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Abstract

This paper presents a numerical and experimental investigation on active flutter suppression of a swept-
back cantilevered lifting surface using piezoelectric (PZT) actuation. A finite element method, a panel
aerodynamic method, and the minimum state–space realization are involved in the development of the
equation of motion in state–space, which is efficiently used for the analysis of the system and design of
control laws with a modern control framework. PZT actuators, bonded symmetrically on the plate, are
optimally grouped into two equivalent actuator sets using genetic algorithms to enhance controllability.
H2- and m-synthesized control laws are designed and the flutter suppression performance is evaluated via
wind tunnel testing. In the m-synthesis design, a simple parametric uncertainty model is used to take into
account the system changes with respect to airflow speed. Both controllers show comparable flutter
suppression performance around the flutter point. However, the m-synthesized controller shows improved
behavior over a wide flow speed range.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

There have been intensive efforts to understand aeroelastic behavior more accurately in order to
avoid serious aeroelastic problems such as stability margin reduction and catastrophic structural
see front matter r 2005 Elsevier Ltd. All rights reserved.
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failure due to excessive vibration. Recent aircraft designs employ more lightweight materials and
structures so that various aeroelastic problems may happen more frequently. In recent years,
applications of active control to aeroelastic systems have been studied in order to favorably
modify the behavior of aeroelastic systems [1].
Flutter suppression is one of the main objectives of the aeroelastic control. Control surfaces such

as spoilers and flaps have been generally used to generate auxiliary aerodynamic lift and moment.
The active flexible wing (AFW) program has demonstrated flutter suppression of a fighter-type
scaled model in various maneuver modes by utilizing control surfaces and active control
technology at NASA Langley research center [2–4]. The Benchmark Active Control Technology
(BACT) model has been used as an active control test bed for evaluating new and innovative
control methodologies [5,6]. Vipperman et al. [7,8] developed a wind tunnel model of a typical
section airfoil with a trailing-edge flap and applied H2- and m-synthesized controls for active flutter
suppression. They reported that m-synthesized control provided significantly better disturbance
rejection than H2 controller, particularly when the aeroelastic pole migration is dominant. Block
and Strganac [9] constructed a unique test apparatus for the experiments of plunge and pitch
motion with prescribed stiffness characteristics. They investigated linear and nonlinear aeroelastic
responses and controlled flutter phenomena using an optimal observer and a full-state feedback.
In addition to experimental research, many control strategies have been developed for active

flutter suppression. Roy and Eversman [10] investigated the potential use of an adaptive
feedforward controller based on the filtered-X least mean squares (LMS) algorithm for active
flutter suppression of a flexible wing. Zeng and Singh [11] derived the control algorithms for pitch
angle and plunge displacement trajectory control on the basis of the variable structure adaptive
model reference control theory. Barker et al. [12] applied gain-scheduling techniques to track the
system changes due to various flow conditions. Yang et al. [13] studied semi-active control of
structural nonlinear flutter. In accordance with the theoretical analysis, a wind tunnel test model
was developed with a micromotor-slide block system as the parameter control executive element.
Gade and Inman [14] proposed an active decoupler pylon for the improvement of the stability
robustness of an active wing/store flutter suppression system.
Recent development of smart or intelligent structures gives us another alternative for active

flutter suppression [15]. Among several functional materials, piezoelectric (PZT) materials have
drawn attention as possible actuation mechanisms for flutter prevention systems because of their
simple structure and fast response time [16]. Lazarus et al. [17] successfully applied linear
quadratic Gaussian (LQG) controls to suppress vibration and flutter of a plate-like lifting surface
with surface-bonded PZT actuators. Application of PZT actuation to flutter control of a more
realistic wing model was achieved under the piezoceramic aeroelastic response tailoring
investigation (PARTI) program at NASA Langley research center [18]. Active flutter controls
of wing boxes and panels have also been investigated using PZT strain actuators [19,20].
This paper investigates active flutter suppression of a swept-back cantilevered plate using PZT

actuation. The present work is based on the study by Lazarus et al. [17]; the main improvements
lie in the study of actuator placement and the application of modern robust control theory.
The aeroelastic model of the plate has been determined in the state–space representation

form using a finite element method, a panel aerodynamic method, and a rational function
approximation. The dynamic and actuation characteristics of generally shaped lifting surfaces
with distributed PZT actuators can be easily analyzed using the finite element code developed by
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Han and Lee [21]. The doublet-lattice method (DLM) panel aerodynamic code is used to obtain
unsteady aerodynamics in this study [22]. There are many methods of rational function
approximations for unsteady aerodynamic forces, but the minimum state–space realization by
Karpel and Hoadley [23] is used to keep the number of states minimum. The obtained state–space
aeroelastic equations enable us to efficiently analyze the system and design controllers with a
modern control framework.
Actuator placement problems are also studied in this paper. Only a few studies have been

performed on the actuator location and selection for flutter suppression [24,25]. In this study, PZT
actuators, bonded symmetrically on the plate, are optimally grouped into two equivalent actuator
sets using genetic algorithms to enhance controllability.

H2- and m-synthesized control laws are designed and the effectiveness of the flutter suppression
system is evaluated via wind tunnel testing. The preparation of the specimen and the experimental
procedures are described. In the m-synthesis design, a simple parametric uncertainty model is used
to take into account the system changes with respect to airflow speed. Finally, the experimental
results are provided in time and frequency domains, and the performances of the two control
methods are compared.
2. System description

2.1. Test article

The test article is a swept-back cantilevered plate with symmetrically surface-bonded PZT
actuators as shown in Fig. 1. The article has a span of 40 cm and a chord of 20 cm, respectively,
20 cm

40 cm

30.0°

1 cm

2 cm

1 cm 3 cm

 PZT

4 cm

4 cm

S1 S2

S: Sensing point

Actuator

group 1 

Actuator
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Fig. 1. Configuration of the test model.



ARTICLE IN PRESS

Table 1

Material properties of the base plate and PZT

Property Base plate (A1080) PZT (C-91)

Young’s modulus, E (GPa) 68.6 59

Shear modulus, G (GPa) 25.5 21.5

Density, r (kg/m3) 2700 7750

Piezo constant, d (m/V) — �330� 10�12

PZT 1

PZT 2

PZT n

Switch Box

Command 1

Command 2

Fig. 2. Switch box to connect each PZT to the given command.
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and the swept-back angle is 301. The base plate is made of A1080 aluminum and the thickness
of the plate is 0.45mm. The swept-back configuration provides bending–torsion coupling
of the structure so that the flutter speed can be lowered enough within wind tunnel
operating speeds. Eighteen PZT patches (Fuji Ceramicss C-91, thickness: 0.2mm) are bonded
on each surface of the base plate. The material properties of the base plate and PZT actuator
are presented in Table 1. The base plate is used as common electrical ground and very thin
electric wires are connected to each actuator patch. Each electric line is connected to a switch
box in such a way that multiple actuators can be commanded by a single control signal as
shown in Fig. 2.

2.2. Wind tunnel

The wind tunnel testing was performed in the low-turbulence wind tunnel at the Institute of
Fluid Science, Tohoku University in Japan. The wind tunnel is a closed-circuit tunnel with an
effective velocity range of 5–70m/s. Both open and closed test-sections are available, and in this
paper, the open section was chosen to provoke aerodynamic disturbance. Fig. 3 shows the
experimental setup in the wind tunnel. The nozzle is octagonal in shape and the distance between
two facing sides is 1100mm so that the effective testing section is approximately circular with a
diameter of 1000mm.



ARTICLE IN PRESS

Fig. 3. Photograph of the experimental setup.
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2.3. Sensor and controllers

Two long-range laser displacement sensors (Keyences LB-300) are used to measure the
displacements of the plate. The effective range of the sensors is 200–400mm and they are located
300mm from the plate. The influence of the sensors on the airflow is negligible. Note that actual
applications of active flutter control need space-realizable sensors such as strain gages or
accelerometers.
All control designs are implemented on a DSP board (dSPACEs DS1102). The DSP board has

a Texas Instruments TMS320C30 DSP chip as the main processor, and is equipped with 4
analog-to-digital and 4 digital-to-analog conversion channels. The sampling frequency used is
2 kHz, which is high enough compared with the dominant frequency band of the test article. An
FFT analyzer (Onosokkis CF-3400) was used to record and process sensor and control signals.
3. Numerical model

Controller design for flutter suppression needs an accurate numerical model. Even though some
previous studies have utilized system identification techniques to obtain numerical models, it is
difficult, in many cases, to get sufficiently accurate numerical models that can be the function of



ARTICLE IN PRESS

geometry and  
material property 
(base plate + PZT)

Vib. characteristics 
(freq. & mode 

shape)

Full order  
state space 

equation

Final plant model: 
Reduced order 

state space 
equation

Finite
element 
analysis

Doublet
lattice 

method Minimum state 
approximation

Integration

Truncation 

Aero-parameters  
(Mach number,  
Reduced freq.)

Actuation
Properties

Unsteady 
aerodynamics 

(in tabular form)

Unsteady 
aerodynamics 

(in Laplace domain)

Fig. 4. Flowchart to obtain numerical model of the system.
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velocity, air density, Mach number, and so on. Fortunately, numerical procedures for an
aeroelastic model of a lifting surface in subsonic flow are well established. In this paper, the
aeroelastic model of the test article is determined in the state–space representation form using
a finite element method, a panel aerodynamic method, and a rational function approximation.
Fig. 4 shows the flow chart for the numerical modeling procedure used in this paper. With given
geometry and material properties of the test article, the vibration and actuation characteristics are
obtained using the finite element method. The calculated modal characteristics are used to obtain
unsteady aerodynamics in tabular form for various airflow parameters. The minimum state-
approximation procedure, which was developed by Karpel and Hoadley [23], is applied to convert
the unsteady aerodynamics into Laplace domain aerodynamics. A full order state–space system
model is constructed by integrating vibration, actuation and sensing characteristics of the test
article, and the resulting aerodynamics. Truncating less important states in Hankel singular value
(HSV) sense yields a final plant model, which can be readily used for controller design. This
section outlined these numerical procedures.
3.1. Structural model

By applying the finite element procedure by Han and Lee [21], the equation of motion for the
swept-back cantilevered plate with distributed actuators can be obtained as follows:

½M�f €ug þ ½K �fug ¼
XM
L¼1

fFLgVLðtÞ, (1)

where [M], [K], and fug are the global mass and stiffness matrices, and the nodal displacement
vector, respectively, fFLg and VLðtÞ are the induced force vector due to the unit applied voltage to
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the Lth actuator and the applied voltage to the Lth actuator. To model the test article in the finite
element calculation, 20 by 40 four-node elements were used. Eq. (1) is transformed into the modal
equation as follows:

½M�f€Zg þ ½D�f_Zg þ ½K�fZg ¼
XM
L¼1

fFLgVLðtÞ, (2)

where

½M� ¼ ½F�T½M�½F� ¼ ½I �; ½K� ¼ ½F�T½K �½F� ¼ diagðo2
j Þ,

½D� ¼ diagð2zjojÞ; fFLg ¼ ½F�
TfFLg ð3Þ

and ½F�, oj, and zj are the mode matrix, the natural frequency, and the damping ratio,
respectively. In Eq. (2), the damping matrix ½D� is introduced for generality, and can be obtained
from the modal testing. Actuation characteristics of PZT actuators in modal domain are specified
by fFLg and modal sensing characteristics can be obtained from the sensitivity of the laser
displacement sensors and mode shape at the sensing points. Note that aerodynamic and other
disturbance forces are not included at the present time.

3.2. Aerodynamic model

The linear relationship between the aerodynamic force acting on the nodal point and the
vertical displacement of the nodal point is obtained from a DLM [22] as follows:

fFg ¼ q½Qðk;MÞ�fug, (4)

where q, k, and M are the dynamic pressure, the reduced frequency, and the Mach number,
respectively. By transforming nodal displacements into modal coordinates, generalized
aerodynamic forces can be written as

fFg ¼ ½F�TfFg ¼ q½Qðk;MÞ�fZg, (5)

where

½Qðk;MÞ� ¼ ½F�T½Qðk;MÞ�½F�. (6)

The generalized aerodynamic influence coefficient ½Qðk;MÞ� is a complex function of reduced
frequency and flight condition. For a given Mach number and air density, ½Qðk;MÞ� is calculated
at several discrete reduced frequencies rather than as a continuous function of the circular
frequency o. Therefore, the aerodynamic influence coefficient matrices should be approximated as
a rational function so that modern control theories are readily applicable to a resulting aeroelastic
system. The minimum state method [23] approximates ½Qðk;MÞ� by

½ ~QðpÞ� ¼ ½A0� þ ½A1�pþ ½A2�p
2 þ ½D�ðp½I � � ½R�Þ�1½E�p, (7)

where p is the nondimensionalized Laplace variable given as p ¼ sb=U1. Here b, s and U1 are the
reference length, the Laplace variable and the free stream velocity, respectively. [R] is a diagonal
matrix whose diagonal terms are distinct aerodynamic poles. Physically weighted error function,
in which each tabulated coefficient is weighted at each reduced frequency according to the
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effect of an incremental error of this coefficient on aeroelastic characteristics of the system,
is minimized during the optimization procedure. The details are referred to Ref. [23]. The
overall approximation procedure mainly consists of two parts: a root finding problem and a
determination of other unknown matrices. For a given root matrix [R], the problem is to find the
combination of [A0], [A1], [A2], [D], and [E] that best fits the tabular aerodynamic influence
matrices at several discrete reduced frequencies. Proper selection of constraints makes this
problem an iterative linear least-squares problem. On the other hand, aerodynamic poles are
determined from an optimization algorithm for fixed matrices, [A0], [A1], [A2], [D], and [E]. In this
paper, a BFGS quasi-Newton method [26] is applied to optimize the root matrix ½R�. By iteratively
optimizing the root matrix and the other unknown matrices, we can approximate the aerodynamic
force vector in continuous Laplace domain as follows:

f ~Fg ¼ q½ ~QðV ; sÞ�fZg. (8)

3.3. Resulting aeroelastic model

Introducing the approximated aerodynamic force into Eq. (2) yields a state–space representa-
tion of the aeroelastic system.

f _xg ¼ ½A�fxg þ ½B�fug; fyg ¼ ½C�fxg, (9)

where the state vector fxg consists of the modal displacement fZg, the modal velocity f_Zg, and the
augmented aerodynamic states fxag; the control input fug is the applied voltages to the PZT
actuators; fyg is the measured displacement by the laser sensors. Note that the number of the
aerodynamic states equals the number of aerodynamic poles. System matrix [A] includes all
aerodynamic effects such as apparent mass, aerodynamic damping and stiffness as well as
structural mass, damping and stiffness. It should be noted that the system matrix [A] is a function
of air speed.

3.4. Model verification

First, the analysis results of the natural frequencies of the test article were compared with
experimentally measured ones in Table 2, resulting in very good coincidence. Fig. 5 shows the first
five mode shapes of the test article. Because of the swept back geometry, the combined behavior of
the bending and torsion can be seen. However, you can see that the first mode is bending
Table 2

Natural frequencies of the test article in zero-flow condition

Mode number Analysis (FEM) Experiment

1 2.13 2.03

2 10.4 10.9

3 14.3 14.5

4 29.6 31.2

5 41.7 43.9
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dominant, whereas the second mode is mainly torsion mode. The V–g method, one of the typical
flutter analysis procedures, was applied to find the flutter speed of 15.1m/s and the flutter
frequency of 8.2Hz. In the V–g method, the reference Mach number was taken to be 0.05, and the
structural damping was not taken into account. Fig. 6 shows the V–f and V–g plots for the system,
where you can see the coalescence of the first and second modes as the flow velocity increases. The
V–g method gives us a good insight of the flutter phenomena, but it is difficult to consider the
effects of control using V–g method.
A series of numerical models have been obtained by using the procedures described in Sections

3.1–3.3. It is found that 10 structural states (5 modes) and 3 aerodynamic states are sufficient to
represent the plant dynamics over the flow range of interest. The stability of the system matrix [A]
is investigated to find the flutter speed of 16.6m/s. The discrepancy is due to the inclusion of the
structural damping and the truncation of some higher modes. The experimentally identified flutter
speed is 17.1m/s, and the flutter frequency is 7.2Hz. Note that the flutter boundary is clear in the
linear flutter analysis; however, it is not so obvious in the wind tunnel test. Therefore, the flow
speed that caused very large dynamic amplitude was chosen as the experimental flutter speed
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Fig. 6. V–f and V–g plots of the system.
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throughout this study. This can be a reason why higher flutter speeds were obtained in the
experiment compared with the analytical cases.
Finally, the numerical model of the actuation characteristics has been verified. The transfer

functions between whole set of the piezoactuators and the laser sensors have been measured and
compared with those of the numerical model in Fig. 7. Except for high-frequency roll-off region,
the transfer function of the numerical model shows an excellent coincidence with experimentally
obtained transfer function, which reveals that the established model properly describes not only
natural vibration characteristics, but also the actuation properties.
4. Control design

4.1. Actuator pattern

The active control of flutter is viewed as a disturbance rejection problem for a linearly unstable
or nearly unstable system as shown in Fig. 8. The locations of actuators as well as control
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algorithms affect significantly on the overall control performance. In this paper, 18 actuators are
to be grouped into two equivalent actuator sets by common actuator commands. In the
optimization, genetic algorithms were used as a searching method. Because the design variables
are inherently in binary nature, genetic algorithms can be applied without any significant
modification. The details are referred to Refs. [27,28].
The objective function for the actuator placement is based on the HSV analysis of P11 and P22.

Assuming the disturbance d as a white noise, we obtained the HSV ḡi and the corresponding
principal direction n̄i of the transfer function matrix P11. The transfer function matrix P22 is
dependent upon the actuator patterns. For each candidate patterns, the HSV gj and the
corresponding principal direction nj of the transfer function are calculated. The objective for the
optimization was to maximize the objective function

J ¼
X

i

X
j

ḡigjjn̄
�
i njj; (10)

where * denotes the complex conjugate operator. In Eq. (10), the objective function becomes
larger when the actuators can excite the system modes as similarly as the external disturbances do.
By proper genetic operations, the optimal pattern of the actuators is found as shown in Fig. 1,
which seems to be effective especially for torsion mode actuation.

4.2. System augmentation

After obtaining the optimal actuator pattern, the controllers for the flutter suppression were
designed using H2- and m-synthesized approaches. H2 design follows the standard LQG design
methods, and the weighting and covariance matrices were adjusted during the experiment. The
detailed explanation for the design procedures for H2 design is omitted here. The block
interconnection of the whole system for the m-synthesis design is shown in Fig. 9. The 2-input
2-output nominal plant model is obtained using Eq. (9) at the flow velocity of 16.5m/s, which is
quite close to the flutter boundary, and the system order is further reduced to 11 using balanced
truncation in order to keep the controller order minimum. The open-loop nominal system P is
augmented by the multiplicative uncertainty Ddel, the weighting functions Wdel, Wdis, Wact, Wsen,
and Wper. In addition, parametric uncertainty Dpar of the system is included to take into account
the movement of the dominant pole. Since the damping value of the flutter mode varies
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significantly without the frequency change near the flutter point, the system matrix is transformed
into bi-diagonal form and only the damping term is treated as the parametric uncertainty [8]. The
Wdis and Wsen are chosen to be constant as follows:

Wdis ¼ diagð0:5; 0:5Þ, (11)

W sen ¼ diagð0:02; 0:02Þ. (12)

The constant weight for Wsen means that the sensor noise is assumed to be white noise,
and the constant Wdis means that the disturbance exists over all the frequency range. The
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magnitude plots of other weighting functions are presented in Fig. 10. The uncertainty error
Wdel indicates that the nonparametric modeling error could be up to 7% at low frequency
and becomes larger in high-frequency region. Wact is used to limit control effort especially
in high-frequency region. The chosen performance weighting function Wper means that good
disturbance rejection (vibration suppression) is required only in low-frequency region,
especially around flutter frequency. Unlike Wdel and Wact, different scales are chosen for two
channels of weighting functions Wper according to the expected relative sensor outputs at flutter
condition.

4.3. m-synthesis

Robust H1 performance is characterized by introducing a fictitious uncertainty block across
disturbance/error channels and carrying out a robust stability analysis [29,30]. Therefore, the
augmented system is cast to the form shown in Fig. 9(b) by introducing a fictitious uncertainty
block Dper. By combining all the uncertainty blocks, Dpar, Ddel, and Dper, the following augmented
uncertainty structure D is obtained:

D ¼

Dpar 0 0

0 Ddel 0

0 0 Dper

2
64

3
75; ðDpar 2 R;Ddel 2 C2�2;Dper 2 C4�4Þ. (13)

It is well known that the robust performance is achieved if and only if

max
o

mDðFLðP;KÞðjoÞÞo1, (14)

where FL means the lower linear fractional transformation so that FLðP;KÞ is the transfer
function from fq; dgT to fp; egT in Fig. 9(b) when the augmented uncertainty block D is eliminated.
For a complex system matrix M, mDðMÞ is defined as follows:

mDðMÞ ¼
1

min
D
fs̄ðDÞ : detðI �MDÞ ¼ 0g

. (15)

Therefore, the objective of m-synthesis is to find the stabilizing controller K that minimizes the
peak value of m of the closed-loop transfer function FLðP;KÞ

min
K

max
o

mDðFLðP;KÞðjoÞÞ. (16)

The optimization problem stated in Eq. (16) can be solved by an iterative approach, referred
to as D–K iteration [30]. The obtained continuous controller is converted into discrete
controller with the sampling frequency of 2 kHz, and implemented on a DSP board as described
in Section 2.3.
5. Results and discussion

The designed H2- and m-synthesized controllers have been verified in the wind tunnel shown in
Fig. 3. The test-section of the wind tunnel is open type so that sufficient disturbances in the flow
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Fig. 11. Experimental flutter suppression results at the flow velocity of 17.0m/s: (a) H2 control and (b) m-synthesized
control.
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excite the lifting surface. Figs. 11 and 12 show the representative active flutter control results,
where the power spectra of the sensor 1 signals are presented for both uncontrolled and controlled
cases. At the flow velocity of 17m/s, which is slightly lower than the open-loop flutter speed, both
controllers successfully suppress fluttering vibrations as shown in Fig. 11. Couples of large peaks
in the open-loop responses can be seen at this speed, which are two- or three-times harmonics of
the flutter mode due to structural nonlinearity with large amplitudes. Suppression of flutter mode
made these harmonics disappear.
Two vibrational modes are dominant in the open-loop power spectra at the flow velocity of

10m/s, which is quite below the flutter speed. It is clear from this observation that the vibration
characteristics of the specimen are significantly affected by the airflow speed. Application of H2
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Table 3

Comparison of flutter speeds

Open/closed Method Flutter speed (m/s) % Improvementa

Open loop Analysis (V–g) 15.1

Analysis (Laplace) 16.6

Experiment 17.1

Closed loop SISO LQG 18.2 6.4

(experiment) SISO m-design 18.2 6.4

MIMO LQG 18.8 9.9

MIMO m-design 19.0 11.1

aWith respect to the experimental open-loop flutter speed.
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controller is successful in eliminating the flutter mode, but induced another spurious mode of
which frequency is a little higher than that of the open-loop second mode as shown in Fig. 12(a).
It is observed that H2 controller cannot be used under the flow velocity of 10m/s because the
spurious mode becomes unstable. In contrast, the m-synthesized controller shows the improved
behavior at this speed, and is stable even at 5m/s.
In addition, experimental flutter speed can be increased up to 18.8m/s using H2 control, and up

to 19.0m/s using m-synthesized control. Table 3 compares the flutter boundaries for various
controls. When all the PZT actuators are connected to a single command and one laser sensor is
used, the system becomes single-input single-output (SISO) system. In this case, the flutter speed
can be increased up to 18.2m/s (6.4% enhancement) for both controllers. The reason for the less
performance is not due to controllers but due to the lack of the control force, especially in torsion
direction.
6. Conclusions

This paper investigates active flutter suppression of a lifting surface using piezoelectric
(PZT) actuation and modern control theory. A finite element method, a panel aerodynamic
method, and the minimum state–space realization are utilized in the development of the
equation of motion in state–space form. The resulting state–space representation is efficiently
used for the analysis of the system and design of control laws with a modern control
framework. PZT actuators, bonded symmetrically on the plate, are optimally grouped into
two equivalent actuator sets using genetic algorithms to enhance controllability. H2 and
m-synthesized control laws are designed and the flutter suppression performance is evaluated
via the wind tunnel testing. In the m synthesis design, a simple parametric uncertainty model is
used to take into account the system changes with respect to varying airflow speed. The
m-synthesized controller shows improved behavior over a wide flow speed range. In order to
further enhance the control performances, more effective torsional actuation mechanisms or
actuators are requested.
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