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Abstract

A modified iteration procedure is applied to nonlinear oscillations with fractional powers. With the procedure, the

excellent approximate frequencies and the corresponding periodic solutions can be easily obtained.

r 2005 Elsevier Ltd. All rights reserved.
Consider a nonlinear oscillator modeled by the equation:

€xþ gðxÞ ¼ 0; xð0Þ ¼ A40; _xð0Þ ¼ 0, (1)

where gðxÞ is a nonlinear function of x and has the property:

gð�xÞ ¼ �gðxÞ.

If gðxÞ does not have for small x a dominant term proportional to x, then Eq. (1) is said to be a ‘‘truly
nonlinear oscillator’’ (TNO) [1]. One example of such equations is

€xþ sgnðxÞjxjp ¼ 0; xð0Þ ¼ A; _xð0Þ ¼ 0, (2)

where po1 and sgnðxÞ is the sign function, equal to þ1 if x40, 0 if x ¼ 0, and �1 if xo0. Recently, Lim and
Wu [2] proposed a modified iteration procedure for Eq. (1). Mickens [1] generalized this procedure for the
following equation:

€xþ gðxÞ ¼ �f ðx; _xÞ; xð0Þ ¼ A; _xð0Þ ¼ 0, (3)

where

f ð�x;� _xÞ ¼ �f ðx; _xÞ.

But they did not give the details as how to carry out the iteration scheme to deal with Eq. (2). The main
purpose of this communication is to use an iteration procedure to determine analytical approximations to the
periodic solutions of Eq. (2).
ee front matter r 2005 Elsevier Ltd. All rights reserved.
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To begin, let the natural frequency of Eq. (1) be o, which is unknown to be further determined. Then Eq. (1)
can be rewritten as [1–5]

€xþ o2x ¼ o2x� gðxÞ¼:GðxÞ; xð0Þ ¼ A; _xð0Þ ¼ 0. (4)

The linearized equation of Eq. (1) is

€xþ o2x ¼ 0; xð0Þ ¼ A; _xð0Þ ¼ 0. (5)

Comparing Eq. (1) with Eq. (5), we see that even though gðxÞ is not ‘‘small’’, the function GðxÞ ¼ o2x� gðxÞ is
‘‘small’’. Therefore, the left-hand side of Eq. (4) is linear and the term GðxÞ on the right-hand side is a ‘‘small’’
function. This is the reason that we prefer Eq. (4) to Eq. (1).

The iteration scheme is [3]

€xkþ1 þ o2xkþ1 ¼ GðxkÞ; xkð0Þ ¼ A; _xkð0Þ ¼ 0; k ¼ 0; 1; 2; . . . , (6)

where the input or starting function is

x0ðtÞ ¼ A cos y ¼ A cosot. (7)

Usually x1 can easily be obtained from Eq. (6). Timoshenko et al. [6] have applied this technique to the
Duffing equation, but they only gave the first iteration result. When kX1, we have

GðxkÞ ¼ G½xk�1 þ ðxk � xk�1Þ� � Gðxk�1Þ þ Gxðxk�1Þðxk � xk�1Þ, (8)

where

GxðxÞ ¼
dG

dx
. (9)

Therefore, Eq. (6) can be rewritten as [1,2]

€xkþ1 þ o2xkþ1 ¼ Gðxk�1Þ þ Gxðxk�1Þðxk � xk�1Þ,

xkð0Þ ¼ A; _xkð0Þ ¼ 0; k ¼ 0; 1; 2; . . . , (10)

where x�1ðtÞ ¼ x0ðtÞ [1,2]. Instead of Eq. (8) we may also have

GðxkÞ ¼ G½x0 þ ðxk � x0Þ� � Gðx0Þ þ Gxðx0Þðxk � x0Þ. (11)

Now Eq. (6) can be written as

€xkþ1 þ o2xkþ1 ¼ Gðx0Þ þ Gxðx0Þðxk � x0Þ,

xkð0Þ ¼ A; _xkð0Þ ¼ 0; k ¼ 0; 1; 2; . . . . (12)

In what follows, we will use formula (12) to solve Eq. (2). In this case, formula (12) becomes

€xkþ1 þ o2xkþ1 ¼ o2xk � sgnðx0Þjx0j
p � p sgnðx0Þjx0j

pðxk � x0Þ=x0,

xkð0Þ ¼ A; _xkð0Þ ¼ 0; k ¼ 0; 1; 2; . . . , (13)

where use has been made of the relation

d

dx
½sgnðxÞjxjp� ¼ p sgnðxÞjxjp=x. (14)

The derivation of this relation is given in Appendix A.
First, let [7]

sgnðx0Þjx0j
p ¼ Apsgn½ðA cos yÞ�j cos yjp

¼ Apða1p cos yþ a3p cos 3yþ a5p cos 5yþ � � �Þ, ð15Þ
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where

a1p ¼
4

p

Z p=2

0

ðcos yÞp cos y dy ¼
4Gð1þ p=2Þffiffiffi

p
p
ðpþ 1ÞGððp=2Þ þ 1

2
Þ
, (16a)

a3p ¼
4

p

Z p=2

0

ðcos yÞp cos 3ydy ¼
ðP� 1Þa1p

Pþ 3
, (16b)

a5p ¼
4

p

Z p=2

0

ðcos yÞp cos 5y dy ¼
ðp� 1Þðp� 3Þa1p

ðpþ 3Þðpþ 5Þ
. (16c)

Here GðpÞ is the Gamma function [8]. The computations of (a1p; a3p; a5p) are given in detail in Appendix B.
Obviously, Eqs. (16) are identical to the results in Ref. [5] when p ¼ 1

3
. Substituting Eq. (7) into Eq. (13) and

taking into account Eq. (15), we have

€x1 þ o2x1 ¼ ðo2A� a1pApÞ cos y� a3pAp cos 3y� a5pAp cos 5y,

x1ð0Þ ¼ A; _x1ð0Þ ¼ 0. (17)

The requirement of no secular terms in x1ðtÞ implies that

o ¼ o1 ¼

ffiffiffiffiffiffi
a1p
p

Að1�pÞ=2
. (18)

The corresponding approximate periodic solution x1ðtÞ becomes

x1ðtÞ ¼ A cosotþ b3ðcosot� cos 3otÞ þ b5ðcosot� cos 5otÞ, (19)

where o is given by Eq. (18) and

b3 ¼ �
a3pAp

8o2
1

¼ �
a3pA

8a1p

¼
ð1� pÞA

8ðpþ 3Þ
, (20a)

b5 ¼ �
a5pAp

24o2
1

¼ �
a5pA

24a1p

¼
ð1� pÞðp� 3ÞA

24ðpþ 3Þðpþ 5Þ
. (20b)

If k ¼ 1, Eq. (13) becomes

€x2 þ o2x2 ¼ o2x1 � sgnðx0Þjx0j
p � p sgnðx0Þjx0j

pðx1 � x0Þ=x0,

x2ð0Þ ¼ A; _x2ð0Þ ¼ 0. (21)

Obviously,

p sgnðx0Þjx0j
p x1 � x0

x0
¼ pA�1sgnðx0Þjx0j

p b3ðcos y� cos 3yÞ
cos y

þ
b5ðcos y� cos 5yÞ

cos y

� �
¼ 2pA�1 sgnðx0Þjx0j

p½b3ð1� cos 2yÞ þ b5ðcos 2y� cos 4yÞ�, ð22Þ

where use has been made of the relations

ðcos y� cos 3yÞ= cos y ¼ 2ð1� cos 2yÞ, (23a)

ðcos y� cos 5yÞ= cos y ¼ 2ðcos 2y� cos 4yÞ. (23b)

Substituting Eq. (15) into Eq. (22) and simplifying the resulting expression results in

p sgnðx0Þjx0j
p x1 � x0

x0
¼

Bðp2 þ 4pþ 11Þ

pþ 5
cos yþ

Bðp3 þ 35p2 þ 291pþ 321Þ

24ðpþ 5Þ
cos 3y

þ
Bð3p2 � 40pþ 45Þ

24
cos 5yþ higher order harmonics, ð24Þ
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where

B ¼
pð1� pÞa1pAp

ðpþ 3Þ2ðpþ 5Þ
. (25)

Substituting Eqs. (15), (19) and (24) into Eq. (21) and making some arithmetical manipulations gives

€x2 þ o2x2 ¼ c01 cos yþ c03 cos 3yþ c05 cos 5y; x2ð0Þ ¼ A; _x2ð0Þ ¼ 0, (26)

where

c01 ¼
o2A

6ðpþ 3Þðpþ 5Þ
ð5p2 þ 46pþ 93Þ �

a1pAp

ðpþ 3Þ2ðpþ 5Þ2
ð13p3 þ 87p2 þ 251pþ 225Þ, (27a)

c03 ¼
p� 1

8ðpþ 3Þ
o2Aþ

a1pAp

3ðpþ 3Þðpþ 5Þ2
ðp4 þ 11p3 � 21p2 � 999p� 1800Þ

� �
, (27b)

c05 ¼
p� 1

24ðpþ 3Þðpþ 5Þ
ðp� 3Þo2Aþ

a1pAp

pþ 3
ð3p3 � 64p2 þ 45pþ 216Þ

� �
. (27c)

The requirement of no secular terms in x2ðtÞ implies that the coefficient of the cosot is zero. Letting c01 ¼ 0 and
solving for the frequency yields

o ¼ o2 ¼
6ð13p3 þ 87p2 þ 251pþ 225Þa1p

ðpþ 3Þðpþ 5Þð5p2 þ 46pþ 93ÞA1�p

� �1=2

¼
24ð13p3 þ 87p2 þ 251pþ 225ÞGð1þ p=2Þffiffiffi

p
p
ðpþ 1Þðpþ 3Þðpþ 5Þð5p2 þ 46pþ 93ÞGððp=2Þ þ 1

2
ÞA1�p

" #1=2
. ð28Þ

The corresponding approximate periodic solution x2ðtÞ is

x2ðtÞ ¼ A cosotþ c3ðcosot� cos 3otÞ þ c5ðcosot� cos 5otÞ, (29)

where

c3 ¼
c03
8o2

2

¼
ðp� 1ÞA

64ðpþ 3Þ
1þ
ð5p2 þ 46pþ 93Þðp4 þ 11p3 � 21p2 � 999p� 1800Þ

18ðpþ 5Þð13p3 þ 87p2 þ 251pþ 225Þ

� �
, (30)
Table 1

Comparison of the approximate frequency o2 with the exact frequency oe

p oeAð1�pÞ=2 [9] o2Að1�pÞ=2 Eq. (28) Error (%)

3/4 1.024957 1.024974 0.0017

2/3 1.033652 1.033680 0.0027

3/5 1.040749 1.040784 0.0034

1/2 1.051637 1.051678 0.0039

3/7 1.059596 1.059631 0.0033

1/3 1.070451 1.070453 0.0002

1/5 1.086126 1.086000 �0.0116

1/6 1.090133 1.089953 �0.0166

1/8 1.095194 1.094926 �0.0245

1/9 1.096894 1.096592 �0.0275

1/10 1.098258 1.097927 �0.0302

0 1.110721 1.110030 �0.0622
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Fig. 1. Comparison of the approximate solutions with the numerical solutions to Eq. (32) for: (a) A ¼ 1; (b) A ¼ 100; (c) A ¼ 10; 000.
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c5 ¼
c05

24o2
2

¼
ðp� 1ÞA

576ðpþ 3Þ

p� 3

pþ 5
þ
ð5p2 þ 46pþ 93Þð3p3 � 64p2 þ 45pþ 216Þ

6ð13p3 þ 87p2 þ 215pþ 225Þ

� �
. (31)

Eq. (18) is identical to Eq. (12) in Ref. [7]. The comparison of the approximate frequency o2 given by Eq.
(28) with the exact frequency oe of Gottlieb [9] is presented in Table 1. Table 1 shows that o2 can give very
excellent approximate frequencies. Comparing Table 1 in this paper with Table 1 in Ref. [7], we can see that o2

is more accurate than o2p in Ref. [7].
Now we compare the approximate periodic solutions with the numerical solutions. Without loss of

generality, let p ¼ 1
3
. In this case a1p ¼ 1:15960 [5] and Eq. (2) becomes [5,10,11]

€xþ x1=3 ¼ 0; xð0Þ ¼ A; _xð0Þ ¼ 0. (32)

The numerical solution xNumðtÞ of Eq. (32) obtained by using Runge–Kutta (R–K) method, and the
corresponding approximate solutions x1ðtÞ and x2ðtÞ computed by Eq. (19) and Eq. (29) (p ¼ 1=3),
respectively, are plotted on Fig. 1 for A ¼ 1; 100, and 10,000. It can be seen from Fig. 1 that even for
A ¼ 10; 000, x1ðtÞ and x2ðtÞ are nearly identical to the numerical solution.

In summary, a modified iteration method, which is described by Eq. (12), has been applied to the nonlinear
oscillator modeled by Eq. (2). The approximate frequency o1 given in Eq. (18) is identical to the result in Ref.
[7]. The o2 obtained by the second iteration gives very accurate results. The approximate periodic solutions
x1ðtÞ and x2ðtÞ are in good agreement with the numerical solutions to Eq. (32). Although formula (12) is
identical to formula (10) for the first and second iterations, formula (12) is more convenient than formula (10)
if the third iteration is required. This is because computing the expression pjx1j

p�1 ¼ p sgnðx1Þjx1j
p=x1 in

formula (10) is not an easy task.
This work was supported in part by Scientific Research Fund of Hunan Provincial Education Department

(No. 04C245).
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Appendix A. The derivation of relation (14)

Let

yðxÞ ¼ sgnðxÞjxjp ¼
sgnðxÞxp ðxX0Þ;

sgnðxÞð�xÞp ðxo0Þ:

(
(A.1)

Obviously,

dy

dx
¼

p sgnðxÞxp�1 ðxX0Þ;

p sgnðxÞð�xÞp�1 ðxo0Þ;

(

¼ p½sgnðxÞ�2jxjp�1 ¼ pjxjp�1. ðA:2Þ

If xa0, Eq. (A.2) can also be rewritten as

dy

dx
¼ p sgnðxÞsgnðxÞxjxjp�1=x ¼ p sgnðxÞjxjp=x. (A.3)

Appendix B. The computations of ða1p; a3p; a5pÞ

Using the relation [12]Z p=2

0

cosnxdx ¼

Z p=2

0

sinnxdx ¼

ffiffiffi
p
p

Gððn=2Þ þ 1
2
Þ

2Gððn=2Þ þ 1Þ
ðn4� 1Þ (B.1)

and the relation [8]

Gðpþ 1Þ ¼ pGðpÞ, (B.2)

we have

a1p ¼
4

p

Z p=2

0

ðcos yÞp cos ydy ¼
2Gððp=2Þ þ 1Þffiffiffi
p
p

Gððp=2Þ þ 3
2
Þ
¼

4Gððp=2Þ þ 1Þffiffiffi
p
p
ðpþ 1ÞGððp=2Þ þ 1

2
Þ
. (B.3)

Similarly,

a3p ¼
4

p

Z p=2

0

ðcos yÞp cos 3ydy ¼
4

p

Z p=2

0

ðcos yÞpð4 cos3y� 3 cos yÞdy

¼ 4�
2Gððp=2Þ þ 2Þffiffiffi
p
p

Gððp=2Þ þ 5
2
Þ
� 3a1p ¼

4ðpþ 2Þa1p

pþ 3
� 3a1p ¼

ðp� 1Þa1p

pþ 3
, ðB:4Þ

a5p ¼
4

p

Z p=2

0

ðcos yÞp cos 5ydy ¼
4

p

Z p=2

0

ðcos yÞpð16 cos5y� 20 cos3yþ 5 cos yÞdy

¼ 16�
2Gððp=2Þ þ 3Þffiffiffi
p
p

Gððp=2Þ þ 7
2
Þ
� 20�

2Gððp=2Þ þ 2Þffiffiffi
p
p

Gððp=2Þ þ 5
2
Þ
þ 5a1p

¼
16ðpþ 2Þðpþ 4Þa1p

ðpþ 3Þðpþ 5Þ
�

20ðpþ 2Þa1p

pþ 3
þ 5a1p ¼

ðp� 1Þðp� 3Þa1p

ðpþ 3Þðpþ 5Þ
. ðB:5Þ
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