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Abstract

A method is developed and applied to select optimal models for loads encountered during the
atmospheric re-entry of a spacecraft. In general, information on the re-entry environment is limited,
meaning that two or more models for this environment may be consistent with the available information.
This defines a collection of candidate models; each model in the collection is consistent with the available
information. Methods from decision theory are applied to select the optimal member from the collection. A
performance criterion, based on postulated utility functions, is used in the selection process. Herein, we
model the re-entry environment as a stochastic process in both space and time. Information on the
probability law of the process is limited. The candidate models form a class of non-Gaussian, stationary,
stochastic processes. It is shown that the response of a critical internal component is sensitive to
assumptions on the unknown properties of the input; the response of the component is therefore used as the
performance criterion to select an optimal model for the re-entry environment.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Atmospheric re-entry is concerned primarily with the passage of ballistic objects through the
Earth’s atmosphere [1]. All space vehicles that are required to return to Earth must endure the
extreme environment associated with atmospheric re-entry. This environment includes the effects
of aerodynamic heating, large rates of deceleration, radiation effects, and loads due to shock and
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vibration [2]. While all of these effects must be considered in typical spacecraft design, the work
presented here is concerned only with the vibrational effects of the re-entry environment. The
remaining effects can be incorporated into the proposed framework for model selection.

At high speeds encountered during atmospheric re-entry, the in-flight vibration response of a
spacecraft is primarily due to external fluctuating pressure loads, which result from unsteady
aerodynamic flows over the vehicle [3]. The role of the structural/mechanical engineer is to ensure
that all internal components of the spacecraft, e.g., electronics, astronauts, etc., survive
atmospheric re-entry. Typically, this means that the internal components must continue to
operate normally with a prescribed level of reliability. To do this requires models of the spacecraft
and the re-entry environment, where the latter is a characterization of the applied pressure loads
in space and time. Due to the severity of this environment, it is nearly impossible to attain
experimental data, and the characteristics of the excitation remain largely undefined. Usually,
assumptions are made about the missing information so an analysis can be completed; the
consequences of these assumptions are, in general, difficult to quantify.

We model the pressure field as a stochastic process in space and time, and examine the effects of
two missing pieces of information: (1) the spatial correlation of the process, and (2) the marginal
distribution function of the process. A decision-theoretic method for model selection, developed
in Refs. [4,5], is used to select the optimal model from a class of candidate models for the spatial
correlation and marginal distribution of the applied pressure field.

Typically, the assessment of the structural response of a spacecraft during atmospheric re-entry
is limited to second-moment analysis [3,6,7] and [8, Chapter 10]. For structural reliability
calculations, this requires one to assume the marginal distribution function of the applied pressure
field to be Gaussian. Consider Fig. 1, which shows actual accelerometer data recorded during the
initial portions of the re-entry phase of mission STS-62 of the NASA Space Shuttle Orbiter [9].
Shown are the accelerations of the center of mass of the Orbiter in three directions as a function of
time. The sample functions shown in Fig. 1 clearly do not come from a Gaussian process. In
addition, wind tunnel pressure measurements on an aircraft fuselage are shown in Fig. 2; similar
non-Gaussian behavior is noted. Non-Gaussian response (Fig. 1) and non-Gaussian applied
pressures (Fig. 2) together suggest that the applied load during atmospheric re-entry may be non-
Gaussian as well.

Consider the spacecraft depicted schematically in Fig. 3, where the random vector pressure
field, Z(x; r), models the loading during atmospheric re-entry, where x and ¢ denote location on
the outer surface of the spacecraft and time, respectively. The spacecraft, shown here as a perfect
cone, has several stiffening ribs oriented in the hoop direction; a base ring is located at the aft end
of the spacecraft to provide added stiffness. An internal component, depicted by a solid circle in
the figure, is connected to the skin of the spacecraft via several supports, each having structural
properties, k..

Two response quantities are of interest: the vector displacement response of the skin of the
spacecraft, D(x; 7), and the vector acceleration response of the internal component, Y(7). Models
of the spacecraft and the applied pressure field can be developed based on the available
information. The objective is to use these models to assess the performance of the spacecraft
during atmospheric re-entry from properties of D(x; 7) and Y(7).

In Section 2, we develop a 1-D model for the spacecraft; it is assumed all required information
is available to construct the spacecraft model. In Section 3, the model for the applied pressure
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Fig. 1. Axial (a), vertical (b), and lateral (c) acceleration data from Space Shuttle mission STS-62 [9].
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Fig. 2. Wind tunnel pressure measurements.

field, Z, is developed. The available information on Z(x;?) is incomplete and we apply the
decision-theoretic method for model selection to choose optimal models for the input in Sections 4
and 5. Because the applied pressure field is a stochastic process in both space and time, the spatial
and temporal correlation functions, as well as the marginal distribution function, are necessary to
define Z(x; ). Two cases are considered for illustration: (1) Z(x;?) is assumed to be a Gaussian
process with partially defined spatial correlation function, and (2) Z(x;?) is assumed to be
completely defined in the second-moment sense, but with unknown marginal distribution
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Fig. 3. Spacecraft during atmospheric re-entry.

function. The decision-theoretic method for model selection is used to select optimal models for Z
for each case.

2. Spacecraft model

We develop the model for the spacecraft shown in Fig. 3. Two cases are considered: (i) the
dynamics of the internal component and spacecraft are fully coupled, and (ii) the dynamics of the
internal component depend on the spacecraft, but no feedback occurs. Methods for analysis under
both cases are discussed. The available information on the spacecraft, discussed in Section 2.1, is
assumed complete; Sections 2.2 and 2.3 discuss the mathematical model and methods for response
analysis, respectively.

2.1. Available information

It is assumed that: (1) the spacecraft is made of a single, linear elastic material with known,
deterministic modulus of elasticity, e, and mass density, u, (2) the spacecraft geometry is a
perfect cone with cone angle, o, (3) away from the stiffening ribs and base ring, the skin of the
spacecraft has constant thickness, ¢, (4) the internal component can be modeled as a point mass
with value m,., and (5) its supports behave as simple springs with known, deterministic spring
constant, k..

Because of the symmetry of the spacecraft, an axial section of the cone, having width
s(x1) = sox1, where s9>0 is a constant, can be formulated as a beam on elastic foundation [10].
This conical section is shown in the top of Fig. 4; shown at the bottom is «, the cone angle, and c,
the skin thickness. The corresponding picture of the spacecraft is a function of a single dimension,
x1 = x, and is shown in Fig. 5, where Z(x; ) = Z(x; ) denotes the applied scalar pressure field,
and D(x; 1) = D(x; ) denotes the scalar displacement response of the beam. The quantities, Z and
D are no longer in bold to denote they are now scalar quantities. The component and its support
behave as a single dof oscillator located a distance b from the front of the beam, with mass, m,,
and stiffness, k. = k.. The beam has total length /. The quantity Y(¢) represents the scalar
displacement response of the component with respect to an inertial frame of reference.
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Fig. 5. One-dimensional spacecraft: beam on elastic foundation with attached oscillator.

2.2. Mathematical model

The 1-D representation of the spacecraft is a beam on elastic foundation with attached
oscillator. The foundation stiffness of the beam is given by (see Ref. [10, p. 120])

spec
k(x) = ————, 0<x<], ()
xsin” o cos o
where the non-uniformity of k(x) is due to the conical geometry of the spacecraft. At x =0,
corresponding to the nose of the spacecraft, the stiffness is infinite; the beam is therefore
constrained in the vertical direction at x = 0. The beam is tapered, with cross-sectional area

a(x) =

SoKC

)

cos3 o
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and bending moment of inertia

. so(icc)’
i(x) = 12cos3o ™’ ®)
where parameter x> 1 is used to represent the effective thickness of the skin due to the stiffening
ribs (refer to Fig. 4). The spring at the right end of the beam with stiffness ;>0 is used to
represent the added stiffness of the base ring.

Let ¢ and ¢, denote viscous damping coefficients for the beam and component support,
respectively. The equations of motion governing the beam deflection and position of the mass are

given by [11]
e[i(x) D" (x; )] + pa(x)D(x; 1) + gD(x; 1) + k(x)D(x; 1) + ki D(I; £)5(x — [)

— —m, V(1)3(x — b) — xséx) Z(x: 1),
m Y (6) + q,Y (1) + k Y (1) = q.D(b; 1) + ke D(b; 1) (4)

with appropriate boundary and initial conditions. Here, d(x) denotes the Dirac delta function,
xs(x)/2 is the area of the top of the beam, used to convert the applied pressure, Z(x; ?), to a force,
and () and () denote differentiation with respect to x and 7, respectively.

Table 1 lists the values of the parameters of the spacecraft model. Parameters e and u are
consistent with the properties of aluminum. The base ring stiffness is five times the foundation
stiffness at the right end of the beam, i.e., k; = 5k(/), and sy was selected so that s(/) = 1 rad.
Parameters ¢ and k were selected to give adequate separation between the stiffness of the beam
and the stiffness of the foundation.

2.3. Response analysis

Define 0 = x;<xp < --- <X, = [ to be a partition of [0,/] and let
Di(t) = D(x;;t), i=1,2,...,n, and

T
D(7) = (D1())D2(7) . .. Du(2))". (5)
Table 1
Spacecraft model parameters
Parameter Value Units
o /12 rad
K 50 —
S0 0.267 —
u 2.77 g/cm’
c 0.0635 cm
e 68950 MPa
ki 3.5%10° N/cm

/ 127 cm
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An approximation to Eq. (4) is then given by
D(1) D(1)
Y(1) Y(1)

D()

¥y,

= bZ(1), (6)

where m, q, and k are (n + 1) x (n + 1) matrices representing the mass, damping, and stiffness of
the beam with attached oscillator, respectively, b is a (n 4+ 1) x 77 matrix, and

(1) = (Zi()Za(1) ... Zz(0)',

where

Zi(t)y=Z(xz0), i=12,....7 (7)
is the input, Z(x;?), discretized in the spatial dimension via partition 0 = x; <x; < -+ <Xx;; = .
The traditional finite element formulation (see, for example, Ref. [12, Chapter 16]) is used to
derive m, ¢, and k. In the analyses that follow, n = 77 = 20, parameters b = 95.25cm (37.51n),
m. = 10.9kg (24 1by,), and k. = 4.38 x 10° N/cm (2.5 x 10° Ib/in) are used for calculations, and
the system is assumed classically damped with 2% damping applied to each mode. Small values
for n and 77 are used to reduce the number of calculations. We note that additional levels for model
decision can be introduced by considering, for example, several dynamics models for the

spacecraft, each with different values for n and/or 7.
If we assume negligible feedback from the mass to the beam, Eq. (6) can be simplified to

mD(7) + gD(z) + kD(?) = bZ(%), (8a)

V(1) + 2L.oe V(1) + 02 Y (1) = 2 oeDy(0) + o2 Dy(1), (8b)

where m, q, and k are m, q, and Kk, respectively, with the (n 4+ 1) row and column removed, bisb
with the (n + 1) row removed, and x; = b. Parameters {, = q./+/4k.m. and o, = \/m./k. are the
damping ratio and natural frequency, respectively, of the oscillator. Egs. (6) and (8) can both be
converted into a system of 2(n + 1) linear ordinary differential equations and solved using a
state—space approach; numerical solutions are provided using a fourth-order Runge—Kutta
method (see Ref. [13, Section 6.3]).

3. Input model
We next develop the model of the input to the spacecraft, Z(x; ). As will be shown in Section

3.1, the available information on Z is incomplete. Hence, the model for the input is not completely
defined.

3.1. Available information

It is assumed that the applied pressure field can be written as
Z(x;1) = 0z(x)Q(x;1), 1 €[0,7], )



998 R.V. Field Jr., M. Grigoriu | Journal of Sound and Vibration 290 (2006) 991-1014

where o2(x) is a known, non-negative, deterministic function of x, Q(x;¢) is a weakly stationary
stochastic process with partially defined second-moment properties, and 7>0 denotes the duration
of the re-entry event. The available information on Q, Vx € [0,/] and V¢ € [0, 7], is given by

(1) E[Q(x;1)] =0,
(2) Var[Q(x; )] = 1,
(3) E[Q(x; )O(x + 15t + 1)] = co(t; D)P(1; 0), where

co(t: @) = Sinag‘ff), 1#0 (10)
and
¢(n7;0) = exp(=0n|), (11)

denote the temporal and spatial correlation functions of Q, respectively, and
(4) ®>0 is a known, deterministic parameter.

By items (1)—(4), Q is a zero-mean, unit variance, band-limited white-noise process [14] with cut-
off frequency @. The Fourier transform of cg gives the power spectral density (PSD) of Q. The
one-sided PSD, denoted by gy(w), is shown on the left of Fig. 6 for & = 20,000 Hz; oz(x) is
shown on the right of Fig. 6. The properties for Z and Q are consistent with results from both
empirical studies [15] and theoretical models [16]. The value for the spatial correlation parameter,
0>=0, as well as the probability law for Z, are unknown.

3.2. Mathematical model

As illustrated in the previous section, the second-moment properties of the input, Z, are not
completely defined. Information on the spatial correlation of Q and, hence, the spatial correlation
of Z, is not available. In addition, nothing is known about the probability laws of Q or Z. We
consider two cases for the missing information on Z, and select the optimal model for Z under
each. Case #1: Q = G, where G is a Gaussian process. In this case, the only missing piece of
information is the value for the spatial correlation parameter, 0; an extension to Case #1, where
the functional form for ¢, defined by Eq. (11), is unknown, is considered in Ref. [4], Section 5.7.
Case #2: Q 1s a non-Gaussian process with completely defined second-moment properties. In this
case, we set ¢(n) = 1, Vi € [0, /], which corresponds to the limiting case of § — 0 in Eq. (11).

x10°

6 0.1
4 0.07
2
0.035
0
0
10° 10° 0 63.5 127
(a) o (Hz) (b) x (cm)

Fig. 6. Available information on Z: (a) go(w) in units of Hz!, and (b) 6z(x) in units of MPa.
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In Sections 4 and 5, we employ the decision-theoretic method for model selection developed in
Refs. [4,5] to choose optimal models for Z for Cases #1 and #2, respectively. In each section, we
first define a class of candidate models, where each member of the class is consistent with all
available information on Z. Second, we illustrate that different models from the class of candidate
models may have a significant impact on the properties of the response of interest. Third, we
develop an appropriate utility function and use it to select the optimal model from the class of
candidate models. Fourth, we study the sensitivity of the optimal model to changes in the utility
function; it is assumed that the consequences of system failure are well-understood, so that any
uncertainty in the definition of the utility function is limited.

The objective is to use the mathematical models for the spacecraft and the applied pressure field
to assess system performance. In particular, suppose

g(Y) = max Y ()] (12)

is a property of interest, where Y(r) = d>Y(?) /df? and E>7 denotes a relevant time for assessing
system performance. The performance of the system is then assessed via predictions of

P(g(Y)<d), (13)

where d >0 denotes a critical value of Y.

4. Model selection for spatial correlation parameter

We employ the decision-theoretic method for model selection to choose the optimal value for
parameter 6 of the spatial correlation function of the applied pressure field, Z, defined by Eq. (11),
1.e., Case #1.

4.1. Candidate models

Let
My ={0=0: ¢(n; 0) = exp(—0n|)} (14)

be the collection of candidate models. This collection is uncountably infinite; we instead consider
a finite sub-collection .#| C .#, where

'%-] == {0120 (15(’% 01) = eXP(_0i|’7|)> = 13 ... ’4}
= {m(01), m(02), m3(03), m4(04)}. (15)

The four candidate models are shown in Fig. 7. By Eq. (11), for large 0, G(x;¢) is nearly
uncorrelated in the spatial dimension; as 6 approaches zero, the process becomes perfectly
correlated in space. Note that the correlation structure in time for each member of .Z, i.e.,
E[G(x¢; 1)G(x0; t 4+ 7)] for fixed xqy € [0,/], is given by Eq. (10).

Samples of G(x;7) are shown in Fig. 8 for each of the four values for 6 considered; methods
from Ref. [17, Section 4.3.2], were used to generate the samples. Each plot shows G(x;¢) at
x = 25.4cm (101in), denoted by a solid line, and x = 95.25cm (37.51in), denoted by a dashed line,
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Fig. 7. Candidate spatial correlation models, ¢(1; 6;) = exp(—0;|5|), for 8; = 5.0 (solid), 8, = 0.1 (dashed), 6; = 0.02
(dotted), and 04 = 0.0005 (dash-dot).

(d) . t (sec) X 10'3.

(©)

Fig. 8. One sample of Gaussian process, G(x;¢), at x = 25.4cm (solid) and x = 95.3cm (dashed) for: (a) G|m;, (b)
G|WZ2, (C) G|}’}'Z3, and (d) G|I}’I4.

the latter being the attachment point for the oscillator. Note that as 0 approaches zero, the
samples of the processes G(x;;¢) and G(xy;1), x1,x3 € [0,/], are nearly in phase.

4.2. Sensitivity of model output

One sample of the displacement response of the beam at the attachment point,
D(x = 95.25cm; 1), is shown in Fig. 9 for the case of 7= 0.03 and & = 0.09s. For calculations,
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Fig. 9. One sample of beam response process in units of pm for: (a) D|my, (b) D|ma, (c) D|ms, and (d) D|my.

the input and response are discretized by a uniform time step of 1/2@ = 2.5 x 107>s. The shaded
area indicates the time interval when the load is applied, ¢ € [0, 7]; the unshaded area corresponds
to free vibration, ¢ € (7,£]. These plots show that the displacement response at the attachment
point is very sensitive to the degree of spatial correlation on the input: as the spatial correlation
increases (decreasing (), the magnitude of the response increases.

Estimates of (max,|D(x;?)|, max,|D(x;?)]), x €[0,1], ¢t €[0,&], the joint distribution of the
location and magnitude of the maximum displacement of the beam, are shown in Fig. 10 using
results from 2000 Monte Carlo samples. For large 6 (nearly uncorrelated in space), the range of
observed values for max,|D(x;?)| is large and they occur most frequently at the right end of the
beam; the range of observed values for max,|D(x; ¢)| is small in comparison. As 6 decreases, the
pattern is reversed. The range of observed values for max,|D(x; )| is small and they occur most
frequently near the attachment point; the range of observed values for max,|D(x; 7)| is large in
comparison. Similar patterns are observed for the acceleration response of the component, Y(7).
One sample of ¥(¢) is shown in Fig. 11. As the degree of spatial correlation increases, so does the
magnitude of the acceleration of the attached mass. Estimates of the variance of Y(7) using results
from 2000 Monte Carlo samples are shown in Fig. 12 for ¢ € [0, 7].

Estimates of the distribution of g(Y) defined by Eq. (12), using results from 2000 Monte Carlo
samples, are shown in Fig. 13. It is evident from the figure that assuming the input to be
uncorrelated in space, which corresponds to the case where 6 = 5.0 (model m), is non-
conservative, since the probability of exceeding a critical level of acceleration increases with
decreasing 0.

For this 1-D model of the spacecraft, it has been demonstrated that predictions of beam
displacement, D(x; ), and acceleration of the mass, Y (), are sensitive to the degree of spatial
correlation of the input, Z(x; ). Specifically, as the degree of spatial correlation increases, the
maximum in time of D(x; ) and Y(¢) increase. In the general 3-D case, the input process Z(X; f)
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Fig. 10. Histogram of (max.|D(x; t)|, max,|D(x; ?)|) for: (a) D|m,, (b) D|my, (c) D|ms, and (d) D|my.
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Fig. 11. One sample of component response in units of m/s? for: (a) Y|my, (b) Y|ma, (¢) Y|ms, and (d) Y|ms.
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Fig. 13. Histograms of: (a) g(¥)|my, (b) g(¥)ma, (c) g(¥)|ms, and (d) g(¥)|ms.

exhibits spatial correlation in two directions (axial and hoop); the sensitivity of model output
demonstrated will likely increase. It is therefore crucial to select optimal models for the spatial

correlation of the input.

4.3. Optimal model

Here we select an optimal value for the spatial correlation parameter, 0. We begin with an
analysis on the smaller class of candidate models, .#; defined by Eq. (15), then use the results to
approximate the optimal member from the larger, uncountable class, .# defined by Eq. (14).



1004 R. V. Field Jr., M. Grigoriu | Journal of Sound and Vibration 290 (2006) 991-1014

The objective is to assess the performance of the spacecraft in the re-entry environment via
Eq. (13). Let

denote the prediction of performance under model m;, where d is the specified critical value for the
acceleration of the mass, Y, and ¢(Y) is defined by Eq. (12). By Eq. (16), if m; € 1 is true, the
system performance is /;(d). In this case, we say that model m; results in a conservative prediction
of system performance if h;(d)<h;(d). Likewise, m; results in a non-conservative prediction of
system performance if h;(d) > h;j(d). A conservative prediction is preferable to a non-conservative
prediction.

Methods from decision theory [18] can be used to select the optimal model from .#;. These
methods are used to quantify the consequences of choosing an inappropriate model for the input,
Z, through the use of a utility function, U, where the objective is to select the model with the
minimum expected utility [4,5]. Define

U(m;, my) = y(m;) + (m;, my) (17)

to be the utility of model m;, when model m; is true, where y(m;) >0 denotes the cost of model m;,
and y/(m;, m;) >0 denotes the penalty associated with using model m2;, when model m; is true. For
example, we set y(m;)>y(my) if a prediction with model m; requires additional resources, e.g.,
CPU time, than a prediction with model m, and y(m;, m;) > y(my, m;) if, assuming m; is true, the
consequences of a prediction with model my;, are preferable to the consequences of a prediction
with model m;.

The optimal model, m* € .Z,, is, such that

ulm*)<u(my), j=1,2,3,4, (18)

where

4
u(m;) = E[U(m, 1)) = y(mi) + > wmi, my)p;, (19)

J=1

is the expected utility of model m;, and p; denotes the probability that model m; is true. For
calculations, we consider the following penalty:

. hi(d) — hi( )l if hi(d)<hi(d),

W(mi, my) = y(hi, hy) = ol _( ) ]_( )]2 . ,( ) J,( ) (20)
Balli(d) — ()P if hi(d)>hy(d),

where f,>f, >0 are deterministic parameters. By Eq. (20), non-conservative predictions of

system performance are heavily penalized; overly conservative predictions are also subject to

penalty.

The expected utilities of the four models in .#, are listed in Table 2 for three values of d; in each
case, the optimal model, m*, is in bold. Parameters f/; = | and f, = 2 were used for calculations.
Each candidate model for Z is assumed equally likely and has no cost, i.e., p; = % and y(m;) =0,
i=1,2,3,4. For d=49m/s*> (5g) and d =98m/s> (10g), models m, and mj are selected,
corresponding to 0, = 0.1 and 03 = 0.02, respectively. Model m;, corresponding to the case where
the spatial correlation is nearly white noise, is never selected since the assumption that the input is



R. V. Field Jr., M. Grigoriu | Journal of Sound and Vibration 290 (2006) 991-1014 1005

Table 2
Expected utilities of each m; € .4/
d (m/s?) Expected utilities

u(my) u(my) u(ms) u(my)
19.6 7.935 x 107 1323 x 1074 1323 x 10~ 1323 x 107*
49 1.114 1.670 x 107! 2.057 x 107! 2.223 x 107!
98 3.203 x 1072 2.615 x 1072 1.108 x 1072 2.287 x 1072

Low spatial
correlation

High spatial
correlation

Fig. 14. Natural log of expected utilities, In[u(6)], 60 € .#,.

uncorrelated in space leads to non-conservative predictions of system performance (see Fig. 13).
For d = 19.6 m/s? (2 g), models m,, m3, and my give identical estimates of the performance metric,
so there is no preference of one model over another.

A surface defining the expected utility of each model can be defined over 1<d<14 and
0.0005<0<5, the latter being consistent with .# defined by Eq. (14). This surface is shown in
Fig. 14, where the natural logarithm of the expected utilities are plotted to emphasize the results.
The minimum of the surface for each d gives an estimate of the optimal value for 60 € .#,. As d
increases, the optimal model corresponds to an increasing degree of spatial correlation; the
dependence on spatial correlation decreases with increasing d. The limiting cases of perfect and
zero spatial correlation on the input are commonly used in practice; by Fig. 14, these assumptions
are not optimal for any value for d.

4.4. Sensitivity of optimal model

We study the sensitivity of the optimal model to changes in the parameters of the penalty
function, Eq. (20). To do so, define a normalized penalty function parameter f = f5,/f;. For f>1,
non-conservative predictions of system performance are highly penalized with respect to
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my € .M\

my€ M, |

19.6 78.4 137
d (m/s?)

Fig. 15. Optimal 0 € .#, versus d for f = 1.1 (diamond), § = 2 (circle), § = 5 (triangle), and f = 10 (square).

conservative predictions; as § — 1, the penalty for conservative and non-conservative models is
identical.

The optimal models from .#, are plotted in Fig. 15 for various values for d. Four lines are
plotted, which correspond to four different values for 5. The solid line (§ = 2) corresponds to the
results of Section 4.3. The dotted lines correspond to the four models from .#;. In general,
changing f shifts the curve up or down. As f increases, the penalty function defined by Eq. (20)
becomes highly asymmetrical, and models with more spatial correlation (smaller 0) are favored. In
all cases, the optimal spatial correlation parameter satisfies 0.005<6<0.5, meaning that the
limiting cases of perfect or zero spatial correlation are unfavorable, even for large changes in f3.
Hence, precise values for §; and 8, are not essential for a rational decision.

5. Model selection for marginal PDF of input

Recall Figs. 1 and 2, showing measured accelerations during the re-entry of the Space Shuttle
Orbiter and wind-tunnel pressure measurements on an aircraft fuselage, respectively. In both
plots, non-Gaussian behavior is clearly evident. In this section, we consider non-Gaussian models
for the input, Z, i.e., Case #2; the decision-theoretic method for model selection is used to select
the optimal member from a class of candidate models for Z.

We assume that: (1) the spatial correlation function of the input, ¢, is perfectly known and
equal to one, and (2) there is no feedback from the oscillator to the beam. Assumption (1) implies
that Eq. (9) reduces to

Z(X, t) = O-Z(X)Q(Z)a re [Oa l-]a (21)

where the dependence of Q on x is removed because it exhibits perfect spatial correlation. As a
result, the second-moment properties of Z are now completely defined. All candidate models
considered in this section are equivalent in the second-moment sense, but have different marginal
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Table 3

Oscillator parameters

Parameter Values Units
b 31.75, 57.15, 95.25 cm
[oR 2000, 2250, 5000 Hz

distributions. Because of assumption (2), the method for analysis is given by Eq. (8). This allows
us to study the effects of the distribution of Z on Y for various values of b, the location of the
oscillator (see Fig. 5), and w,, the natural frequency of the oscillator.

Table 3 lists the values of the oscillator parameters used in the analyses that follow; the values
for w. considered are consistent with observed resonant frequencies of, for example, small
electronics packages, e.g., circuit boards. The damping ratio of the oscillator, {, = 0.02, as well as
the parameters of the beam from Table 1, remain fixed. It can be shown that one of the resonant
frequencies of the oscillator considered, w. = 2000 Hz, coincides with a resonant frequency of the
beam (see Ref. [4, Section 5.3.3]).

5.1. Candidate models

Let
My ={Zi(x;1), i =1,2,3,4} = {m1,my, m3, my} (22)
be the class of candidate models for the applied pressure field, where
Zl-(x; l) = Gz(X)Qi(l), (23)

0, is a zero mean, unit variance, stationary Gaussian process with correlation function given by
Eq. (10), O, is a student-¢ translation process, and Q5 and Q, are filtered Poisson processes. As
previously stated, the processes Q;, i = 1,2,3,4, are equal in the second-moment sense.

The translation process [19], Q,, is given by

0x(1) = F~' o @[Q (1], (24)

where

F(z;r) = T2 ) dr (25)
is a student-¢ distribution with (r — 1) dof [20], @ denotes the standard normal CDF, and I'(-)
denotes the Gamma function. A random variable with the distribution given by Eq. (25) has zero
mean and unit variance; the process Z»(x;t) = az(x)Q,(?) is therefore equivalent in the second-
moment sense to Z(x;7) for each r. Z,(x;t) can be assigned any coefficient of kurtosis greater
than 3 without altering the second-moment properties via [21]

3(r—2)
—4

r

B I'(r+ 1/2) Jr/=2)z [1 +ﬁ:|—1/2(1~+1)

Kur[Z,] = >4. (26)
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0.4

0.3

0.2

0.1

0
- 0 4
(a) z (b) z

Fig. 16. The Gaussian (solid) and student-7 distributions (dashed): (a) PDFs, and (b) tails.

The PDF of the student-z distribution with a coefficient of kurtosis of 7 (r = 1—21), is plotted along
with the Gaussian PDF in the left-hand side of Fig. 16. This distribution has heavier tails that of
the Gaussian distribution, as illustrated further by the right-hand side of the figure; the Gaussian
distribution has a coefficient of kurtosis of 3.

The third and fourth models considered are Qs(1) = V(¢; 43) and Qu(t) = V(¢; A4), where

0, N(t) =0,

Ve =N w0 — 1. N (27)
k=1

is a type of filtered Poisson process [17, p. 78]. The process is characterized by pulses of
deterministic shape and random magnitude, occurring at (random) Poisson times. V' (¢) depends
on {N(t;4), t=0}, a homogeneous Poisson counting process of intensity A>0, independent
identically distributed (i.i.d.) random variables { W}, k> 1}, with mean zero and variance ¢, the
random times, {7, k>1}, at which the Poisson events occur, and the deterministic shape
function, f(7), 1=0. The process N(z) has the property that E[N(7)] = At so that 1 = E[N(?)]/t
represents the average number of pulses per unit time [22]. With proper choice of f(¢), 62, and /4,
models Z3(x; ) and Z4(x; t) are equivalent to Z(x; t) and Z,(x; ¢) in the second-moment sense (see
Ref. [17, Section 3.3]). For small A, the pulses have large magnitudes and occur infrequently. As 4
increases, the pulses occur more frequently, but with smaller magnitude; as A — oo, the marginal
distribution of V' (¢) becomes Gaussian [17].

One sample of the Gaussian process, Q,(f) = G(Z), the translation process, Q,(1) = F~' o ®[G(1)],
and the two filtered Poisson processes, Qs(¢) = V(t; A3) and Q4(¢) = V(t; A4) with 43 = 10,000 and
A4 = 100,000, respectively, are plotted in Fig. 17. Samples from the four models look quite
different, but each is consistent with all available information, i.e., they each have the specified
second-moment properties. Estimates of the marginal PDFs of Q; and Q, using 500 samples are
shown in Fig. 18. Also shown is the marginal PDF of Q,.

5.2. Sensitivity of model output

One sample of the acceleration of the mass, Y(¢), is shown in Fig. 19; the four plots correspond
to the four models of the applied pressure field for the case of b =31.75 cm (12.5 in) and
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d A D o N s~ O
» A D o N s~ O

0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
(a) t (sec) (b) t (sec)

o A DO N MO
o A D O DN MO

~o 001 002 003 004 0 0.01 0.02 0.03 0.04
(c) t (sec) (d) t (sec)

Fig. 17. One sample of: (a) Q,(¢), (b) O,(?), (c) Os(?), and (d) Q(?).

1.2 - 1.2
1 1
0.8 0.8
0.6 0.6
0.4 ,_ 0.4
0.2 / \ 0.2
T K ;
(a) z (b) z

Fig. 18. Marginal PDFs of filtered Poisson (bar) and Gaussian process (solid line) for: (a) A3 = 10,000 and (b)
=100, 000.

w. = 5000Hz. The shaded area indicates the time interval when the load is applied,
1 €[0,7=0.05s]; the unshaded area corresponds to free vibration, € [f,&]. ¥ is the output
from a linear filter. Because of this, and the fact that all inputs considered are equivalent in the
second-moment sense, the outputs will have identical second-moment properties [17].

As previously discussed, the probability laws for m; € .4, are different; the resulting probability
laws for ¥(7), and hence the performance metric defined by Eq. (13) will therefore also differ. To
illustrate, we define

hi(6d) = P(g(Y)<6d|m;), i=1,2,3,4. (28)

The quantity & is the estimated steady-state standard deviation of ¥(7) and is used to normalize
the tail estimates; g(Y) is defined by Eq. (12). We note that it is possible to calculate the true
value for the standard deviation of ¥(7) from the covariance equation, but the large dimension
of Eq. (8a) proved prohibitive. Estimates of Eq. (28) are illustrated by Fig. 20 for two cases:
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Fig. 19. One sample of component response in units of m/s? for: (a) Y|my, (b) Y|mo, (¢) Y|ms, and (d) ¥|ms.

Fig. 20. Estimates of 1 — h;(6d) for i =1 (solid), i = 2 (dashed), i = 3 (dash-dot), and i = 4 (dotted). Two cases are
considered: (a) b = 95.25¢cm, w, = 2000 Hz, and (b) » = 31.75 cm, w, = 5000 Hz.

(1) b=9525cm (37.5in), w. =2000Hz (left), and (2) b =31.75cm (12.5in), w. = 5000 Hz
(right). As shown by the plot on the right, models m,, m3, and my, in general, provide conservative
estimates of Eq. (28) with respect to the Gaussian model, m;. Model m; is the most conservative,
due to the fact that Z; exhibits the heaviest tail. For w, = 2000 Hz, a resonant frequency of
the beam, the tail estimates are nearly identical, as shown in the left-hand side of Fig. 20. The
response of the oscillator is insensitive to the tails of Z(x;¢) when w, coincides with a resonant
frequency of the beam.

The magnitude of the difference between the tails of the distributions shown in Fig. 20 is
sensitive to changes in parameters » and .. To illustrate, we define

p(6d) = max | (6d) — li(6d)|, =234 (29)

Eq. (29) is plotted on the left-hand side of Fig. 21 for the case of 6d = 4 and different values for b
and w.. The shading of the bars denotes which model maximizes p; in seven of the nine cases
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Fig. 21. Estimates of: (a) p(6d = 4) and (b) 6; 6 is in units of g.

considered, it is 73 (unshaded), while it is m, in the remaining two cases (shaded). In general, for
increasing b, p may increase or decrease. As the frequency of the oscillator is increased, p
increases; for w, = 2000 Hz, a resonant frequency of the beam, p is near zero for all values for b
considered. Hence, the sensitivity to the tails of Z can be minimized by placing w. near a resonant
frequency of the beam. Of course, this has the undesirable effect of increasing the variance of the
response, as depicted by the right-hand side of Fig. 21.

It has been demonstrated that predictions of component acceleration, Y, are sensitive to the
tails of the marginal distribution of the input, Z, when the oscillator natural frequency, w., does
not coincide with a resonant frequency of the beam. As the tail of the marginal PDF of the input
model becomes heavier, the maximum in time of Y () increases. A Gaussian model for Z can
therefore give non-conservative predictions of system performance.

5.3. Optimal model

In this section, we use the decision-theoretic method for model selection to select the optimal
marginal distribution of the input pressure field from the class of candidate models defined by Eq.
(22).

The penalty function used in the analysis is unchanged from the previous section, i.e., Eq. (20).
However, the computational effort associated with each model in .4, is no longer identical; the
costs, y(m;), i = 1,2, 3,4, defined by Eq. (17) must reflect this. Table 4 lists the average CPU times
required to calculate one sample of each of the four candidate models in .#,. Samples of the
Gaussian process, mj, can be calculated with the least effort; the filtered Poisson process with
A3 = 10,000, mj, requires slightly more. Samples of the filtered Poisson process with
A4 = 100,000, my, take approximately 10 times longer to generate than either m; or ms. The
corresponding costs, scaled by deterministic parameter y,>0, are listed in Table 4. In each case,
y(m;)/y, is the average CPU time of m;, normalized by the CPU time of m (the fastest).

Table 5 lists the expected utilities of each m; € .#, using Eq. (19). Results for the different
values of b, the location of the oscillator, and w,., the resonant frequency of the oscillator, are
shown for 6d = 4. Parameters f; =1, f, =2, and y, = 0.05 were used for calculations. The
translation process, m,, is selected most often; the cost of m, is not significantly greater than that
of my, and it, in general, provides slightly conservative estimates of P(g(Y)<d). The filtered
Poisson process with 4 = 10,000, mj3, is selected only twice; it provides overly conservative
estimates of system performance in many cases. The Gaussian model, m, is selected only for the
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Table 4
Average CPU times and costs

Model CPU time (s) Cost, y(m;)

m 0.6558 Yo

ny 1.025 1.563y,

ms 0.6886 1.050y,

my 6.114 9.323y,

Table 5

Expected utilities of each m; € />

b (em) o, (Hz) u(my) u(m;) u(ms) u(my)

31.75 2000 5.109 x 1073 7.924 x 1073 5.344 x 1073 4.666 x 1072
31.75 2250 1.854 x 1072 1.800 x 1072 2.182 x 1072 5.667 x 1072
31.75 5000 2.507 x 1072 2.108 x 1072 2.560 x 1072 5.706 x 1072
57.15 2000 5013 x 1073 7.830 x 1073 5.265 x 1073 4.667 x 107>
57.15 2250 8.294 x 1073 1.006 x 1072 8.209 x 1073 4796 x 107>
57.15 5000 4.013 x 1072 3.061 x 1072 4317 x 1072 6.811 x 1072
95.25 2000 5.003 x 1073 7.819 x 1073 5254 x 1073 4.664 x 1072
95.25 2250 7.085 x 1073 9.276 x 1073 7.060 x 1073 4742 x 1072
95.25 5000 5.810 x 1072 3972 x 1072 6.699 x 1072 9.117 x 1072
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Fig. 22. Sensitivity of m* to changes in cost parameter: (a) m*|y, = 0, (b) m*|p, = 0.005, (c) m* |y, = 0.01, and (d)

m* |y, — oo.
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case when w, = 2000 Hz, i.e., when the oscillator frequency coincides with a resonant frequency of
the beam. This is because the tail estimates nearly coincide here (see Fig. 20), and the cost term
dominates the utility. Model my4 provides slightly conservative estimates of system performance,
but is never selected due to its large computational cost (see Table 4).

5.4. Sensitivity of optimal model

We consider the sensitivity of the optimal model to changes in parameter y,, the weight on the cost.
For y, = 0, the computational costs of the models are ignored in the model selection process; as
Yo —> 09, the cost dominates the model selection process. Fig. 22 shows the optimal model, denoted by
m*, for each value of b and . considered, for four values of y,. The case where y, = 0.005
corresponds to the results of Table 5. For y, = 0, computational cost is ignored, and model my is
selected most often. As v, increases, the Gaussian model, m, is optimal for any b and w,.

6. Conclusions

A method for selecting optimal models for the environment during atmospheric re-entry of a
spacecraft was developed. The method was based on a decision-theoretic approach for selecting
the optimal member from a collection of candidate models for the environment under limited
information. Two cases were considered. First, the environment was assumed Gaussian with
partially defined second-moment properties. Second, the environment was assumed to be
completely defined in the second-moment sense, but with an unknown marginal distribution
function. For each case, a collection of candidate models was considered, where each model in the
collection was consistent with the available information. The optimal model in the collection
minimized a postulated utility function. It was found that: (1) the often-used assumptions of
perfect or zero spatial correlation on the input process were unfavorable, (2) non-Gaussian
models for the input were sometimes optimal, and (3) results can be sensitive to the utility
function.
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