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Abstract

A dual component system with vibro-impact is considered. Local codimension two bifurcation of maps, involving a real
eigenvalue and a complex conjugate pair escaping the unit circle simultaneously, is analyzed by using the center manifold
and normal form method for maps. The period 7 single-impact motion and Poincaré map of the vibro-impact system are
derived analytically. Stability and local bifurcation of single-impact periodic motion are analyzed by using the Poincaré
map. A center manifold theorem technique is applied to reduce the Poincaré map to a three-dimensional one, and the
normal form map associated with the codimension two bifurcation is obtained. Local behavior of the dual component
system with vibro-impact, near the point of codimension two bifurcation, is analyzed. It is found that near the point of
codimension two bifurcation, there exists not only Hopf bifurcation of period one single-impact motion, but also Hopf
bifurcation of period two double-impact motion. Period doubling bifurcation of period one single-impact motion
commonly exists near the point of codimension two bifurcation. However, no period doubling cascade emerges due to
change of the type of period two fixed points and occurrence of Hopf bifurcation associated with period two fixed points.
The period two fixed points are symmetrical about the corresponding period one point. The results from simulation show
that the attracting invariant circles associated with period two points are symmetrical about the corresponding period one
point near the value of Hopf bifurcation of period two points. Two actual examples, the impact-forming machinery and
inertial shaker, are chosen to analyze further the phenomena of codimension two bifurcation of maps, and local
bifurcation analysis and numerical simulation are carried out to unfold dynamical behavior of these vibro-impact systems
near the points of codimension two bifurcations.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Vibrating systems with clearances, gaps or stops are frequently encountered in technical applications of
mechanism, vehicle traffic, nuclear reactor, etc. Repeated impacts, i.e., vibro-impacts, usually occur whenever
the components of a vibrating system collide with rigid obstacles or with each other. The principle of
operation of vibration hammers, impact dampers, machinery for compacting, milling and forming, offshore
structures, shakers and pile drivers, etc., is based on the impact action for moving bodies. With other
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equipment, e.g., mechanisms with clearances, heat exchangers, fuel elements of nuclear reactors, gears, piping
systems, wheel-rail interaction of high speed railway coaches, etc., impacts also occur, but they are undesirable
as they bring about failures, strain, shorter service life and increased noise levels. Researches into vibro-impact
problems have significance on optimization design of machinery with clearances, gaps or stops, noise
suppression, reliability analyses, etc. The physical process during impacts is strongly nonlinear and
discontinuous, but it can be described theoretically and numerically by discontinuities in good agreement with
reality. Compared with single impact, the dynamics of vibro-impacts is more complicated, and hence, has
received great attention. Many new theoretical problems have been advanced in researches into vibro-impacts
dynamics, and the study of problems of impacting vibration becomes a new subject on nonlinear dynamics.
Some important problems on vibro-impact dynamics, including global bifurcations [1-8], singularities [9-18],
chattering impact [19], quasi-periodic impacts [20-24] controlling chaos [25], etc., have been studied in the past
several years. Along with the theoretical researches into vibro-impact dynamics, the research into application
of these systems are developed, for example, wheel-rail impact of railway coaches [26], impact noise analysis
[27], shakers [28,29], vibrating hammer [30], offshore structure [31], impact dampers [32-36], gears [37,38], etc.

The purpose of the present study is to focus attention on codimension two bifurcation of period one single-
impact motion of vibro-impact systems. There are many types of codimension two bifurcations of ordinary
differential equations and maps, some of which are studied in Refs. [39-45]. Here a local codimension two
bifurcation of maps, involving a real eigenvalue and a complex conjugate pair escaping the unit circle
simultaneously, is analyzed by using the center manifold normal form method for maps. A dual component
system with vibro-impact is considered. The period n single-impact motion and Poincaré map of the vibro-
impact system are derived analytically. Stability and local bifurcation of single-impact periodic motion are
analyzed by using the Poincaré map. A center manifold theorem technique is applied to reduce the Poincaré
map to a three-dimensional one, and the normal form map associated with the codimension two bifurcation is
obtained. Local behavior of the dual component system with vibro-impact, near the point of codimension two
bifurcation, is analyzed. It is found that near the point of codimension two bifurcation there exists not only
Hopf bifurcation of period one single-impact motion, but also Hopf bifurcation of period two double-impact
motion. Period doubling bifurcation of period one single-impact motion is commonly existent near the point
of codimension two bifurcation. However, no period doubling cascade emerges due to change of the type of
period two fixed points and occurrence of Hopf bifurcation associated with period two fixed points. The
period two fixed points are symmetrical about the corresponding period one point. The results from
simulation show that the attracting invariant circles associated with period two points are symmetrical about
the corresponding period one point near the value of Hopf bifurcation of period two points. Finally, two
actual examples, the impact-forming machinery and inertial shaker, are chosen to analyze further the
phenomena of codimension two bifurcation of impact maps, and local bifurcation analysis and numerical
simulation are carried out to unfold dynamical behavior of these vibro-impact systems near the points of
codimension two bifurcations.

2. The mechanical models of vibro-impact systems

The mechanical models for a dual component system with vibro-impact, the impact-forming machinery and
inertial shaker are shown, respectively, in Figs. 1(a), (b) and (c). We first analyze the dual component system
shown in Fig. 1(a). Displacements of the masses M and M, are represented by X; and X5, respectively. The
masses are connected to the supporting base by the linear springs with stiffnesses K; and K5, and linear viscous
dashpots with damping constants C; and C,. The excitations on masses are harmonic with amplitudes P, and
P,. Q is the excitation frequency, and 7 is the phase angle. The mass M, impacts mutually with the mass M,
when the difference of their displacements equals the gap 4, i.e. X7(¢)—X>(t) = A. The impact is described by
the conservation law of momentum and a coefficient of restitution R, and it is assumed that the duration of
impact is negligible compared to the period of the force.

The motion process of the system, between any two consecutive impacts, is considered. Between any two
consecutive impacts, the time 7 is always set to zero directly at the instant when the former impact is over, and
the phase angle 7 is used only to make a suitable choice for the origin of time in the calculation. The state of
the vibro-impact system, immediately after impact, has become initial conditions in the subsequent process of
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Fig. 1. Schematics of the vibro-impacts systems. (a) A dual component system with vibro-impact, (b) the impact-forming machinery, and
(c) the inertial shaker.

the motion. Between consecutive impacts, the non-dimensional differential equations of motion are given by
X1+ 20% + X =sin(of + 1), X + 20mp% + opx; = fosin(wf + 1), (1)

where a dot (-) denotes differentiation with respect to the non-dimensional time ¢, and the non-dimensional
quantities are given by

M] Ci _XiKl

= — = — i = , :1,2
H =1, ‘i WKk, T e !
P> Ky M, K, 4-K,
== = = =Q/—, =T/, o= ) 2
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When the impact occurs, for x;(7)—x»(f) = 9, the velocities of the masses M| and M, are changed according
to the conservation law of momentum, and the impact equation of the masses and the coefficient of restitution
R are given by

P X1y + Yo = 1, X1+ X0, R = (G — X14) /(X2 — X,0), (3)

where x;_ and X;; (i = 1,2) represent the velocities of immediately before and after the impact of the masses
M,, respectively.
The general solutions of Eq. (1) are given by

x;(1) = e (a;cos wyt + b sinwyt) + A;sin(wt + 1) + B;cos(wt +1) (= 1,2), ()]

where 11 = {q, 1, = Ly, 0y = /1 — Cf, Wy = woy/1 — Ci, a; and b; are the constants of integration which

are determined by the initial condition and modal parameters of the system, and 4; and B, are the amplitude
constants.

3. Single-impact periodic motion

Impacting systems are conveniently studied using a mapping derived from the equations of motion. Each
iterate of this map corresponds to the mass M, striking the mass M, once. In this section, only the periodic
motion of the model, with one impact during » cycles of the force, is considered, which is called the period n
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single-impact motion. Letting 0 = wt, there are generally two ways to choose the Poincaré sections:
6,0 CR'*' xS, where &= {(x;,%,x,%,0)e R" xS, 0=0, mod2n)}, o= {(x,%,x2%,0) €R* xS,
X — X, =0, X; = X4,X, = X,,}. Because there exists singularity of the Poincaré map caused by the motions
with grazing contact of two masses in the vibro-impact systems, it is difficult to observe the motions with
grazing contact of two masses in the Poincaré section 4. In this paper, we choose the section ¢ to establish the
Poincaré map of the system. The disturbed map of period n single-impact motion is expressed as

X' =1 X), )

where XeR*, v is varying parameters, veR' or R X = X" + AX, X' = X* + AX', X* = (X1, X2, X24,T0) " IS a
fixed point in the hyperplane o, AX = (Ax|., Axy, AX>;,A7)" and AX' = (AX|, AX,y, AX AT)" are the
disturbed vectors of X™.

Under suitable system parameter conditions, the system shown in Fig. 1(a) exhibits periodic behavior. In the
paper, we can characterize periodic impact motions of the vibro-impact system by the symbol ¢ = p/n, where p
is the number of impacts and # is the number of the forcing cycle. The symbol ¢, originated by F. Peterka, is of
significance in analyzing the periodic-impact motions and bifurcation characteristics, and the quantity ¢ has
rational and irrational value for periodic and chaotic motion, respectively; see Ref. [15]. The ¢ = 1/n motion
means that if the dimensionless time ¢ is set to zero directly after an impact, then it becomes 2nm/w
(n=1,2,...) just before the next impact. After the origin of 0-coordinate is displaced to an impact point, the
determination of the periodic motion is based on the fact that they satisfy the following set of periodicity and
matching conditions:

x1(0) = x12nn/w) = X109, %2(0) = X207/ W) = X2,

x1(0) — x,(0) = 6, x,2nn/w) — x,(2nw/w) =4,

xl(o) =

g g, L = RY1 /) & (14 R)%Qnmf0)] = .

%(0) =

5 (14 Ry @nm /) + (1= Ry, ) 6:2nm/0)] = o, (6)
where x,(2nn/w) = X,_ and x,(2nw/w) = X,_, respectively, are the velocities of masses M, and M, immediately
before the impact.

Inserting the set of periodicity and matching conditions (6) into the general solutions of Eq. (1), we can solve
for the constants of integration a;, b; and the phase angle 7, from the formula (4). For convenience, in the
following, we give expressions for some symbols £, [; and /;, firstly:

J = Roge(c; —e) — (R+ 1)6’/77/-5/ wg, l_, _ w +o45 (=1,2),
1 —e¢c ‘ 1= ¢ '
i (1'26?(1 + R}) ( as e I_lftm>’ )
il + 1,L,) \1 —ec; 1 —ex, I,

where s; = sin(2nnwg/w), ¢; = cosnnwg/w), ¢; = e e i =1,2.
The phase angle and constants of integration of ¢ = 1/n motion are given by

= =2
[orEN =0 +1 ®)

Top = COS ’\/2 T 1 )
b — LR + 1)(d, sin 1y — d, cos 15) b — ,uml_lw(R + 1)(d, cos 1y — d, sin ty) ©)
1 tlils + 11 © L+ 1Ly, ’
o=-""5 =12 (10)

1 — e
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In the formula (8)

hd, + d, < 0
di=4—-4,, dy=B —B,, 6=
B hd, —d,’
the sign + means that it is possible for two different single-impact periodic solutions to exist under the same
system parameters for the vibro-impact system. It should be noted that the existence of period # single-impact
orbit requires the condition as given below:

i Sy£/2 =5 +1
y2—52+120, Y y +

7?41

<1, (11)

otherwise, it is impossible for single-impact periodic motions to exist. Substituting the constants of integration
(8)—(10) into the general solutions of Eq. (1), we obtain the periodic solutions, which correspond to one impact
during n cycles of the forcing. Inserting the time ¢z = 0 into the periodic solution, we can obtain the fixed point
X* = (X14, X2, X21, Tp)", which is the projection of period n single-impact orbit to Poincaré section o.

4. Stability and local bifurcation of single-impact periodic motion

If the ¢ = 1/n periodic motion is disturbed at the instant of impact by the differences Ax1+, Ax», A)'c2+ and

A‘c then one can express the differences AX/,, Ax,,, AX, and A7’ at the next impact. Here X = (X1, %) and

= (X, %)" represent displacements and velocities of the disturbed motion, respectively. The solutions of
dlsturbed motion between two consecutive impacts are given by

X;(t) = e7'(a; cos wyt + 15]- sin wyt) + A; sin(wt 4 19 + A1) + Bycos(wt + 19 + A1), j=1,2. (12)

For the disturbed motion, the dimensionless time is set to zero directly after an impact, it becomes
(2nm+ AB)/w just before the next impact, and AO = At — Ar. Letting ¢, = 2nn+ Af)/w, the boundary
conditions at two successive impact points are given by

X:(0) = xio + Axip,  Xi(t.) = Xip + AX), %0) = iy + Ay, X(t) =X + AX,_,

Xiller) = X +AX,, i=1,2 %1(0) = %(0) = %i(1) — %al(t) = 3

)'Ncl(teJr) = [(iu’m - R)).Ncl(tef) + (1 + R))%Z(tef)] = )-C1+ + A).C,H_a

1+ oy

'%2(18-%-) = [.um(l + R);Cl(te—) + (1 - Rlum))%z(tL’—)} = )'C2+ + A).C/z+, (13)

1+ p

m

where f,_ and z,, represent, respectively, the time shortly before and after the instant of impact.
Inserting the boundary condition (13) into the disturbed solution (12) for ¢ = 0, we can solve

Zl] =9 + Xy + AXz() — A] Sin(To + AT) — B1 COS(TO + A‘L'), (14)
&2 = X + szo - Az Sin(To + AT) — Bz COS(TO + AT), (15)
~ 1 .
b] w—[).C1++A)‘C1++7’]15+7]1(X20+AxZ0)_(Al(l)+B]]’II)COS(TQ+AT)+(BlUJ_Alf’ll)sln(fo‘}‘AT)}, (16)
dl
~ 1 .
b2 7[)’6‘2_*_ + A).Cz+ + ’12()620 + AX2()) — (Az(l) + B2f72) COS(TO + AT) + (Bz(l) — A2712) Sln(T() + AT)] (17)

D a2
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Inserting the boundary condition (13) into the disturbed solution (12) for ¢ = ¢,, we can obtain
_ My — R R + 1

Xi(t.) — X(t.) =6, X +AX), = T;Cl(te) + T;Q(Ie), Xa0 + AXy, = %o(t.),

m m

: ./ :umR + oy % 1 — :umR 2
A = t, _— t,
Xop + AX,, W+ 1 xi(t,) + 0+ 1 Xa(te),
T =104+ AT = 19 + At + AB(AX 1, Axsy, AXry, AT). (18)
Defining a function g(Ax,;, Axy, AX,,, A1, Af) as
g(AX1+, AXQ(), AXQ+, A'E, A()) = )hé](te) — )’22(12) — 0. (19)

The condition, under which there exists ¢ = 1/n fixed point, leads to the formula

g(Axl+’ szo, A).C2+, AT? A9)| 0. (20)

00.000)
Supposing (6g/ 6A6) #0, using the implicit function theorem and solving Eq. (20) for A0, one obtains

AO = AO(A% 1+, Axr, Ay, A7), AB(0,0,0,0) = 0. 1)

(0,0,0,0,0)

Inserting formula (21) into Eq. (18), we finally get the Poincaré map of periodic impact, which is given by
X' =f(vX), (22)

where AX = (AXi;, Axy, AXsy, A7), AX = (AX,,,Ax)), AX, ,AT)', X =X"+AX, X' =X"+AX, X" =
(')'CH»y X205 x2+a TO)T'
Linearizing the Poincaré map at the fixed point results in the matrix (Jacobian matrix), we have

of (v, X)

D/ (0, X") = S

(23)

(v,X*)

If the map f (v, X) has a fixed point, then the vibro-impact system shown in Fig. 1(a) has a ¢ = 1/n impact
orbit. If none of the eigenvalues of Jacobian matrix Df(vy, X™) lies on the unit circle or outside it, then it can
be shown that f{(v, X) has essentially the same behavior as f{vy, X) for |v—vo\ small. Suppose that for v = vy, the
system has a stable periodic solution X™(f) with period 2nm/w. Hence in this case, for \v—vo| small, the
solutions of the vibro-impact system near X(¢) have a stable periodic behavior as v = vy. The stability and
local bifurcation of ¢ = 1/n impact motion are determined by computing eigenvalues of Df (v, X™). If the
eigenvalues of Df (v, X*) with the largest modules lie on the unit circle when v = v, (v, is a bifurcation value)
then there is the possibility of bifurcations taking place. In general, bifurcations occur in various ways
according to the numbers of the eigenvalues on the unit circle and their position on the unit circle, resulting in
qualitative changes of the system dynamics. If Jacobian matrix Df (v, X™) has a pair of complex conjugate
eigenvalues, crossing the unit circle as v passes v.; the remainder of the spectrum of Df (v, X™) will be assumed
to stay strictly inside the unit circle, then it is very likely that Hopf bifurcation associated with ¢ = 1/n motion
takes place. If the Jacobian matrix Df (v, X™) has a real eigenvalue, crossing the unit circle from the point (—1,
0) or the point (+1,0) as v passes v,., the remainder of the spectrum of Df (v, X™) are strictly inside the unit
circle, period-doubling or saddle-node bifurcation of ¢ = 1/n motion can occur, respectively. Moreover, we
shall also consider the case of veR?, and the dynamics of the system is studied with special attention to
codimension two bifurcation of ¢ = 1/1 motion.

There exist six cases of codimension two bifurcations of maps, i.e., the double eigenvalues
M) = (v = =1, (v = Ax(ve) = 15 A(v.) = —1, A(v.) = 1; a real eigenvalue A;(v) and a complex
conjugate pair of eigenvalues 4, 3(v) escaping the unit circle simultaneously, 4,(v.) = —1 or 1, /12,3(1;(,)\ =1;
two complex conjugate pairs of eigenvalues escaping the unit circle simultaneously, \/ll,z(v(,)\ =1,
\13,4(06)\ = 1. Here we consider only a case in which a complex conjugate pair of eigenvalues and a real
eigenvalue escape the unit circle simultaneously.
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5. The center manifold and normal form map

We continue to consider the Poincaré map X' = f(v, X). X is a fixed point for the map for v in some
neighborhood of a critical value v = v. at which Df (v, X™) satisfies the following assumptions:

H1. Jacobian matrix Df(v, X™) has eigenvalues 4,(v.), 42(v) and 43(v.) on the unit circle, in which 4,(v.) is a
real eigenvalue and 4,3(v.) are a pair of complex conjugate eigenvalues, and 4;(v.) = —1, A(v.) = 4:(v,),
‘12,3(%)‘ =1

H2. The remainder of the spectrum of Df (v, X™) are strictly inside the unit circle.

For all v in some neighborhogd of v., the map (22), under the change of variables u; = v1—v1., Ur = Vo—va,
uw= (1, )" and X = X* + PY, becomes
Y = F(u 1), (24)
where P is the eigenmatrix [23], ¥ = (yl,y2,y3,y4)T, F=(F\,F, Fy,F)".
Letting z; =y, Zy =y +iys, L =y, — iy, 2= (Zl,Zzgfz)T, W =y4, G| = Fi1—/zy, G, = F>+iF3—/,z; and
H = F,—14W, the map (24) may be expressed by
Z/l = ;L]ZI + GI(Z],sz Z-z, W, ,u), Z,Z = /1222 + GZ(ZIaZb 2_29 W, :u)a
W/Z;L4W+H(217225Z_29 W’:u)a (25)
in which 4, = 4,(1) = 41 (ve + 1), 2o = Jo(u) = Aa(ve + 1), 41(0) = —1, 713(0) = o + iww,
map (25), there exists a local center manifold W(z,, z,, Z; 1) [44,46], which may be determined by the equation
Wz, 25,2y W) = AW (21, 20, 205 1) + H(z\, 22, 255, W21, 22, 25 1) ). (26)

_On the center manifold the local behavior of the map (25) can be reduced to a three-dimensional map
&(z; u), which is now

Z, = 11(#)21 + Gi(21, 22, 22, W(z1, 22, 225 )i ),
zy = 12(#)22 + Ga(z1, 22, 2, W(z1, 22, 223 )3 ), (27)

where the Taylor series expansion of W (zy,z,,Z; 1) and Gi(zy, 22, Z,, W(zi, 22, Z; 1); 1) about (0,0,0,u) may be
determined by the method which is given in AppendixNA.
The three-dimensional map has the following form @(z;e¢):

3 -/c

~ Z Lz
=0z + Y g Fa+ (00l +12D7),
i+j+k=2
R 3
Z=hwn+ Y, ghw ‘,fk,z (O(lz11 +1221)"). (28)
i+j+k=2

By using the center manifold technique and normal form method of maps, we can reduce the map (28) to the
normal form map &(z;¢), which is given by

2= —zi+eaz +az + bzi|z|* + 0((|zl| + |zz|)5),
2y = 1(0)z: + B2y + 82120 + doo|z + O (2] + 120)°). (29)
The normal form map (29), in the real form &(Y; ¢), is expressed by
Yi= =y +ey +ay +by,(; +r) +hot,

= (a+ &)y, — (@ &)y; + (e, — eyy)yi + (dy, — )3 +»3) + hot,
= (@ + &)y, + @+ e)ys + (s + ey)yi + (dys + f3,)(03 + y3) + hoot, (30)

in which, ¢ = (1, &, 83)T, & = ep), €40) = 0.
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6. Local codimension two bifurcation of the normal form map
6.1. A Simplified map

Let us assume that there exist period two fixed points for the normal form map @(Y;¢). In view of the
normal form map (30), the period two points Y'” and Y satisfy the equation

P(YP;e) = Y. 31)

Ignoring the terms of high order of ¢, the solutions of Eq. (31) become

T T
YO = <,/8—‘,o,o) , YO = (—,/i,o,o) . (32)
—da —d

If &1/a<0, there exist the period two points Y® = (Y, Y?)", and they are symmetrical about the origin.
The linearized maps of &(Y:¢) at the fixed point and @*(Y;¢) at the period two points, respectively, are
given by

—1+4+¢ 0 0
LLCEE N R
oY O
0 0 w + & o+ &
2 I+45 0 0 (33)
0P (Y; ¢
0, = # = 0 d»n 49y |,
oY @?,
i’ 0 d3 433

in which, Y{" = (0,0,0)" is the trivial fixed point of normal form map (30),

2(ew — co
) | Aew — cx)

& + 208 — 2wes, g,y = —2wo & — 2we, — 20e;,

2(cw + en)
q»n = o —w + —a

G = =4y, (33 = (.

The partial bifurcation sets for the normal form map can be determined by computing and analyzing the
eigenvalues of the Jacobian matrices (33). However, a full understanding of the normal form map (30) requires
more than Jacobian matrices (33). So it is necessary to change the normal form map to the polar coordinate
form &(r, 0, e0)eR* x S, (x,r,0)—> (X, 7, 0).

Letting &, = ;12(0)520, ¢ = ;12(0)50, d= 22(0)30, the normal form map (29) becomes

Zi= —z(1 —& —az; = blz*) + O((1z1] + |220)°),
Zy = 22(0)22(1 + & + Coz; + 6?0|Zz|2) + 0((|Zl| + |Zz|)5)- (34)

In polar coordinates, the map &(z; o) R’ is changed to @(x;r;0; ¢o) €R? x S, which is given by

X = —x(1 —g —ax’* —br*)+ho.t,
¥ = r(1 + &y + cox* + dor*) + hooot,
0/ = 0 + 00 + &30 + €0x2 +f0r2 + h.O.t, (35)

in which &y = ae, + we;, &30 = 63 — wey, ¢y = ac + we, dy = od + wf, ey = e — we, f, = af —wd.
We ignore the influence of phase angle 6 to the map (35) temporarily. By the map (35), a two-dimensional
map is obtained, which is

X = —x(1 —¢g —ax’* — br*) +h.o.t,
¥ =r(l + &y + cox* + dor*) + h.o.t. (36)
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. . A2 .
Letting the iterated map @ (x,r; &) = (x®,r?; sO)T, then we can write

x? = x 4 2(—=xg, — ax’ — bxr’) + h.o.t,
r(2) =r —|— 2(}’820 + coxzr + d0r3) + hOt (37)

The map (36) has two fixed points

T
Y, = (0, O)T: YT = (07 vV —Szo/do) .

The map (37) has two pairs of fixed points Y3 = (\/—&/a, O)T, Vi, = (—/-&/a, O)T;

T T
Yy — b820 — d081 Co&1 — A&y y: — B bgzo — d08| Co&1 — A&y
3 ad() — bCO ’ ado — bCO ’ 2 ad() — bCO ’ ado — bC() ’

6.2. Simple case (1)

Two simple cases and a complex case are considered. We first analyze the unfolding of the simple case (I)
associated with a scheme of coefficients of high order terms: a>0, b>0, ¢y<0, dy<0, ady—bcy<0, a+cy>0,
and b+d,>0. Stable conditions of these fixed points can be determined by computing and analyzing of
eigenvalues of corresponding Jacobian matrices, respectively.

Yo = (0, 0)T is the trivial fixed point of map (36), local stable condition of which is ;>0 and &,<0. It
should be noted that the existence of the fixed point Y7 = (0, \/—&x /a’o)T requires the condition &yo/dy<0.
Local stable conditign of the fixed point Y7 is & >beyo/dy and &5,>0. The existence of the fixed points
Y. = (i\/—el/a, 0) i = (1, 2) requires the condition &;/a<0, and local stable condition of the fixed points
Y’ is €1 <0 and 39 < cpe1/a. The existence of the fixed points Y73, requires conditions (bexg—doer)/(ady—bcy) >0
and (coe;—asgy)/(ady—bco) >0, the local stable conditions of the fixed points Y3, are &> ce;/a and
ey <do(a + co)e/(ady + ab).

Local behavior of the map (36) is not only determined by ¢; and &, but also by the coefficients of high
order terms of the map. Now we consider the influence of phase angle 6 to the map (35). By making a
comparison between the map (36) and normal form map, we can unfold qualitative analyses for the normal
form map. The fixed point Y7 of the map (36) corresponds to the invariant circle of the normal form map (30),
which is associated with the fixed point Y{" = (0,0,0)". The fixed points Y3, of the map (36) correspond to
period two fixed points of the map (30). The fixed points Y7, of the map (36) correspond to the invariant circles
associated with the period two fixed points for the map (30). For the map (30), the trivial fixed point Yg‘) loses
its stability upon crossing the half-line L;:&; = 0, &0 <0, and period two fixed points bifurcate simultaneously
from the trivial fixed point Y{" via a period doubling bifurcation. On the line L;: &2 = co&1/a (¢, <0), Hopf
bifurcation associated with the fixed points Y?and Y% occurs for the map (30), and two closed circles
associated with the fixed points Yf.z) exist in region Ry. Crossing the line L3 : e, = do(a + co)e1/(ady + ab), ¢, <0,
the invariant circles associated with the fixed points Y”and Y'” will change stability, and torus bifurcation
occurs, which possibly lead to tori doubling, phase locked or quasi-attracting invariant circles. The trivial fixed
point YB” loses its stability upon crossing the half-line L4: &9 = 0, (¢;>0), and a closed circle bifurcates from
the trivial fixed point Y| via a non-degenerate Hopf bifurcation. On the line Ls: &y = doe1/b (£19<0), the
invariant circle associated with the trivial fixed point Y| will change its stability, and torus bifurcation occurs,
which possibly lead to torus doubling, phase locking or quasi-attracting invariant circle. In region Rs, there
exists possibly tori doubling, phasing locking or quasi-attracting invariant circle. A further investigation for
bifurcation behavior of the normal form map (30), in region Rs, iS necessary.

In the present case of scheme of coefficients of high order terms: a>0, >0, ¢y<0, dy<0, ady—bcy<0,
a+co>0and b+ dy>0, the bifurcation set for the map (36), near the critical point ¢ = (&1, £29)" = (0,0)", can
be illustrated by Fig. 2. Only the positive (x,r) quadrant is shown in Fig. 2. Since the portraits are symmetric
under reflection about r axis.
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Fig. 2. The unfolding of simple case (I) a>0, >0, ¢y<0, dy<0, ady—bcy<0, a+co>0 and b+ dy>0. Bifurcation set of the map (36).
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Fig. 3. The unfolding of simple case (II) a>0, b>0, ¢y>0, dy>0, ady—bcy<0. Bifurcation set of the map (36).

The bounds of the regions shown in Fig. 2 can be listed as follows:

14
L= {(31,820) &= 0,820<0}; L, = {(31,820) téyp = 5081,81 <0};

L; = {(31,820) L&y =

Ls = {(81,820) Ly = b

do(a + ¢))
a(dy + b)

d
lﬁ],ﬁ] <0

b

1,8 <0}§ L,= {(81,320) teyp = 0,8 >0};
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6.3. Simple case (II)

We analyze the unfolding of the simple case (II) associated with a scheme of coefficients of high order terms:
a>0,b>0, ¢cg>0, dy>0, ady—bcy<0. The bifurcation set in the simple case is shown in Fig. 3. The formulae
of the bounds L;—Ls of the regions, shown in Fig. 3, are the same algebraically as those in simple case (I).

Let us analyze the local behavior of the normal form map (30) near the bifurcation point ¢ = (0,0,0)" by
means of Fig. 3. By comparison with Fig. 2, we can find that period doubling bifurcation and further
transition of the normal form map in the simple case (II) are similar to those in the simple case (I). However,
the difference is that Hopf bifurcation of normal form map associated with the fixed point Y| in the simple
case (I) is supercritical; in the simple case (II), subcritical. The difference of the unfolding of two simple cases
can be observed obviously in the first and fourth quadrants of Figs. 2 and 3. In the sector region R;, there exist
six fixed points Yy, Y7, Y5, and Y3, However, only the fixed points Y7, are stable, and others unstable. By
analyzing the Jacobian matrix of iterated map (37), we can obtain two real eigenvalues associated with the
fixed points Y7, in the sector region Rj, one of which escapes the unit circle from the point (1, 0) upon crossing
the half-line L;. The fixed points Y7, are stable nodes in the region R3, and not unstable in the sector region Ry.
It is to be noted that very complicated behaviors occur in region Ry, i.e., there exists possibly tori doubling,
phasing locking or quasi-attracting invariant circle for the normal form in the region.

6.4. Complex case

Now we continue to analyze the unfolding of the complex case associated with a scheme of coefficients of
high order terms: a<0, b<0, ¢y<0, dy<0, ady—bcy<0. The bifurcation set of map (36) in the complex case is
shown in Fig. 4. In Fig. 4 only the positive (x, r) quadrant is shown. Since the portraits are symmetric under
reflection about r axis. The bounds of the regions shown in Fig. 4 can be listed as follows:

L= {(51,820) tep = 0,8 <0}; L,= {(51,820) te =0, >0};

d do(a+c
Ly = {(51,820) L = ?081,81 >0}§ L,= {(51,820) L&y = H81,81>0};

Co
Ls = {(81,820) LEy = 581,81 >O}.

By making a comparison between the map (36) and normal form map (30), we can unfold qualitative
analyses for the normal form map in the complex case. Now we analyze the local behavior of the normal form
map (30) near the bifurcation point ¢ = (0,0,0)" by means of Fig. 4. For the normal form map, in region R,
we have three fixed points, the stable trivial fixed point Yf)” =(0,0,0)" and unstable period two points

Fig. 4. The unfolding of a complex case, a<0, b<0, ¢y<0, dy<0, ady—bcy<0. Bifurcation set of the map (36).
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Y? = (Y2, Y?)". As we have known, the trivial fixed point is node/focus, and period two points are saddles
in the region R;. As the parameters cross the line L, from the region R;, Hopf bifurcation of the trivial fixed
point Yf)” occurs so that a quasi-periodic attractor represented by the attracting closed circle is generated, and
period two points retain their sense. As the parameters cross the line L3 from the region R, the closed circle
becomes non-attracting and the torus bifurcation occurs, which causes that the quasi-periodic attractor
represented by two attracting closed circles is born. The quasi-periodic attractor represented by two closed
circles is attracting in region Rj, and non-attracting in region Ry4. In region Rs, there exist the unstable trivial
fixed point, unstable periodic two points and non-attracting invariant circle associated with the trivial fixed
point. In region Rg, we have the unstable trivial fixed point and non-attracting invariant circle.

It is to be noted that the quasi-periodic attractor represented by two closed circles is generated in different
ways in the simple and complex cases. In the simple case, two closed circles are generated by Hopf bifurcation
of period two points; in the complex case by torus bifurcation.

The bifurcation sets for the map (36), corresponding to the other cases of scheme of coefficients of high
order terms, can be obtained by the similar method used in the above-mentioned three cases.

6.5. Bifurcation set of the normal form map in simple case (1)

In view of Jacobian matrices (33), we can find that there exist the period two fixed points Y* = (Y, Y?)"
as &/a<0. According to the unfolding of the simple case (I), the bifurcation set of the map (30), near
¢ =(0,0,0)", can be further illustrated by Fig. 5 in which «<0. Three possible cases for the eigenvalues 1; and
Az3 of Jacobian matrix Q; escaping the unit circle are shown in Fig. 6. The unfolding of normal form map
(30), corresponding to the simple case (IT) and complex case, can be obtained by the similar method used in the
present case. The bounds of the regions shown in Fig. 5 can be listed as follows:

ew + cu
——& tue +we; =0,

ew + co
L:6=0 >0, Ly:6=0, >0, L;s:¢& 2781’ £ <0,
ew + co
L21 e = 0, &3 <0, L22 L& = 0, &1 >0, L23 ey =8, 81<0. (38)
wa

Lz4 Ros Lys &
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l l Ry,
™~ ~ i :
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™ o0 |
1 e % B e Hopf Bif |
Period Two 3 Period One
2l | o 0 Hopf Bif } g
Hopf Bif} L, - ! o
i @
Hop! B Period Two & Period One
L Riq | 1 5 !
13 : s
I & !
1 1 -
i 1 %
Ry R,
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Fig. 5. Bifurcation set of the map (30) in the sample case (I).
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Fig. 6. Three possible cases for the eigenvalues 4, and 4,3 of Jacobian matrix Q), escaping the unit circle, in the sample case (I).

R
R

oca’—l—wfS + o ] 0 (ocd—i—wf)(a—i—occ—i—we)g 4o . 0
_ = TJ. = : ) = T = N
b T T a(h + od + wf) b ’
od + od + a+ oc + we
Ly:e = wa&’ <0, Lys:e= ( ogagf—i(ocd + wf)w )81, & <0,
od + od + a+ oc + we
Loy 65 = 7@{8" & <0; L25:83=( wazfjfad+wf;” )gl, &, <0. (39)

Here we can assume, without loss of generality, <0. In the formulae (38) and (39), ew + ca = ¢, <0,
od + wf = dy<0.

By analyzing the eigenvalues of Jacobian matrices Q; and Q,, we can conclude that when the parameters
pass across the regions as R;; — Ry (i = 1,2), the type of the fixed point of period one changes from stable
node to saddle; see Fig. 5. When the parameters cross the line L;;, the period doubling bifurcation associated
with the fixed point of period one occurs. When the parameters pass across the regions as Ri, — Ri3, then the
types of period two points YP(Y’) change as stable node — stable focus — unstable focus. On the line L;,
Hopf bifurcation of period two fixed points takes place. When the parameters pass across the regions as R;; —
Ry, the type of the fixed point of period one changes from stable focus to unstable focus, and on the line L,
Hopf bifurcation associated with the fixed point of period one occurs. The direction of Hopf bifurcation
(supercritical or subcritical) depends on the high order terms of the normal form map.

By analysis of unfolding of the normal form map (30) in the present case, we can find that on the line L; the
invariant circles associated with the fixed points of period two will change stability, and torus bifurcation
occurs. On the line L;s the invariant circle associated with the fixed point of period one will change stability,
and torus bifurcation occurs.

According to the center manifold theory, we know that local behavior of the map f(v, X), near the
bifurcation point v,, is equivalent to that of @(Y;¢) for ¢ near ¢ = (0,0,0)". By virtue of the analyses of local
bifurcation of normal form map (30), we can find out dynamical behavior of the map f{(v, X) in the case of
codimension two bifurcation considered.

7. Numerical analyses
7.1. Codimension two bifurcation of a dual component system with vibro-impact

In this section, the analysis developed in the former section is verified by the presentation of results for the
vibro-impact system shown in Fig. 1(a). The existence and stability of ¢ = 1/1 motion are analyzed explicitly.
Also, local bifurcations at the points of change in stability, discussed in the previous section, are considered,
thus giving some information on dynamical behavior near the point of codimension two bifurcation. The
vibro-impact system, with system parameters u,,, = 3.0, fo = 2.0, 6 = 0.01, {; = {, = 0.05, R = 0.7, has been
chosen for analyzing the question. The forcing frequency w and eigenfrequency w, are taken as the control
parameters, i.e. v= (wo, ). The eigenvalues of Df(v, X*) are computed with we[3.138,3.32] and
woe[1.26,1.35]. All eigenvalues of Df(v, X*) stay inside the unit circle for v = (1.26, 3.138)". By increasing
o and o, gradually from the point v = (1.26, 3.138)" to change the control parameter v, we found that there
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exist a real eigenvalue 4,(v.) = —1.0000001 and a pair of complex conjugate eigenvalues A,3(v.) =
—0.630563540.7761371i ( /12,3(190)‘ =0.9999996) which are very close to the unit circle, and the eigenvalue
J4(v) still stays inside the unit circle as v equals v, = (1.318563, 3.268051)". The eigenvalues 4,(v) and A23(0)
have already escaped the unit circle as w and w, pass through w = 3.268052 and wy = 1.318565 increasingly.
The eigenvalues 4,(v) and 4, 3(v) almost escape the unit circle simultaneously, and v, = (1.318563, 3.268051)"
may be approximately taken as the value of codimension two bifurcation.

Numerical analyses are carried out to unfold dynamic behavior of the impact system near the point of
codimension two bifurcation. A local bifurcation portrait, near the value of bifurcation, is plotted in Fig. 7.
The symbols (sub) and (sup) represent subcritical and supercritical, respectively, in the figure. The whole
dynamical transitions from simulation are shown in the bifurcation diagrams for a series of values of wq
(Figs. 8 and 9) in which the velocities of the mass M,, immediately after impact, are shown versus the forcing
frequency @. One can observe, from Figs. 8(a)—(c) that the system exhibits the stable ¢ = 1/1 motion in two
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Fig. 7. Local bifurcation portrait near the point of condimension two bifurcation.
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Fig. 8. Bifurcation diagrams near the point of codimension two bifurcation (wo<1.318563): (a) wg=1.318; (al) wy= 1.318;

(b) wy = 1.31; and (c) wo = 1.305.
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different regions of forcing frequency, and the second one occurs near the value of codimension two
bifurcation. The ¢ = 1/1 motion, corresponding to the first region of w, will undergo Hopf bifurcation with
increasing . In the second region of forcing frequency associated with the ¢ = 1/1 motion, the motion will
undergo period doubling bifurcation with increase in the forcing frequency w, and the ¢ = 2/2 motion
stabilizes. And then Hopf bifurcation of ¢ = 2/2 motion occurs so that the quasi-periodic motion associated
with the motion is generated. The transition processes of ¢ = 1/1 motion are plotted locally in an amplified
form in Fig. 8(al). The results from simulation show that no period doubling cascade of ¢ = 1/1 motion
occurs, near the point of codimension two bifurcation, due to occurrence of Hopf bifurcation of ¢ = 2/2
motion. Moreover, subcritical Hopf bifurcation of ¢ = 1/1 motion, in the second window, occurs with
decrease in the forcing frequency w as seen in Figs. 7, 8 and 10. The type of ¢ = 1/1 fixed point changes from
stable focus to unstable focus. It should be noted that the second region of forcing frequency associated with
¢ = 1/1 motion is narrow and vanishes for wg>1.318563, and the ¢ = 1/1 motion undergoes more complex
bifurcation process than that in the first region; with decrease in the eigenfrequency wg (wg<1.318563), the
second region of forcing frequency associated with ¢ = 1/1 motion becomes wide gradually as seen in Fig. 7
and Figs. 8(a)—(c). The second window of ¢ = 1/1 motion vanishes for w,>1.318563; see Fig. 9. Some
projected Poincaré sections are plotted in Figs. 10-12. The Poincaré section is taken in the form
o= {(x),X1,%,%,0) € R* xS, x; —x, =0, % =%:, X=Xy}, which is four-dimensional. The section is
projected to the (x,,X»,) or (1, X,;) plane, etc., which is called the projected Poincaré section. The g = 1/1
point, with the corresponding parameter v, is taken as the initial map point in every numerical analysis. We
choose the eigenfrequency wy = 1.318 and change the forcing frequency w in numerical analyses. It is shown,
by the numerical results, that the system exhibits stable ¢ = 1/1 impact motion with we(3.266801, 3.266961).
The ¢ =1/1 motion undergoes subcritical Hopf bifurcation as w passes through w. = 3.266801 in a
decreasing way, which is illustrated by the center manifold-normal form method of maps used in Ref. [23]. At

—05 ‘ . .
29 3 31 32 33
(@) [ (b) w
Fig. 9. Bifurcation diagrams near the point of codimension two bifurcation (wy>1.318563): (a) wo = 1.321; and (b) wo = 1.33.
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Fig. 10. The projected Poincaré sections: (a) transient points as well as chaotic attractor, starting from the initial condition near the ¢ =
1/1 point (unstable focus), w = 3.2667, wy = 1.318; (al) local map near the unstable ¢ = 1/1 point, @ = 3.2667, wo = 1.318.
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Fig. 11. The projected Poincaré sections: (a) transient points as well as the attracting invariant circles associated with ¢ = 2/2 points,

starting from the initial condition near the fixed point of ¢ = 1/1 motion, w = 3.2672, w, = 1.318; (b) the attracting invariant circles
associated with ¢ = 2/2 points, o = 3.2674, wo = 1.318; (c) the attracting invariant circles associated with ¢ = 2/2 points, o = 3.27,
wo = 1.318; (d) the attracting invariant circles associated with ¢ = 2/2 points, w = 3.286, wy, = 1.318; (e) phase locking, @ = 3.287,
wo = 1.318; and (f) chaos, w = 3.288, wy = 1.318.

w. = 3.266801, the eigenvalues of Df(w, X*) and associated bifurcation parameters are given as follows:

Aia(we) = —0.6306586 £+ 0.77606231,
dMl(ﬂ)’
d

|A12(wa)] = 1.000001,  Zi(w.) = —0.9980284,

(o) = —0.314363, =2.935115, u=w,—ow, f,(0)=-1.87756.

u=0

We can conclude, according to Refs. [23,47], that a subcritical Hopf bifurcation of ¢ = 1/1 motion occurs for
w<3.266801, and the ¢ = 1/1 fixed point changes from stable focus to unstable focus. Fig. 10 shows transient
points as well as chaotic attractor, starting from initial condition near the unstable ¢ = 1/1 focus for
o = 3.26067.

Period doubling bifurcation of ¢ = 1/1 motion occurs as @ is increased gradually and passes through
W = 3.266961, and the system exhibits stable ¢ = 2/2 impact motion; see Fig. 8(al). The ¢ = 2/2 motion
changes its stability for w>3.2671, and Hopf bifurcation of ¢ = 2/2 motion occurs so that the system exhibits
quasi-periodic impact motion associated with ¢ = 2/2 points. The quasi-periodic attractor is represented by
two attracting invariant circles in projected Poincaré section. Figs. 11(a)—(d) show transient points as well as
two attracting invariant circles, starting from the initial condition near the ¢ = 1/1 point. It is to be noted that
two attracting invariant circles are smooth in nature and symmetrical about the corresponding ¢ = 1/1 point
near the value w = 3.2671 of Hopf bifurcation of ¢ = 2/2 motion. As the value of w moves further away from
the value of Hopf bifurcation, two attracting invariant circles expand, and the smoothness and symmetry of
the quasi-periodic attractor are changed by degrees until they are destroyed. With further increase in w, the
phase locking takes place so that the quasi-periodic motion gets locked into a periodic attractor of higher
(than period two) period (see Fig. 11(e)), which subsequently becomes unstable and chaotic; see Fig. 11(f).

The ¢ = 1/1 motion, corresponding to the first region of w, undergoes Hopf bifurcation as w passes through
w3 = 3.021382 increasingly. With increase in w, the quasi-periodic attractor gets locked into the ¢ = 3/3 orbit,
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Fig. 12. The projected Poincaré sections: (a) the attracting invariant circle associated with ¢ = 1/1 point, o = 3.022; (b) ¢ = 3/3 fixed
points, w = 3.025; (c) ¢ = 6/6 fixed points, w = 3.08; and (d) chaos, o = 3.25.

and then period doubling bifurcation of ¢ = 3/3 motion occurs, and the motion transits to chaos by
Feigenbaum period-doubling cascade of ¢ = 3/3 orbit; see Figs. 8 and 12.

7.2. Codimension two bifurcation of the impact-forming machinery

Two actual examples, the impact-forming machinery and inertial shaker, are chosen to further analyze the
phenomenon of codimension two bifurcation of impact maps. The mechanical model for an impact-forming
machinery with masses M; and M, is shown in Fig. 1(b) [48]. Displacements of the masses M; and M, are
represented by X; and X5, respectively. The masses are connected to linear springs with stiffnesses K;, K> and
K3, and linear viscous dashpots with damping constants C;, C, and C3. The damping in the mechanical model
is assumed as the proportional damping of the Rayleigh type. The excitation on mass M, is harmonic with
amplitude P = 2myrQ?. Q is the excitation frequency, and t is the phase angle. The mass M, impacts mutually
with the mass M, when the difference of their displacements equals the gap 4, i.e., X (£)—X»(¢) = 4. The
impact is described by the conservation law of momentum and a coefficient of restitution R. Between
consecutive impacts, the non-dimensional differential equations of motion are given by

i, 0 jél 26(1 +lucl) _2C ).C] 'ul"l + 1 —1 X O )
{0 1} o 7 o . ={1}sm(wr+r), (40)

-2 201 + wey) -1 oy, +1

where a dot (- ) denotes differentiation with to the non-dimensional time 7, and the non-dimensional quantities

MK G
:um - ]‘42 s :ukl- - Kz s :ucl- - C2 s — b
M2 Kz C2 A 'KZ XiKZ
=2 =Tk (=2, 5= X = 41
@ K, My ST AJRT My ' N TP @1

have been introduced.
Let x,_ and x,, (i = 1,2) represent the velocities of immediately before and after the impact of the masses

M,, respectively.
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Fig. 13. Local bifurcation portrait near the point of codimension two bifurcation.

Let us choose a Poincaré section: ¢ = {(x,%,x2,%,0) € R* xS, x; —x, =0, X =X, H =X} to
establish the Poincaré map X' = f (v, X) [24].

The impact-forming system, with system parameters: u,, = 2.0, e, = 4.0, ., = 3.0, 0=0.02and R=10.7,
has been chosen for analysis. The forcing frequency w and damping { are taken as the control parameters, i.e.
v = ({, w)". The eigenvalues of Df (v, X*) are computed with w€[5.025,5.2] and {€[0.01, 0.02]. All eigenvalues
of Df (v, X*) stay inside the unit circle for v = (0.02, 5.025)". By gradually increasing o and decreasing { from
the point v = (0.02,5.025)" to change the control parameter v, we can obtain a real eigenvalue
A1(v) = —1.00000080 and a pair of complex conjugate eigenvalues /;3(v.) = —0.3768488+0.92627421
( \ 12,3(%)‘ = 0.9999994) which are very close to the unit circle, and the fourth eigenvalue (14(v.) = —0.4031064)
still stays inside the unit circle as v equals v, = (0.0121275, 5.074519)". The eigenvalues 4,(v) and A23(v) have
escaped the unit circle as w (increasingly) and { (decreasingly) pass through w = 5.07452 and { = 0.0121274.
The eigenvalues 4;(v) and 4, 3(v) almost escape the unit circle simultaneously, so v, = (0.0121275, 5.0745 19"
may be approximately taken as the value of codimension two bifurcation.

Local behavior of the impact-forming system, near the point of codimension two bifurcation, is obtained by
numerical simulation. The local bifurcation portrait near the critical value is plotted in Fig. 13. The
bifurcation diagrams are shown for a series of values of { in Fig. 14. There exist two windows of ¢ = 1/1
motion in Figs. 14(a)—(c), the second of which occurs near the value of codimension two bifurcation. It should
be noted that the second region of forcing frequency associated with ¢ = 1/1 motion is narrow, and vanishes
for {<0.0121275 (see Figs. 14(d) and (e)). With increase in damping { ({>0.0121275), the region of forcing
frequency becomes wide generally; see Figs. 14(a)—(c). The ¢ = 1/1 motion, corresponding to the first region of
w, will undergo supercritical Hopf bifurcation with increasing w; see Fig. 14. In the second region of forcing
frequency associated with the ¢ = 1/1 motion, the motion will undergo period doubling bifurcation with
increase in the forcing frequency w, and the ¢ = 2/2 motion stabilizes. And then Hopf bifurcation of ¢ = 2/2
motion occurs so that the system exhibits the quasi-periodic motion associated with the motion. The transition
process of ¢ = 1/1 motion is plotted locally in an amplified form in Fig. 14(al). The results from simulation
show that no period doubling cascade of ¢ = 1/1 motion occurs, near the point of codimension two
bifurcation, due to occurrence of Hopf bifurcation of ¢ = 2/2 motion. Moreover, subcritical Hopf bifurcation
of ¢ = 1/1 motion, in the second window, occurs with decrease in the forcing frequency w as seen in
Figs. 14(a)—(c) and Fig. 16, and the type of ¢ = 1/1 fixed point changes from stable focus to unstable focus.
Some projected Poincaré sections are plotted in Figs. 16-18. We choose the damping ratio { = 0.01225 and
change the forcing frequency w in numerical analyses. The numerical results show that the system exhibits
stable ¢ = 1/1 motion with we(5.073489, 5.074559) as seen in Figs. 14(a) and 15. The ¢ = 1/1 motion
undergoes subcritical Hopf bifurcation as w passes through w.; = 5.073489 decreasingly, and the type of
g = 1/1 fixed point changes from stable focus to unstable focus; see Fig. 16. The period doubling bifurcation of
g = 1/1 motion occurs as w is increased gradually and passes through w., = 5.074559, and the system exhibits
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Fig. 15. The phase plane portrait and time trajectory of the mass M,, w = 5.074, { = 0.01225.

stable ¢ = 2/2 motion; see Fig. 14(al). The ¢ = 2/2 motion changes its stability for w>5.07585, and Hopf
bifurcation of ¢ = 2/2 motion occurs so that the system exhibits quasi-periodic impact motion associated with
q = 2/2 points as seen in Figs. 17(a)-(d). With further increasing w, the closed circle becomes quasi-attracting
[23]. The quasi-attracting invariant circle is attracting for the map point inside the circle, and repelling for the
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Fig. 17. The projected Poincaré sections: (a) transient points as well as the attracting invariant circles associated with ¢ = 2/2 points,
starting from the initial condition near the fixed point of ¢ = 1/1 motion, w = 5.076, { = 0.01225; (b) the attracting invariant circles
associated with ¢ = 2/2 points, w = 5.077, { = 0.01225; (c) the attracting invariant circles associated with ¢ = 2/2 points, @ = 5.083,
{ = 0.01225; (d) the attracting invariant circles associated with ¢ = 2/2 points, ® = 5.093, { = 0.01225; (e) chaos, ® = 5.095, { = 0.01225;
and (f) chaos, w = 5.096, { = 0.01225.

map point outside it. The system falls into chaotic motion immediately via the quasi-attracting invariant circle;
see Figs. 17(e) and ().

The ¢ = 1/1 motion, corresponding to the first region of w, undergoes supercritical Hopf bifurcation as o
passes through w.; = 4.74017 increasingly; see Figs. 14, 18(a) and (b). With increase in w, the quasi-periodic
attractor transits to chaos via phase locking; see Figs. 18(c) and (d).

7.3. Codimension two bifurcation of an inertial shaker
The inertial shaker is a typical vibro-impact machinery, which is widely used in casting industry. The

mechanical model for an inertial vibro-impact shaker is shown in Fig. 1(c) [49]. The masses of shaker and cast
are represented by M and m, respectively, and the displacements of them are represented by X; and X,. The
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cast bounces on a flat horizontal surface of the shaker. The shaker is connected to the supporting base by the
linear spring with stiffness K and dashpot with damping coefficient C. The excitation on the shaker is
harmonic with amplitude F,. The shaker impacts mutually with the cast when they are on the same height so
that the cast exhibits the bouncing motion. The impact is described by a coefficient of restitution R. Between
impacts, the non-dimensional differential equations of motion of the inertial shaker are given by

j&] +2Cx1 +X1 = Sin(wt+f), .5&2 = _l/ﬁ (42)
Here the non-dimensional quantities are
m M K C F XK
= O=N]/—, t=T\/—, =, =—, X;=—. 43
o =31 VK Var *=avkar P g Fy )

Let x,_ and x;, (i = 1, 2) represent the velocities of immediately before and after the impact of two masses,
respectively.

Let us choose a Poincaré section: ¢ = {(x1,%,X2,%,0) € R* xS, x; —x, =0, % =Xy, %=X} to
establish the Poincaré map X = f(v, X) [24].

The inertial shaker, with system parameters { = 0.0788195, f =2.2 and R = 0.7, has been chosen for
analyzing the question of codimension two bifurcation of periodic motion. The forcing frequency w and
distribution of masses u,, are taken as the control parameters, i.e. v = (,,, @)". The eigenvalues of Jacobian
matrix Df (v, X™) are computed with we[2.8,2.934] and p,,€[0.45,0.485]. All eigenvalues of Df (v, X™) stay
inside the unit circle for v = [0.485, 2.934]". By gradually decreasing @ and p,, from the point v = [0.485,
2.934]" to change the control parameter v, we found that there exist a real eigenvalue 4,(v.) = —1.00000001
and a pair of complex conjugate eigenvalues 4 3(v.) = —0.57579299 1+ 0.81759484i, }v2’3(17c)| = 0.99999944
which are very close to the unit circle, and the eigenvalue A4(v) still stays inside the unit circle
(Ja(wo) = —0.34619192) as v equals v. = (0.4621973, 2.85100014)". The eigenvalues 4,(v) and A23(v) have
already escaped the unit circle as w and p,,, pass through @ = 2.85100012 and p,, = 0.46219715 decreasingly.
The eigenvalues 4;(v) and Z,3(v) almost escape the unit circle simultaneously, and v, = (0.4621973,
2.85100014)" may be approximately taken as the value of codimension two bifurcation.
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Local behavior of the inertial shaker, near the point of codimension two bifurcation, is obtained by
numerical simulation, which is shown in Fig. 19 (see also Fig. 20).

Some projected Poincaré sections are plotted in Fig. 21. We choose the distribution of masses y,, = 0.4629
and change the forcing frequency  in numerical analyses. It is shown, by numerical results, that the system
exhibits stable ¢ = 1/1 motion with we(2.8525874, 2.853464). Period doubling bifurcation of ¢ = 1/1 motion
occurs as o is increased gradually and passes through w.; = 2.853464, and the system exhibits stable ¢ = 2/2
impact motion. The ¢ = 2/2 motion changes its stability for w>2.85443, and Hopf bifurcation of g = 2/2
motion occurs so that the system exhibits quasi-periodic impact motion associated with ¢ = 2/2 points as seen
in Figs. 21(a)—(d). With further increase in w, the phase locking takes place so that the quasi-periodic motion
gets locked into a periodic attractor of higher (than period two) period, which subsequently becomes unstable
and chaotic; see Figs. 21(e) and (f).

As w passes through w., = 2.8525874 decreasingly, a subcritical Hopf bifurcation of ¢ = 1/1 motion occurs.
At the critical value ., = 2.8525874, the eigenvalues of Jacobian matrix Df (w, X) and associated bifurcation
parameters are given as follows:

Jia(@0) = —0.57390452 £ 0.81892223i, [ 12(@,0)| = 1.00000001,  Js() = —0.99753039,

d| 22|
du

Ja(weo) = —0.3471157, =5.611263, pu=w.—w, f,0)=-27531,

u=0
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by which we know the Poincaré map of the vibro-impact system has a family of repelling invariant circles for
w>2.8525874, and the ¢ = 1/1 point is stable. The fixed point of ¢ = 1/1 impact motion becomes an unstable
focus for w<2.8525874, and transits to chaotic motion with chattering impacts; see Fig. 22. The chattering
impacts mean that the time interval between any two consecutive impacts, in the motion, is far less than one
cycle of the forcing [19]. The chattering impacts generally increase fretting of components of vibro-impact
systems and noise levels.
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By studying codimension two bifurcation of three vibro-impact systems, we can find that these systems
exhibit similar dynamical behavior near the points of codimension two bifurcations. It is to be noted that the
three representative examples analyzed all correspond to the simple case (II) introduced in Section 6. A large
number of numerical analyses for the three mechanical models of Fig. 1 have been done, but we have not
found the other dynamical behaviors near the points of codimension two bifurcations except that in the simple
case (II). However, we find the codimension two bifurcations and transition phenomena of periodic-impact
motions associated the complex case by analyzing a three-degree-of-freedom vibro-bouncing system, which
are introduced briefly in the following text.

7.4. Two examples associated with the complex case

In order to observe the codimension two bifurcations and transition phenomena of periodic-impact motions
associated the complex case, we consider the mechanical model for a three-degree-of-freedom vibro-bouncing
system, which is shown in Fig. 23. A body with mass m bounces on the flat horizontal surface of a two- degree-
of-freedom vibro-bench with masses M; and M,. Displacements of these masses m, M; and M, are
represented by Y,, X; and X,, respectively. The masses M; and M, are connected to linear springs with
stiffnesses K; and K,, and linear viscous dashpots with damping constants C; and C». The excitations on both
masses of the vibro-bench are harmonic with amplitudes P, and P,. Q is the excitation frequency, and 7 is the
phase angle. The mass M, impacts mutually with the bouncing mass m when they are on the same height, so
the mass m exhibits the bouncing motion. The impact is described by the conservation law of momentum and
a coefficient of restitution R, and it is assumed that the duration of impact is negligible compared to the period
of the force.

The motion processes of the system, between any two consecutive impacts, are considered. Between any two
consecutive impacts, the time 7' is always set to zero directly at the instant when the former impact is over, and
the phase angle 7 is used only to make a suitable choice for the origin of time in the calculation. The state of
the vibro-impact system, immediately after impact, has become initial conditions in the subsequent process of
the motion. Between consecutive impacts, the non-dimensional differential equations of motion are given by

1 o] (# 2L —2 X X1 I=Fx ] .
0 )5 4 5 + 5 = I sin(wt + 1), (44)

-2 20(1 + )
y=-p (45)

1 -1
-1 14
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where a dot () denotes differentiation with respect to the non-dimensional time ¢, and the non-dimensional
quantities are given by

M K G h o2, =1 /K
:um_Ml’ :uk_Kla :uc_cla 20_})14_1)7

¢ = G . = XK, _ Mg _ _ YK,
ToJkan T TPR+p TR +Py “_Ml’ V=P F R,

(46)

When the impact occurs, for x(¢) = y(t), the velocities of masses m and M, are changed according to the
conservation law of momentum, and the impact equation of both masses m and M; and the coefficient of
restitution R are given by

xl— + :uy— = xl+ + :uer’ xl+ _)>+ = —R()'Cl, _y—)a (47)
where the velocities of two masses M; and m, immediately before and after the impact, are represented

respectively by x,_, y_, x;; and y,.
The velocities, immediately after the impact, x,, and y, are given by

1 —uR . w1+ R) . . 1+R . u—R .
_ , +—_. 48
1+pu ! 1+ p Yo Y = T+u - 1+/1y “8)

Letting 0 = wt, we can choose a Poincaré section ¢ = {(xl,xl,xz,x2,y,y', 0) e R xS, x; =y, % =X, )=
7.} to establish Poincaré map of the impact system, which can be derived analytically by using the method
introduced in Sections 2—4. The disturbed map of period one single-impact motion is expressed by

X' =f(v,X), (49)

where XeR® v is varying parameter, and veR' or R%; X =X"4+AX, X' =X"+AX, AX =
(AXH,Axl,A)Q,sz,Aer,Ar) and AX' = (Axl+,Axl,Ax2,sz,Ay+,Ar) are the disturbed vectors of X7,
(xH,xlO,xz,xzo,er,ro) is a fixed point in the hyperplane o.

An interesting torus doubling bifurcation is found to exist in the vibro-impact system near the point of
codimension two bifurcation associated with the complex case. The torus doubling bifurcation makes the
quasi-periodic attractor associated with ¢ = 1/1 motion transit to the other quasi-periodic attractor
represented by two attracting closed circles. The phenomena concerning torus doubling bifurcation are
demonstrated by two examples given in the following text.

The vibro-impact system, with system parameters u,, = 1.2, y=1.5, f=0.5, R=0.7, f,0=0 and
{ = 0.05, has been chosen for ana1y51s The forcing frequency w and the distribution of masses u are taken as
the control parameters, i.e. v = (u, w)'. The eigenvalues of Df (v, X*) are computed with we [0 698, 0.72] and
1e€[0.629, 0.65]. All eigenvalues of Df(v, X*) stay inside the unit circle for v = (0.715, 0.65)". By gradually
decreasing u and o from the point v = (0.715, 0.65)" to change the control parameters v, we obtain a real
eigenvalue 4,(v.) = —1.0000005 and a pair of complex conjugate eigenvalues 4, 3(v.) = 0.430193740.9027297i
(\12,3(176)\ = 0.999994) which are very close to the unit circle, and the remaining eigenvalues still stay inside the
unit circle (A4(v.) = —0.2114051, Zs546(v.) = —0.031243464+0.3285842i) as v equals v, = (0.6998734,
0.6336134)". The eigenvalues A;(v) and /,3(v) have escaped the unit circle as v passes through
v =(0.6998732, 0.6336132)" decreasingly. The eigenvalues A;(v) and A>3(v) almost escape the unit circle
simultaneously, so v, = (0.6998734, 0.6336134)" is approximately taken as the value of codimension two
bifurcation.

Dynamical behavior of the system, near the point of codimension two bifurcation, is observed by numerical
simulation. The partial bifurcation set near the critical value is plotted in Fig. 24(a). We choose the
distribution of masses u = 0.71 and change the forcing frequency w in numerical analyses. When w passes
through w.; = 0.6352363 decreasingly, a complex conjugate pair eigenvalues of Df (w, X™) escape the unit
circle firstly, and Hopf bifurcation associated with ¢ = 1/1 motion occurs. The quasi-periodic attractor is
shown for w = 0.635 in Fig. 25(a). With decrease in the forcing frequency w, instability of the closed circle
associated with ¢ = 1/1 point occurs, and torus bifurcation takes place so that two attracting invariant circles
are generated; see Figs. 25(b) and (c) which show transient points, the non-attracting circle as well as the quasi-
periodic attractor represented by two attracting invariant circles, starting from the initial condition near the

Xy =
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Fig. 25. The projected Poincaré sections: (a) transient points as well as the attracting invariant circle associated with ¢ = 1/1 motion,
starting from the initial condition near the fixed point of ¢ = 1/1 motion, @ = 0.635, = 0.71; (b) transient points, the non-attracting
invariant circle as well as two attracting invariant circles caused by torus bifurcation, starting from the initial condition near the fixed point
of ¢ =1/1 motion, w = 0.6348, ;= 0.71; (c) two attracting invariant circles, w = 0.6347, u =0.71; (d) tori doubling, @ = 0.6342,
w=0.71.

unstable ¢ = 1/1 point. With further decrease in w, two closed circles become quasi-attracting due to
occurrence of chattering impacts [10,16]. The quasi-attracting invariant circles are attracting for the map point
inside the circles, and repelling for the map point on or outside them. The system falls into chaotic motion
immediately via the quasi-attracting invariant circles.

As the forcing frequency o passes through w., = 0.6471527 increasingly, a real eigenvalue of Jacobian
matrix Df (w, X™) escape the unit circle from the point (—1, 0), and period doubling bifurcation associated with
g = 1/1 motion occurs. However, the period doubling bifurcation is subcritical. Stable ¢ = 1/1 motion and
unstable ¢ =2/2 motion coexist in the region we(0.6352363,0.6471527). As w passes through
we = 0.6471527 increasingly, the ¢ = 1/1 motion become unstable and there exists no ¢ = 2/2 motion.

Another similar example is given by the system with system parameters: u=0.3, =1, uy. =1, f =0.5,
f50=0, R=0.6 and { = 0.05. The forcing frequency w and distribution of masses u,, are taken as the control
parameters, i.e. v = (i, ®)'. The eigenvalues of Jacobian matrix Df (v, X*) are computed. All eigenvalues of
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Df(v, X*) stay inside the unit circle for v = (0.72, 0.5278)". By gradually decreasing p,, and o from the point
v=1(0.72, 0.5278)" to change the control parameters v, we obtain the critical value v. = (0.7084388,
0.5275136)", at which all eigenvalues of Jacobian matrix Df (v, X*) are given by

Jia(v,) = —0.28803001 + 0.95762230i,
2a(v.) = —0.1849545,

| 412(v.)| = 1.0000,
Jsg(v) = —0.11229740 = 0.08878266i.

;LS(UC) =

—0.99999874,

The complex conjugate pair of eigenvalues 4, »(v.) and the real eigenvalue Z3(v.) are very close to the unit
circle. The eigenvalues 4;,(v) and A3(v) have escaped the unit circle as v passes through v = (0.7084387,
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Fig. 26. The projected Poincaré sections: (a) transient points as well as the attracting invariant circle associated with ¢ = 1/1 fixed point,
starting from the initial condition near the fixed point of ¢ = 1/1 motion, w = 0.5275, u,, = 0.70845; (b) transient points, the non-
attracting invariant circle as well as two attracting invariant circles caused by torus bifurcation, starting from the initial condition near the
fixed point of ¢ = 1/1 motion, w = 0.5274, p,, = 0.70845; (c) two attracting invariant circles caused by torus bifurcation, w = 0.5273,
Uy = 0.70845; (d) tori doubling, w =0.52723, u,, =0.70845; (e) chaos, w =0.52715, p,, = 0.70845; (f) chaos, w = 0.527085,
L = 0.70845; (g) chaos, w =0.52708, p,, =0.70845; (h) tori doubling associated with ¢ = 10/10 fixed point, @ = 0.52706,
1, = 0.70845; and (i) attracting invariant circles associated with ¢ = 10/10 fixed point, w = 0.52705, u,, = 0.70845.
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Fig. 27. The projected Poincaré sections: (a) transient points as well as the attracting invariant circle associated with ¢ = 1/1 fixed point,
starting from the initial condition near the fixed point of ¢ = 1/1 motion, w = 0.527, p,, = 0.715; (b) transient points, the non-attracting
invariant circle as well as two attracting invariant circles caused by torus bifurcation, starting from the initial condition near the fixed point
of ¢ = 1/1 motion, w = 0.5264, u,, = 0.715; (c) phase locking, @ = 0.52637, u,, = 0.715; and (d) chaos, ® = 0.5263, w,, = 0.715.

0.5275134)" decreasingly. The eigenvalues A12(v) and A3(v) almost escape the unit circle simultaneously, so
v = (0.7084388, 0.5275136)" is approximately taken as the value of codimension two bifurcation.

The partial bifurcation set near the critical value is plotted in Fig. 24(b). Numerical results are shown for
1, = 0.70845, p,, = 0.715 and a series of values of w in Figs. 26 and 27, respectively. The process of torus
bifurcation can be observed clearly from the projected portraits of Poincaré map. The vibro-bouncing system
with u,, = 0.70845 is analyzed firstly. The torus bifurcation and transition are shown for p,, = 0.70845 in
Fig. 26. As the forcing frequency w passes through the critical value w.; = 0.527511 decreasingly, a complex
conjugate pair eigenvalues of Df (w, X™) escape the unit circle, and supercritical Hopf bifurcation associated
with ¢ = 1/1 motion occurs. The quasi-periodic attractor is shown for @ = 0.5275 in Fig. 26(a). With decrease
in w, instability of the closed circle associated with ¢ = 1/1 point occurs, and the torus bifurcation leads to
two attracting invariant circles; see Figs. 26(b) and (c). With further decrease in w, the two invariant circles
become non-attracting and tori doubling are born, which subsequently becomes unstable and chaotic; see
Figs. 26(d)—(g). And then the quasi-periodic attractors associated with ¢ = 10/10 point are generated by
degeneration of chaos, represented by ten tori doubling and ten closed circles in projected Poincaré sections,
respectively; see Figs. 26(h) and (i).

The torus bifurcation and transition are shown for u,, = 0.715 in Fig. 27.

The dynamic behavior near the points of codimension two bifurcations, occurring in two examples of the
system shown in Fig. 23, corresponds with the unfolding of a complex case shown in Fig. 4.

7.5. Symmetry of period two points and attracting invariant circles at the corresponding period one point

By analyzing local behavior of the normal form map near the point of codimension two bifurcation, we
know that the period two points Y® = (Y'?, Y?)" are symmetrical about the origin. Moreover only the
positive (x, r) quadrant is shown in Figs. 24, since the portraits are symmetric under reflection about r axis.
The attracting invariant circles associated with Y® = (Y, ¥{?)" points are symmetrical about the origin near
the critical value ¢ = (0,0, 0)". Because the type of ¢ = 2/2 fixed points changes from node to focus and Hopf
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bifurcation associated with ¢ = 2/2 points occurs, no period doubling cascade emerges under the condiction of
codimension two bifurcation. The ¢ = 2/2 fixed points and closed tori associated with them are symmetrical
about the corresponding ¢ = 1/1 point near the value of codimension two bifurcation. We can observe the
symmetry of ¢ = 2/2 fixed points, about the corresponding ¢ = 1/1 fixed point, as seen in the bifurcation
diagrams (Figs. 8(al), 14(al) and 20). The results from simulation also show that the attracting invariant
circles associated with ¢ = 2/2 points are symmetrical about the corresponding ¢ = 1/1 point near the value of
Hopf bifurcation of ¢ = 2/2 points; see bifurcation diagrams (Figs. 8(al), 14(al) and 20) and projected
portraits of Poincaré map (Figs. 11(a)—(c), 17(a) and (b), 21(a)—(c)).

We can often observe a phenomenon in numerical analyses. As one of eigenvalues of Jacobian matrix
Df(w, X™) escapes the unit circle of the complex plane from the point (—1,0) and a complex conjugate pair of
eigenvalues are close to the unit circle but not very close to it, Hopf bifurcation associated with ¢ = 2/2 points
probably occurs. However, in this case the ¢ = 2/2 fixed points and attracting invariant tori associated with
them are generally non-symmetrical about the corresponding ¢ = 1/1 point. This means that the symmetry of
q = 2/2 fixed points and attracting invariant tori occurs only near the value of codimension two bifurcation.
As the system parameters are far away from the critical parameters of codimension two bifurcation, no
symmetry of ¢ = 2/2 fixed points and attracting invariant tori exists. The asymmetrical ¢ = 2/2 fixed points
and attracting invariant tori can be observed in the following example.

Let us continue to consider the system shown in Fig. 1(a). The system, with system parameters y,, = 0.8,
f0=2.0,0=0.01,R=0.8,{; ={,=0.0, wyg = 1.6 and n = 1 is chosen for analysis. A real eigenvalue 1,(w) of
Df(w, X*) escapes the unit circle from the point (-1, 0) with w passing through w,. = 2.470315 increasingly,
and the remainder of the spectrum of Df(w, X™) are strictly inside the unit circle, so period doubling
bifurcation of ¢ = 1/1 motion occurs. w, = 2.470315 is the value of period doubling bifurcation, at which all
eigenvalues of Df(w, X™) are

Jn(w) = —1.000002, () = 0.8189888 £ 0.117085i, Ju(w,) = —0.9350552.

The results from simulation, by the bifurcation diagram and projected Poincaré sections, are epitomized in
Figs. 28 and 29. The numerical results show that ¢ = 1/1 motion stabilizes for w€[2.0,2.470315]. As w passes
though w = 2.470315, instability of ¢ = 1/1 motion occurs, and ¢ = 2/2 motion stabilizes. With changing the
forcing frequency w increasingly, ¢ = 2/2 fixed points change from stable node to stable focus; see Figs. 29(a)
and (b). And then instability of ¢ = 2/2 points results in Hopf bifurcation associated with ¢ = 2/2 fixed points.
The quasi-periodic attractor associated with ¢ = 2/2 points is shown for w = 2.514 and 2.517 in Figs. 29(c)
and (d), respectively, which is represented by two closed circles in the projected Poincaré section. With further
increase in w, the phase locking takes place so that the quasi-periodic motion gets locked into a periodic
attractor of higher (than period two) period (see Fig. 29(c)), which subsequently becomes unstable and
chaotic; see Fig. 29(f). One can observe easily, from Figs. 28 and 29, that the ¢ = 2/2 fixed points and
attracting invariant tori associated with them are non-symmetrical about the corresponding ¢ = 1/1 point.

5
+ /—\ d
Sl ;
-r \)
3 ‘ ‘
2.3 2.38 2.46 2.54
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Fig. 28. Bifurcation diagram.
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Fig. 29. The projected Poincaré sections: (a) transient points as well as ¢ = 2/2 fixed points (node), starting from the initial condition near
the fixed point of ¢ = 1/1 motion, w = 2.495; (b) transient points as well as ¢ = 2/2 fixed points (focus), starting from the initial condition
near the fixed point of ¢ = 1/1 motion, w = 2.51; (c) transient points as well as the attracting invariant circles associated with ¢ = 2/2
points, starting from the initial condition near the fixed point of ¢ = 1/1 motion, @ = 2.514; (d) the attracting invariant circles associated
with ¢ = 2/2 points, = 2.517; (e) phase locking, @ = 2.519; and (f) chaos, o = 2.525.

8. Conclusions

Local codimension two bifurcation, involving a real eigenvalue and a complex conjugate pair escaping the
unit circle simultaneously, is analyzed by using the center manifold theorem technique and normal forms for
maps. Dynamical behavior of the vibro-impact systems, near the point of codimension two bifurcation, is
investigated by qualitative analyses and numerical simulation. The vibro-impact system, under the condition
of codimension two bifurcation, can exhibit more complicated quasi-periodic impact motions than those
which occur in non-resonance, weak resonance [23] and strong resonance cases [24]. Near the point of
codimension two bifurcation there exists not only Hopf bifurcation of ¢ = 1/1 impact motion, but also Hopf
bifurcation of ¢ =2/2 impact motion. The period doubling bifurcation of ¢ = 1/1 motion is commonly
existent near the point of codimension two bifurcation. However, no period doubling cascade of the motion
emerges due to change of the type of ¢ = 2/2 fixed points and occurrence of Hopf bifurcation of ¢ = 2/2
motion. The types of ¢ = 2/2 points usually change as stable node — stable focus — unstable focus with change
of the control parameters. The ¢ = 2/2 fixed points are symmetrical about the corresponding ¢ = 2/2 point.
The results from simulation show also that the attracting invariant circles associated with ¢ = 2/2 points are
smooth in nature and symmetrical about the corresponding ¢ = 1/1 point near the value of Hopf bifurcation
of ¢ =2/2 fixed points. As the value of w moves further away from the value of Hopf bifurcation, two
attracting invariant circles expand, and the smoothness and symmetry of the quasi-periodic attractor are
changed by degrees until they are destroyed.

The strict condition of codimension two bifurcation is not easy to encounter in practical application of
engineering. However, there exist the possibilities that actual nonlinear dynamical systems, with two varying
parameters or more, work near the critical value of codimension two bifurcation due to change of parameters.
The impact-forming machinery is a typical example. Besides the forcing frequency, w, the gap varies also with
different thicknesses of the formed workpieces [48]. Another representative example is the inertial vibro-
impact shaker, where the distribution of masses is generally metabolic with casts of different masses, and the
forcing frequency is also important parameter changed [49]. The change of multi-parameter possibly leads to
the results that the vibro-impact systems work near the critical parameters of codimension two bifurcation. It
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is necessary to study the bifurcations caused by change of multi-parameters and dynamical behavior of
nonlinear systems near the points of bifurcations.
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Appendix A
A.1. The center manifold of high dimensional map under the condition of a codimension two bifurcation

Let us consider the map
X' =f(vX), (A.1)

in which, f:R">R", XeR" (n>4), veR>. Let the map f (v, X) be of class C* (k= 5), and assume that X*(v) is a
fixed point for the map (A.1) for v in some neighborhood of a critical value v = v, at which the linearized map
Df (v, X™) satisfies the following assumption

H1. Jacobian matrix Df (v, X) has the eigenvalues 4,(v.), 42(v.) and 43(v.) on the unit circle, in which 4;(v,) is
a real eigenvalue and 4,5(v.) are a pair of complex conjugate eigenvalues, and 4,(v.) = —1, 4(v.) = 45(v,),
| A23(00)| = 1.

H2. The remainder of the spectrum of Df(v, X*) are strictly inside the unit circle, i.e.,
i=4,..,n.

ZECAIES S

Let r{(v) denote the eigenvector of Df (v, X™) corresponding to the eigenvalue A(v) (i = 1,2, ..., n). If 1(v) is
one of a pair complex conjugate eigenvalues (j#1,2,3, but j may be 4, ...,n—1), the eigenmatrix may be
expressed by P = (r;,Re rp, —=Im 15, ..., Re r;, =Im 1y, ...); If 1(v) is a real eigenvalue (j#1,2,3, but j may be
4,5,...,n), then P = (r;,Re ro, —=Im r,, ..., 1, ...). For all v in some neighborhood of v., the map (A.1) under
the change of variables

X=X"+PY, v=v.+pu, (A.2)
becomes
Y =F(u, Y), (A.3)
where DF(y, 0) has the form
A 0 0 0

0 Reld, —-ImAi, O
0 Im }vz Re )»2 0|
0 0 0 D,

DF(u,0) = (A.4)

in which A, = 4,() = (v, + p), 1o = j;z(.“) = A(ve + ), ~11(0) =—1, 12,3(0) = o +iw. D is a real matrix of
degree (n—3) x (n—3) with eigenvalues A4(u), ..., A,_1 (1), 4,(1).

Let zy,=7,, =041y, H =3, — iy, 2= (21,2,5), GV =F =z, G? =F,+iF;— 2, W=
(7 ,jn)T, H= (F4,F5, .. ,F,,)T — D, W and let us show that the map (A.3) may be written in the form

Zy =iz + G(l)(Z],ZZ;Z-Zs Win), z,=/0z+ G(2)(21,Z2,Z_2, Wi ),
W/ = D[W+H(Z],ZQ,Z_2, W,’U) (AS)
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For the map (A.5), there exists a local center manifold [44,46], given by
W = W(zi, 2,55 1), (A.6)

which satifies the condition W(0,0,0; u) = Wi_l(O, 0,0; ) = W:_Z(O, 0,0; 1) = W;z(O, 0,0; ) = 0.

On the center manifold the local behavior of the map (A.5) can be reduced, by substituting the formula
(A.6) to the map (A.5), to a three-dimensional map. In order to determine the center manifold W(zi, z,, Z,; p),
we have to expand W(zy, z,, Z,; i) in Tylor series about (0, 0,0, 1) and solve the following equation:

W(Z/I,le, Z_/z’ ,Ll) = Dl W(21722>Z_2; :u“) + H(217229Z_29 W(ZlaZZ,Z_Z;:u); ﬂ) (A7)

The Tylor series of W (zy,z,, Z,; ) about (0,0,0, u) is expressed by

L 772
Wenanzim = 3 W+ 00zl + 1) (A8)
i+j+k=2 v

By substituting the formula (A.8) into Eq (A.7) and solving the equation for W(u), we can obtain

_ _ =2 _
W = M? - Dl) IHZOOs W = (ii - Dl) lHozos W = (/bz - Dl) 1Hoozy
Wi = (iv{z - Dl)ilHuo, Won = (/11}:2 - D1)71H011, Win = (il)zz - D1)71H101,

Wi = (32 = D)) (Haoo + 3H g W — 34 G0 Wy — 30 W 110G — 374 W11 Gon)

Woso = (23 — D) (Hoso + 3H) s W — 340G Wy — 330 Wor, Goy — 350 WiisG).

Woos = (Zo — D) (Hoos + 3H .y, Wonr — 3G W ot — 37 Wi G2, — 30, Wi Gin),

W = (2372 — D)) (Hawo + 2H | joWiio + Hyo Wago — 204G} Wogg — 20, W110GEY) — o W10 Gy,
—2Wip1da G(li))l - Wou)»zé(z?o — WozoG(zzo)o),

W = (275 — Dy) ' (Hapy + 2H Yy Wior + Hby Wgo — 274G Wy — 7 Wogs Gy — 234 W 110G,
— Won2aGy = 2W 012Gy = o Wi Gy,

Won = (227, — D)) '(Hoy + 2H' Wou + Hby Wosg — 7o Gy Wy — 23 WG, = 1, W10, G
— 2Woda Gy — WoniaGE — 20, W10G),

Wi = (275 — Dy) " (Hygy + 2H Wiy + H s Wy — 70 G Wag — 27 W G — 2 W 110G,
— QW1 G2 — Wi o Gy — 27, Wi GV,

Wi = (illﬁ - Dl)fl(leo + ZH(IHO Wi + Hloo W — 24 Gi)lg)() W0 — 2/12G(121)0 W — i WnoGézz)o
— 2W 11070 G = Wi 2 Gy — 235 W11 Groy),

_ _ 7 A2
Wi = (AiAds — D)) 1(Hlll + ZH(]HO Won — 4 GE},)I W g0 — izG(ﬁ))l W20 — /LzG(ml Wooo — A1 WnoGE)zl)]

- Wllo;bzG(ll())l - 126(121)0 Won — ZzG(lzl)O Wo — Winida Gf)zl)l - /Tz W101G(111)o)’ (A9)
where Wi, Gf]’i and H;; denote Wi (w), Gg,l(,u) and H;;(u), respectively, and GE.;,l(u) and H;(p) are given by
oG OH
fjlz:ﬁ . Hijk:ﬁ 5 r:l+]+k:2,3 (AIO)
021025023 | 0,000 021025023 | 0,000
oo 6<6H aH) i _i(aH aH)
100~ aZl 0 W] T 0 W”_3 (0,0’0)0;#), 010 622 0 W] T 0 Wﬂ_j, (0‘0’0’0;“)’

o 2 (G o
WL dn \ow,T T oW,

(A.11)

(0,0,0,0;0)
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Inserting the formulae (A.9) into the center manifold (A.8), we have

W(z1, 2,53 1) = Z W) S22 + (0(z1] + 122)").

i+j+k=2 il 'k'
Let
Zy=dizi + 921,22, 223 ), Zy = Jozy + 9221, 22, 52y ),
where
9"(z1, 22, 205 1) = GV(z1, 22, 22, W (21, 22, 225 1); ).
The expanded form of ¢¥(z,, z,, Z,; 1) is given by

L
7l 7,2
¢"Gum = Y g ',,2,{,2 +(O(Iz1 +1D""),  (1=1,2).
i+j+k=2

Introducing the formulae (A.12) and (A.15) to the map (A.13), we obtain
g(lll)o = G(ll;o» ggl) 1 Ggl) 1° 9(1/31 = Gﬁgp g(vl(;() = G(zl(;o’ g{)go ng)o’ gggz = Gggz’
g(zgo - G(zgo + 3G(1[6:)) W 00, gfﬁo = Gggo + 3Ggf:)) W o0, gg(;z = Gg(;z + 3Go[oll) Wooa,
(2]10 = G(zll)o + 2G(1/(3:)) Wi + Ggill) W 300, 9(120 = G(go + 2Gf)/1:))W110 + GIOO W,
g1 = Gy + 2G5 Wion + Gog) Wao, g0 = Gy + 2Gos) Wio + Glog Wona.
g = G, + 2G5 Won + G5 W, g = Gy, + 2G5 Won + Gii W,
9(1]1)1 = G(lll)l + 2G3’03 Won + G&'ié) Wio + Go(n Wio.
in which,

o (0G" 0G"
=12 Gi=—H\ 27—
l > > GIUO aZI (a Wl > ’aWn_«,)

G _ 0 (06 G
W on \ow AW,

G(/,l) _ i aG(I) aG(l)
’ 010 @Zz anj.“’aWn73

(0,0,0,0;10)

(0,0,0,0:10)

(A.12)

(A.13)

(A.14)

(A.15)

The map (A.1) has been reduced to a three-dimensional one by using a center manifold theorem technique.

The three-dimensional map, in the complex form, is expressed by

, = : zz
Z=h@z+ > 9w ,fk,2+0(|z1|+|z2|)
i+j+k=2
3
Z=hwnt Y g2 52 o1z 4 [

| i
i+j+k=2 k!

A.2. The normal form map

The three-dimensional map with two parameters is expressed briefly by
' =F(u,z), F(u0)=0,

Where H= (:uluuz)Ta z= (2192292_2)1-7 Z1 = y]sZZ =" + iy39 Z_Z =y2 - 1)}3
Under the change of variables with parameters u

z=G(w,2)=Z+d(n,Z), d(pn,0)=0, j#1,2,3,
the three-dimensional map becomes the normal form
Z' =AZ+ N, Z), N(p0)=0,
in which 4, = Diag[—1, 1,(0), /»(0)].

(A.16)

(A.17)

(A.18)

(A.19)
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We can expand F(u, z), (i, Z) and N(u, Z) as Taylor series in the variables p, z, and Z, respectively, which
are given by

Fuz)= ) Fp[u.2%], @w2)= ) 9 [u". 2], N@w2Z)= ) Ny[u".2"].  (A20)
pte=1 ptq=1 pe=1
where
1 oF 1 e 1 N
m = gt ooz O = g wazr 0 N = g gz 0

By substituting the formula (A.20) into the map (A.18), we can obtain the equations
Ao®@ulp, Z] — dulu, AgZ] = Fulp, Z] — Nulp, Z], (A.21)
AP [Z%] = B, [(4,2)7] = Fin [27] = N [27], (A.22)

A@03[Z9] — s [(402)7] = F3 [Z0] + 200 [A0Z, Fn [Z7]] = N3 [Z%] = 2N [Z, D02 [Z27]],  (A23)

AOQSM ['u(p), Z(‘I)] - gpl"] ['u(P)’ (AOZ)(II)} = RM ['u(p)’ Z(q)} - Npq ['u(p), Z(q)] 9 e (A24)
The general form of Egs. (A.21)—(A.24) is given by
By®yy = Ry — Ny (A.25)
where
B, (ppq[ ® Z(q)] =A,P,, [,u("),Z(‘”] -9, [,u(p),(AoZ)(q)]. (A.26)

Let H, represent the space of ¢ order homogeneous polynomials, i.e. the elements of the space H, consist of
three-dimensional vectors, and component vector of every vector is a ¢ order homogeneous expression
associated with Z,, Z, and Z,. Let B, be a linear transformation in H,. The space H, may be expressed as the
sum space of value subspace and complemented subspace. R,, — N, is reduced to value subspace of B, by
choosing the simpler form of N, and @, is determined by usmg Eq. (A.25). Wherefore we can choose the
basis for the space H,

e = (Zbos 0)T7 € = (ZZ’ 0’ O)Ts €3 = (22709 0)T9 .. €9 = (0’ 0’ Z_Z)T' (A27)
The images of e;, on the matrix B, are

Biey =0, Bie,=(—1—1e, Bies=(—1- /_L), Biey = (A+1)es, Bjes =0,

Npg»

Bieg = (L —X)es, Biey =0+ e, Bies=(—l)es, Biey =0,
where A = 4,(0) = a + iw. _
On the basis of (A.27), the matrix B, may be expressed as
0 0 0 0
—1-2 0 0
-1-7 0
A+1
0
0
0
0
0

S
Il
PN
| © o o o ©
o
S O O O O O O
1

[

o0

o o o o o
O O o 0o o o o o
o ©o + oo o o o o

o)
|
~
S O O O O o o o o

S O O O O o o O
S O O O o o O
o

=

S O© O

Let the coordinates of d>11, Ny and FH on the bas1s of {e|,es,e5,..., e} for H, be &, = {P1, Pyy D3y - -+ (ﬁg}T,
N11 = {7, 7, 75, . . ., ’19} Fll = {fpfz,fz,n f9
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The formula (A.21) can be represented by
Bléll =F“ _N“. (A.28)
The solution for Eq. (A.28) is given by

B — sz—ﬁz fi=is fa—iu . fo—iis f1 =7 [y —7is C
11 1’—1—/1,—1—)_\,’/14-1, 291_;::;:4_1,}—“_;&9 3 (>

Nll == U-laoa 0) Oaf_5707 0, Oa,f_9}T7 (A29)

in which C;, C> and Cj are arbitrary constants.
In the space H>, we can choose the basis

€ = (Zfﬂ O, O)T: € = (ZIZZa Oa O)T, €3 = (ZIZ_Za Oa O)T, €4 = (ng 05 O)T7
es=(2:2:,0,0)", e =(Z,0,0)",..., ey =(0,0,2})",
on which, the matrix B, is an invertible one, we can solve for the matrix form of the formula (A.22) by taking
Noo[Z®] = 0, which is given by
‘1_702 = B; IF 025
in which &y, and Fy, are the coordinate of #[Z?] and Fy,[Z®] on the basis of {e;, i =1,2,...,18} for H>,
respectively.

The basis of Hj is taken by using the same method above-mentioned, and the basis for H; may be expressed
by

e, =(Z3,0,0)", e, =(Z1Z,,0,0)", e =(Z12,,0,0)", e, =(Z,2Z3,0,0),
es =(Z,25,0,0)", e =(2,2:7,,0,0)", e, =(Z23,0,0)", e5=(222,,0,0)",
e =(Z,75,0,0)", e =(Z:,0,0)", ..., exo=(0,0,Z)".
The formula (A.23) may be expressed by
Bi®y; = Fos — Nys. (A.30)

The matrix B, is a non-invertible one. Fy;, @y, and Ny; are the coordinates of Fys[ZV]+ 2@g3[A40Z, FoolZ?]],
d_>03[Z(3)] and Ns[ZP] on the basis for Hi, respectively. Fos = (f(, 22 30) > Pos = (@1, Py Psy) s
Noy = (ny,n,. .. ,i’lso)T-

The solution for Eq. (A.30) is

Jo—m fi—n fo—ni fs—ns C Jr—m [y —ns mfao—nso}

. (A31)

(1_5 = C, ) T s 2 ) s 29 -
o { R I A T L e S [ Ly Py} _1

Noes=(1,0,...,0,16,0,...0,/15,0,...0,f15,0,...0,/,0,...,0,f5,0), (A.32)
in which, the symbol ““...”” denotes the term with zero value.
Let ¢, =f,, & =f and & =f, which are associated with the formula (A.29), a=/f,, b=/f. &=/,

d= fis» €=f, and f = f,, which are associated with the formula (A.32), and let us show that the simplest
normal map ®(Z;%), in the complex form, is given by

Z\= —Zi+eZ +aZ,+bZ,\|Z,I' + O((1Z,| + | Z,1)°),
Z, = )o(0)Zs + 52> + ¢Z3Z> + dZ5| 2o + O((1Z:1] + 12:1)°),
7y =02+ 572, + ¢z, 7, +1Z,1Z," + 0((|Zl| + |Zz|)5), (A.33)

where Z = (Z,,Z,,2,)", & = (e1,82,8)", & = &(w), £(0) = 0, i = 1,2,3.
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The normal form map @(Y;e¢), in the real form, is given by

V= =y +ey +ay +by,(; + ) +hot,
¥y = @+ &)y, — (@ + &)y + (cy, — ey )y; + (dy, — fr3)(s + y3) + hoot,
Vy = (@ + &)y, + (@ + &2)y; + (cv; + eyy)yy + (dvs + 1) + y3) + hot, (A.34)

where Y = (y1, yo, }’3)T, e = (1, &, 83)T, g =¢glu), £0)=0,i=1, 2, 3.
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