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Abstract

In this paper, we study the effect of a crack on the vibratory response of a simplified aero-engine bladed-
disk model, which consists of cantilevered beams (blades) coupled with springs (inter-blade internal
coupling). Our goal is to obtain qualitative understandings of the unique dynamic behavior of such
structure with crack, i.e., the occurrence of vibration localization and its level. A fracture mechanics based
approach is employed to evaluate the crack induced stiffness loss on a single beam. By taking advantage of
the structural periodicity or near-periodicity, using the U-transformation approach we then develop
analytical solutions to the free and forced vibrations of the bladed-disk with a single crack. It is identified
that, while the stiffness loss on a single beam could be small and may not cause a significant frequency
change, it could lead to the free and forced vibration localization in a periodic structure. The intrinsic
relation between the response amplitudes and various system parameters such as internal coupling, crack
severity, excitation patterns and number of blades is systematically investigated.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction and research overview

Bladed-disk structures designed to be cyclically periodic are widely used in turbomachinery.
The dynamic analysis of the bladed-disk structures can be greatly simplified by enforcing
periodicity, i.e., assuming that all blades are identical and their associated disk sectors are
see front matter r 2005 Elsevier Ltd. All rights reserved.
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symmetric and homogeneous [1]. However, in practice, the cyclic symmetry of these structures is
inevitably destroyed by imperfections resulted from manufacturing tolerance or in-service
damage. These small blade-to-blade irregularities or deviations are oftentimes referred to as
mistuning. Periodic structures with weak internal coupling have demonstrated high sensitivity
with respect to such mistuning, which may lead to a well-known phenomenon called vibration
localization [1–3]. Many studies have shown that even a small degree of mistuning can have a
dramatic effect on the vibratory behavior of periodic structures, i.e., a single blade or a few blades
of the mistuned structure may experience vibration response amplitudes and local stresses that are
excessively high compared to those of the corresponding nominally tuned structure [3].
To date, a significant number of studies [4–10] have focused on the underlying mechanism of

vibration localization in bladed-disks. Although these studies have led to some general
conclusions, most of them deal with structures with small random mistuning on each blade;
this is thoroughly appropriate for situations in which the mistuning is due to manufacturing
tolerances. Crack damage, on the other hand, typically occurs on a single blade and could have
more severe local effects than the structural and material irregularities caused by manufacturing
tolerances. As such, an analysis of this scenario is of great importance. If a newly created crack
causes vibration localization, the excessive vibration amplitudes and local stresses could cause
deterioration through high cycle fatigue and accelerate the crack propagation. In this paper, we
study the effect of single crack on the vibratory response of a simplified aero-engine bladed-disk
model which consists of cantilevered beams (blades) coupled with springs (inter-blade internal
coupling). The individual blade of the bladed-disk is modeled as an Euler–Bernoulli beam.
Although it is simplified, this model has been widely used in a variety of studies to qualitatively
characterize the dynamic behavior of typical periodic and nearly periodic structures such as
bladed-disks [6,7,11,12]. The assumed mode method is used to discretize the beam motion, which
yields the system equation in the modal space. It should be noted that this modeling strategy is
generic in nature, because for a real bladed-disk assembly we may also use the modal information
of an uncoupled blade obtained via finite element analysis as assumed modes to reduce the
corresponding system equation into the modal space. A fracture mechanics based model [13] is
adopted to estimate the stiffness loss due to a crack on a single beam. By taking advantage of the
unique property of periodic or nearly periodic structures, using the U-transformation approach
[11] we then develop analytical and closed-form solutions to the free and forced vibrations of the
bladed-disk with a single crack. A series of parametric analyses are performed. Specifically, we
consider how the vibration localization level varies as a function of the various system parameters,
such as inter-blade internal coupling, crack severity, excitation patterns, and number of blades.
2. Local crack effect modeling

A simplified bladed-disk model is illustrated in Fig. 1, which consists of N cantilevered beams
coupled with massless linear springs. A crack on a blade/beam can cause local stiffness change,
and correspondingly, result in changes in structural dynamic properties such as natural
frequencies and mode shapes. In this section, we first evaluate how a crack changes the stiffness
and natural frequencies of a single beam, by utilizing the methodology developed by Kim and
Stubbs [13].
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Fig. 1. (a) Bladed-disk model; (b) beam 1 with stiffness loss due to crack.
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The Euler–Bernoulli theory is used to model the cantilevered beams. Consider a beam with a
single crack. It is worth emphasizing that the main goal of this research is to explore qualitatively
how various parameters in a cracked bladed-disk affect the vibration localization behavior.
Therefore, for simplicity, here we assume that the crack extends over the entire width of the beam
and use one parameter, the depth a to quantify the crack. The ith natural frequency and mode
shape of the undamaged beam are oi and fi, respectively. When the crack appears, the ith natural
frequency and mode shape become o�i and f�i , respectively. Neglecting the mass change and other
geometrical changes due to the crack, we use a first-order perturbation method to quantify the
changes in the natural frequencies due to the presence of the crack. The fractional changes in
modal strain energy can be related to the fractional changes of the eigenvalues (frequencies) in the
following manner [13,14]:

dli

li

¼
dW i

W i

, (1)

where W i ¼
1
2

R L

0 EIðf00i ðxÞÞ
2 dx and dWi are the ith modal strain energy of the undamaged beam

and its loss due to crack, respectively, and dli/li is the fractional change of the ith eigenvalue due
to crack. Here L is the beam length, E is the Young’s modulus, and I is the area moment of inertia
of the beam. The modal strain energy of the Euler–Bernoulli beam can be obtained in a
straightforward manner. For an edge crack, the ith modal strain energy loss dWi can be calculated
from the energy release rate by implementing linear elastic fracture mechanics theory, which is
expressed as [13–15]

dW i ¼
ptð1� v2Þ

2E
a2s2kG2

� �
i

, (2)

where t is the beam width, v is the Poisson ratio, a is the crack depth at location xk, sk ¼
1
2

EHf00i ðxkÞ represents the maximum flexural stress at location xk along the longitudinal direction,
and G is a geometrical factor depending on the ratio of crack depth a to beam height H [13,15],

G ¼ 1:122� 1:40ða=HÞ þ 7:33ða=HÞ2 � 13:08ða=HÞ3 þ 14:0ða=HÞ4.
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Substituting these expressions and Eq. (2) into Eq. (1) yields

dli

li

¼
dW i

W i

¼ ZSik
a

H

� �2
i
,

where

Sik ¼ f00i ðxkÞ
� �2�Z L

0

f00i ðxÞ
� �2

dx,

Z ¼ 0:25pt 1� v2
� �

G2H4=I .

Our interest is in the global dynamic properties of the bladed-disk. Therefore, the local beam
modeling must enable us to characterize the global properties. For the nominal bladed-disk
structure without any imperfection or crack, all the beams are identical. The springs, which are
used to emulate the inter-blade internal coupling (Fig. 1), split the N-fold natural frequency of the
structure consisting of uncoupled beams into a group of natural frequencies. While each beam has
an infinite number of degrees-of-freedom (and the corresponding natural frequencies), we employ
the assumed mode method to describe the beam motion, which is essentially a modal space
approach. In order to gain fundamental insight into the response characteristics, here we only use
the first beam mode f1(x) for discretization. This reduces each beam (blade) into a single degree-
of-freedom structure. If one is interested in the effect of a crack on another frequency/mode group
of the bladed-disk structure, one may use the corresponding beam mode for discretization. It
should be noted that this modeling strategy is generic in nature, because for a practical finite
element model of a bladed-disk assembly, we may also use the modal information of an uncoupled
blade obtained via finite element analysis as assumed modes to reduce the corresponding system
equation into the modal space. In the aforementioned simplified bladed-disk model, the
undamaged (nominal) beam’s natural frequency is denoted as obð¼ o1Þ, and that of the damaged
beam is denoted as o�bð¼ o�1Þ. Thus the fractional change in the natural frequency of the damaged
beam can be obtained as

o2
b � o�2b

o2
b

¼
�DK

K
¼ ZS1k

a

H

� �2
1
� �Df , (3)

where K is the equivalent nominal beam stiffness, and DK is the stiffness loss due to crack damage.
In what follows we use Df to represent the stiffness loss ratio. The stiffness loss can now be
quantified, given parameters of the beam and the crack.
Table 1 lists 3 crack cases. The cross section and the length of the beam are, respectively,

0.032m� 0.016m and 0.72m, and the material properties are E ¼ 206GPa, v ¼ 0:29, and
Table 1

Damage scenarios and natural frequencies (rad/s) of cracked beam 1

Crack case Location (xk/L) Depth (a/H) ob on
b Df

1 0.5 0.160 325.1 321.9 �0.02

2 0.5 0.221 325.1 318.6 �0.04

3 0.5 0.287 325.1 311.8 �0.08
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r ¼ 7650kg=m3, which are the same as those used in Ref. [13]. These local results are later used in
the study of global dynamic properties. It is interesting to note that while the crack depths are
large, the corresponding frequency changes are very small. This implies that the frequency change
information might not have sufficient sensitivity for crack damage detection.
3. Free vibration analysis and crack induced mode localization

We consider the free vibration of the simplified bladed-disk model shown in Fig. 1. For the
damaged structure, we assume only one beam has a crack, which, for simplicity, is designated as
blade 1. Cai et al. [11] developed a general theory to characterize the dynamic property of periodic
structures with a single subsystem irregularity. In this section we use a similar approach to study
specifically the effect of a reduced stiffness in one beam due to a crack. For such system, the free
vibration is governed by the following equations:

K þ 2k �Mo2
� �

qi � kðqiþ1 þ qi�1Þ ¼ Gi ði ¼ 1; 2; . . . ;NÞ, (4)

where

Gi ¼
�DK � q1 ði ¼ 1Þ;

0 ðia1Þ:

(

Here qi is the displacement of the ith beam, o denotes the natural frequency of the bladed-disk
structure, M and K are the equivalent mass and stiffness of each undamaged beam (i.e.,
ob ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
K=M

p
), k is the coupling stiffness, and DK is the stiffness loss on the first beam. Note that,

due to the cyclic symmetry, q0 � qN and qNþ1 � q1. In this paper, we assume that the number of
beams is even, e.g., N ¼ 20.
By Eq. (4), it is obvious that the response of the ith beam qi is coupled to the responses of

its two nearest neighbors qi�1 and qi+1. This equation can be greatly simplified by using the
U-transformation. The U-transformation and the inverse U-transformation are defined as [11]

qi ¼
1ffiffiffiffiffi
N
p

XN

r¼1

ejði�1Þðr�1Þs � xr (5)

and

xr ¼
1ffiffiffiffiffi
N
p

XN

i¼1

e�jði�1Þðr�1Þs � qi, (6)

where s ¼ 2p=N and j ¼
ffiffiffiffiffiffiffi
�1
p

. Substituting Eq. (5) into Eq. (4), we obtain

K 1� lþ 2R2½1� cosðr� 1Þs�
	 


� xr ¼ �DK � q1

. ffiffiffiffiffi
N
p

ðr ¼ 1; 2; . . . ;NÞ, (7)

where R2 ¼ k=K is the nondimensionalized coupling ratio (between the coupling stiffness and the
uncoupled beam stiffness), and l ¼ o2=o2

b is the eigenvalue of the bladed-disk structure. It is
worth mentioning that after the U-transformation, in Eq. (7) the displacement components
are almost decoupled. Substituting Eq. (7) into Eq. (5), we recover the modal amplitude of the
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ith beam,

qi ¼
�Df � q1

N

XN

r¼1

cos½ði � 1Þðr� 1Þs�
1� lþ 2R2½1� cosðr� 1Þs�

ði ¼ 1; 2; . . . ;NÞ. (8)

For the undamaged system, DK ¼ 0, and Eq. (7) yields

1� lþ 2R2½1� cosðr� 1Þs� ¼ 0 ðr ¼ 1; 2; . . . ;NÞ, (9)

which gives the eigenvalues of the undamaged structure (denoted as l0r),

l0r ¼ 1þ 2R2½1� cosðr� 1Þs� ðr ¼ 1; 2; . . . ;NÞ. (10)

Note the corresponding undamaged natural frequencies are o0r ¼
ffiffiffiffiffiffi
l0r

p
ob. It is easy to find out

that o0r ¼ o0;N�rþ2, and the number of distinct natural frequencies is N/2+1. The lower and
upper bounds of the frequency group o0r are, respectively,

oL ¼ ob; oU ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4R2

p
ob. (11)

The frequency band within these two bounds is called the pass-band, and it is well known that if a
frequency falls out of the pass-band, the corresponding vibratory response will be localized [16].
We use the undamaged eigenvalue l0r to further simplify the notations used in the analysis.

When q1a0, from Eq. (8) we can get

�Df ¼ N

,XN

r¼1

1

l0r � l
. (12)

Given a stiffness loss ratio, from the above equation we can solve for N/2+1 eigenvalues (and
thus natural frequencies) of the damaged structure, whose corresponding modes all have q1a0.
This can be illustrated by using a graphical representation developed by Cai et al. [11]. As shown
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Fig. 2. Natural frequencies of undamaged (a) and damaged bladed-disk (b): J distinct frequency; & two-fold

frequency. The first frequency of the damaged bladed-disk falls out of the pass-band immediately, and the

corresponding mode becomes localized.
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in Fig. 2, these N/2+1 eigenvalues are given as the intersection points between a family of
frequency curves (see Eq. (12)) and the horizontal line corresponding to the stiffness loss ratio.
Here the vertical coordinates represent the stiffness loss ratio, and the horizontal coordinates of
the intersection points are the eigenvalues l of the damaged structure. In general, N/2+1 different
eigenvalues l0r lead to N/2+1 curves corresponding to the right-hand side of Eq. (12). For our
specific bladed-disk structure example with 20 beams, we can obtain 11 distinct natural
frequencies from Eq. (12). It is worth emphasizing that, with the stiffness loss DKo0 (i.e.,
�Df40) caused by a single crack, none of the eigenvalues l of the damaged bladed-disk can be
greater than 1+4R2; otherwise, Eq. (12) cannot hold because the right-hand side would be
negative.
The above N/2+1 eigenvalues l are solved under the condition q1a0, so the rest N/2�1

eigenvalues l must correspond to modes whose first component is given as q1 ¼ 0, which can be
obtained directly from Eq. (7). Indeed, under the condition that q1 ¼ 0, these eigenvalues l are not
affected by the crack damage at all and are equal to l0r (r ¼ 2; 3; . . . ;N=2). As shown in Fig. 2,
these eigenvalues are given as the 9 (i.e., N/2�1) intersection points between the frequency curves
and the original horizontal axis (i.e., �Df ¼ 0). From Eqs. (4) and (10), the corresponding modes
can be easily solved as

q1 ¼ 0

q3=q2 ¼ 2 cosðr� 1Þs ðr ¼ 2; 3; . . . ;N=2Þ;

qi ¼ �qi�2 þ 2qi�1 � cosðr� 1Þs ði ¼ 4; 5; . . . ;NÞ:

(13)

These modes are obviously extended modes without localization.
Our special interest here is focused on whether vibration mode localization could occur when

crack damage occurs. Since all the eigenvalues of the damaged bladed-disk must be smaller than
1+4R2 (which corresponds to the upper bound of the pass-band), mode localization can only
occur when any of the corresponding eigenvalues are smaller than 1 (which corresponds to the
lower bound of the pass-band). In what follows we find approximately the analytical solution to
the eigenvalues smaller than 1. Setting N !1 yields the following relation [11]:

lim
n!1

1

N

XN

r¼1

cos½ði � 1Þðr� 1Þs�
1� lþ 2R2½1� cosðr� 1Þs�

¼
1

p

Z p

0

cosði � 1Þydy
1� lþ 2R2ð1� cos yÞ

.

Eq. (8) can then be rewritten as, under the condition that N is large,

qi

q1

¼
qN�iþ2

q1
� �Df

1

2R2p

Z p

0

cosði � 1Þydy
�� cos y

; (14)

where we define � ¼ ð1� lþ 2R2Þ=2R2 (recall here we have lo1, i.e., �41). After some
derivations, we can obtain

qi

q1
¼

qN�iþ2

q1

�
�Df � ��

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1
p� �i�1

2R2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1
p . (15)
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When i ¼ 1, the above equation leads to

�Df

2R2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � 1
p � 1,

which yields one and only one solution l1ðo1Þ (i.e., the first eigenvalue of the damaged
bladed-disk),

l1 � 1þ 2R2 � 2R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df =2R2

� �2q
. (16)

Clearly, with the crack damage, the eigenvalue of the first mode immediately falls out of the pass-
band, which means the first mode immediately becomes localized. On the other hand, with a single
crack damage, only the first mode is localized. Table 2 lists the first eigenvalue l1 of the damaged
bladed-disk with different number of blades. The approximate solution given by Eq. (16) (which is
derived under the assumption N !1) has close agreement with the actual l1 obtained by
numerically solving the eigenvalue problem.
Recall that, for the undamaged structure, the first eigenvalue is l01 ¼ 1 (see Eq. (10)). When the

stiffness loss is small and ðDf =2R2Þ
2
� 1, the difference between the first eigenvalue of the

damaged structure and that of the undamaged structure is approximately equal to ðDf =2RÞ2,
which is small. Nevertheless, the first vibration mode of the damaged structure is localized and
thus is significantly different from that of the undamaged structure. In order to characterize this
localized first vibration mode which has q1a0, we define the attenuation rate g of this mode as

g ¼
q2

q1

. (17)

Taking the logarithm of Eq. (15) and using Eq. (16), we can easily show that

log qiþ1 � log qi ¼ log qN�iþ1 � log qN�iþ2 ¼ log g i ¼ 1; 2; . . . ;N=2
� �

(18)

and

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df =2R2

� �2q
� Df =2R2
�� ��. (19)

At this point, we can conclude that for the localized first vibration mode, the cracked beam has
the highest amplitude (as g must be smaller than 1), whereas the other beams have exponentially
decaying amplitudes. Meanwhile, the attenuation rate g, which is an indicator of the degree of
vibration localization, depends only on the ratio of stiffness loss ratio to coupling, Df/R2. It
should be emphasized that for the original undamaged bladed-disk, in the first mode all the beams
must have the same vibration amplitude. This can also be demonstrated by letting the crack
Table 2

Eigenvalue l1 of bladed-disk with R ¼ 0:2, Df ¼ �0:08

Number of blades Actual l1 Approximate l1

6 0.9663 0.9669

10 0.9668 0.9669

20 0.9669 0.9669
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induced stiffness loss go to zero in Eq. (19). In that case (Df ¼ 0), the attenuation rate becomes 1
which means no decay in vibration amplitude. It should be noted that if ðDf =2R2Þ

2
� 1, the

attenuation rate g is approximately equal to 1� jDf =2R2j, that is, g is additively inverse to
jDf =R2j. Therefore, it is clear that the degree of localization increases with more severe cracks or
smaller coupling ratios, the latter being consistent with all previous studies on randomly mistuned
systems.
Figs. 3a and b illustrate the localized first vibration mode where the beams away from the

cracked beam (i.e. beam 1) have exponentially decaying amplitudes. The exponential decay rate is
Beam Number 

(a) (b)

(c)

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

M
od

al
 A

m
pl

itu
de

11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 

Lo
g(

M
od

al
 A

m
pl

itu
de

) 

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 

Lo
g(

M
od

al
 A

m
pl

itu
de

) 

-9

-8

-7

-6

-5

-4

-3

-2

-1

0

Beam Number Beam Number
11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 

Fig. 3. Localized and non-localized modes of damaged structure with N ¼ 20: (a) 1st mode and slope of the envelope

log g ¼ �0:88 when R ¼ 0:2 and Df ¼ �0:08; (b) 1st mode and slope of the envelope log g ¼ �0:88 when R ¼ 0:1 and

Df ¼ �0:02; (c) 16th mode when R ¼ 0:2 and Df ¼ �0:08. (Note: in panel c the modal amplitude is not plotted in

logarithm scale, because this 16th mode is not localized and some modal components have negative signs.)
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consistent with the analytical solution log g (see Eq. (18)). Figs. 3a and b also show that, for
damaged bladed-disks with the same ratio of stiffness loss to coupling, the degrees of localization
are the same. Fig. 3c shows the 16th mode of the damaged structure, which is clearly not localized.
The results given in Fig. 3 are obtained by numerical solution, and are in complete agreement with
the aforementioned analytical study.
4. Forced vibration analysis

4.1. General solution of the response under excitations with spatially harmonic distribution

In this section we discuss the forced vibration response of a damaged bladed-disk structure. The
external force studied in this research has a spatially harmonic distribution which is the usual case
for aero-engine applications, i.e., the force acting on the ith beam is Fejoetþfi , where j ¼

ffiffiffiffiffiffiffi
�1
p

, oe

is the excitation frequency, and fi ¼ 2pCði � 1Þ=N. Here CðC ¼ 0; 1; 2; . . . ;NÞ is an integer which
is often referred to as the engine order. Using Eq. (1) as basis, we can easily obtain the equations
for the forced response,

1þ 2R2 � O2 þ j � 2xO
� �

qi � R2 qiþ1 þ qi�1

� �
¼ Fi=o2

b � Df � q1 ði ¼ 1Þ, (20a)

1þ 2R2 � O2 þ j � 2xO
� �

qi � R2 qiþ1 þ qi�1

� �
¼ Fi=o2

b ði ¼ 2; 3; . . . ;NÞ, (20b)

where x is the damping ratio, O ¼ oe=ob is the nondimensionalized excitation frequency, and
Fi ¼ ðF=MÞejfi . Using the U-transformation and the inverse U-transformation defined in Eqs. (5)
and (6), we can decouple the above N equations and obtain

1þ 2R2 � O2 þ j � 2xO� 2R2 cosððr� 1Þ � sÞ
� 


� xr ¼
1ffiffiffiffiffi
N
p

F

Mo2
b

XN

p¼1

e�jðr�C�1Þðp�1Þs � Df � q1

" #
,

which, in turn, yields the response amplitude of the ith beam,

qi ¼
1

N

XN

r¼1

ejði�1Þðr�1Þs �

F=Mo2
b

� � PN
p¼1

e�jðr�C�1Þðp�1Þs � Df � q1

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO
: (21)

Setting i ¼ 1, we can get the response of the first beam as

q1 ¼
F

Mo2
b

1

1� O2 þ 2R2ð1� cos CsÞ þ j � 2xO

1þ
Df

N

XN

r¼1

1

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO

. (22a)
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Since Mo2
b ¼ K , Eq. (22a) can be rewritten as

q1 ¼
F

K

1

1� O2 þ 2R2ð1� cosCsÞ þ j � 2xO

1þ
Df

N

XN

r¼1

1

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO

. (22b)

Substituting Eq. (22a) into Eq. (21), we have the forced responses of other beams,

qi ¼ q1 � 1þ
Df

N

XN

r¼1

1

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO

(

�
Df

N

XN

r¼1

cosði � 1Þðr� 1Þs

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO

)
; i ¼ 2; 3; . . . ;N. ð23Þ

Eqs. (22) and (23) coonstitute the general solution of bladed-disk response under the spatially
harmonic excitation.

4.2. Response of undamaged bladed-disk

For the undamaged bladed-disk, the forced response behaviors have been extensively studied
[6]. Such response, denoted as q0(O) hereafter, can now be easily obtained from Eqs. (22b) and
(23) with Df ¼ 0,

q0ðOÞ ¼
F

K

1

1� O2 þ 2R2ð1� cos CsÞ þ j � 2xO
. (24)

Clearly, at a given excitation frequency, all the beams experience the same amplitude ~q0ðOÞ,

~q0ðOÞ ¼
F

K

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lCþ1 � O2
� �2

þ ð2xOÞ2
q , (25)

where lCþ1 ¼ 1þ 2R2½1� cosðC � sÞ�, which is the (C+1)th eigenvalue of the undamaged
structure. The nondimensionalized resonant frequency is

O0r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lCþ1 � 2x2

q
(26)

and the corresponding resonant amplitude is

~q0res ¼
F

K

1

2x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lCþ1 � x2

q . (27)

While these results are the same obtained by Wei and Pierre [6], in what follows these are used as a
baseline for comparing with the response of the damaged bladed-disk. Eq. (27) shows that, under
the same force amplitude, as C increases from 0 to N/2, the resonant amplitude ~q0res decreases to
reach its minimum, whereas as C increases from N/2 to N, ~q0res increases to reach its maximum.
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When C is equal to 0 or N, if x� 1, the resonance occurs approximately at the non-
dimensionalized frequency 1 and ~q0res � ðF=KÞð1=2xÞ. Eq. (27) also indicates that ~q0res increases as
the coupling R2 decreases when C is unequal to 0 or N.

4.3. Response under crack damage

Here we study the forced response behavior of the damaged structure with crack. Comparing
Eq. (22b) with Eq. (24), one can see that the damage effect on the first beam appears in the
denominator of Eq. (22b), which is now defined as

gðOÞ ¼ 1þ
Df

2R2

1

N

XN

r¼1

1

Z� cosðr� 1Þs
, (28a)

where

Z ¼
1� O2 þ 2R2 þ j2xO

2R2
. (28b)

Based upon Eq. (22b), the forced response of the first beam can then be expressed as

q1ðOÞ ¼ q0ðOÞ=gðOÞ. (29)

Recall that q0(O) is the undamaged response (of all beams). Clearly, g(O) characterizes the
amplification effect due to crack damage.
As discussed in Section 3, the first natural frequency of the damaged bladed-disk structure l1 is

smaller than 1 (which corresponds to the lower bound of the pass-band) and thus corresponds to
the localized vibration mode. Therefore, here we specifically study the forced response of the
damaged bladed-disk when the nondimensionalized excitation frequency O is smaller than 1.
By letting N !1, the limit of the series summation in Eq. (28a) becomes a definite integral,
and if Oo1 and x=R2 � 0, (i.e. under small damping assumption x� 1, ReðZÞ41, and
ImðZÞ � 0), it yields

lim
n!1

1

N

XN

r¼1

1

Z� cosðr� 1Þs
¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p .

Eq. (28a) can then be written as, approximately,

gðOÞ � 1þ
Df

2R2

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p , (30)

or

gðOÞ � 1� 1= O4 � 2O2 1þ 2R2 þ 2x2
� �

þ 1þ 4R2
� �� 


=Df 2
þ j4xO 1þ 2R2 � O2

� �
=Df 2

	 
1=2
.

After some derivations, it can be shown that if xOð1þ 2R2 � O2Þ=Df 2
� 0, which is often satisfied

when damping is small, the minimum of jgðOÞj and, hence the maximum amplification, can be
reached when the following condition is satisfied,

O4 � 2O2 1þ 2R2 þ 2x2
� �

þ 1þ 4R2
� �� 


=Df 2
¼ 1. (31)
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The above equation gives the resonant frequency that is smaller than 1,

O2
r ¼ 1þ 2R2 þ 2x2

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4R4 þ 4x2 1þ 2R2 þ x2

� �
þ Df 2

q
. (32)

Note that for the purpose of simplification in discussion, here we tacitly assume that when jgðOÞj
reaches minimum, the response exhibits resonance. The following studies will indicate that this
simplification is a very close approximation to the actual resonance result. Under the small
damping assumption x� 1, the nondimensionalized resonant frequency given in Eq. (32) can be
further simplified as

O2
r � 1þ 2R2 � 2R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df

�
2R2

� �2q
, (33)

which is the same as the eigenvalue l1 corresponding to the localized first mode discussed in
Section 3 of the paper. It is worth emphasizing that this resonance frequency is independent of the
engine order C. In other words, regardless of the specific engine order, the bladed-disk with crack
damage will experience (localized) resonance at the frequency given by Eq. (33).
Next consider the corresponding resonant peak value. Substituting Eq. (31) into Eq. (30) yields

g Orð Þ ¼ 1� 1þ j4xOr 1þ 2R2 � O2
r

� �
=Df 2

� 
�1=2
. (34)

Using a Taylor series expansion, we obtain

g Orð Þ � j2xOr 1þ 2R2 � O2
r

� �
=Df 2. (35)

Hence, the resonant amplitude of beam 1 at the nondimensionalized resonant frequency Or is
given as

~q1res ¼
F

K

Df 2

2xOr 1þ 2R2 � O2
r

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lCþ1 � O2

r

� �2
þ 2xOrð Þ

2
q , (36a)
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or,

~q1res ¼
F

K

Df =2R2
� �2

2xOr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df

�
2R2

� �2q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df

�
2R2

� �2q
� cosCs

� �2
þ xOr=R2
� �2s . (36b)

The above analysis gives a qualitative measure of the forced response of beam 1 at resonant
frequency Or. The approximate solutions to the resonant frequency Or and the associated peak
response are given in Eqs. (33) and (36), respectively. For verification purpose, in Fig. 4 we plot
~q1, ~q0, and ~g under engine order C ¼ 0 solved numerically by direct solution of the forced
vibration problem. Clearly, the minima of ~g result in resonant peaks in response ~q1. The first
minimum of ~g leads to the most significant resonant response of blade 1. This frequency is indeed
the one obtained in Eq. (33). The other minima of ~g are much larger than the first minimum. In
addition, ~q0 decreases drastically when the excitation frequency is away from the undamaged
structure’s resonant frequency O0r. Consequently, the other resonant peaks (that the cracked
blade experiences) are much lower than the first one. The approximate solution of the most
significant resonant peak given by Eq. (36a) has very good agreement with the actual result over a
wide range of damping values, as demonstrated in Fig. 5.
We now compare the vibratory responses of all the beams, and study the vibration amplitude

localization. When Oo1 (i.e., ReðZÞ41), for large N, Eq. (23) can be rewritten as

qi ¼ qN�iþ2 � q1 � 1þ
Df

2R2

1� Z�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p� �i�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p
8><
>:

9>=
>; ði ¼ 2; 3; . . . ;N=2þ 1Þ. (37)

Under the small damping assumption x� 1, we have ImðZÞ � 0. In virtue of Eq. (28b), we have,

0oZ�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p
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Fig. 5. Resonant amplitude of beam 1 at Or for the damaged structure versus damping ratio with N ¼ 20, R ¼ 0:2,
Df ¼ �0:08, and C ¼ 0.
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or

0o1� Z�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p� �i�1

o1 ði ¼ 2; 3; . . . ;N=2þ 1Þ.

Recalling that Df =2R2o0, based upon Eq. (37) we conclude

q1 � 1þ
Df

2R2

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2 � 1

p
( )

oqi ¼ qN�iþ2oq1 ði ¼ 2; 3; . . . ;N=2þ 1Þ,

or

q0oqi ¼ qN�iþ2oq1 ði ¼ 2; 3; . . . ;N=2þ 1Þ. (38)

Clearly, when the nondimensionalized excitation frequency Oo1, the damaged beam has the
largest amplitude among all the beams, and the amplitude of any beam of the damaged system is
also larger than that of the corresponding undamaged system under the same excitation
frequency. This clearly illustrates the effect of forced vibration localization.
Particularly, when O ¼ Or, the amplitude of the damaged beam reaches its resonant peak value.

We then analyze the vibration amplitude of all the beams at this frequency. Substituting Eq. (33)
into Eq. (37) yields

qi Orð Þ=q1res ¼ qN�iþ2 Orð Þ=q1res �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Df

�
2R2

� �2q
� Df

�
2R2

�� ��� �i�1

o1 ði ¼ 2; 3; . . . ;N=2þ 1Þ.

(39)

It is important to note that (1) the forced vibration amplitude decays uniformly between adjacent
beams; and (2) the decay rate is the same as that given in Eq. (19) under free vibration analysis.
Also, the decay rate is independent of the engine order C. For a weakly coupled bladed-disk, (i.e.,

jDf =R2j 	 1),
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

þ Df
�
2R2 � 1, and thus qiðOrÞ=q1res ¼ qN�iþ2ðOrÞ=q1res � 1.

Clearly, the forced response at the resonant frequency Or is extremely localized, with the

damaged beam having the largest amplitude. The decay rate,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� jDf
�
2R2j,

monotonically decreases with respect to jDf =2R2j, which is consistent with the conclusion under
free vibration analysis.
In what follows we discuss the effects of various parameters.
4.3.1. Effect of coupling

For a very weakly coupled bladed-disk (i.e., jDf =R2j 	 1), one can easily see that Or is

approximately equal to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDf j

p
(see Eq. (33)). Substituting this into Eq. (36a) and neglecting

the damping, we find ~q1res � ðF=KÞ½1=ð2x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDf j

p
Þ�, when C ¼ 0orN. Compared with that of

undamaged bladed-disk (see the discussion under Eq. (27)), the resonant response amplitude of

the damaged beam 1 at the resonant frequency Or is amplified by a factor of 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDf j

p
.

Now consider the cracked beam amplitude for a moderately coupled bladed-disk (i.e.,
jDf =R2j � 1). As the coupling ratio increases, the resonant frequency Or and ð1þ 2R2 � O2

r Þ
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(in Eq. (36a)) increase gradually, but

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlCþ1 � O2

r Þ
2
þ ð2xOrÞ

2
q

(in Eq. (36a)) decreases rapidly,
resulting in a fast increase of the resonant response amplitude ~q1res.

For a strongly coupled bladed-disk (i.e., jDf =R2j � 1), the resonant frequency Or approaches 1

and ð1þ 2R2 � O2
r Þ increases drastically as the coupling increases, while

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlCþ1 � O2

r Þ
2
þ ð2xOrÞ

2
q

decreases slowly. This causes the resonant response amplitude ~q1res to decrease. These results are
summarized in Fig. 6, which shows the resonant response of beam 1 at Or as a function of the
structural coupling for the undamaged and damaged cases under engine order C ¼ 0. When
C ¼ 0, although the structural coupling changes, the resonant response amplitude of the
undamaged bladed-disk remains constant. For the particular case shown, the stiffness loss is
Df ¼ �0:08. For a very weak coupling (R ¼ 0:02), the resonant response amplitude of the
damaged beam 1 at Or is slightly larger than that of the undamaged bladed-disk; this amplification

factor is due to the crack damage and is 1.04, which is approximately equal to 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDf j

p
. For a

moderately coupled bladed-disk with jDf =R2j � 1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlCþ1 � O2

r Þ
2
þ ð2xOrÞ

2
q

is inversely propor-

tional to R2. This is confirmed in Fig. 6 by the rapid increase in the resonant amplitude of beam 1,
where the coupling increases from small to moderate levels. On the other hand, for a strongly
coupled bladed-disk, the resonant amplitude of beam 1 decreases as the coupling increases, as
shown in Fig. 6. Fig. 6 also shows that the transition between these two behaviors happens at
R � 0:3.
Fig. 7 shows the forced responses of the undamaged and damaged bladed-disks. Here the

largest beam amplitude throughout the bladed-disk structure is plotted against the external
excitation frequency. In Fig. 7a it is shown that, for a very weak coupling (R ¼ 0:02), the resonant
amplitude at Or is larger than that of the second peak. The second peak of the damaged bladed-
disk almost coincides with the peak of the original undamaged structure. The reason for this is
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obvious: the crack damage reduces the stiffness of only one beam thus the cracked beam
experiences peak response at a new (smaller) resonant frequency Or (with vibration localization),
whereas other beams are almost not affected under very weak coupling. Recall that the original
undamaged bladed-disk has only one resonant peak under any engine order C. Therefore, except
for the additional peak, the forced response of the damaged bladed-disk at other frequencies is
almost the same as that of the undamaged bladed-disk. Fig. 7b illustrates the system behavior
under moderate coupling (R ¼ 0:2). Similarly, an additional peak appears, which corresponds to
the cracked beam’s resonance. Due to the increased coupling, crack damage affects the dynamic
behavior of other beams more significantly. Therefore, other resonant peaks also appear, but with
smaller amplitudes. It is worth noting that, although the amplitudes of the first two peaks are both
larger than ~q0res (the resonant amplitude of the undamaged bladed-disk), the first peak is much
higher. Compared with the two peaks shown in Fig. 7a, the two main peaks in Fig. 7b shift to
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higher frequencies, as the coupling increases. Fig. 7c shows that, for a strongly coupled system
(R ¼ 0:85), the first peak of the damaged response almost coincides with the peak of the
undamaged bladed-disk’s response. This is because, for a strongly coupled structure (i.e.
jDf =R2j � 1), Or obtained from Eq. (33) approaches 1. Compared with that of the first peak
shown in Fig. 7b, the amplitude of the first peak shown in Fig. 7c decreases significantly.

4.3.2. Effect of crack severity

Intuitively, the vibratory behavior of the damaged bladed-disk is dependent on the crack
severity (indicated by Df), as shown in Eq. (36a). From Eq. (36b), we can further see that the
forced response is actually dependant upon the ratio jDf =R2j. Clearly, a decrease in the stiffness
loss due to a crack and an increase in the structural coupling have a similar effect. Fig. 8 shows the
resonant amplitude of beam 1 at Or as a function of the stiffness loss ratio for two different
structural couplings. As shown in Fig. 8a, for a moderately coupled system (R ¼ 0:1), as the
stiffness loss decreases, the resonant amplitude of beam 1 at Or increases, which corresponds to
the trend shown in Fig. 6. In other words, for a moderately coupled bladed-disk under
Df ¼ �0:08, the increase in the coupling in the vicinity of R ¼ 0:1 results in the increase in the
resonant amplitude. Similarly, Fig. 8b shows that under R ¼ 0:3 and Dfo� 0:08, the decrease in
the stiffness loss ratio |Df| results in the increase in the resonant amplitude, while for Df4� 0:08,
the decrease in the stiffness loss ratio |Df| results in the decrease in the resonant amplitude, which
verifies the transition effect observed in Fig. 6.

4.3.3. Effect of engine order

For an undamaged bladed-disk, if the engine order CpN=2, increasing the engine order shifts
the resonant peak to a higher frequency region, whereas if C4N=2, increasing the engine order
decreases the resonance frequency. Increasing C for CpN=2 or decreasing C for CXN=2 also
results in the decrease in the amplitude of the resonant peak. These can be readily observed from
Eqs. (26) and (27).
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Fig. 9 exhibits ~q1, ~q0, and ~g under different engine order excitations for beam 1. Compared with
that ~q1 shown in Fig. 4 (C ¼ 0), when C increases from 0 to 3 or 6, the first resonant amplitude of
~q1 (at frequency Or) decreases. Eq. (36b) shows that increasing the engine order C for CpN=2 or

decreasing C for CXN=2 results in the increase of ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cosCs�2, and the resonant

amplitude of beam 1 at Or decreases, which is shown in Fig. 10. Therefore, when Ca0orN, the
maximum amplitude experienced by beam 1 may not be at frequency Or. Fig. 11 shows that the
largest beam amplitude experienced by the damaged bladed-disk for two different engine orders



ARTICLE IN PRESS

R
el

at
iv

e 
A

m
pl

itu
de

 (
q/

(F
/K

))

 0.9 0.92 0.94 1 1.02 1.04 1.06 1.08 1.1
0

100

200

300

400

500

600 Engine order C=0
Engine order C=2

0.96 0.98

R
el

at
iv

e 
A

m
pl

itu
de

 (
q/

(F
/K

))

0.96 0.98 1.02 1.04 1.06
0

100

200

300

400

500

600

700

800

900

1000
Engine order C=0
Engine order C=2

1

  200

R
el

at
iv

e 
A

m
pl

itu
de

 (
q/

(F
/K

))

0.95 1 1.1 1.151.05 1.2
0

100

300

400

500

600

700
Engine order C=0
Engine order C=2

/e bω ω(a)

(b) (c)/e bω ω /e bω ω

Fig. 11. Largest beam amplitude of damaged structure versus excitation frequency for engine order excitations

(C ¼ 0 and 2) with N ¼ 20, x ¼ 0:001, and Df ¼ �0:08: (a) R ¼ 0:02; (b) R ¼ 0:2; (c) R ¼ 0:85.
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(C ¼ 0 and2). For a very weakly coupled bladed-disk (R ¼ 0:02, Df ¼ �0:08) where jDf =R2j 	 1,
it can be observed in Fig. 11a that the engine order has little effect on the response, since the value

of ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cosCs�2 is not significantly affected by the engine order C. With the

increase of coupling, the value of ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cosCs�2 becomes dependent upon the

engine order C. For a moderate coupling (R ¼ 0:2, Df ¼ �0:08), it is shown in Fig. 11b that
increasing C from 0 to 2 will decrease the amplitude of the low frequency peak significantly, while
the second main peak shifts to a higher frequency region. For a strongly coupled bladed-disk, the

value of ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cos Cs�2 increases drastically when C changes from 0 to 2. Hence,

the resonant response amplitude of beam 1 at Or is very low as shown in Fig. 11c. It is worth
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emphasizing that for a strongly coupled bladed-disk, the effects of engine order excitation on the
vibratory behavior of the damaged bladed-disk and on that of the undamaged bladed-disk are
similar. One can observe in Fig. 11c that the main peaks of the damaged response are shifted to
higher frequencies with decreasing amplitude when C changes from 0 to 2. Fig. 11c also shows
that the two main peaks are very close to each other with comparable amplitudes.

4.3.4. Effect of number of blades
Observe Eqs. (22) and (23). Clearly, the response amplitude of the bladed-disk depends upon

the number of blades. For a very weakly coupled bladed-disk, (i.e., R� 1), we have the following
approximations:

Df

N

XN

r¼1

1

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO
�

Df

1� O2 þ j � 2xO

and

Df

N

XN

r¼1

cosði � 1Þðr� 1Þs

1� O2 þ 2R2½1� cosðr� 1Þs� þ j � 2xO
�

Df

N

XN

r¼1

cosði � 1Þðr� 1Þs

1� O2 þ j � 2xO
¼ 0.

Therefore, if R� 1, Eqs. (22b) and (23) can be simplified as

q1 �
F

K

1= 1� O2 þ 2R2ð1� cosCsÞ þ j � 2xO
� �

1þ Df = 1� O2 þ j � 2xO
� �� 
 , (40)

and

qi �
F

K

1

1� O2 þ 2R2ð1� cos CsÞ þ j � 2xO
ði ¼ 2; 3; . . . ;NÞ. (41)

For illustration purpose, the following results are obtained by direct numerical solution of the
damaged response. Fig. 12a shows that the number of blades has little effect on the response for a
very weakly coupled damaged structure (R ¼ 0:02). This verifies the validity of the approximate
analytical solution given in Eqs. (40) and (41). For a moderately coupled bladed-disk (R ¼ 0:2), as
the number of blades increases from 10 to 20, the first peak’s amplitude increases greatly.
Meanwhile, the second peak’s amplitude also increases, as shown in Fig. 12b. For a strongly
coupled bladed-disk (R ¼ 0:85), as the number of blades increases, the main peak of the damaged
response is shifted to lower frequency region (Fig. 12c). Clearly, the effect of number of blades is
more significant for a strongly coupled damaged bladed-disk.
When the number of blades N is small, the amplitude response of a moderately coupled

damaged bladed-disk has clear dependence upon N (see Eqs. (22) and (23)). For a sufficiently

large N, as shown in Eq. (36b), ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cos Cs�2 decreases as the number of blades N

increases. If N !1, the value of ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� cos Cs�2 approaches the minimum, given

as ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðDf

�
2R2Þ

2
q

� 1�2. Therefore, for large N, the resonant amplitude of the cracked blade at

frequency Or increases as N increases. Fig. 13 illustrates the effect of number of blades on the
resonant amplitude of the cracked blade at Or under moderate coupling. It is shown that when N
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Fig. 12. Largest beam amplitude of damaged structure versus excitation frequency for different numbers of beams

(N ¼ 10 and 20) with x ¼ 0:001, Df ¼ �0:08, and C ¼ 1: (a) R ¼ 0:02; (b) R ¼ 0:2; (c) R ¼ 0:85.
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is small, the resonant amplitude changes with the number of blades drastically. When N is large,
increasing N leads to the monotonic increase of the resonant amplitude, but the increment
becomes smaller and smaller. The reason is obvious: at O ¼ Or the bladed-disk experiences
vibration localization and thus with N increasing it is more and more difficult for the vibration
energy to be propagated throughout the entire structure.
5. Concluding remarks

In this research, we carry out a systematic analysis to evaluate the crack effect on the vibratory
response of a simplified bladed-disk model. A fracture mechanics based approach is employed to
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Fig. 13. Resonant amplitude of beam 1 at Or for the damaged structure versus number of beams with R ¼ 0:2,
x ¼ 0:001, Df ¼ �0:08, and C ¼ 1.
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evaluate the stiffness loss, and analytical solutions to the free and forced responses of the bladed-
disk are developed. It is found that even a small crack damage could cause vibration mode
localization and forced response localization. We have explored the intrinsic relations between the
response amplitudes and various system parameters such as internal coupling, crack severity,
excitation patterns, and number of blades systemically. Qualitative and quantitative conclusions
are obtained, by correlated analytical and numerical studies. These conclusions could be used in
the evaluation of crack effect and also could provide guidelines in structural health monitoring.
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