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Abstract

The cyclostationary near field acoustic holography (CYNAH) technique is proposed with a view to
overcome the limitations of the traditional near field acoustic holography (NAH) technique in analyzing
cyclostationary sound field. Because of the modulation of such kind of sound signal, the sidebands appear
in the spectrum of sound pressure. Therefore, the power of modulating wave components cannot be
correctly shown by the power spectral density (PSD) of sound pressure in NAH hologram with the
disturbance of sidebands. The cyclic spectrum density (CSD) of sound pressure is shown by the CYNAH
hologram instead of the spectrum. The influence of sidebands can be subdued by CYNAH because of the
demodulation function of the CSD. The CYNAH hologram of an alternating motor, as an instance of
cyclostationary source, is obtained in an anechoic-chamber. The results of experiment show that this
approach can obtain more information about cyclostationary sound field than NAH can.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Since the near field acoustic holography (NAH) technique was proposed firstly in the early
1980s [1], many approaches have been achieved for the sound field reconstruction, such as spatial
transformation of sound field (STSF) [2], broadband acoustical holography from intensity
see front matter r 2005 Elsevier Ltd. All rights reserved.
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measurement (BAHIM) [3], BEM (boundary element method)-based NAH [4], etc. These
approaches are used to investigate characteristics of noise sources in engineering [5–8].
The vibration and acoustic signals of some rotating machineries, such as rolling-element

bearings, gears, etc, are generally cyclostationary signals with standard modulation [9–13]. The
modulating wave components usually result from periodic pulse vibration, and the carrier wave
components result from the free oscillation and other random disturbance. The current NAH
procedures treat cyclostationary signals as if they were statistically stationary, and on the acoustic
hologram of which the spectrum or power spectral density (PSD) of sound pressure is displayed
generally. However, two kinds of wave components may be mixed up in the spectrum or PSD, so
that a series of sidebands will appear around the spectral lines of carrier wave. The power of
modulating wave components cannot be correctly shown by the NAH hologram with the
disturbance of sidebands, which generally contain some useful information for fault diagnosing in
many cases.
The second-order cyclic statistics theory, such as cyclic spectral density (CSD) was used to

model the vibration and acoustic signals of some rotating machineries [9–13]. Some characteristics
of these signals, such as modulating wave components and carrier wave components, can be
obtained solely by CSD in different cyclic frequencies, which may be mixed up in PSD and cannot
be shown clearly. Thus, the disturbance of sidebands can be subdued in CSD of sound signals,
and the useful information concealed in the sidebands can be extracted out in some specific cyclic
frequencies.
The cyclostationary near field acoustic holography (CYNAH) procedure is presented here to

analyze the cyclostationary sound field by applying the CSD to STSF procedures. Instead of the
PSD or spectrum, the CSD of sound pressure is displayed by the CYNAH hologram. For so
many advantages of CSD in cyclostationary signal processing, the power of the useful
information concealed in the sidebands can be shown clearly by the CSD distribution of
CYNAH hologram if only appropriate cyclic frequencies are selected. In this way, the detailed
information about cyclostationary sound field can be obtained with CYNAH more accurately
than with NAH, and it is better for the CYNAH hologram able to exhibit the underlying physical
concepts of the modulation mechanism present in the vibration of rotating machineries.
2. Cyclostationarity: definition and properties

2.1. Definitions

Cyclostationarity: A random signal u(t) is considered as cyclostationary at the nth order if its
time-domain nth order moment is a periodical function of the time t. Here, only the second-order
cyclostationarity will be discussed.

Second-order cyclostationarity: The autocorrelation function of u(t) is defined by

Ruðt; tÞ ¼ E u tþ t=2
� �

u� t� t=2
� �� �

, (1)

where the operator E( � ) is the statistical average, the superscript * is a conjugate operator, and t is
time-delay. The signal u(t) is second-order cyclostationary if Ruðt; tÞ ¼ Ruðtþ T ; tÞ for all t, T is
the cyclic period, and the fundamental frequency a ¼ 1=T is called cyclic frequency. The
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periodical function can then be expanded into Fourier series:

Ruðt; tÞ ¼
X
a

Ra
uðtÞe

�j2pat; (2)

where Ra
uðtÞ is defined as the cyclic autocorrelation function. For a ¼ 0, it simplifies to the

stationary autocorrelation function. The cyclic spectral density (CSD, i.e. auto-CSD) can be
expressed as

Sa
uuðf Þ ¼

Z 1
�1

Ra
uðtÞe

�j2pf tdt. (3)

Note that for a ¼ 0, the PSD can be obtained.
The CSD can be also expressed as

Sa
uuðf Þ ¼ U f þ a=2

� �
U�ðf � a=2Þ

� �
t
, (4)

where the operator / �St is time-average operator, Uðf þ a=2Þ and Uðf � a=2Þ are spectral
components of uðtÞ at frequencies ðf þ a=2Þ and ðf � a=2Þ, respectively.
Similarly, the cross-CSD of two signals uðtÞ and vðtÞ can be defined as

Sa
uvðf Þ ¼ U f þ a=2

� �
V�ðf � a=2Þ

� �
t
. (5)

So the cross-CSD matrix of the array vectors uðtÞ and vðtÞ can be defined as

Sa
uvðf Þ ¼ U f þ a=2

� �
VHðf � a=2Þ

� �
t
, (6)

where the superscript H is conjugate-transposed operator of a matrix. Especially, the cross-CSD
matrix of the array vector uðtÞ can be defined as

Sa
uuðf Þ ¼ U f þ a=2

� �
UHðf � a=2Þ

� �
t
, (7)

where the diagonal matrix of Sa
uuðf Þ is called as the auto-CSD matrix.

2.2. Main properties of CSD

The time-delay property of CSD [14]: If uðtÞ is a cyclostationary signal, whose CSD is Sa
uuðf Þ,

then the CSD of the signal vðtÞ ¼ uðt� t0Þ can be expressed as

Svvðf Þ ¼ Sa
uuðf Þe

�j2pat0 . (8)

Eq. (8) indicates that the CSD of a cyclostationary signal different from its PSD, is sensitive to the
time-delay of the signal.

The filter property of CSD [14]: When the cyclostationary signal uðtÞ undergoes a linear time-
invariant transformation, and the output signal is vðtÞ ¼

R1
�1

gðtÞuðt� tÞdt, then

Sa
vvðf Þ ¼ Gðf þ a=2ÞSa

uuðf ÞG
�ðf � a=2Þ, (9)

Sa
vuðf Þ ¼ Gðf þ a=2ÞSa

uuðf Þ, (10)

Sa
uvðf Þ ¼ Sa

uuðf ÞG
�ðf � a=2Þ, (11)

where Gðf þ a=2Þ and Gðf � a=2Þ are spectral components of transfer function gðtÞ at frequencies
ðf þ a=2Þ and ðf � a=2Þ, respectively. From Eqs. (9)–(11), the following expression can be
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obtained:

Sa
vvðf Þ ¼ Sa

vuðf ÞS
a
uvðf Þ=Sa

uuðf Þ. (12)
3. CYNAH theory of cyclostationary sound field

3.1. The scanning measurement technique

A microphone linear array is used here to measure the sound pressure signals scanning on the
hologram plane, with a view to save channels. The signals scanning sampled are not temporal
synchronous, so a reference microphone fixed near the sound source is necessarily used to reserve
the phase information. Because of the time-delay property of CSD different from PSD, one new
procedure different from the stationary NAH is proposed here to remove the influence of
nonsynchronously measuring.
The scanning process on the hologram plane of the microphone array is shown in Fig. 1. In

Fig. 1, m ¼ 1(1)M is the microphone in the array, n ¼ 1(1)N is the scanning step of the
microphone array, Q is the number of gauging points on the hologram plane, and Q ¼M �N.
The nth scanning step begins at t ¼ tn (potentially t1 ¼ 0), and then the sound pressure signals
measured at the nth scanning step can be expressed as

p̂nðtÞ ¼ pn1ðt� tnÞ; pn2ðt� tnÞ; . . . ; pnMðt� tnÞ
� �T

, (13)

where the superscript T is the transposed operator of a matrix, the superscript 4 represents that
the sound pressure signals are measured by scanning the microphone array step by step, which
contains the time-delay information of scanning. The sound pressure measured by the reference
microphone (called the reference pressure) at the nth scanning step can be expressed as
r̂nðtÞ ¼ rðt� tnÞ.
The source

The Reference Hologram plane

Scanning direction

3

m

2

1

M

2
3

n

N

1

(m, n)

Microphone array

Fig. 1. The scanning process on the hologram plane of the linear microphone array.
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According to time-delay property of CSD, a pair of cross-CSD matrixes of p̂nðtÞ and r̂nðtÞ,
Sa
p̂nr̂n
ðf Þ and Sa

r̂np̂n
ðf Þ can be expressed as follows:

Sa
p̂nr̂n
ðf Þ ¼ Sa

pnrn
ðf Þe�j2patn , (14)

Sa
r̂np̂n
ðf Þ ¼ Sa

rnpn
ðf Þe�j2patn , (15)

where Sa
pnrn
ðf Þ and Sa

rnpn
ðf Þ are a pair of cross-CSD matrixes of the sound pressure on the M

gauging points on the hologram plane and the reference pressure measured at the nth scanning
step, after the influence of the time-delay tn is removed.
The cyclic time-delay factor e�j2patn can be calculated as follows:

e�j2patn ¼ Sa
r̂nr̂n
ðf Þ=Sa

r̂1 r̂1
ðf Þ, (16)

where Sa
r̂nr̂n
ðf Þ is the CSD of r̂nðtÞ, and Sa

r̂1 r̂1
ðf Þ is the CSD of r̂1ðtÞ.

Substituting Eq. (16) into Eqs. (14)–(15), Sa
pnrn
ðf Þ and Sa

rnpn
ðf Þ can be expressed as follows:

Sa
pnrn
ðf Þ ¼ Sa

p̂nr̂n
ðf ÞSa

r̂1 r̂1
ðf Þ=Sa

r̂nr̂n
ðf Þ, (17)

Sa
rnpn
ðf Þ ¼ Sa

r̂np̂n
ðf ÞSa

r̂1 r̂1
ðf Þ=Sa

r̂nr̂n
ðf Þ. (18)

Finally, a pair of cross-CSD matrixes of the sound pressure on the hologram plane and the
reference pressure after removing the influence of time-delay of scanning measurement,
ðSa

prðf ÞÞQ�1 and ðSa
rpðf ÞÞ1�Q can be expressed as follows:

Sa
prðf Þ

� �
Q�1
¼ Sa

p1r1
ðf Þ

� �T
; Sa

p2r2
ðf Þ

� �T
; . . . ; Sa

pnrn
ðf Þ

� �T
; . . . ; Sa

pN rN
ðf Þ

� �T	 
T
, (19)

Sa
rpðf Þ

� �
1�Q
¼ Sa

r1p1
ðf Þ;Sa

r2p2
ðf Þ; . . . ;Sa

rnpn
ðf Þ; . . . ;Sa

rNpN
ðf Þ

h i
. (20)

According to the filter property of CSD, the following relationship can be proved:

Sa
ppðf Þ

� �
Q�1
¼ diag Sa

ppðf Þ
� �

Q�Q

� �
¼ diag Sa

prðf Þ
� �

Q�1
Sa

rpðf Þ
� �

1�Q
=Sa

rrðf Þ

� �
(21)

where ðSa
ppðf ÞÞQ�Q is the cross-CSD matrix of the sound pressure on the hologram plane,

ðSa
ppðf ÞÞQ�1 is the auto-CSD matrix, and diag( � ) is diagonal operator of a matrix. The relationship

between the sound pressure on the hologram gauging points and the reference pressure is obtained
by Eq. (21), and a similar relationship can be obtained for the reconstruction plane.

3.2. The reconstruction of cyclostationary sound field

Both of the hologram and reconstruction surfaces are assumed as planar, shown in Fig. 2. The
hologram plane Sh locates at z ¼ zh, and the reconstruction plane Sc locates at z ¼ zc.
Symbolically, bSa

ppðx; y; zh; f ÞcQ�1 is the auto-CSD matrix of the sound pressure on the hologram
grids, bSa

ppðx; y; zc; f ÞcQ�1 is the auto-CSD matrix of the sound pressure on the reconstruction
grids, Sa

rrðf Þ is the CSD of the reference pressure, and bSa
prðx; y; zh; f ÞcQ�1 are a pair of cross-CSD

matrixes between the sound pressure on the hologram grids and the reference pressure,
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Fig. 2. The sketch map of sound field propagation.
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bSa
rpðx; y; zc; f Þc1�Q and bSa

prðx; y; zc; f ÞcQ�1 are a pair of cross-CSD matrixes between the sound
pressure on the reconstruction grids and the reference pressure. The coordinates are contained in
above symbols in order to describe the CYNAH procedure conveniently.
bSa

rpðx; y; zh; f Þc1�Q and bSa
prðx; y; zh; f ÞcQ�1 can be calculated by Eqs. (19–20) from the sound

pressure on the hologram gauging points scanning measured step by step, then bSa
ppðx; y; zh; f ÞcQ�1

can be calculated by Eq. (21). It is impossible to reconstruct bSa
ppðx; y; zc; f ÞcQ�1 from

bSa
ppðx; y; zh; f ÞcQ�1 directly due to the loss of phase information. However, bSa

rpðx; y; zh; f Þc1�Q

and bSa
prðx; y; zh; f ÞcQ�1 still reserve the phase information and can be used directly to reconstruct

sound field.
It is assumed that ½pðx; y; zh; f Þ�Q�1 and rðf Þ are the spectral functions of sound pressure on the

hologram plane and the reference pressure, respectively, bSa
rpðx; y; zh; f Þc1�Q depends on the

function of rðf þ a=2Þ and ½pðx; y; zh; f � a=2Þ�H , while bSa
prðx; y; zh; f ÞcQ�1 depends on the function

of ½pðx; y; zh; f þ a=2Þ� and r�ðf � a=2Þ. Therefore, bSa
rpðx; y; zc; f Þc1�Q and bSa

prðx; y; zc; f ÞcQ�1
should be reconstructed at frequencies ðf � a=2Þ and ðf þ a=2Þ, respectively, from
bSa

rpðx; y; zh; f Þc1�Q and bSa
prðx; y; zh; f ÞcQ�1. In this way, the CYNAH reconstruction relationship

can be expressed as follows:

Sa
rpðx; y; zc; f Þ ¼ F�1 ~S

a
rpðkx; ky; zh; f Þ ~G

�1

Drpðkx; ky; zh � zcÞ

j k
, (22)

Sa
prðx; y; zc; f Þ ¼ F�1 ~S

a
prðkx; ky; zh; f Þ ~G

�1

Dprðkx; ky; zh � zcÞ

j k
. (23)

In Eqs. (22)–(23):

~S
a
rpðkx; ky; zh; f Þ ¼ F Sa

rpðx; y; zh; f Þ
h i

; ~S
a
prðkx; ky; zh; f Þ ¼ F Sa

prðx; y; zh; f Þ
h i

,

~GDrpðkx; ky; zh � zcÞ ¼

exp jðzh � zcÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

rp � k2
x � k2

y

qh i
; k2

x þ k2
ypk2

rp;

exp �ðzh � zcÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y � k2

rp

qh i
; k2

x þ k2
y4k2

rp;

8><
>:
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~GDprðkx; ky; zh � zcÞ ¼

exp jðzh � zcÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

pr � k2
x � k2

y

qh i
; k2

x þ k2
ypk2

pr;

exp �ðzh � zcÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y � k2

pr

qh i
; k2

x þ k2
y4k2

pr;

8><
>:

krp ¼ 2pðf � a=2Þ=c; kpr ¼ 2pðf þ a=2Þ=c,

where c is the sound speed. bSa
rpðx; y; zc; f Þc1�Q and bSa

prðx; y; zc; f ÞcQ�1 can be calculated by Eqs.
(22)–(23). Then, bSa

ppðx; y; zc; f ÞcQ�1 can be obtained from Eq. (21).
The CYNAH can be implemented with the following procedure:
(1)
 To compute the three-dimensional CSD figure of the reference pressure, which is the function
of frequency and cyclic frequency.
(2)
 To find out all candidate cyclic frequencies from the CSD figure of the reference pressure.

(3)
 To estimate the real cyclic frequencies from those candidate cyclic frequencies. In some

applications, the cyclic frequencies may not be known in advance. Some works have been
developed to estimate the cyclic frequencies of the nth order cyclostationary signal [15,16].
(4)
 To select the appropriate cyclic frequencies from those estimated cyclic frequencies. Even if all
the cyclic frequencies of signals have been obtained, some appropriate cyclic frequencies
should be selected carefully from all ones in order to obtain the interested information. There
is no universal method in selecting the appropriate cyclic frequencies yet, and prior
information is absolutely necessary. Some works [9–13] involve how to select appropriate
cyclic frequencies from the vibratory or acoustic signals of rotating machineries, according to
the rotation speed, the type of faults, and the feature frequencies of the faults, etc. The
appropriate cyclic frequency is assumed known here in advance in order to focus on the
reconstruction of cyclostationary sound field.
(5)
 To reconstruct the CSD distribution of sound pressure on the reconstruction plane by Eqs.
(21)–(23) at the selected cyclic frequencies.
Note that the CSD will be simplified to the PSD when a ¼ 0, thus, the CYNAH technique
reduces to the NAH technique.
4. Numerical simulations

4.1. Simulation signals

One signal is employed to simulate unity velocities on a square piston in an infinite and rigid
baffle that are considered as one sound source O, and it is expressed by

V ðtÞ ¼ ðaðtÞÞ cos 2pf at
� �

, (24)

where aðtÞ is a purely stationary random noise with zero mean and fa ¼ 300Hz. The velocity
signal is a cyclostationary amplitude-modulation (AM) signal with the unique cyclic frequency
600Hz [14], cosð2pf atÞ is the carrier wave function, and aðtÞ is its modulating function. The PSD
of aðtÞ and V ðtÞ are shown in Figs. 3(a) and (b). It can be found from Figs. 3(a) and (b) that the
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Fig. 3. The analysis of the simulation velocity signal: (a) The PSD of modulating components of the velocity signal.

(b) The PSD of the velocity signal. (c) The CSD of the velocity signal when a ¼ 600Hz.
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Fig. 4. The analysis of the simulation sound signal: (a) The PSD of the sound signal. (b) The CSD of the sound signal

when a ¼ 600Hz.
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spectra of aðtÞ and the carrier wave are mixed up in PSD of V ðtÞ with the influence of modulation,
and the spectrum of aðtÞ becomes two sidebands around f a. The CSD of V ðtÞ when a ¼ 600Hz is
shown in Fig. 3(c), where the disturbance of the carrier wave is removed, and the spectral
characteristics of the modulating wave function aðtÞ are shown clearly.
The dimensions of the piston are assumed as 0.3� 0.3m2, and the source is located at the

median of the hologram plane, whose center is (0,0,0). The linear array consisted of 25
microphones scans on the hologram plane step by step, and the number of scanning steps is 25.
The distance from the hologram plane Sh to the source plane is dh ¼ 0.08m, and the distances
between adjoining points in x and y directions are Dx ¼ Dy ¼ 0:08m.
The sound pressure can be determined by the second Rayleigh’s integral formulation. The PSD

of the sound pressure radiated from the source is shown in Fig. 4(a), which is different from the
PSD of V ðtÞ in Fig. 3(b) because of the influence of the piston. However, the sound pressure is still
cyclostationary. The CSD of the sound pressure when a ¼ 600Hz is shown in Fig. 4(b), and the
spectral characteristics of the modulating components are shown clearly.
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Fig. 5. The CYNAH reconstruction of sound field in the simulation when f ¼ 90Hz, a ¼ 600Hz: (a) The CSD

distribution on the hologram plane zh ¼ 0.08m. (b) The CSD distribution on the reconstruction plane z ¼ 0m. (c) The

CSD distribution on the reconstruction plane z ¼ 0.3m.
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4.2. The CYNAH reconstruction of sound field

It is assumed that the reference locates at (0,0,0.05) m. The reconstructed cyclic frequency and
frequency are selected to be a ¼ 600Hz, and f ¼ 90Hz, respectively. The CSD distributions of
sound pressure on the hologram plane and two reconstruction planes are shown in Figs. 5(a)–(c),
respectively. The errors of reconstruction in Figs. 5(b) and (c) are 7.53%, and 3.71% respectively,
calculated by means of 100� S� Sexk k= Sexk k, where �k k is the L2 norm, S is the reconstructed
result, and Sex is the CSD of real sound pressure on reconstruction plane. The errors are a bit
because no any disturbances are involved, such as noise contamination, the departure of
microphones, and the phase discrepancy of microphones, etc.
The contamination of noise is considered here. It is assumed that the disturbed noise is

stationary random white-noise independent of the sources, and it is equally distributed over the
sound field. The sound levels of noise are assumed to be 11.65 dB lower than the levels of the
sound pressure of the hologram grid where the sound pressure is maximal. The errors of
reconstruction in Figs. 5(b) and (c) increases to 8.62% and 7.49%, respectively.
5. The experiment of CYNAH

5.1. The experimental equipment

The experiment is implemented in an anechoic-chamber to validate the CYNAH procedure.
The sound pressure radiated from an alternating motor is cyclostationary, which is used as the
sound source. The linear array consisting of 24 microphones is installed on a frame which can be
moved in an overall hologram plane step-by-step and the number of scanning steps is 24. Another
microphone as a reference is set near the motor. The distance from the holography plane Sh to the
source is dh ¼ 0:05m, and the distances between adjoining points in x and y directions are
Dx ¼ Dy ¼ 0:045m. A record system with 32 channels is used for synchronous sampling signals
from the microphone array and the reference, and the photos of some equipment are shown in
Figs. 6(a) and (b).
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Fig. 6. The experimental equipment: (a) The record system, used to record synchronously data from microphone array

and the reference microphone. (b) The microphone array, used to sample sound pressure on hologram.
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Fig. 7. The analysis of the sound signal of the motor: (a) The PSD of the sound signal. (b) The CSD of the sound signal

when a ¼ 1474Hz. (c) The CSD of the sound signal when a ¼ 1280Hz.
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5.2. The CYNAH sound field reconstruction

The cyclic frequencies are selected as 1280 and 1474Hz, according to the CYNAH procedure
in Section 3.2. The PSD of the sound pressure radiated from the motor is shown in Fig. 7(a),
and the CSD when a ¼ 1474 and 1280Hz are shown in Figs. 7(b) and (c), respectively. It
can be found in Fig. 7(a) that the fundamental frequency is 150Hz, and other frequencies
are all its multiples. The information of fundamental frequency is not easily found in Fig. 7(a)
because its power is much smaller than other frequency components. In Fig. 7(b), the fundamental
frequency is shown very clearly because other components are all suppressed. In Fig. 7(c), the
information of the shaft frequency 50Hz can be found, which do not appear in the PSD of
Fig. 7(a). Consequently, the CYNAH hologram can display apparently radiated sound power of
the motor at fundamental frequency 150Hz and shaft frequency 50Hz. Here, only the CSD
results at 150Hz on the hologram and two reconstruction planes are provided in Figs. 8(a)–(c)
respectively.
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Fig. 8. The CYNAH reconstruction of sound field radiated from the motor when f ¼ 150Hz, a ¼ 1474Hz: (a) The

CSD distribution on the hologram plane zh ¼ 0.05m. (b) The CSD distribution on the reconstructed plane z ¼ 0m. (c)

The CSD distribution on the reconstructed plane z ¼ 0.3m.
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6. Conclusions

The CYNAH procedure is proposed here for analyzing cyclostationary sound field, and the
CSD of sound pressure is shown by the CYNAH hologram, instead of the PSD or spectrum.
Some drawbacks resulting from NAH of cyclostationary sound field can be overcome, such as
sidebands disturbance, the loss of time-varying statistics, etc. The simulation and experimental
instances show that the modulation mechanism present in the vibratory response of rotating
machineries can be obtained by CYNAH more clearly than NAH. Only the CYNAH theory and
its some simple instances are introduced here yet, and more applications in analyzing sound field
radiated from practical rotating machineries, such as the gear, or rolling-element bearing, should
be further researched.
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