Available online at www.sciencedirect.com

R JOURNAL OF
scmuce@nmscr SOUND AND

= VIBRATION
ELSEVIER Journal of Sound and Vibration 291 (2006) 19-47

www.elsevier.com/locate/jsvi

The transient responses of a special non-homogeneous
magneto-electro-elastic hollow cylinder for
axisymmetric plane strain problem

P.F. Hou™*, H.J. Ding®, A.Y.T. Leung®

#Department of Engineering Mechanics, Hunan University, Changsha 410082, PR China
®Department of Civil Engineering, Zhejiang University, Hangzhou 310027, PR China
“Department of Building and Construction, City University of Hong Kong, Hong Kong, SAR China

Received 14 June 2004; received in revised form 6 May 2005; accepted 23 May 2005
Available online 19 August 2005

Abstract

By virtue of the introduction of new dependent variable and the separation of variables technique, the
transient responses of a special non-homogeneous magneto-electro-elastic hollow cylinder are transformed
to two Volterra integral equations of the second kind of about two functions with respect to time. These
integral equations can be solved successfully by means of the interpolation method. Then, the complete
solutions of displacements, stresses, electric potential, electric displacements, magnetic potential and
magnetic inductions are obtained. The present method is suitable for a magneto-electro-clastic hollow
cylinder with an arbitrary thickness subjected to arbitrary axisymmetric mechanical and electromagnetic
loads. Numerical results are finally presented.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

The analysis for dynamic problems of elastic bodies is an important and interesting research
field for engineers and scientists. Being of the common structural form, the hollow cylinders are
studied extensively. For pure elastic media, Cinelli [1] obtained the theoretical solutions of
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dynamics of cylindrical and spherical shells. The dynamic responses of cylindrical and spherical
shells were studied by Chou and Koenig [2] and Rose et al. [3]. Wang and Gong [4] studied the
stress responses of isotropic cylindrical shells shocked at the inner surface. For piezoelectric
media, Adelman and Stavsky [5,6] studied the axisymmetric free vibrations of radially and axially
polarized piezoelectric ceramic hollow cylinders. Shul’ga et al. [7] and Paul and Venkatesan [§]
investigated the axisymmetric and three-dimensional electroelastic waves in a hollow piezoelectric
ceramic cylinder. The free vibrations of piezoelectric, empty and also compressible fluid filled
cylindrical shells for three-dimensional problems were studied by Ding et al. [9,10] in recent years.
There are also many works that have been done for non-homogeneous materials. Among them,
the special case where Young’s modulus has a power law dependence on the radial coordinate,
while the linear thermal expansion coefficient and Poisson’s ratio are constants, has been
considered by many scientists and engineers. For instance, Shaffer [11] obtained the general
solutions for a non-homogeneous orthotropic annular disk in plane stress subjected to uniform
pressures at the internal and external surfaces. The rotation problem of a non-homogeneous
orthotropic composite cylinder was considered by El-Naggar et al. [12]. Horgan and Chan [13]
investigated the pressured functionally graded isotropic hollow cylinder and disk problems. The
transient thermal stresses in a rotating non-homogeneous cylindrically orthotropic composite tube
and in a non-homogeneous spherically orthotropic elastic medium with spherical cavity were
studied by Abd-Alla et al. [14,15]. Tarn [16] obtained the exact solutions of functionally graded
anisotropic cylinders subjected to thermal and mechanical loads for steady-state problem. Ding et
al. [17] gave the solution of a non-homogeneous orthotropic cylindrical shell for axisymmetric
plane strain dynamic thermoelastic problems. The torsional oscillations of a finite non-
homogeneous piezoelectric cylindrical shell were also investigated by Sarma [18]. In the above
studies, the variation of material density is often assumed to be the same as that of Young’s.
More recent advances are the intelligent composites made of piezoelectric/piezomagnetic
materials. This material not only has the ability of converting energy from one form to the other
(among magnetic, electric and mechanical energies), but also exhibits a magnetoelectric effect that
is not present in single-phase piezoelectric or piezomagnetic materials [19-21]. Most works for
magneto-electro-elastic composites are focused on the optimization of material properties [19-32],
especially the magneto-electro effect. For static problems, Wang and Shen [33] obtained the
general solution of three-dimensional problems in transversely isotropic magneto-electro-elastic
media and further derived the fundamental solution for dislocation and Green’s functions in half-
space. In addition, Wang and Shen [34] studied the two-dimensional problem of inclusions of
arbitrary shape in magneto-electro-elastic composites. Liu et al. [35] obtained the Green’s
functions for an infinite two-dimensional anisotropic magneto-electro-elastic medium containing
an elliptical cavity. Pan [36] derived the exact solutions for three-dimensional, anisotropic,
magneto-electro-elastic, simply supported and multilayered rectangular plates under static
loadings. For dynamic problems, the authors only found that Pan and Heyliger [37] studied the
free vibrations of simply supported and multilayered rectangular plates and derived the analytical
solutions. Ding et al. [38], Hou et al. [39] obtained the analytical solution for the axisymmetric
plane strain electroelastic dynamics of a non-homogeneous piezoelectric hollow cylinder. Hou and
Leung [40] further study the corresponding problem of magneto-electro-elastic hollow cylinders.
In this paper, the transient responses of a special non-homogeneous magneto-electro-elastic
hollow cylinder subjected to arbitrary mechanical and electromagnetic loads are searched. Firstly,
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a new dependant variable is introduced to rewrite the governing equations, the mechanical
boundary conditions and the initial conditions. Secondly, a special function is introduced to
transform the inhomogeneous mechanical boundary conditions into the homogeneous ones.
Thirdly, by virtue of the separation of variables technique, and utilizing the initial conditions and
electromagnetic boundary conditions, two second kind of Volterra integral equations about two
functions with respect to time are derived, which can be solved by means of the interpolation
method. Thus, the complete transient responses of the displacements, stresses, electric potential,
electric displacements, magnetic potential and magnetic inductions are obtained. At last, the
transient responses of the magneto-electro-elastic hollow cylinder with different non-homo-
geneous state are investigated for the sudden constant load and dynamic combined load,
respectively.

2. Basic equations

As suggested by Pan [37], when the body force, free charge density and current density are
absent, the basic equations for the dynamics of magneto-electro-elasticity can be expressed as

_, 4 b0, By=0 1
%jj =P 55 D=0 B=0, (la—c)
0jj = Cir — ewjEr — digiH, (2a)
D; = eyqép + e Er + gy Hr, (2b)
B = di& + g Ex + piyHy, (2¢)
g =5(uij+uw,), Ei=-®;, H=-Y, (3a—c)

where 0, &, u;, E;, D;, H; and B; are the components of stress, strain, displacement, electric field,
electric displacement, magnetic field and magnetic induction, respectively; @ and ¥ are electric
potential and magnetic potential, respectively; c;us, exij» diij» &> 9;; and p;; are elastic, piezoelectric,
piezomagnetic, dielectric, electromagnetic and magnetic coefficients, respectively; and p is the
mass density of the material.

Here, we consider orthotropic and radially polarized magneto-electro-clastic media with the
non-homogeneous case that all physical coefficients have a power law dependence on the radial
coordinate. Thus, the corresponding basic equations in a cylindrical coordinate system (r, ¢, z) can
be obtained from Egs. (1-3) as follows:

0oy 00,y 00  Op — Opg o\ 6211,
o Tt T - =F (b) o2
0o,y 00pp 00y. 200 o\ 62u¢
or "¢ Toz T s =r(3)" T2

00, 00¢y. 00.. 0z _ p(g)m %u.

— 4
or + rog + 0z r o’ (4a)
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139 1op, aD,
19 1 0B, aB
BT gt =0 (40)

0pp = (Cl117pp + 12722 + €137y — €31 Er — dy H,)(r/b)™,

.- = (C12Vpgp + 22722 + €237,y — € E, — d3aH,)(r/b)™,

Or = (1394 + €237z + €337, — e3E, — ds3H,)(r /b)Y,

0z = (2c44),. — euE- — dosH-)(r/b)™",

rp = (20557, — e15Ey — d1sH )(r/b)*",

G4 = 26674-(r/b)*", (5a)

Dy = (2e157,4 + en1Eyp + guHy)(r/b)™,
D. = (2exy,. + enE: + gnH.)(r/b)*",
D, = (631V¢¢ +eny.. +eny, + ek + g33Hi‘)(r/b)2Na (Sb)

By = (2d157,5 + 911 Ep + i Hy)(r /b)Y,
B. = (2d4y,. + gnE- + i H-)(r/b)*Y,

B, = (d317/¢¢ +dsy., +d3sy, + g Er+ ,u33H,)(r/b)2N (5¢)
_ Ouy 1 6u¢ _ Ou,
Y = or’ V(,bqﬁ 7‘ a¢ Ve = 0z’
1 6u2+aur . 1 1 aur+6u¢ Ugp
=\ or Taz )0 T2\ T or 1)
1 (Ouy 1 0u.
Y4 =2 (5*? a¢>’ ©
0P 100 Rl
Er__§5 E(/):_;%a Ez:_ga (6b)
oY 1 0¥ ovY
Hr_—E, H¢=—;a¢, HZZ—E, (6C)

where b and N are determined constants. There are altogether 28 independent constants in
Egs. (5), which include 9 elastic constants, 5 piezoelectric constants, 5 piezomagetic constants, 3
dielectric constants, 3 electromagnetic constants and 3 magnetic constants. When N =0,
Egs. (4-6) degenerated to the basic equations of homogeneous media.
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3. Problem description

23

Consider an orthotropic, radially polarized and non-homogeneous magneto-electro-elastic
hollow cylinder with inner and outer radii of @ and b (Fig. 1). There are axisymmetric mechanical

and electromagnetic loads acting on its boundary.

From the view point of three dimensions, this is an axisymmetric problem with u, = u,(r, z, 1),
up =0, u. = u-(r,z,1), ® = &(r,z,t) and ¥ = ¥(r, z, t). In this paper, a plane strain condition for

this problem is considered. Thus,
u =u(r, 1), upy=u-=0, O=&1), ¥Y=Yrri.
Substitution of Eq. (7) into Eq. (6) yields

u, , U, 0
= =1U =— e =V =V = Vg =0,
Vrr or (] ’y(f)qb Vzz Pz %4) V(f)

0P
E,=——=-9, Ey=E.=0,
or ¢ -
oy
H=——=-Y, Hy=H.=0
' or ’ ¢

Substitution of Eq. (8) into Eq. (5) yields

Uy ou, 0P oW\ / r\2N
Ogp = | et -+ g otesn ot dan oo <E

Ou, oP 0¥\ /r\2N
0. = Clz—+623—+€32—+d32 (5) ,

or or or
Ou, oP oV /r
O = <613—+C33 a—+€33 a—+d33 5 ><E> ,

Ozr = O0rp = Oz = 07

Uy
D, = <€31 74— €33

Dy=D.=0,

Ou, 0P asv> <r>2N’

o~ e )b

z

Fig. 1. Non-homogeneous magneto-electro-elastic hollow cylinder under coupling loads.
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ou, 0P oW\ /r\2N
B"@“—+“V5‘%3a “%aﬁ(ﬁ ’
B, =B.=0. (%)
Then, by virtue of Eq. (9), Eq. (4) can be simplified as

Oo O, — G4 2N d%u,
rr+ [0} :,0(5> 7

—, 10
or r or? (10a)
10 10
- —(rD )=0, - —(rB,) =0. (10b,c)
The non-dimensional parameters, coordinates and Varlables are introduced as
Cli €23 €3 ds; .
G=—1, =—, e= , d;= i=1,2,3),
" ! €33 l A/ €33€33 l A/ C33133 ( )
di3 C33 a r ct
= s ¢ = ) §=-, é__, T=-,
A/ €33133 p b b b
u = & o, = & o el % o- = O-ZZ
b B r C33 > (b 033 > z 033 b
() D b4 B
(P —_ Fﬁ’ = r , l/j = — @, B - 4 . (1 1)
b\ ¢33 V633833 b\ 3 V33033

Thus, we have

\

/ (33 €33
‘P:—:‘/——:‘/— . 12)
or fi33 O& M33 v (
Then, based on Egs. (11,12), Egs. (9,10) can be translated into following non-dimensional forms:
u Oou oy
= = d
o (Clé+c3 £+€1 6£+ 16§>é ,

=<Czu+ +82&+d 2‘?)6”

&
u Qu 0o oy
<C3é+ag+ 3a—5+d ag)é , (13a)
u u 0@ o\ on
P= G%+“&‘&‘ %ﬁ (130)

6u ago AT
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a(f,‘ gy — 04) _ é2]\/‘ @

F: o2

0 0
sEED =0, (B =0

The corresponding non-dimensional boundary conditions and initial conditions are

O'r(l,l') :pl(r)’ O-r(s» T) :pz(l’),
QD(I,‘L') = (01(1'), @(S, T) = ¢2(T)7
ll/(l,’f) = wl(f)’ '70(5, T) = lpZ(T)7

0
O e S
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(14a)

(14b.c)

(15a)
(15b)
(15¢)

(16)

Every dot over a variable in this paper denotes a partial derivative with respect to initial

conditions time 7.

Thus, the complete governing equations for this problem are obtained and consisted of Egs.

(13-16).

4. Solving technology
4.1. Transform for the governing equations

At first, Eqgs. (13b,c) are rewritten as

0p u ou o
a_e:_“32+ﬁ3 &_—ézN(D_gB)a
o u ou o
6_5_a4z+ﬁ4&_§2—N(B_gD)’

Then, substituting Eq. (17) into Eq. (13a) yields

0
Op = (061 g—I-O(z a—Z)EZN — o3 D — oy B,

u ou
0: = (Vl E"‘ Y2 6_<§> e 73D — 4B,

0
oy = <ﬁ1 %‘i‘ B, %) ey — B3D — B4B,

where

op =cpteos+dio, o=citefs+difs, az=0dler—gd)), os=0(d — ge),

(17a)

(17b)

(18a)

(18b)

(18¢)
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Bi=w, Py=1+4eps+dsfy, PBy=0(es—gdy), Py=0ds—gey), 06=1/1-g),
V1= teus+do, 7=catefstdafy, y3=0(e2—gdy), 74=0(d2— ge,). (19)
Based on Egs. (14b,c), D and B can be derived as

D& ) = é )., Bt = é b(o), (20a,b)

where d(t) and b(r) are undetermined functions with respect to non-dimensional time 7.
Substituting Egs. (18a,c) into Eq. (14a) and utilizing Eq. (20) yield

%u 1 du u 1 d%u as d(t)  og b(x)
—+2 Do A s o5 =— 5 — — S~ 21
652+( N+ )faé 52 ﬁz o2 ﬁz 52(N+l) ﬁz fz(N—H)’ ( )

where
)= LzNﬁl. (22)
Pa
Secondly, a new dependent variable v(£, 1) is introduced as

o(é,1) = ENu(E, ). (23)

Thus, Eq. (21) can be rewritten as

v 1o L, v 10 uydr) o b)
etee " e Rw T ReT Re o

where

n=vVN>+ .. (25)

By virtue of Egs. (18c,20,23), mechanical boundary condition (15a) can be rewritten into
following forms:

ov v

[ﬂz ¢ + Bs E} . = P(7), (26a)
0

[/32 a—z + Bs %] . = P5(1), (26b)

where
P@) = 1) + Bd@) + Bibi).
Pa0) = 5 0+ By + 2 o).
Bs =P — Np,. 27)

Thirdly, the inhomogeneous boundary conditions (26) will be further transformed into the
homogeneous ones by taking

v(&,7) = w(&,7) + Ao(¢ — )" Pi(1) + Bo(¢ — 1) Pa(1), (28)
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where w(&, ) is undetermined function and

1 1
, By = — .
Bom(1 — )"~ + Bs(1 — s)" Bom(s — 1"~ + Bss~'(s — 1)"
Generally, one can take m = 2 if both the denominators of 4y and B, are non-zero; otherwise,
m=3,4,5,... can be adopted.

Substituting Eq. (28) into Eqgs. (24,26) yields

azw 1ow ,w 10w
w2

Ay = (29)

E EQ—” ¢ _B_W (&, 1), (30)
ow
|:ﬁ2 aé * ﬁ5 é:| ¢=sand =1 - 0’ (31)
where
O(&,7) = F(&,7) + [1(E)d(x) + 1r(8)d(7) + Li(&)b(x) + La(¢)b(x) (32)
and

F(ED) = — Aof(E9p1(0) — o0 £ Dpa(e) 52 = 9"y () o

5, [3 (€= 1)),

N = ﬁ éw ﬁg[Auf(é 5) + N+1f(€ 1)]

1(6) = /;3 [Ao(é 9" (6 - l)m],
Ly(&) = ﬁ 5N+2 — B [Aof(é 9+ f(E 1)]
Lo = [Ao(é "+ - 1)"’]
_ o ym—1 AV
Fey = mm = 1 = e E— P 2 ED (33)
Based on Egs. (23,28), initial condition (16) can be transformed into
w(&,0) = (&) + ha(E)d(0) + ha(E)D(0),
W(E,0) = ha(&) + ha(E)d(0) + h3(£)B(0), (34)

where

(@) = 49, — A& — 5", (0) = 22 (€~ 1)"p(0),

B
ha(&) =~ | A& = 9" + Sy (€= D"
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m By m
h3(&) = —P4 | Ao(C — 5) + v €—=D",
N m . By m .
ha(©) = ¢792(S) — Ao(& = )"p1(0) — 7 (€ = D)7p,(0). (35)

Thus, some governing equations are transformed into Egs. (30,31,34).

4.2. Solution

By virtue of the method of variable separation, the solution of Eq. (30) can be assumed in the
following form:

o0
w(& 1) =) R(OTAx), (36)
i=1
where T';(t) is undetermined functions of 7 and

Ri(&) = Y(n, ki, 1)Jy(ki&) — J(n, ki, 1) Y (k;), (37)

here J,(k;£) and Y ,(k;&) are, respectively, the first and second kind of Bessel functions with order
of n. k; is an incremental series of positive roots of the following equation:

J(na kias) Y(na kia 1) - J(l’l, ki: I)Y(}’l, kia S) = Oa (38)

where

T ko) = S (B 4 B 1) + (B — B D)

Y(n, ki, &) = % [(Bs + 1) Y uo1(kid) + (Bs — nfr) Y i1 (kid)l, (39)

and n, f,, f5 are constants defined in Eqgs. (19,25,27).
Thus, we can find that R;(¢) satisfies

dR R
|:ﬁ2 d_é - ﬁs E:| f=s and ¢=1 =0 (40)

So w(&, 1) expressed in Eq. (36) satisfies the homogeneous boundary conditions (31).
In addition, by virtue of the orthogonal property of Bessel functions, it is easy to find that R;(&)

also satisfies
¢de (f d5> " (k" ?)R" - e

1
/ ERiR;dE = §;N,, (42)
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where 6;; 1s the Kronecker delta, and

=1
1 |, (dR, ? 2£2 2 p2
i=— + (k; & —n°)R; 43
2|2 (6) +we-mre ~ @)
Substituting solution (36) into Eq. (30) and using Eq. (41) yield
0 1 .
SR [k%Tl-(r) te Tl-(r)} = —0(0). (44)
i=1 2

Then, by virtue of the orthogonal property (42), the equation to determine 7;(t) can be derived
from Eq. (44) as follows:

Ti(t) + 0 Ti(x) = g;(v). (45)
where
2 2 B !
=gk g =—5 [ owoRred (46)
The solution of Eq. (45) is
Ti(t) = T(0)cos w;t +wi 7:(0)sin ;T + a)i / q,(n) sinw;(t — n)dny, 47)
i iJo

where T;(0) and 77,(0) can be determined by substituting solution (36) into initial conditions (34)
and with the aid of orthogonal property (42) as

Ti(0) = Ay; + A2d(0) + A3;6(0),

T:0) = Ay + A5d(0) + A3:5(0) (48)
and

1 1
Ai=7 | MOREAE (=1.23.4i=123..) (49)

It can be seen that the solution is still not obtained for the undetermined functions d(t)
and b(r) in expression (32) for Q(,t), which is used in Eqgs. (46,47) to determine ¢,(t)
and T;(t). For this object, the electromagnetic boundary conditions (15b,c) will be used as

follows.
At first, by virtue of Egs. (23,28,36), the displacement u(&, 7) can be expressed as

1

e D RAOTi(x) + Ao(& — sY"Pi(e) + Bo(¢ — 1" Pa(n) |- (50)

i=1

u(é,7) =
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Substituting Eq. (20) into Eq. (17) and integrating the result using electromagnetic boundary
conditions (15b,c) yield

14
(&) = o / % u(n, <) diy + BafulE,7) — u(s, D] + @al0)

—51n (g) [d(x) — gh(7)], N=o0,
5 I 1 (51a)
IN <52—N — SZ—N> [d(t) — gb(1)], N#O0,
<1
W(ET) = o / 01, 7) i+ B ) — s, D]+ ()
—d0ln (g) [b(7) — gd(7)], N =0,
+ (51b)

0 1 1

Substitution of Eq. (50) into Eq. (51) and subsequently into the electromagnetic boundary
conditions (15b,c) yields

¢1(7) = o3

00 1 1 1 1 .
S 70 [ RO+ i) [ (="
i=1 S S

1
1 m
+BPx(o) [ e 1= 1" dy

+ B3| D R(DTi(x) + Ao(1 = )" Pi(v) | + () — Byuls, 7)
i=1
5Insfd(z) — gh(z)], N =0,
+! 5 1 (52a)
o (1 _ sz_N> [d(z) — gb(v)], N0, 2

Yi(0) = o4

00 1 1 1 1
S 70 [ RO+ AP [ (=7
i=1 s K

!
1 m
+BOP2(T)/ ) (n—1)"dny

+ By Z Ri()Ti(z) + Ao(1 — 5)"Pi() | + ¥2(1) — Bauls, 7)
i=1
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oIns[b(r) — gd(7)], N =0,

)0
2N

(1 _ S%) [b(c) — gd(t)], N #0. (52b)

Moving the positions of ¢,(t) and V,(t) from right hand side to left hand side of Eq. (52) yields

@1(1) — @y(1) = Z A;Ti(t) + G Pi(t) + G2 Pa(7)

i=1

oIns[d(z) — gb(7)], N=0,
+< 9 1 (53a)
3 (1= 0 10 - gbcon. w0
o
Y1 (1) = o(t) = > BiTHx) + Hi Py(t) + HyP(7)
i=1
o In s[b(z) — gd(7)], N =0,
+< 9 1 (53b)
h (1 - Sz—N> [b(x) - gd(@)]. N #0.
where Gy, G, A;, H|, H,, B; are constants defined in (A.1,A.2).
Substitution of Eq. (32) into the second equation of Eq. (46) yields
qi(t) = Xi(1) + Y1,d(v) + Youd(z) + Z1ib(v) + Z2ib(7), (54)
where Yy;, Yo, Z1;, Z»; are constants defined in Eq. (A.3), and
1
X =12 [ FeoRrgd 59)

Substitution of Egs. (48,54) into Eq. (47) and the result of T';(t) and P;(t), P»(z) in Eq. (27) into
Eq. (53), using the integration-by-parts formula, yields

010 = 9:(0) = Ui(0)+ Vind(@) 4 Vi) + > Wans [ dlpsineo(c =y

i=1

+ Z Wi | b(n)sinw;(t —n)dy, (56a)
i=1 0

Y1(0) — () = Ua(t) + Vapd(7) + Viob(z) + Z W aai /0r d(n7) sin w;(t — 1) dy
i=1

+ ) Wi | b(n)sinwi(x — ) dn, (56b)
i=1 0
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where Va1, Vi, Wati, Wai» Var, Via, Wani, Wi are constants defined in Egs. (A.4) and (A.S),

and

Ui(r) = Gipi(7) + % (7)) + Z Ai{[Ali + (A2i — Y2,)d(0) + (A3; — Z2))b(0)] cos w;t

i=1

1 . : .
+—[Aai + (A2 = Y20)d(0) + (A3 — Z20)b(0)] sin ;T

1 T .
4L / X () sin oz — 1) dn},
Wi Jo

Us(t) = Hip (1) + % (1) + Z Bi{[Ali + (A2 — Y2))d(0) + (A43; — Z2:)b(0)] cos w;T

i=1

1 . . )
+ P [A4i + (A2 — Y2)d(0) + (A3; — Z2;)b(0)] sin w;t

1
1 [F )
+—/ Xi(n)sinw;(t — n)dn}.
Wi Jo
Let 7 = 0, one can obtain from Eq. (56)

a11d(0) + a;nb(0) = by, a1d(0) 4 axb(0) = by,

where aj;, b; (i,j = 1,2) are constants defined in (A.6).
From Eq. (56), one can derive

@1(t) — @y(t) = Uy(1) + Vd(z) + Vipib(z) + Z ; Wdli/o d(n) cos w;(t —n)dny
i=1

oo T
+> ol [ bocosa(s = ma,
i=1 0

Y1 (1) — (1) = Us(t) + Vapd(t) + Vinh(z) + Z @ W i /OT d(n)cos w;(t —n)dn
i=1

+> ol [ boieosoe - mdn
i=1 0

Similarly, substituting T = 0 into Eq. (59) yields
and(0) + anb(0) = di, a21d(0) + anb(0) = da,

(57a)

(57b)

(58)

(59a)

(59b)

(60)

where a;;, d; (i,j = 1,2) are constants defined in Eq. (A.6). Thus, d(0), b(0), d(O) and 15(0) can be

obtained from Egs. (58,60).

Substituting the obtained d(0), d(0), 5(0) and 5(0) into Eqs. (57), one can see that U;(r) and
U»(7) are two determined functions, so that Eq. (56) becomes two Volterra integral equations of
the second kind [41]. It is known that they have unique solution at all times. For some cases, the
analytical solution can be obtained. While for general cases, numerical methods are needed. In
this paper, the recursion formula are constructed by making use of the linear interpolation
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function. In practice, the numerical result can be obtained efficiently by the present method. In
order to show the method of solving the integral equation, the time interval [0, 7] is divided into »
subintervals. The discrete time points are 1o = 0, 71,72, ...,7,. Then the interpolation function at
the time interval [7;_;,7;] is

d(7) = {(Dd(tj-1) +n,(0d(zy),  b(7) = ((D)b(—1) +n;(Db(ry) (G=1.2,...,m),  (61)

where
T—T; T—Ti_ .
G =——L, n@=—>" (j=12....n). (62)
-1 =7 U~ -1
Substituting Eq. (61) into Eq. (56) yields
o J
01(1) = @2(1) = U1(x) + Vard(@) + Virb(t) + Y Wani Y | [Kiped(ti—1) + Mjed ()]
i=1 k=1
o) J
+ ) Wi Y [Kib(te1) + Migb(wi)], (63a)
i=1 k=1

o) J
Vi(5) = o) = Us(r)) + Vard(x)) + Vioh(t) + > Wani Y [Kied(tx-1) + Mg ()]
i=1 k=1

) J
+ Wi Z [Kijb(ti—1) + M jpb(ti)], (63b)
p) =1

where
Kiie = [ {e(p)sinwi(t; — p)dp

Tk—1

My = [} ni(p)sinoi(t; — p)dp

Thk—1

(k=1,2,....j, j=1,2,...,n). (64)

Then one can derive the following formula from Eq. (63):
end(t)) +enb(t)) =1, end(t)) +enb(t)=f, (j=12,...,n), (65)
where

o0 o0
en=Va+ Z W a1iM g, en ="V + Z Wp1iM jjj,

i=1 i=1

oo o0
e =Vap+ E W a2iM i, en=Vp+ Z W poi M 5,
i=1 i=1

00 Jj—1
f1=01(1) — @5(rj)) — Ui(1)) — Z W ai <Kijjd(fj1) + Z [Kipd(ti—1) + Mz'jkd(fk)]>

i=1 k=1

00 j—1
— z Wi (Kz/jb(fj—l) + Z [Kiub(tr—1) + Mi/kb("v'k)]>>

i=1 k=1
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o0 j—1
2 =1(1) = ¥n(1) — Ua(y) — Z Wi (Kfjjd(fj—l) + ) [Ked(ti-) + Mijkd(fk)]>

i=1 k=1

00 Jj—1
- Z W pai (Kyjb(f_/l) + Z [Kixb(tk—1) + M z/kb(fk)]> : (66)
i=1 k=1
Thus, once d(0) and 5(0) are obtained by Eq. (58), one can obtain d(t;) and b(t)) (j =1,2,...,n)
step by step by solving Egs. (65,66). Thus d(t) and b(t) are then determined. Based on these, the
complete transient responses including u(¢, t), ¢(¢, 1), Y(&, 1), D(E, 1), B, 1), 6,(¢, 1), 04(E, 7) and
0-(¢, 1) can be finally determined.

It is noted that only one side of inner and outer surfaces can be prescribed by electric
displacement and magnetic induction, the other side must be prescribed by electric potential and
magnetic potential. For example, the inner surface (¢ = s) are prescribed by

D(s, 1) = D> (1), B(s, 1) = By(1). (67)
Substituting Eq. (20) into Eq. (67), one can obtain
d(z) = sDy(7), b(t) = sBy(7). (68)
Substitution of Eq. (68) into Eq. (20) yields
DED=5 Do), BED =3 Dafo) (69)

Thus the electric displacement and magnetic induction on the outer surface have been determined
by Eq. (69) as

D(1,7) = sDj(1), B(1,1) = sD,(71). (70)

So the outer side must be prescribed by electric potential and magnetic potential as Eq. (15).

In this case, the displacement solution had been obtained until Eq. (49), and the procedure of
solving the Volterra integral equation to determine d(t) and b(t), which had been obtained by
Eq. (68), is avoided. In addition, Eq. (51), which is used to determine the solutions of electric
potential and magnetic potential, contains ¢,(t) and ,(7), so if the boundary conditions of
electric potential ¢,(r) and magnetic potential ,(7) are prescribed in outer surface, Eq. (53)
should be used to obtain ¢,(t) and y,(7).

All above solutions can be degenerated into corresponding non-homogeneous piezoelectric,
piezomagnetic and purely elastic solutions as its special cases. For purely elastic problem (with the
coupling physical coefficients ex;, di;; and g; in Eq. (2) being set to zero), the solution had been
obtained until Eq. (49), because the undetermined functions d(t) and b(t) in expression (32) of
Q(¢,7) vanish. For piezoelectric or piezomagnetic problem (with the coupling of physical
constants dy;, g; and ey;, g; in Eq. (2) being set to zero, respectively), one of d(r) and b(z)
vanishes and the solutions can be obtained similarly by solving one Volterra integral equation
instead of two. These can be found in Ref. [38] for homogeneous piezoelectric hollow cylinder and
in Ref. [39] for non-homogeneous hollow cylinder. In addition, the transient response of
homogeneous magneto-electro-elastic hollow cylinder [40] can be easily obtained by let non-
homogeneous parameter N = 0. All these conclusions had been proved out by numerical results.
For example, when N = 0, the transient responses at & = 0.75 (the middle surface) in Figs. 2 and 5
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of next section agree with corresponding transient responses at £ = 0.75 in Figs. 3 and 6 of
Ref. [40].

5. Numerical results and discussions

Having derived the exact solutions, some numerical results will be presented for the transient
responses of a non-homogeneous magneto-electro-elastic hollow cylinder under zero initial
conditions ¢,(&) = ¢,(&) = 0 and subjected to following loads.

(a) Sudden constant pressure load.:

1 =0, py(1)=—00H(1), ¢1(1)=¢y(1) =0, y,()=,(r)=0. (71)
(b) Dynamic combined loads:
(1) = g sin(z), Ppo(1) = 09 sin(27),

¢1(t) = ¢ cos(31), ¢,(1) = @y sin(41),
¥1(1) = ¥ sin(57), ¥, (1) = Y cos(67), (72)

where ¢, @, Y, are prescribed constant stress, constant electric potential and constant magnetic
potential and o9 = 1.0, ¢, = 1.0, Y, =1.0 are adopted. In addition, H(r) is the Heaviside
function.

In this course, s = 0.5, m = 2, 1, = 1300 = 12 and the first 40 terms in Eq. (36) are taken. The
physical constants of the magneto-electro-elastic material are listed in Table 1.

5.1. Transient responses in non-homogeneous magneto-electro-elastic hollow cylinders under sudden
constant pressure load

In cases of N = —1, 0 and 1, the transient responses of all dimensional components at ¢ = 0.75
(the middle surface) in non-homogeneous magneto-electro-elastic hollow cylinder subjected to
loads (71) are compared in Fig. 2. In addition, the distributions of all dimensional components
along ¢ at two determined time T = 4.0 and 8.0 are plotted in Fig. 3.

Table 1

Physical constants of magneto-electro-elastic hollow cylinder [24]

11 C12 €13 €33 C44 g1

2.86 x 10! 1.73 x 10" 1.70 x 10! 2.695 x 101 4.53 x 10'° 50 x 10712
€1s €31 €33 e €33 933

11.6 —4.4 18.6 8.0 x 107! 9.3 x 107! 3.0 x 10712
dis d3y ds3 Ui U33

550 580.3 699.7 —5.90 x 1074 1.57 x 107

Units: elastic constants: Nm™2; piezoelectric constants: Cm™2; piezomagnetic constants: NA™'m~!; dielectric

constants: C2 N~' m~2; electromagnetic constants: Ns V- C™!; magnetic constants: Ns2 C~2.
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From Figs. 2 and 3, some information can be obtained as follows:
(1) The peak values of all components increase quickly with the increase of N (Fig. 2).

(2) The peak value of o is larger than those of ¢, and o, and becomes the primary stress in any
case of N (Figs. 2b—d).
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Fig. 2. Transient responses of all non-dimensional components at ¢ = 0.75 (the middle surface) for sudden constant
pressure.
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(3) The transient responses of stress o, and electric potential ¢ change intensely along
with 7 (Figs. 2b and e), i.e. they are sensitive to loadings and can be used as a
suitable feedback in smart system. So we can regard them as the smartest one of all
components.
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(4) The distribution of stress o, changes dramatically along ¢ and show very complicated
characteristics compared to those of other components (Fig. 3b).

5.2. Transient responses in non-homogeneous magneto-electro-elastic hollow cylinders under
dynamic combined loads

In cases of N = —1, 0 and 1, the parallel numerical results for dynamic combined loads (72) are
plotted in Figs. 4 and 5.
From Figs. 4 and 5, some information can be obtained as follows:

(1) The relation between the peak values of all components with N shows some new
characteristics. Except u, which is same as that for constant pressure and increase with the
increase of N (Fig. 4a), 6,, 64, 0., D and B are contrary to those for constant pressure and
decrease with the increase of N (Figs. 4b—h). In addition, the peak values of ¢ and yy show an
undetermined relation with N (Figs. 4¢ and g).

(2) Contrary to constant pressure, g is not still the primary stress, it has the same importance
with ¢, and o, for their same level of peak values (Figs. 4b—d).

(3) The transient responses of stress o, for combined dynamic loads is still the smartest
one of all components (Fig. 4b), while the electric potential ¢ is not in smart form (Figs. 4b
and e);

(4) Similar to constant pressure, the distribution of stress o, along ¢ still shows complicated
characteristics than those of other components (Fig. 5b).
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Fig. 3. Distributions of all non-dimensional components along & at two determined time 7 = 4.0 and 8.0 for sudden
constant pressure. Solid line (—) for case of N = —1, dash line (——) for case of N = 0, dash dot line (—- —-) for case
of N=1.

In addition, the calculation also shows us some information as follows:

(1) The numerical results on the boundaries of ¢ = 0.5 and 1 satisfy the prescribed boundary
conditions and the precision level is up to 107> at least. This also can be seen from Figs. 3b.e,g
and 5b,e,g.
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(b) T

Fig. 4. Transient responses of all non-dimensional components at & = 0.75 (the middle surface) for dynamic combined
loads.

(2) By using linear interpolation functions or high-order interpolation functions, the
accurate results can be obtained effectively. It is noted here that the recursion
formula becomes very simple when linear interpolation functions are used. Particularly, the
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160
120

Fig. 4. (Continued)

simplest recursion formula will be obtained when equal time steps are used. Based on many
kinds of tests, we conclude that the satisfactory numerical results can be obtained
when At1<0.05.
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(3) Calculations for the sudden constant electric potential and magnetic potential on the inner
surface of non-homogeneous magneto-electro-elastic cylinder show that they have a similar
form of transient responses with those for sudden constant pressure.

6. Conclusions

In this paper, we have derived an analytical solution for the transient responses of a special non-
homogeneous magneto-electro-elastic hollow cylinder with arbitrary thickness subjected to
arbitrary mechanical and electromagnetic loads. The present solution can be degenerated to those
of corresponding purely elastic, piezomagnetic and piezoelectric problems as its special cases.
They can not only provide benchmarks for numerical methods, such as the finite element and
boundary element methods, but also can offer a simple and accurate tool for the prediction,
identification and study of the complex dynamic characteristics of coupling mechanical and
electromagnetic fields in the working magneto-electro-elastic components, such as sensors and
actuators in active structures.

In three non-homogeneous cases, typical numerical examples are presented for
magneto-electro-elastic hollow cylinders, which are subjected to sudden constant pressure
load and dynamic combined loads, respectively. It can be concluded that the transient
responses of coupled fields show complicated characteristics, including the relations
between the peak values of all components with non-homogenecous parameter N, the
determination of the smartest component and primary stress etc. All these should be determined
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by calculation and analysis, which are taken according to the corresponding loads and physical

properties.
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Appendix A. Definition of constants

b
G =4 [063/ W(’? — )" dn + f5(1 - S)m] ;

1 1 m 53
Gy = By |a3 W(’?—l) dn —

| 1
4= / v RO dn+ fy [Ri(l)

l 1 m m
=A0[0<4/ 1= 9"+ (1 =) }

: 1 m ﬁ4
Hy = By |y W(’?—l) d’?‘

bl 1 .
Bi=as [ g RO+ By RO = RO (=123,

P P

Ak )]

s 5 - W}

_W&@]U=L;xq,

=2 [nereas  vi=-B [ norea:

LJs LJs

Zu=-2 / LOReds,  zm=-b
N; Js ’ N; Js
dlns,

Var = 53<G1+N+1>+ZAY21 i(l—

2N

oglns,

€ -
Vi :ﬁ“(GH—W) +>  AiZsi - 5_g<1_s_

P 2N

1
Ly(&R;EdE,
N =0,

—)9 N;éoa

N =0,
>, N #0,

(A.la)

(A.1b)

(A.lc)

(A.2a)

(A.2b)

(A.2¢)

(A.32)

(A.3b)

(A.4a)

(A.4b)
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A;
Wai = —(Y1; — Yy,
2

A
Wi = —(Z1; — Zyo?),
(4

i, o dglns, N =0,
Vd2=ﬁ3<H1+W)+;BiY2i_ 25_]%<1_S2LN>’ N #0,
i, o 551ns, 1 N =0,
Vbz:ﬁ4<H1+W> +;B,-Zz,-+ W<1_s2—N>’ N#0,

B;

Wai = —(Y1; — Yy,
2
B.

Wi = —(Z1; — Zyo?),
w;

o0 o0
an =Va + Z Ai(Ar — Y), ap = Vi + Z Ai(A3 — Z2),

i=1 i=1

o0

o0
ay =Va + Z Bi(Ay — Y»)), an = Vi + Z Bi(A3i — Z),

i=1 i=1

G o0
b1 = 91(0) = 9:(0) = Gipy(0) =T ps(0) = 3 Aidd,
i=1
H, >
by = 1(0) = 2(0) = Hipi(0) = —7pa(0) = 3 _ Bids
i=1
G

@1 = 91(0) = 920) = Gupr(0) = 5h0) =3 A

ds = Y (0) = (0) ~ Hipy ()~ 2p0) = > Bid:
i=1

45

(A.4c)

(A.4d)

(A.52)

(A.5b)

(A.5¢)

(A.5d)

(A.62)

(A.6b)

(A.6c)

(A.6d)

(A.6e)

(A.6f)
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