fixed—fixed three part string
(N = 3) under constant tension with different densities can be obtained by using My = M3 M.
Substituting My(1,2) = C> S| + (az/CZ])Cl S>, and Mpy(2,2) = —(a3/612)S1 S, + (a3/a2)C1 C,
into Eq. (16b) leads to frequency equation

—(a3/a2)S15283 + C3C2S1 + (a2/a1)C3C1S2 + (a3 /a1)S3C1 Co = 0 21

and is the same as that given in Ref. [3].

3. Results and discussion

Natural frequencies are determined by solving the pertinent equations numerically. The
iterative computations are terminated when the value of the expression changed sign due a change
of 1077 in the value of w,. The mode shape of a string can be obtained using Egs. (3) and (10). The
values of 4;, and B,, are selected as follows: (a) left end fixed: 4;, = 0, By, = 1; (b) left end free:
Ay, =1 and By, = 0 and (c) left end with mass and spring: 4, = 1 and By, = (K| — mlco;)/Tl/llp.
All other 4,,’s and B;,’s are obtained by repeatedly using Eq. (11).

3.1. Constant tension cases

The results obtained for a single span case agreed with previous results [1]. In Table 1 results of
two and three part strings (N = 2 and N = 3) under constant tension without attached masses are
presented and they agreed with previous results [2,3]. Additional results with attached masses are
also presented. Results are also obtained for strings under constant tension for four non-
homogeneous mass density functions given in Refs. [3,4,6] using parameter o« = 2.5 and are
presented in Table 2. Values of exact results given in Table 2 agree with those obtained using
theory presented in Section 2. The results for a string under constant tension with linear variation
in mass density, p(x) = po(1 + ax/L), is considered by approximating it as a multi-stepped system
and are presented in the last two blocks of Table 2 and they agree with exact results for « = 0.1
and 60. Additional results obtained using 300 steps (N = 300) indicate that they are identical at
least up to the 5th decimal with the exact results obtained using equation given in Ref. [4].
Additionally, comparison of results obtained using one section (i.e. N =1, p; = (Pjexact +
Prexact)/2 = po(1 + 0.50) for a wide range of « to exact results also indicated good agreement.
These results indicated that approximate values of w, for this case could be obtained as

w, = (nn/L)[T /{py(1 + 0.52)}]'/*. (22)

More results are obtained using values of parameters given in Ref. [5] (N =100, L = 1 m,
po=0.01kg/m, « =3, T=10N). The values of the first three natural frequencies were
w; = 9.92428 Hz, w, = 20.16531 Hz and w3 = 30.37080 Hz and they agree with previous results
w; = 9.9242 — 9.9244Hz, w, = 20.1653—20.1654Hz and w3 = 30.3707—30.3708 Hz which are
given in Ref. [5]. The results for variable tension cases are presented next.
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Table 1

Natural frequencies of a two and three (N = 2,3) step strings with and without masses

Parameters (o)) o) w3
Fixed—fixed, N =2, L; =0.2, L, =038, p, = 1.8, p, =1, [2] and 3.077423 5.879167 8.685548
my = 0.5 2.492889 4.561965 8.101929
Fixed—fixed, N =2, L; =08, L, =02, p, = 1.4, p, = 1, [2] and 2.673238 5.422299 8.230085
my = 0.5 2.315033 4.156389 6.998833
Fixed—fixed, N =2, L; = 0.4, L, = 0.6, p; = 2.25, p, = 1, [2] and 2.617993 5.235987 7.853981
my = 0.5 1.987431 5.235987 6.347937
Free—fixed, N =2, L, =04, L, =0.6, p, = 2.25, p, = 1, [2] and 1.141199 4.049789 6.377186
my = 0.5 0.982672 3.549103 5.724327
Fixed—fixed, N =3, L; = 0.6, L, =025, L3 =0.15, p, = 1, 1.745328 3.49066 5.235988
p, = 15.44448, p; = 17.64, [3] and m, = 0.5 m3 = 0.5 1.462919 2.908384 5.231816
Fixed-free, N =3, L; = 0.36, L, =0.24, L; =04, p, = 1, p, = 2.25, 1.454441 4.363323 7.272205
p3 =081, [3] and my = 0.5 m3 = 0.5 1.060270 3.359966 5.326169
Free-free, N=3, L, =06, L, =03, L;=0.1, p, =1, p, =4, p; =36, 1.745329 3.490658 5.235987
[3] and my = 0.5 m3 = 0.5 1.223339 2.425975 4.058853
Free-free, N =3, L} = 0.6, L, = 0.2774456, Ly = 0.125533, p, =1, 1.813704 3.422283 5.235987
p, =4.77921, p; = 22.841125, [3] and my = 0.5 m3 = 0.5 1.268549 2411818 3.924170

Most parameters are chosen to match the previous results [2,3].

3.2. Variable tension—hanging chain

Variation in tension in three cases of hanging chain considered here are: (a) a uniform chain:
T(x)=pg(L—x), 0<x<L; (b) a uniform chain with the tip mass, mys: T(x) =
pg(L — x)+ gmy11, 0 < x < L and (¢) a uniform chain with the tip mass, my.; and other mass,
mp at distance L, from the top: T(x) = pg(L — x) + gmn41, Lp < x< L, T(x) = pg(L — x) +
gmy.1 +gmp 0 <x <Lp, respectively. In Table 3, the results obtained for first two cases are
presented in the rows 3 and 4 and they agree with previous results [9,10]. A few new results are
presented in the same table for a fixed—free chain with two attached masses, fixed—fixed hanging
string and a fixed—free hanging chain with linearly increasing mass density without and with
attached mass.

3.3. Rotating cord

The variation in tension for uniform cord with end mass my+; is given as T(x) =
Q[my1(L+ R) + (p/2)(L* — x*) + pR(L — x)], 0 < x < L. The R is the distance from the center
of rotation to the point where string is attached in a rotating frame. One additional example of
string with linear variation in mass density, p(x) = py(l +ax/L), with a tip mass
is considered and tension in this case is given as T(x)= @’my; (L + R)+ pyQ°[(x/(3L)
(L? = x*) 4+ 0.5(1 + «R/L)(L* — x*) + R(L — x)]. If additional mass myg, is attached at point 81,
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Table 2

535

Effect of continuously changing mass density on the natural frequencies of a fixed—fixed string under constant tension

w1 () [OF]
(o 4 2)*/[4(e? 4 20)x + 4]
Exact [6] 3.304943 6.380517 9.492739
Present results, N = 160 3.304778 6.380015 9.491874
[In(o+ 1)/o (o + D>
Exact [6] 3.084686 6.250411 9.402039
Present results, N = 160 3.084624 6.250285 9.401847
(a+ D@+ 1—ox)™
Exact [3,6] 3.141592 6.283185 9.424777
Present results, N = 160 3.141043 6.282036 9.423039
p(x) = po(l +ax/L), . = 0.1
Exact [4] 0.975852 1.951914 2.927930
Present results, N = 300 0.975852 1.951914 2.927934
Present results, N = 1 0.975900 1.951800 2.927700
p(x) = po(1 +ax/L), o = 60
Exact [4] 0.176220 0.365537 0.555140
N = 300 0.176220 0.365537 0.555140
N=1 0.179605 0.359210 0.538816
Length L=1,L;=1/N,T;=1and a =2.5.
Exact results are obtained using Refs. [3,4,6].
Table 3
Comparison of present results with previous once in case of a hanging chain with a tip mass
Parameters w1 o)) w3
Previous Present Previous Present Previous Present
results exact results results exact results results exact  results
[9] N =160 [9] N =160 [9] N =160
Fixed—free, myy; =0 1.20241 1.20235 2.76003 2.75904 4.32686 4.32244
Fixed—free, my,1 = 1 1.05642 1.05642 4.08168 4.08169 7.73750 7.73751
Fixed—free, my,; = 10 1.00793 1.00793 10.2764 10.2764 20.4041 20.4041
Fixed—free with 1.12561 2.67139 6.15452
My = 0.5, m1+N/2 =0.5
Fixed-fixed 1.47446 3.11977 4.75875
Fixed—free p(x) = (1 + ax), 1.16761 2.93068 4.66068
a=25
Fixed-free p(x) = (1 + ax), 1.13856 2.85959 4.98911

a=75,my =0.5,
miyny; =05

A few additional results are also presented. Total length L=1, L; =1/N, p;=1and g = 1.
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Table 4

Natural frequencies of a rotating cord with p(x) = py(1 + ax/L) and with and without attached masses

Parameters Exact [11] w? Present w? Present w3 Present w?

o=0.0 My =0 0.3654 0.3654 2.6863 6.8736

R=-04 My =1 0.54438 0.5468 8.2626 29.9162
My =10 0.5934 0.5934 61.4925 243.0856
My =1 and 0.4822 3.1959 31.26664
Mg =1

o=0.0 My =0 1.000 0.9999 5.9968 14.9774

R=0.0 My =1 1.000 0.9999 15.0000 54.1220
My =10 1.000 0.9999 103.7459 409.6591
My =1 and 0.9989 6.0099 55.0183
Mg =1

o=0.0 My =0 15.4935 15.4921 82.2891 202.2143

R=10.0 My =1 12.1674 12.1674 181.6799 653.0876
My =10 11.1594 11.1594 1159.810 4593.000
My =1 and 13.3916 76.6202 628.9602
Mg =1

o=-0.5 My =0.0 0.5378 1.4389 2.3024

R=-04 My =1.0 0.7456 3.1114 6.0434
Mg = 1.0 0.4940 1.2593 2.6804

a=1.0 My =0.0 0.9999 2.5908 4.1206

R=00 My =1.0 0.9999 3.5145 6.5472
Mg =1.0 0.9987 2.0450 3.9393

a=1.0 My =0.0 1.5516 3.8742 6.1400

R=1.0 My =1.0 1.4669 5.1136 9.5309
Mg =1.0 1.5999 3.0841 5.7252

Total length L=1, N =160, L;=1/N, p, = 1.0 and Q = 1.

which is located at the distance /2 from the left end, then tension in this case is obtained by
adding Q*mg;(L/2 + R) to the tension that is given by the last equation to all sections before point
81. The results obtained for the case of a rotating uniform cord with R = —0.04, 0 and 10 without
and with attached mass at the free end are presented in Table 4 and the values of w? agree with the
previous results [11]. Additional new results of a rotating uniform and non-uniform cord with
p(x) = po(1 + ax/L) with and without attached masses are also presented.

4. Conclusions

An approximate approach is presented to study the free vibration of a string with arbitrary
variation in the tension and the mass density using a multi-stepped approximation. To achieve
this a novel exact approach has been developed to study free vibration of a string with N uniform
sections of different mass densities under N different tensions and with N + 1 attached
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concentrated masses and springs at the ends. The two advantages of this approach are that it leads
to a single-frequency equation for any number of sections and the same computer program can be
used to solve different problems using pertinent data. It is found that natural frequencies of a
fixed—fixed string under constant tension 7 with mass density, p(x) = po(1 + ax/L), can be
approximated using a very simple equation, w, = (n/L)[T /{p,(1 + 0.52)}]'/* and gives reason-
able results for a wide range of a. In all cases, the results obtained using presented approach
agreed with previous results. Author believes that this approach can be used in other areas of
science and engineering.

References

[1] S.S. Rao, Mechanical Vibrations, Fourth ed., Prentice-Hall, Englewood Cliffs, NJ, 2004.
[2] H.P.W. Gottlieb, Harmonic frequency spectra of vibrating stepped strings, Journal of Sound and Vibration 108
(1986) 63-72.
[3] H.P.W. Gottlieb, Multi-segment strings with exactly harmonic spectra, Journal of Sound and Vibration 118 (1987)
283-290.
[4] L.P. Fulcher, Study of the eigenvalues of a nonuniform string, American Journal of Physics 53 (1985) 730-735.
[5] T.M. Kalotas, A.R. Lee, The transverse modes of a string with variable mass density, Acostica 76 (1992) 20-26.
[6] C.O. Horgan, A.M. Chan, Vibration of inhomogeneous strings, rods and membranes, Journal of Sound and
Vibration 225 (1999) 503-513.
[7] Y.U. Chen, Vibration of a string with attached concentrated masses, Journal of the Franklin Institute 276 (1963)
191-196.
[8] M.R. Spiegel, Applied Differential Equations, third ed., Prentice-Hall, Englewood Cliffs, NJ, 1981, pp. 641-645.
[9] R.I. Sujith, D.H. Hodges, Exact solution for the free vibration of a hanging cord with a tip mass, Journal of Sound
and Vibration 179 (1995) 359-361.
[10] S. Naguleswaran, A “direct “‘solution for the free vibration of a hanging uniform cord with a particle tips mass,
Journal of Sound and Vibration 191 (1996) 453-458.
[11] D.H. Hodges, R.I. Sujith, Exact solution for the free vibration of a rotating cord with a tip mass, Journal of Sound
and Vibration 181 (1995) 911-914.
[12] C.N. Bapat, C. Bapat, Natural frequencies of a beam with non-classical boundary conditions and concentrated
masses, Journal of Sound and Vibration 112 (1987) 177-182.
[13] C.N. Bapat, Vibration of rods with uniformly tapered sections, Journal of Sound and Vibration 185 (1995) 185-189.



	An approximate approach to study the free vibration of a string with an arbitrary variation in mass density and tension, with attached concentrated masses, and its application to hanging chain and rotating cord
	Introduction
	Theory
	Results and discussion
	Constant tension cases
	Variable tensionmdashhanging chain
	Rotating cord

	Conclusions
	References


