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Abstract

The governing equations for two-dimensional generalized thermoelastic diffusion in an elastic solid are
solved. There exist three compressional waves and a shear vertical (SV) wave. The reflection phenomena of
SV wave from the free surface of an elastic solid with generalized thermoelastic diffusion is considered. The
closed-form expressions for the reflection coefficients for various reflected waves are obtained. These
reflection coefficients are found to depend upon the angle of incidence of SV wave, thermoelastic diffusion
parameter and other material constants. The numerical values of modulus of the reflection coefficients are
presented graphically for different thermal and diffusion parameters.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Duhamel [1] and Neumann [2] introduced the theory of uncoupled thermoelasticity. There are
two shortcomings of this theory. First, the fact that the mechanical state of the elastic body has no
effect on the temperature, is not in accordance with true physical experiments. Second, the heat
equation being parabolic predicts an infinite speed of propagation for the temperature, which is
not physically admissible.

Biot [3] developed the coupled theory of thermoelasticity which eliminates the first defect, but
shares the second defect of uncoupled theory. In the classical theory of thermoelasticity, when an
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elastic solid is subjected to a thermal disturbance, the effect is felt at a location far from the
source, instantaneously. This implies that the thermal wave propagates with infinite speed, a
physically impossible result. In contrast to conventional thermoelasticity, non-classical theories
came into existence during the last part of 20th century. These theories, referred to as generalized
thermoelasticity, were introduced in the literature in an attempt to eliminate the shortcomings of
the classical dynamical thermoelasticity. For example, Lord and Shulman [4], by incorporating a
flux-rate term into Fourier’s law of heat conduction, formulated a generalized theory which
involves a hyperbolic heat transport equation admitting finite speed for thermal signals. Green
and Lindsay [5], by including temperature rate among the constitutive variables, developed a
temperature-rate-dependent thermoelasticity that does not violate the classical Fourier law of heat
conduction, when body under consideration has center of symmetry and this theory also predicts
a finite speed for heat propagation. Chandresekharaiah [6] referred to this wavelike thermal
disturbance as ‘“‘second sound”. The Lord and Shulman theory of generalized thermoelasticity
was further extended by Sherief [7] and Dhaliwal and Sherief [8] to include the anisotropic case. A
survey article of representative theories in the range of generalized thermoelasticity is due to
Hetnarski and Ignaczak [9].

Sinha and Sinha [10] and Sinha and Elsibai [11,12] studied the reflection of thermoelastic waves
from the free surface of a solid half-space and at the interface of two semi-infinite media in welded
contact, in the context of generalized thermoelasticity. Abd-Alla and Al-Dawy [13] studied the
reflection phenomena of SV waves in a generalized thermoelastic medium. Recently, Sharma et al.
[14] investigated the problem of thermoelastic wave reflection from the insulated and isothermal
stress-free as well as rigidly fixed boundaries of a solid half-space in the context of different
theories of generalized thermoelasticity.

Diffusion may be defined as the random walk, of an ensemble of particles, from regions of high
concentration to regions of lower concentration. The study of this phenomenon is of great
concern due to its many geophysical and industrial applications. In integrated circuit fabrication,
diffusion is used to introduce ““dopants” in controlled amounts into the semiconductor substrate.
In particular, diffusion is used to form the base and emitter in bipolar transistors, form integrated
resistors, form the source/drain regions in metal oxide semiconductor (MOS) transistors and dope
poly-silicon gates in MOS transistors. The phenomenon of diffusion is used to improve the
conditions of oil extractions (seeking ways of more efficiently recovering oil from oil deposits).
These days, oil companies are interested in the process of thermoelastic diffusion for more
efficient extraction of oil from oil deposits.

Using the coupled thermoelastic model, Nowacki [15-17] developed the theory of thermoelastic
diffusion. Using Lord-Shulman (L-S) model, Sherief et al. [18] generalized the theory of
thermoelastic diffusion, which allows the finite speeds of propagation of waves. The present study
is motivated by the importance of thermoelastic diffusion process in the field of oil extraction.
Also, the development of generalized theory of thermoelastic diffusion by Sherief et al. [18]
provide a chance to study the wave propagation in such an interesting media. The paper is
organized as follows: in Section 2, the wave propagation in an isotropic, homogeneous model of
elastic solid with generalized thermoelastic diffusion is studied for Lord—Shulman (L-S) as well as
for Green—Lindsay (G-L) model. The governing equations for L-S and G-L models are solved in
x—z plane to show the existence of three compressional waves and a SV wave. In Section 3, the
closed-form expressions for reflection coefficients are obtained for the incidence of SV wave at a
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thermally insulated free surface. In the last section, a numerical example is given to discuss the
dependence of reflection coefficients upon thermal relaxation times, diffusion relaxation times,
angle of incidence of SV wave and other thermal and diffusion parameters. This dependence is
shown graphically.

2. Governing equations and solution
Following, Lord and Shulman [4], Green and Lindsay [5] and Sherief et al. [18], the governing
equations for an isotropic, homogeneous elastic solid with generalized thermoelastic diffusion

with reference temperature 7Ty in the absence of body forces are:

(1) the constitutive equations

o = 2ue; + Syllew — Bi(O +110) — Bo(C + ' O)], (1)
pToS = pcp(O +00) + By Toew + aTo(C + BC), (2
P = —Prers +b(C+1'C)—a(® +1,0). (3)

Here o = f = 1) = t' =0 for L-S model and « = 1, = t° for G-L model.
(i1) the equation of motion

pti i + (o+ W — PO +110); — Bo(C + 7' C); = pii, 4)

(ii1) the equation of heat conduction

pce(0 4+ 100) + B, To(é + Quoé) + aTo(C + yC) = KO 4, (5)

(iv) the equation of mass diffusion
Dpse i+ Da(® +1,0) ; + (C + Q°C) — DH(C +1'C) ; = 0, (6)

where ff; = 34+ 2wo, and f, = (34 + 2u)a,, 4, u are Lame’s constants, «, is the coefficient of
linear thermal expansion and o, is the coefficient of linear diffusion expansion. © =
T — Ty, Ty is the temperature of the medium in its natural state assumed to be such that
|©/Ty|<1. o; are the components of the stress tensor, u; are the components of the
displacement vector, p is the density assumed independent of time, e; are the components of
the strain tensor, e = ¢y, T is the absolute temperature, S is the entropy per unit mass, P is
the chemical potential per unit mass, C is the concentration, cg is the specific heat at constant
strain, K is the coefficient of thermal conductivity, D is thermoelastic diffusion constant. 7 is
the thermal relaxation time, which will ensure that the heat conduction equation, satisfied by
the temperature ® will predict finite speeds of heat propagation. 7 is the diffusion relaxation
time, which will ensure that the equation, satisfied by the concentration C will also predict
finite speeds of propagation of matter from one medium to the other. The constants ¢ and b
are the measures of thermoelastic diffusion effects and diffusive effects, respectively. The
superposed dots denote derivative with respect to time.
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For the L-S model, 1, =0, t! =0, @ =1, y = 79. The governing equations in L-S model are
same as given by Sherief et al. [18].

For G-L model, 7, >0, t' >0, Q =0, y = 7°. The thermal relaxation times 7y and 7, satisfy the
inequality 7; >19>0 for G-L model. The diffusion relaxation times t° and t' also satisfy the
inequality 7! >1°>0 for G-L model.

For two-dimensional motion in x—z plane, Eqgs. (4)—(6) are written as

(o 2ur 4 (1 + Dus iz + g 33 — Brey© 1 — ot Cy = puiy, (7
pes gy + (4 Durgs + G+ 2pus 33 — Bi1p0 5 — Pyt Ca = piis, )
KV?0 = pcpt® + BTl + aTo’C, )
DB, Ve + DatyV?O — Dbty V> C +1)C = 0, (10)
where
0 0 , 0
1
=1 — =1 — =1 —
Ty +rlal, Ty +roa[, r + ! a
d d d ot o
0 0 0 0 2
=1l+y= =14+ Q19— =14+Q"—, V =—+_—.
T, +/6t’ T, + "'Oaz’ T + Q1 or 6x2+622
The displacement components #; and u3 may be written in terms of potential functions ¢ and yr as
_0p oy 0 oY
=T BT +ox ox’ (i
Using Eq. (11) into Egs. (7)—(10), we obtain
Vi = v (12)
nu - p atz s
2 1 1 o)
(420092 — p17h0 — prlC = p= 7. (13)
000 6 ac
KV?0 = pept)— T By Tot° = 5, V2 +aTyt’ — 5, (14)
DB,V —i—Dar(,V O — Db‘c \Y% C+rf ” =0. (15)

Eq. (12) is uncoupled, whereas Eqs. (13)—(15) are coupled in ¢, @ and C. From Eqgs. (12)—(15), we
see that while the P-wave is affected due to the presence of thermal and diffusion fields, the SV
remains unaffected. The solution of Eq. (12) corresponds to the propagation of SV wave with
velocity vy = /u/p.

Solutions of Egs. (13)~(15) are now sought in the form of the harmonic travelling wave

(9,0, C} = (g, Oy, CoJetrsinHzcost=n), (16)

where v is the phase speed, k is the wavenumber and (sin 0, cos 0) denotes the projection of the
wave normal onto x—z plane.
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The homogeneous system of equations in ¢,, @y, and Cy, obtained by inserting Eq. (16) into
Egs. (13)—(15), admits non-trivial solutions and enables to conclude that ¢ satisfies the cubic
equation

E+LE+MEFN=0, (17)
where
¢ = pv’,
L= —(8 +eg18e3+dy+dr + A1+ 2,u),
M = (A4 2u)(d) + dy + ee16283) + d1dy + dre — eeo(e) + 63) — &2,

N = —d1d2(1+2u) + &dy,

K Db7!!
d=—_ 4= pEDT.
CETH Tf
2 11 2 11
. BiTot.ty b= a b = pDpit, = art.
T 9 0 S ’ L T i 9 2y T 11°
PCETY BB, Tf ﬁlﬁzfefc

1 1 1 1
19:1—0—’_—: TC:y+_’ TL’:QTO—i__: Tf:QTO—i__J
(@) (@) w w

‘cél =1 - w1y, rcl,l =1 - wrt.

Eq. (17) is cubic in &. The roots of this equation give three values of £. Each value of £ corresponds
to a wave if v’ is real and positive. Hence, three positive values of v will be the velocities of
propagation of three possible waves. Cardan’s method is used to solve Eq. (17). Using Cardan’s
method, Eq. (17) is written as

A +3HA+G=0, (18)
where

L 3M - I? 27N —9LM + 2L’
A—€+§, H_T’ G= > . (19)
For all the three roots of Eq. (18) to be real, Ao(= G*> + 4H?) should be negative. Assuming the 4,
to be negative, we obtain the three roots of Eq. (18) as

A, = 2/—H cos (W) (n=1,2,3), (20)

where

¢ = tan™! <V_|‘(';°|). Q1)
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vy = <An—§>/p n=1,2,3) (22)

are velocities of propagation of the three possible coupled dilatational waves. The waves with
velocities vy, v, and v correspond to P wave, mass diffusion (MD) wave and thermal (T) wave,
respectively. This fact may be verified, when we solve Eq. (17), using a computer program of
Cardan’s method. If we neglect thermal effects, i.e. for ¢ =0, d; = 0, the cubic equation (17)
reduces to a quadratic equation whose roots are as

Hence,

200 = [da + (4 2001 % \/[ds — G + 200 + 4ea, (23)

where the positive and negative signs correspond to P wave and MD wave, respectively.
Moreover, the MD wave exists if ﬁ% <b(4 + 2uw). Similarly, if we neglect the diffusion effects, i.e.
for ey = & = dy =0, Eq. (17) reduces to a quadratic equation whose roots are as

2007 = [{dy + (4 20} + el % /(s — G+ 200) — o + ded, (24)

where the positive and negative signs correspond to P wave and T waves, respectively. The T wave
exists, if d{ >0, which is true. These two-dimensional roots are in agreement with the non-
dimensional roots obtained by Abd-Alla and Al-Dawy [13] for Lord and Shulman theory. In
absence of thermoelastic diffusion effects, Eq. (17) corresponds to P wave with velocity

v = /(2 +2w/p.

3. Reflection coefficients

In previous section, it has been discussed that there exists three compressional waves and a SV
wave in an isotropic elastic solid with generalized thermoelastic diffusion. Any incident wave at
the interface of two elastic solid bodies, in general, produce compressional and distortional waves
in both media (see for example, Refs. [19,20]). Let us consider an incident SV wave (Fig. 1). The
boundary conditions at the free surface z = 0 are satisfied, if the incident SV wave gives rise to a
reflected SV and three reflected compressional waves (i.e. P, MD and T waves). The surface z = 0
is assumed to be traction free and thermally insulated so that there is no variation of temperature
and concentration on it. Therefore, the boundary conditions on z = 0 are written as

00 oC
zz — 07 x — 0: aA. = 03 =
’ 7zx 0z 0z
The appropriate displacement potentials ¢ and y, temperature @ and concentration C are taken
in the form

0, onz=0. (25)

Y = By exp[iko(xsin Oy + z cos Oy) — wwt)] + By exp[iko(x sin Oy — z cos 0y) — wo1)], (26)

¢ = Ay exp[iki(xsin0; — zcos 0)) — wwt)] + A, exp[tka(x sin 0, — zcos 0,) — wwt)]
+ Aj exp[iks(x sin 03 — z cos 03) — wwt], 27)
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Fig. 1. Schematic diagram for the problem.

O = {1 A, exp[iki(xsin 0 — zcos 01) — ww1)] + {, A4, exp[ika(xsin 0y — zcos 0y) — 1w1)]
+ {345 exp[ik;(x sin 03 — z cos 03) — ww1], (28)

C =4 exp[ik(xsin 0 — zcos 01) — 1w1)] 4+ 17,4, exp[tka(x sin 0y — zcos 0,) — 1wt)]
+ n3As exp[iks(xsin 03 — z cos 03) — 1wf], (29)

where the wave normal of the incident SV wave makes angle 0y with the positive direction of the
z-axis, and those of reflected P, MD and T waves make 61, 6, and 05 with the same direction, and

(= k;Gi(pvr — 2 —2p), m;=kiHi(pv; —A—2p) (i=1,2,3) (30)
and

o wp2(ores — da + )
" diey + poi[e(da — pv?) — & — eea(er + &3)]

(31D

- exlpvi(eer + 1) — di]
Y diey + poie(dy — pv}) — & — eea(er + €3)]
The ratios of the amplitudes of the reflected waves to the amplitude of the incident wave, namely
By/By, A1/By, A2/By and A3/B, give the reflection coefficients for reflected SV, reflected P,
reflected MD and reflected T waves, respectively. The wavenumber ko, k1, k>, k3 and the angles
0y, 01, 0,, 05 are connected by the relation
k() sin 60 = k] sin 01 = k2 sin 02 = k3 sin 63 (33)

at surface z = 0. Relation (33) may also be written in order to satisfy the boundary conditions (25) as

(32)

sinfp _sinf; sin6, sin0; (34)

Vo (%] %) U3
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where vy = \/u/p is the velocity of SV wave and v;, (i = 1,2,3) are the velocities of three sets of

reflected compressional waves. Using the potentials given by Egs. (26)-(29) in boundary conditions
(25), the reflection coefficients may be expressed as

B]_Al Al_Az A2_A3 A3_A4

21 L il == 35
By 4> By A4° By A4’ By A4° (33)
where

A = XeXal = XnXa x33(x21 — X11) — X31(0023 — x13)
Xa4X31 — X3X41  X3(X21 — X11) — X31(X22 — X12) ’

[ = XasXsr — X3xa x33(X21 + X11) — X31(X23 + X13)
1= - )
XapX31 — X3x41  X32(x%21 + X11) — X31(X22 + X12)

A —2(X43X32 — X42X33)
5 =

)

X42X32

A 2(X43X31 — X41X33)
3 =
X41X3]

b

Ay — —2(Xg2X31 — X41X32)

b

X41X31

o= [4 + 2ucos® 0; + T (Li/Kk)B1 + 12 (/KB (i / ko)’
e psin 26, ’

sin 20,(k; / ko)
Xoj = ————
cos 20,

x5 = cos 0, [kD(ki/ ko),

Xa; = 08 0,(n;/ k7 (ki [ ko).
In the absence of thermoelastic diffusion, these reflection coefficients reduce to

B _ sin 20 sin 260y — (1)1/1)0)2 co0s 20, (36)
By sin 20, sin 20, + (1)1/1)0)2 cos 20y’

A, _ (v1/vo) sin 40, 37
By sin20; sin 20y + (1)1/00)2 cos 20y’
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which are the same as those given by Ben-Menahem and Singh [20], if 6,, 0y, v; and vy are replaced
by e, f, « and f3, respectively. It may also be mentioned that the MD and T waves will disappear in
absence of thermoelastic diffusion.

4. Numerical results

For computational work, the following material constants at 7o = 27 °C are considered for an
elastic solid with generalized thermoelastic diffusion

A =5.775x 10" dyn/ecm?, = 2.646 x 10" dyn/ecm?, p =2.7g/cm’,
cp =236lcal/g°C, K =0.492cal/cms°C, o, =0.05 cm3/g,
2. =006cm’/g, ®=10s"!, a=0005cm?/s>°C, b=0.05cm’/gs,

D =05gs/cm’.

The numerical values of reflection coefficients of various reflected waves are computed for angle of
incidence varying from 1° to 45° for L-S (Lord—Shulman) and G-L (Green—Lindsay) models when
71 =19 = 0.05s and t! =t = 0.04s. These numerical values of reflection coefficients are shown
graphically in Figs. 2-5 where solid and dotted lines correspond to L-S and G-L models, respectively.

Fig. 2 shows the reflection coefficients of reflected SV waves for L-S and G-L models. The
reflection coefficient for each model, first increases and then decreases to its minima, thereafter, it
attains its value one at 6y = 45°. Figs. 3—5 show the variations for reflected P, reflected MD and

1.2
Reflected SV waves

1.0 —/— "7~

0.8 —]
é L-S Model ,
Z 0.6 — ;
IS)
@]
=
8
8 0.4 —
=
o}
a2

9.2 G-L Model

0.0

| | | |
Q Q9 18 27 36 45

Angle of Incidence

Fig. 2. Variations of reflection coefficients of SV waves with the angle of incidence for L-S and G-L models.
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reflected T, respectively. Comparing the solid and dotted lines in these figures, the effects of
second thermal relaxation time and second diffusion relaxation time are observed on the reflection
coefficients. The further numerical study is restricted to L-S model only. The numerical values of

Reflected P waves

L-S Model

Reflection Coefficeints
(]
o
Q@
-
=<
1)
o
<N

0.0
| | | |

Q 4 18 27 36 45

Angle of Incidence

Fig. 3. Variations of reflection coefficients of P waves with the angle of incidence for L-S and G-L models.

©.020
Reflected MD waves
0.016 — \

0.012 —

0.008 —

Reflection Coefficeints

0.004 —

0.000
| | | |

Q@ b4 18 27 36 45
Angle of Incidence

Fig. 4. Variations of reflection coefficients of MD waves with the angle of incidence for L-S and G-L models.
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Reflection Coefficeints

0.25

Q.20 —

Q.15 —

Q.10 —

Q.05 —j

Reflected T waves

L-S Model

18 27
Angle of Incidence

45

Fig. 5. Variations of reflection coefficients of T waves with the angle of incidence for L-S and G-L models.

Reflection Coefficeints

Reflected SV waves

18 27

Angle of Incidence

36

45

Fig. 6. Variations of reflection coefficients of SV waves with the angle of incidence for sets S1, S2 and S3 of L-S model.

reflection coefficients are computed for three different sets of thermal and diffusion relaxation
times, namely S1(to = 0.2, ° =0.1); S2(zo = 0.02, ° = 0.01) and S3(to = 0.002, ° = 0.001).
These coefficients are shown graphically in Figs. 6-9. The reflection coefficients of various
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1.6
Reflected P waves
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&= h
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Q.3 —
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%] Q9 18 27 36 45
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Fig. 7. Variations of reflection coefficients of P waves with the angle of incidence for sets S1, S2 and S3 of L-S model.

0.015
Reflected MD waves 33
s2
2.012 —
$ 2.009 —
% i \
(e} 4 A
o} ) \
=] Ir
.8 )
5 0.006 —] /
= /
& /
N s1
Q.003 —
0.000
%) 2 18 27 36 45

Angle of Incidence

Fig. 8. Variations of reflection coefficients of MD waves with the angle of incidence for sets S1, S2 and S3 of L-S
model.
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©.35
Reflected T waves
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Q.28 — LT
S082

8 0.21 — \
8: Ir \‘
o ’ \
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&) ; \
= / \
2 ! R
5 0.14 — / \
Q ’ \
= ; \
Q ’ A\
& ; \

.07 — /7 '

S1
©.00
Q 9 18 27 36 45

Angle of Incidence

Fig. 9. Variations of reflection coefficients of T waves with the angle of incidence for sets S1, S2 and S3 of L-S model.

2.0
1.6 — LS
Thermal waves ==
1.2 —
>
3 or
= [
2 -
0.8 —]
Mass Diffusion waves
Q.4 —]
U
0.0 Q.2 Q.4 Q.6 0.8 1.0
D

Fig. 10. Variations of velocities of MD and T waves with thermoelastic diffusion constant D for L-S and G-L models.

reflected waves are affected considerably by thermal as well as diffusion relaxation times. On
comparing the curves for sets S1, S2 and S3, in Figs. 6-9, it may me remarked that the rate of
change of reflection coefficients decreases as we take values of thermal relaxation time 7y and
diffusion relaxation time t° less than those given in set S3.
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The variations of the velocities of MD and T waves with D are also shown graphically in Fig. 10
for L-S and G-L models. The effects of second thermal relaxation time and second diffusion
relaxation time are noted on velocities of MD and T waves. The velocities P and SV waves are
same at each value of D and are not affected by second thermal and diffusion relaxation times.
Therefore, the graphs of these two waves are not included in Fig. 10.

5. Conclusions

From theory and numerical computation, the following points are concluded.

1. The theory of generalized thermoelastic diffusion is extended in the frame of G-L model. The
solutions of governing equations lead to the existence of one shear and three compressional
waves travelling with distinct speeds for two-dimensional motion in a solid with thermoelastic
diffusion.

2. The reflection of SV wave is studied. The reflection coefficients of various waves are expressed
in closed-form and computed numerically for both L-S and G-L models. The reflection
coefficients are also computed for different values of thermal and diffusion relaxation times for
L-S model only.

3. The velocities as well as reflection coefficients of various plane waves depend on various
thermal and diffusion parameters.

The present model of elastic solid with thermoelastic diffusion becomes more realistic due to the
existence of these new compressional waves. The present theoretical results may provide
interesting information for experimental scientists/researchers/seismologists working on subjects
of wave propagation.
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