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Abstract

In an attempt to verify the concept of wave-mode duality and to understand the wave-train closure
principle in resonant beam vibration, an elastically supported beam subjected to a swept sinusoidal force is
investigated through a simulation of wave evolution from initial to final steady-state response. Wave
evolution is simulated in the superposition and the degenerate states according to the nature of wave
reflection at the boundaries of the beam. From the results, resonance condition is established, and the
natural frequencies and mode shapes are calculated. Using a simply supported beam and a cantilever beam
as examples, the concept of wave-mode duality at resonance is verified. An examination of the wave-train
closure principle shows that, although the frequency equations obtained by using the principle are identical
to those derived from the wave evolution results, the principle does not describe the realistic process of the
formulation of vibration modes in general. The waves described in the wave-train closure principle are not
physical but ““virtual” waves that represent final steady-state waves, which can only be asymptotically
approached in reality. The principle can be used as a convenient technique to obtain vibration modes from
the point of view of wave propagation.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

A vibrating system can be studied in terms of either vibration modes or propagating waves. The
former approach (referred to as the mode approach thereafter) has been a standard one in
vibration analysis, normally implemented by the method of modal expansion for simple structures
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and by the finite element method for complex structures. In the mode approach, free vibration is
treated as an eigenvalue problem mathematically, and forced vibration is analyzed as a linear
combination of the eigenfunctions (modes). The latter approach (referred to as the wave approach
thereafter), represented by the method of statistical energy analysis [1,2], is particularly successful
in the field of vibro-acoustics and high-frequency vibration analysis, where the mode approach is
not practical because the density of modes in the frequency domain becomes very large and the
influence of structure uncertainty is significant. The statistical energy analysis technique has also
been applied to treat vibration problems for various built-up structures [3—8].

In principle, the results obtained by the mode approach and the wave approach are consistent.
This is termed the wave-mode duality and is considered to be a fundamental concept for a
comprehensive understanding of sound and vibration problems [9] to be obtained. While the
mode approach is convenient and efficient to use, the wave approach may provide more physical
insight into the vibration phenomenon being investigated. For example, vibration modes of a
beam were shown to be superposed standing waves through a wave mechanics approach [10], and
the physics of the “second spectrum’ of beam vibration was elaborated.

In recent years, hybrid methods were developed to combine the advantages of the mode and the
wave approaches, giving rise to a unified approach for vibration analysis in a wider frequency
range. Such an approach is either based on an extension of the statistical energy analysis technique
[11-14], or on the modification of the finite element method, termed as the spectral element method
[15-18] or the continuous element method [19]. On the other hand, relatively little attention has
been paid to a theoretical justification of the wave-mode duality in various dynamic systems.

For a system carrying one type of wave, the wave-mode duality was discussed by Langley [20].
When the system is one-dimensional, free vibration analysis showed that vibration modes of such
a system are equivalent to the addition of traveling waves. At off-resonance, it was shown by
forced vibration analysis that the superposition of traveling waves could be converted to modal
expansion results using the Mittag—Leffler expansion. When the system is two-dimensional,
however, the results of the wave approach were found to be non-unique. This leaves a question for
further investigation. Chen [21] showed that axial vibration of a rod can be expressed as the
addition of either infinite numbers of standing waves or infinite numbers of traveling waves. This
can be regarded as an example of the wave-mode duality.

A one-dimensional system may carry multiple types of wave with different wave number at the
same frequency. One example is the beam. Chan et al. [10] showed that a beam accommodates
two types of flexural waves, known as the k,- and k,-waves, respectively. In general, vibration
modes can only be formulated by superposing the flexural waves, i.e., superposed standing waves.
The wave-mode duality in such a system also has not been addressed.

On the other hand, the wave-train closure principle given by Cremer and Heckl [22] could be
regarded as an expression of wave-mode duality for free vibration analysis, in the sense that it
describes the process of the formulation of a standing wave (vibration mode). The principle states
that, in order to formulate a standing wave, a propagating wave must return to its starting point
after completing one complete circuit of the system with the same amplitude and phase, i.e., it
closes on itself. From the superposed-standing-wave point of view, this principle was applied to
Timoshenko beams by Wang and So [23]. A more complex behavior of wave reflection at the
boundaries of the beam was demonstrated. It was found that one type of incident wave would
produce two types of reflected waves in general. In certain cases, however, one wave leads to only
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one reflected wave of the same type. These two wave-reflection behaviors were called the
superposition and the degenerate states of wave reflection, respectively, which lead to different
types of standing waves (vibration modes).

The objective of the present study is to verify the concept of wave-mode duality in resonant
beam vibration and to elaborate on a physical understanding of the wave-train closure principle
by simulating wave evolution in a beam from initial response due to external excitation to final
steady-state response. A uniform beam with general elastic end supports subjected to a point
excitation at an arbitrary location along the beam is considered. The excitation force is a
continuous sinusoidal one with its frequency varying within the whole spectrum, and may thus be
regarded as a swept sinusoidal excitation. Since wave reflection at the boundary can be in the
superposition or the degenerate state, the process of wave evolution for these two cases is studied
accordingly. The steady-state response of the beam is obtained by adding initial waves and all
reflected waves. The condition of resonance is derived from the expression of steady-state
response, from which natural frequencies and mode shapes can be obtained. A simply supported
beam and a cantilever beam are used as examples to verify the concept of wave-mode duality at
resonance. The wave-train closure principle is then examined. It is shown that the principle does
not describe the realistic process of the formulation of a vibration mode in general. However,
“virtual”” waves are generated to show that the principle can be served as a technique to determine
natural frequencies and mode shapes from the point of view of wave propagation.

2. Wave evolution in a beam

Consider a uniform beam of length L as shown in Fig. 1. According to the Timoshenko beam
theory, the equation of motion is given by

Dw — {F(g”)}, (1)
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Fig. 1. A general elastically supported beam subjected to external force at an intermediate position.
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where w is a vector representing Timoshenko beam vibration, and D is the corresponding
operator, and F(z,?) is the excitation force, given here as

Fe.0) Foel' atz=0, @)
zZ,1) = .
0 otherwise.

Instead of using the conventional expression

w(z, t)
“L”:{¢@o}’

a wave representation introduced by Wang and So [23] is used in the present paper. The beam

motion w is expressed as
we(z, 1) r
w@o={%@0}={ﬁm@a

where wy(z,7) and w,(z,f) are transverse displacements due to bending rotation ¢(z,1) =
(Owy(z, 1)) / 0z, and shear angle y(z, 1) = (Ow,(z, 1)) / 0z, respectively. The conventional expression is
related to the present wave representation by

Wiz, 1) (14w (2, 1)

pz,ry( )0 [(l + rw,(z, t)] /az ’
where r = r, = ((:/2/(:17[,)2 — 1 for the w™-wave and r = r, = (c’z/q,,b)2 — 1 for the w™"'-wave, ¢,, =
w/k, and c,, = w/k;, are phase velocities, and k, and k;, are wavenumbers of the w"-wave and the
wo"“wave, respectively.

In Wang and So [23], it was shown that the shear deformation is either in-phase or out-of-phase
with respect to the bending deformation, resulting in two types of flexural waves, the former
corresponding to the k,-wave and the latter to the k,-wave as defined in Ref. [10]. These two types
of waves were denoted as the w™-wave and the w°"-wave, respectively, where “in”> means ““in-
phase” while “out” means ““out-of-phase”. This phenomenon was also found to be related to the
entanglement of two standing waves in a Timoshenko beam [24]. At each frequency, w"-wave and

out

w’"-wave co-exist in an infinite beam. These two waves are said to be degenerate and can be
expressed as

w,(z, 1) = {win(z, 1 wo(z, t)}

4 1 0
= {wf’,“(z, t)(o) w;?“t(z, 1) ( . ) }

In Eq. (1), the operator D is given by

o° o o?
o o’ 0 ’
EI@ —J T KGA&

D= 3)
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where m = pA and J = pl are the mass and the mass moment of inertia per unit length of the
beam, respectively, p is the density, K is the shear coefficient, I, A, E and G are the second moment
of area and of cross-sectional area, the Young’s modulus and shear modulus, respectively.

The continuous sinusoidal force excitation is assumed to be applied at the origin z = 0, which is
Z, away from the right boundary of the beam. The excitation, expressed as F = Fe'®, produces a
forward propagating wave and a backward propagating wave, expressed as

_ in 1 out 0 _ in 1 out 0 it
:i:w”,’(za t) - :I:Wy (Z’ t) 0 :I:Wy (Za t) 1 - :I:M/«’y (Z) O :I:Wn/ (Z) 1 €
L 1 . 0 .
— (ﬂ: W;%e¥1kuz (O ) (_:I: IV%I)C%M’Z ( | ) ) elwt, (4)

where o is the frequency of excitation, and the subscripts ‘+’ and ‘-’ represent forward and
backward propagating waves, respectively. Based on the analysis of Mead [25], the amplitudes of
the initial waves given in Eq. (4) can be obtained. The results are

Fy I'p

in = :I:Win == ’ :
+=YV50 70 2KGA ky(ry —rg) , o
Fy T
WOl = £W = + ' 5 B
=¥ 70 2KGA kp(ry —ry) )

From the point of view of wave propagation, the steady-state response is the addition of all
waves in the beam due to reflections at both boundaries, and can be obtained by tracing the
process of wave propagation and reflection. Since wave reflection can be in the superposition or
the degenerate state, the formulation of steady-state response for these two cases should be
analyzed separately. It should be noted that the w°"-wave below the critical frequency is
evanescent. However, it can be treated as a special propagating wave with imaginary phase
velocity.

2.1. Wave evolution in the superposed state
In this section, wave evolution in the superposition state is considered. Initially, a forward

propagating wave and a backward propagating wave at time # =0 due to the excitation is
assumed. These waves are given by

(1 0
+Wyo = {_ﬁ_M/}/n (O) +W§?ut ( 1 ) }Ou(t)
in ,—ikyz I outy ,—ikpz 0 iot
_ <+Wy0e a <()) (—+W,y0 Je b <1 >>e u(t), 0<z<Z, (6a)

0 —(L—Zy)<z<0
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in 1 out 0
—Wyo = —wy 0 —wy | 0u(t)

. 1 0
_Wln eikaz (__nyut)eikbz eiwtu([), —(L _ ZO) <z< 0’
- ( 0 ( 0 ) " 1 (6b)

0 0<z< 2,

and

where the subscript ‘0’ indicates initial waves, and u(z) is the step function. The subsequent
behavior of wave reflection at both ends of the beam is illustrated in Fig. 2. Since w'"-wave and
w"“wave have different phase velocity, they arrive and reflect at the boundary at different time,
as indicated in the figure.

Firstly, consider wave reflection at the right boundary of the beam. The incident , w°"'-wave is

expressed as
out out 0 i(wt—kpz) z
W ) = (= Wy e Pyl t ——|. (7)
1 Cpb

In general, the reflected wave is the superposition of a _w"™ component and a _w°"' component,
written as

. . Z Zy—z
in (_ W:,rr(l))ol eilortkaz),, <l _£0 40 >
w0,y = ( o ) = R ®)
- > ol — out - . Z Zn — °
_Ww , z
4 ol (_— W;?(;lt)olel(wH»kbé)u (Z =22 >
Cp}, Cp}7

where the number in the subscript indicates the round of wave reflection, and the alphabet ‘0’
indicates the source of the reflected waves is a w°"'-wave. The amplitudes of the reflected waves

can be written as
(- }ﬁl(l))ol F12r
/ = .7 (=, 9
<(——W35” ol IR =+ Wi ©)

where 7og and 7yyp are wave reflection coefficients. For the forward propagating w''-wave, the
behavior of wave reflection is similar, given by

. . Z Zo—z
in (- W'%)ne““’”“”bl e
Cwe ol = } e O (10)
_w(z, t i1 = = '
l _w;)ut il (— Wf,)(l)lt)ilei(wﬂrkbz)u (l — é — Zo— Z)
¥ Cpa Cpb
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The amplitudes of the reflected waves can be written as

(— Wllvr(l))zl FllR in
<(__W$(l)lt)il> - (721R>(+W,/0), (an

where 7or and 7og are wave reflection coefficients.

In the present wave evolution analysis, the steady-state response is of primary concern, that is,
the waves are considered only after a sufficiently long time, when all step functions in the wave
expressions take the value of unity. The reflected waves can thus be combined and written in the

matrix form as
7W;n B W;r(l)’l ei(wt-i-kaz) (1 2)
_W,| == = . .
vl out 1 B W;?(l).l,tl el((ul+kb2)
The amplitudes of the reflected waves are given by

Wi _ [Rz] M\ g [Rx]T W (13)

where

Ry is the wave reflection matrix given by Wang and So [23], as listed in the appendix.

Similarly, at the left boundary z = —(L — Zj), the reflected waves can be expressed as
i i (wt—kqz
S Lwin [+ Wf/,r(‘)’lel(“” ) "
+Wyl == +W;)ut 1 - JrI/V;)(l)l’t1 eilwi—kpz) |-

The amplitudes of the reflected waves are given by

Wi R » = Toz[R,]T - (15)
+W$(l)l’t1 = L (—_W%lt = LoL[xL]roL (—_W%lt >

e—ika(L—Zo) 0
To = 0 e-ikn(L-Z) |’

R; is the wave reflection matrix [23] listed in the appendix.
The reflected waves given by Egs. (12) and (14) will produce more reflected waves in the second
round of wave reflection as shown in Fig. 2. Analogous to the above analysis, the reflected waves

where
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can be written in the matrix form. At the right boundary z = Z, they are expressed as
_W;n B W;%’zei((ut+kaz)
—wy2 = _WQUt i = ~ Wf;(l)];tzei(wt‘i’kbz) . (1 6)
_win, L _win
ow | = RRR( o |-
- 70,2 (_— 70 )

At the left boundary z = —(L — Z), they are expressed as

in in Li(wi—kyz)
+Wy + Wi ™
+Wy2 == out = 5 (1 7)
T/

where

out Li(wt—kpz)
+W, + Wit

R _ R ng
Wisa ) N )

In order to obtain a compact expression for the reflected waves, the forward and backward
wave units are defined here as

where

Lwin
[+W; Lunit = (+W0ut> = [+wyo] + [-Wy1] + [+W;2], (18a)
l unit
-
=Wy Junie = Jpout = [-wyo] + [+Wy1] + [-wp2]. (18b)
- unit

It should be noted that the initial waves, . w,o and _w,, are defined at one part of the beam only,
as shown by Egs. (6a) and (6b). Correspondingly, w,, and _w,,, are defined at 0<z<Z, and
—(L — Zy) <z <0, respectively. Thus defined, each of the wave units would cover the whole beam
span, as illustrated in Fig. 3.

In terms of the wave units, the response of the beam is obtained by the addition of the initial
propagating waves and all reflected waves, expressed as

wit Moo, M e m
(ng> = |30 (RRR)" Lol + | D (RARED” | L (19)

where M is the number of times for the initial wave to be reflected at the left and right boundaries.
The steady state is achieved when M — oo, and Eq. (19) becomes

win . N
<Wo’m> B2 (1= [RARR) LW o + (1= [RRIRLD) ™ W, Ly (20)
7
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F(zt)

2

L-Z,

W,

W, 1 1

+w2

Fig. 3. Illustration of the “wave units”.

At resonance, the amplitude of the steady-state response should be infinity. This is
accomplished if

[T — [RLJ[Rk]| = |1 - [Re][R.]] = 0. 21

Eq. (21) is the frequency equation from which natural frequencies are calculated.
In order to derive the expression of the associated mode shape, denote

-RRa= (0 07 TR = (0 (22)
LR my my |’ RLELE= ny ny |
Then
N~ ] 1 myy  —my
I-[R;][R = , 23
(I — [RL][Rg]) F— (_m21 - ) (23a)
mpy My
N~ ] 1 nyp  —np
I - [RR][R = . 23b
(1= RaRe]) " = (_nzl nn) (23b)

np1 N
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At resonance, 1 / =oo and 1 /
given by

nyn my  —mip ny  —nHp 4

W;)Ut =00 . mi [+w“/]unit + 1y n [*w)’]unit : (24)

The mode shape can thus be deduced from Eq. (24) and is given by

W}/n(Z) < my —m12> +W},n(z)

myp mp ni o N _
= 00, the steady-state response is then

mpy Ny nyp Ny

or
—wit(z) —my  my +w(2)
unit
wi'(2) Ny —Hp —wy'(2)
- : (25)
—wt(2) —my Ny ~w)(z)

unit

) i)
where and ' are spatial parts of the wave units.
AWz w(2) PP
! unit s unit

At this stage, it would be of interest to compare the frequency equations obtained by the present
analysis and using the wave-train closure principle. The latter frequency equation can be written
in terms of the present nomenclature and is given by

T = [TLo][RLIT&LIRRI[Tor]| = 0. (26)
The relations between the wave reflection matrices R;, Rz and R;, Ry are expressed as
Ry = [To,][R.][ToL], (27a)
R = [Tor][R][Tox]- (27b)
Substituting Egs. (27a) and (27b) into Eq. (21), the following is obtained:
[T — [To, ][RI ToL)[TorIR&ITor]| = 0. (28)

Therefore, noting that [Toz][Tor] = [Tre] and [Tor] = [Tro], Eqgs. (28) and (26) become identical.
2.2. Wave evolution in the degenerate state

In the above section, wave evolution in the superposition state is investigated, and the steady-
state response is obtained. It should be noted, however, the two waves can be reflected
independently at a specific frequency

e [ K., T- y
spe KGA - EI 2

for a general elastically supported boundary or at all frequencies for a simply supported or a
sliding boundary [10,23], that is, the two waves remain degenerate upon reflection.
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Initial
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Fig. 4. Tllustration of wave evolution in the degenerate state.

In the degenerate state, the process of wave evolution is shown in Fig. 4. The wave reflection
matrices in this state are diagonal, written as

—ikaL —ikaL
- ripe ¥ 0 - riir ¢ 0
R; = : and Ry = : (29)
0 ryppe kol 0 rppge Rk |7
where
ioin i0
rnrL=—-¢ ., Tir=—°¢
__;pout H C a Z
rog = —e 0 0™ = darctg A |
c
and

0°" = 2arctg

The wave units defined in Egs. (18a) and (18b) become, in the degenerate state,

in in in in
W ' - W’“ > + <_ W’U > + < W’” >
<+ 7 ) unit (+ 770 "1 ),

—( Wl/% ) [(1 e ikalygikaz _ oit" o=i2kaZo eikaz} ¢, (30a)

)= () (), 5 ()
<’unit ’o++’1+ %)

—( 1:(1) ) [(1 4 ei2kaL)eikaz _ 0" e—izka(L—ZO)e—ikaz:| ¢, (30b)
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out out out out
w, = w + <_wq ) + ( w )
<+ / )unit (+ i )o VS ),

—( W%n {(1 T e i0° =12k 2 eikhz} el (30¢)
out _ out out out
() = () (o) (),
—( W%n) {(1 + eilyeiksr _ R e—i2kb(L—ZO)e—ikbz:| elot (30d)
Then
R - . N 1 — e—iZkaL 0
I—[R7][RR] =T —[Rg][R.] = < 0 | emitL ) (31)

The steady-state response in the degenerate state is expressed as

(1 0 o in g —wiD
{w‘f(()) wgut<l)¥2°:°{(1_[RL][RR]) 1<+VOVV> + (I - [Rg][R.]) ‘( VOV>
unit unit

0 0
I-RARRD) ™[ o | +O-RaRD) ™|

+ W*,- — W,},
unit unit

(32)

It can be seen that the w™™- and the w®"-waves formulate vibration modes independently, that is,
they do not interact as in the superposition state. Therefore, they can be written separately as

in

1 - 1 -
N O N . w—"
v 1— e—‘ZkaL 0 unit 1— C_lzk“L */ unit
1 . .
in in
S s
1 — e—i2kal |:(+ ! >unit 7 ) unitd’ ( )
and
wout — 1 < Wout) + 1 ( Wout>
7 1 —e-i2kpL T wit 1 —e 2L \7 77 Jynit

= 1o (25 (), (33b)

At resonance, the amplitude of the steady-state response should be infinity. Referring to
Eqgs. (33a) and (33b), this condition of resonance yields

1 —e 2kl =, (34a)
1 —e 2kl — . (34b)

Egs. (34a) and (34b) lead to
k,L=n,m, n,=1,2,3,..., (35a)

kbL = npm, Np = 1,2, 3, e (35b)
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The corresponding mode shapes are given by

W@:Lw@] N'W@ZLW®LM (36a)

unit

W) = [0 )

Egs. (35a) and (35b) give the condition for a mode to exist, while the natural frequency of such
a mode is the specific frequency. At this specific frequency, a standing wave is formulated by the
w'"= or the w*"'-wave only, thus termed as single standing wave. If Eqs. (35a) and (35b) are
satisfied simultaneously, a w™- and a w°"-single standing wave exist at the same specific

frequency, leading to a pair of degenerate standing waves. An additional condition given by
ka/ky = ng/np, ngmp=1,2,3,..., (37)

must be satisfied. This condition is identical to the one obtained by using the wave-train closure
principle [23]. It should be noted that a single standing wave or a pair of degenerate standing
waves require that wave reflections at both boundaries should be in the degenerate state at the
same specific frequency. Otherwise, a superposed standing wave will be formulated. Therefore, the
condition K;T; = KrTr must also be satisfied.

Two classical boundary conditions are worthy of further discussion. These are the simply
supported and the sliding boundary conditions. For these two boundary conditions, wave
reflection is in the degenerate state at all frequencies rather than at the specific frequency only. The
condition of resonance and the mode shapes are still given by Egs. (34a) and (34b), and (36a) and
(36b), respectively. However, natural frequencies are determined by Egs. (35a) and (35b) rather
than given by the specific frequency. Consequently, a series of w'"-single standing waves and a
series of w°"'-single standing waves are formulated. Under certain conditions, a w'- and a w°"'-
single standing wave is paired, yielding degenerated standing waves. This can be demonstrated by
using the simply supported beam as an example. For such a beam, the reflection coefficients are

mmw@zpﬁm]. (36b)

unit unit

written as 71, = —1, Fi1g = —1, F2or = —1, and Fpr = —1. The condition of resonance yields
k,L=nm, n,=1273,..., (38a)
kbL = npm, np = 1, 2, 3, e (38b)

Eqgs. (38a) and (38b) are different from Egs. (35a) and (35b) because they are frequency equations
giving natural frequencies of the beam. In general, the modes associated with these natural frequencies
are single standing waves. For a given beam length, there is one group of w"-standing waves and one
group of w™"standing waves. Under certain conditions, a w"-standing wave and a w°"-standing
wave may exist at the same natural frequency to formulate a pair of degenerate standing waves. This is
the same conclusion drawn from the analysis based on the wave-train closure principle.

3. Wave-mode duality in resonant beam vibration
A comparison of natural frequencies and mode shapes obtained by the present wave evolution

analysis and the mode approach is carried out to further understand wave-mode duality in resonant
beam vibration. The comparison is made separately for the degenerate and superposition state.
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3.1. The degenerate state

The simply supported beam is used as an example of the degenerate state. Natural frequencies
are calculated from the frequency Egs. (38a) and (38b). It can be seen that they are identical to
those derived by the mode approach (the method of modal analysis). Therefore, natural
frequencies obtained by the present wave approach and the mode approach are identical.

The corresponding mode shapes are given by Egs. (36a) and (36b). In order to compare them to
the results by the mode approach, the mode shapes are expressed here as

@) =[] )] (39a)

uni unit

WU (2) = [+w$ut(z)] o [_wgut(z)] (39b)

unit unit

Substituting the expressions of the wave units given by Egs. (30a)~30d) into Egs. (39a) and (39b) gives

W(z) = (=20)(s W){2 sinlko(z — Zo)] cos(kaZo)}, (40)
wit'(z) = (=2i)(—4 ngt){z sinfky(z — Zo)] cos(kpZo) }. (40b)
Normalizing by the maximum value, the mode shapes are given by
wi'(z) = sinky(z — Zo)], (41a)
w;"“(z) = sinf[ky(z — Zp)]. (41b)

It can be seen that they are identical to the mode shapes obtained by using the mode approach.
Thus, the wave-mode duality in the degenerate state of resonant beam vibration can be justified.

3.2. The superposition state

In the superposition state, natural frequencies of a beam are obtained by solving the frequency
equation (21), and the associated mode shapes are given by Eq. (25). While the wave-mode duality
in the degenerate state is readily justified analytically, numerical solutions have to be sought in order
to demonstrate the wave-mode duality in the superposition state. A cantilever beam is used as an
example where experimental measurements are also available for comparison. For the cantilever
beam, K; = 00, Ty = 00, Kg =0, and T = 0, and the frequency equation (21) can be written as

1= [RL][Rz]| = [T — [R][R.]| = 0, (42)

where

) eikal-Z
[RL] = 0 e_ikb(L—ZO) [RL]7

—ikaZ,
[Rp] = (e 0 )[RR],

0 e—ikaO
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Fig. 5. Comparison of mode shapes of the first six modes of a cantilever beam. Solid and dotted lines are for calculated
results by the present wave approach and the classical mode approach, respectively. Lines with symbol are for

experimental measurements.
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Table 1
Comparison of natural frequencies (Hz) of a cantilever beam obtained by the present wave approach, the mode
approach [26] and experimental measurements [26]

Mode Present wave approach Mode approach [26] Experimental measurements [26]
1 313.94 313.93 302.16

2 1520.09 1520.08 1473.6

3 3409.34 3409.32 3338.3

4 5376.27 5376.24 5292.0

5 7348.50 7348.46 7139.7

6 8197.93 8197.88 7828.2

ra+ 1) +D\ [ utl)  (p+1)
Ro=—\_, k) —nfiky) —r(—iky) —rp(—ikp) |’

—ik,  —iky \ 7' [ ike ks

Re=- —rokl,  —rpk; 1ok =kt | (43)
The cantilever beam has a rectangular cross-section, 300 mm in length, 94mm in height, and
18mm in breadth. The material properties are as follows: p, the density is 1192kg/m®, E, the
Young’s modulus is 4.65 GPa, G, shear modulus is 2.32 GPa, and the shear coefficient is g Further

details of the experiment can be found in Ref. [26].
In Table 1, the natural frequencies calculated using the present wave approach and the mode
approaches are listed, and the measured values are also given for comparison. It can be seen that
the present wave approach and the mode approach yield the same predictions, which are in good

agreement with experimental measurements. A comparison of mode shapes for total transverse
displacement is given in Fig. 5, and good agreement is also obtained.

4. Further examination of the wave-train closure principle

In Section 2, it has been shown that the frequency equations obtained in the present study
are identical to those derived using the wave-train closure principle. The wave-train closure prin-
ciple can be considered as a description of the formulation of a vibration mode from the point of view
of wave propagation. The present wave evolution results make it possible to examine the principle
further on such a description. This is of interest because further physical understanding of the
principle could be obtained. Again, the degenerate and superposition states are considered separately.

4.1. The degenerate state

The steady-state response in the degenerate state can be expressed as

. 1 . .
R e [ v AN )
W;)ut I 0 1 +W?ut B Wf,)ut :
T _ Ak L 4 unit ! unit
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At resonance, the mode shape is given by

W@ 10N [ [ e () .
W;)ut(z) - <O 1> +W;)Ut(z) unit+ _W;)ut(z) . ’ ( )

W) win()
where ' and are spatial parts of the wave units. It can be seen that
+W;?ut(z) . _W;)ut(z) . p p
. unit . unit .
the mode shape is determined by the wave units only.

According to the statement of the wave-train closure principle, in order to formulate a
superposed standing wave, the wave units, ;w,, and _w,, should close on ;w, and _w,,
respectively. To further examine this statement, analytical expressions of wave units are
considered. According to Eqgs. (16) and (17),

_w;n B W;r(l),zei(wt+kaz)
W= _ (462)
2

out out Li(wt+kpz) | °
—wy -Wiose
i in Li(wt—kyz
+Wy! +1 7'0:26( « (46b)
+Wyp2 = out = Jyout i(wt—kpz) | *
+Wy ) +"502¢

In the degenerate state,

gy ) AR ey )=\ )

and
N Wi
<+W;>a{a) N [RL][RR]<<—+W;3$)> - <<—+W;>a" )
Then,
+Wy0 = Wy, (47a)
—W,0 = _Wy. (47b)

From Egs. (47a) and (47b), it can be seen that these two returning waves close on their initial
waves, thus showing that the wave-train closure principle describes the realistic process of the
formulation of a standing wave in the degenerate state.

4.2. The superposition state

A similar examination can be carried out for the formulation of a standing wave in the
superposition state. Since analytical solutions are not available in the superposition state, again
the cantilever beam in Section 3 is used as an example.
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The wave units for the third mode of the cantilever beam are shown in Fig. 6. It can be seen
that w,, does not close on ,w, and _w,, does not close on _w,, thus showing that the
wave-train closure principle does not hold in the superposition state. However, if “virtual”” waves
defined as

nips —mjz

w,] = w.], 48a
[—i— /] —my) m [+ /] ( )

A n» —ni2
wl={ (48b)

0.1F Wi

0.08} b N / .

0.06 / / N / ]
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Fig. 6. Illustration of the waves in the wave units for the third mode of the cantilever beam: (a) [+ W]unic and (b) [—W]unit-
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are introduced, then the corresponding ‘“‘virtual” wave units are given by

i my  —mip
[+W; Junit = ( ) {[+Wy0] + Wl + [+W~,v2]}

—myy mi

= [+Wy0] + [-Wyu] + [+W;2], (49a)

R ny  —np
[- Wy Junic = ( ){[—W“/O] + [+Wyi] + [cwo]

—h21 Ay
= [Wy0] + LWl + [ W,al. (49b)
Noting that ;W,, = [R.][R Rl+W,0 and _W,, = [ﬁR][ﬁL](_vAvyo), it is not difficult to derive that
W= W, (50)
“Wyp = _Wy. (50b)

From Egs. (50a) and (50b), it can be seen that W, closes on W,g and _W,, closes on _W,g. In
other words, the wave-train closure principle holds for the “‘virtual”” waves. It should be noted
that the ““virtual” waves actually represent the steady-state waves after an infinite number of
reflections at both boundaries. Such a state cannot be reached in reality, but can only be
approached asymptotically. This suggests that the mode shapes measured experimentally are not
perfect but approximate. However, after several rounds of reflections at both ends of the beam,
the result of wave addition is already sufficient to yield a picture of mode shape with enough
accuracy. This can be illustrated by the evolution of wave addition result given by Eq. (19).
From Eq. (19), the amplitude of total transverse displacement can be calculated as

WE) = (1+ r) W@ + (1 + i) W), (51)

where Wf},“(z) and Wg“‘(z) are spatial parts of w,i;‘(z, t) and Wf{.’“t(z, t) in Eq. (19). The calculated
results at resonant frequencies of the third and the fourth modes as well as at an off-resonant
frequency between them are plotted in Fig. 7. From the results at resonance, one can see that the
shapes become smoother with the increment of M. At M = 10, the shapes can be said to be
smooth enough. Meanwhile, it is seen that the result at the off-resonant frequency always has a
discontinuity. One also notes that the variation of the shape at off-resonance is fluctuating rather
than increasing monotonically at resonance. This is further studied by calculating the amplitude
of total transverse displacement at the free end when the evolution continues, and the results are
given in Fig. 8. It can be seen that the amplitude at resonance increases linearly and has a tendency
to approach infinity when M — co. At off-resonance, the amplitude is fluctuating and decreases
gradually and appears to approach a finite value when M — oo.

It is noted that the amplitude of the final response is different from that of the initial response,
because the final response is the addition of initial waves and all reflected waves, as shown by the
wave evolution analysis. Hence, in general, the initial response is not equal to the final response.

The evolution from initial response to final steady-state response is a process of energy partition
in the system. In the present study, the energy is continuously fed into the beam by external force.
At resonance, the reflected waves are spatially synchronized with the initial waves; hence the final
response becomes larger and larger, approaching infinity. At off-resonance, the condition of space
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synchronization does not hold; hence the response shows fluctuation and converges to a final
steady state with small amplitude.

An interesting question is how the initial waves evolve to the final response when the input
energy is finite, e.g., the excitation is an impulse force. It is expected that final steady state with
large but finite amplitude is achieved at resonance. However, this needs to be justified by further
wave evolution analysis. The situation would become more complicated when damping is
presented. These would be topics of a subsequent study.

The waves in the degenerate case can be regarded as special cases of Egs. (48a) and (48b) where

My  —mj 10 ny =N I 0
= and = .
—ma My 0 1 —hna Ny 0 1
Thus, the wave-train closure principle holds for realistic waves. In general, it could be
concluded that the principle does not describe the realistic formulation process of a standing

wave. It provides a convenient way to obtain vibration modes (resonant frequencies and mode
shapes) from the point of view of wave propagation though.

5. Conclusions

In an attempt to justify the wave-mode duality and to elaborate on the physical understanding of the
wave-train closure principle at resonance, forced beam vibration is simulated by a wave evolution
approach. The beam is excited by external swept sinusoidal force at a location along the beam span. The
expression of steady-state response is obtained by tracing the process of wave evolution starting from
initial response. Since wave reflection at the boundaries of the beam can be classified as superposition
and degenerate states, wave evolutions in these two states are traced separately. The condition of
resonance is then derived from the expression of steady-state response, from which natural frequencies
and mode shapes of vibration modes of a beam can be calculated. A simply supported beam and a
cantilever beam are used as examples of the degenerate state and the superposition state, respectively, to
justify the wave-mode duality at resonance. In the former case, analytical results are available, while in
the latter case, numerical results are presented along with experimental measurements.

The wave-train closure principle is also examined. For both the superposition and the
degenerate states, it is shown that the frequency equations obtained by using the wave-train
closure principle are identical to those derived from the present wave evolution results. However,
further examination shows that the principle does not describe the realistic process of the
formulation of vibration modes in general. The waves described in the wave-train closure
principle are generally not physical but “‘virtual” waves that represent final steady-state waves,
which can only be asymptotically approached in reality. The principle can thus be used as a
convenient technique to obtain vibration modes from the point of view of wave propagation.

Acknowledgments
Funding support given by the Research Grants Council of the Government of the HKSAR

under Project Nos. PolyU5119/98E, PolyU5154/99E, PolyU5148/00E, PolyU5161/00E and
PolyU1/02C are gratefully acknowledged.



X. Q. Wang et al. | Journal of Sound and Vibration 291 (2006) 681-705

704

I I-

bn—— 0 1+ %) 0
0 M- 0 (14"
iy AC + 1) 0 v
0 My 0 (1 +70

i
0
o012
0

0

0
A:Gi«_ +ay(1 + )]

0 [vox’yr+ Q: + 7))

A?mvﬁa\_ = ay(1 + )]

[roxtn+ayG+90]
v = | [royn-ayG+90)

v A —
v —
T«N &N““ mkﬂtu: HN— f\ﬁs— :

A (@ LD+ 17 )%= (EL"y+ [0~ v
oy +ay(1+ 901 [Foy n+ay(1 + "]

— [T~ (AL — [ 70) 4~ v

0 v A (@11
0 oy "yt — ay(1 + "] [rox iyt —ax(1 + %] [pox "y — 43(1 + "1)]

Ty Arepunoq
OpIs-1JoT

¥y Krepunoq
apIs-1ysry

Jatl=nN]

]

payroddns

surprs Ajdung

(*%m ye 9yeI9UF(])

(% ueyy 1y)0
sauanbaly je pasodiadng)
pajroddns A[eonserq

payroddns
Areonserg

Jysu,, juosaxdar 7, pue ,

‘A[oAnoadsar ¢, 139],, pue

Y, sidurosqns auy a1oym ‘77 = & 7 pue Ty = &y ‘Arepunoq Jo[ o3 e oiym ¥ g =47 pue ¥y

= &y ‘Arepunoq Y3 3y} 1y “£[oAndadsar ‘sjroddns Lrepunoq onse[d ay3 Jo sjueisuod 3urids [BUOISIO) pue [BUOIIB[SURI]
are 7 pue gy ‘[¢7] 0S pue SuBA\ AQ UQAIS SB SUOTIIPUOD ATEPUNO( SNOLIBA JOJ SIOLIIBUW UONIIPAT dABM JO ISI[ Y

xrpuaddy



X. Q. Wang et al. | Journal of Sound and Vibration 291 (2006) 681-705 705

References

[11 R.H. Lyon, R.G. Delong, Theory and Application of Statistical Energy Analysis, second ed., Butterworth-
Heinemann, USA, 1995.
[2] F.J. Fahy, Statistical energy analysis: a critical overview, Philosophical Transactions of the Royal Society of
London, Series A: Physical Sciences and Engineering 346 (1994) 431-447.
[3] O.M. Bouthier, R.J. Bernhard, Simple models of energy flow in vibrating membranes, Journal of Sound and
Vibration 182 (1995) 129-147.
[4] O.M. Bouthier, R.J. Bernhard, Simple models of energetics of transversely vibrating plates, Journal of Sound and
Vibration 182 (1995) 149-166.
[5] Y. Lase, M.N. Ichchou, L. Jezequel, Energy flow analysis of bars and beams: theoretical formulations, Journal of
Sound and Vibration 192 (1996) 281-305.
[6] R.M. Grice, R.J. Pinnington, A method for the vibration analysis of built-up structures, part I: introduction and
analytical analysis of the plate-stiffened beam, Journal of Sound and Vibration 230 (2000) 825-849.
[71 Y.C. Tan, M.P. Castanier, C. Pierre, Approximation of power flow between two coupled beams using statistical
energy methods, ASME Journal of Vibrations and Acoustics 123 (2001) 510-523.
[8] R.S. Langley, V. Cotoni, Response variance prediction in the statistical energy analysis of built-up systems, Journal
of the Acoustical Society of America 115 (2004) 706-718.
[9] M.P. Norton, Fundamentals of Noise and Vibration Analysis for Engineers, Cambridge University Press, Cambridge, 1989.
[10] K.T. Chan, X.Q. Wang, R.M.C. So, S.R. Reid, Superposed standing waves in a Timoshenko beam, Proceedings of
the Royal Society of London, Series A 458 (2002) 83-108.
[11] S. Gopalakrishnan, J.F. Doyle, Spectral super-elements for wave propagation in structures with local non-
uniformities, Computational Methods in Applied Mechanics and Engineering 121 (1995) 77-90.
[12] R.S. Langley, P. Bremner, A hybrid method for the vibration analysis of complex structural-acoustic systems,
Journal of the Acoustical Society of America 105 (1999) 1657-1671.
[13] R.M. Grice, R.J. Pinnington, A method for the vibration analysis of built-up structures, part II: analysis of the
plate-stiffened beam using a combination of finite element analysis and analytical impedances, Journal of Sound
and Vibration 230 (2000) 851-875.
[14] B.R. Mace, P.J. Shorter, Energy flow models from finite element analysis, Journal of Sound and Vibration 233
(2000) 369-389.
[15] C. Mei, B.R. Mace, R.W. Jones, Hybrid wave/mode active vibration control, Journal of Sound and Vibration 247
(2001) 765-784.
[16] D.R. Mahapatra, S. Gopalakrishnan, A spectral finite element for analysis of wave propagation in uniform
composite tubes, Journal of Sound and Vibration 268 (2003) 429—463.
[17] M. Ostoja-Starzewski, A. Woods, Spectral finite elements for vibrating rods and beams with random field
properties, Journal of Sound and Vibration 268 (2003) 779-797.
[18] J.B. Casimir, T. Vinh, C. Duforet, Dynamic behavior of structures in large frequency range by continuous element
methods, Journal of Sound and Vibration 267 (2003) 1085-1106.
[19] F. Birgersson, S. Finnveden, G. Robert, Modeling turbulence-induced vibration of pipes with a spectral finite
element method, Journal of Sound and Vibration 278 (2004) 749-772.
[20] R.S. Langley, Some perspectives on wave-mode duality in SEA, in: F.J. Fahy, W.G. Price, (Eds.), Proceedings of
the IUTAM Symposium on Statistical Energy Analysis, Southampton, UK, 8-11 July 1997, pp. 1-12.
[21] L.Q. Chen, Analysis of axial vibration of uniform rods by traveling wave method, Mechanics and Practice 18
(1996) 63—64 (in Chinese).
[22] L. Cremer, M. Heckl, E.E. Ungar, Structure-borne Sound, second ed., Springer-Verlag, Berlin, Heidelberg, 1988.
[23] X.Q. Wang, R.M.C. So, Various standing waves in a Timoshenko beam, Journal of Sound and Vibration 280 (2005)
311-328.
[24] K.T. Chan, Entanglement of standing waves in a Timoshenko beam, Proceedings of the Royal Society of London
Series A, under review (Paper No. PA20026).
[25] D.J. Mead, Wave propagation in Timoshenko beams, Strojnicky Casopis 36 (1985) 556-584.
[26] X.Q. Wang, Free Vibration of Timoshenko Beam Partially Loaded with Distributed Mass, Ph.D. Thesis, The
Hong Kong Polytechnic University, 1998.



	Resonant beam vibration: A wave evolution analysis
	Introduction
	Wave evolution in a beam
	Wave evolution in the superposed state
	Wave evolution in the degenerate state

	Wave-mode duality in resonant beam vibration
	The degenerate state
	The superposition state

	Further examination of the wave-train closure principle
	The degenerate state
	The superposition state

	Conclusions
	Acknowledgments
	Appendix
	References


