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Abstract

This work presents the formulation of governing equations for a symmetric cross-ply laminated cylindrical shell with a

circumferential stiffener. Two kinds of the circumferential stiffeners are considered: outer ring and inner ring. The effects

of rotatory inertia and transverse shearing strain of both the cross-ply laminated shell and stiffener are considered.

Further, the warping effect of stiffener also is included. An analytic method is presented to obtain the modal frequencies

and their corresponding mode shape functions of the ring-stiffened laminated shell. The orthogonality of two distinct sets

of mode shape functions is shown. The effects of inner ring and outer ring on modal frequencies of the ring-stiffened

laminated shell are compared. Further, the effect of ply arrangement on modal frequencies of the ring-stiffened shell also is

studied. The forced vibration of the ring-stiffened laminated shell due to a concentrated transient force is examined. The

stress distributions in the plies of the ring-stiffened laminated shell due to the transient force are investigated.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Laminated cylindrical shells have been widely used in applications such as pipelines, oil containers, oil
tankers, pressure vessels, rockets, aircrafts, and submarines. Therefore, it is important to understand the
behavior of the laminated shells due to loads, in order that the structures may be used safely in applications.
A long laminated cylindrical shell cannot be constructed directly. Fortunately, ring stiffeners can be used to
connect many shell parts together for a long laminated cylindrical shell. Most laminated cylindrical shells with
ring stiffeners in application are subjected to dynamic loadings. To avoid resonance occurring with the loads,
the natural frequencies of a ring-stiffened laminated shell should be known prior to the construction of
structure. Therefore, the free-vibration study of a laminated cylindrical shell with ring stiffeners is an
important topic in the analysis and design of shell structure.

The free vibration of ring-stiffened cylindrical shells has been studied for many years [1–8]. Usually,
the cylindrical shells are regarded as a thin shell, and the rings are considered to be an Euler ring.
However, neglecting the effects of transverse shearing strain and the rotatory inertia in both the thin shell and
the ring will cause the modal frequencies of a ring-stiffened shell to be overestimated. The errors can be
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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corrected by including the effects of transverse shearing strain and the rotatory inertia in both the shell and
the ring [9].

This study presents the displacement fields of a symmetric and cross-ply laminated cylindrical shell with a
circumferential isotropic ring stiffener. The displacement fields in the middle surface of laminated shell consist
of the axial displacement, the radial displacement and the circumferential displacement. Further, there are two
respective rotations of the cross-section along the axial direction and circumferential direction. The ring is
considered to be the Timoshenko ring. There are three displacement components along three principal axes of
the ring. Further, one bending slope and the twist angle of the ring also are accounted for in this study. The
initial curvatures of the laminated shell are supposed to be unchanged during the process of deformation.
Further, the stress resultants and stress-couple resultants in both the ring and the cross-ply laminated shell are
derived. Via Hamilton’s principle, the governing equations and boundary conditions of the ring-stiffened
laminated shell are formulated. An analytical method is presented to obtain the modal frequencies and their
corresponding sets of mode shape functions of the structure. The orthogonality of any two distinct sets of
mode shape functions is derived to show the feasibility of modal analysis. The effect of geometric parameters
of the ring on the modal frequencies of the ring-stiffened laminated shell is studied. Further, the effects of
outer ring and inner ring on the modal frequencies of the ring-stiffened laminated shell are compared.
Moreover, the effect of layer arrangements on the modal frequencies will also be investigated. The method of
modal analysis is presented to examine the forced vibration of the ring-stiffened laminated shell.
A concentrated transient load on the laminated shell structure is taken as an example. The dynamic stress
distribution in the plies of the laminated shell will also be studied.
2. Stress resultants

2.1. Cylindrical shell

A cross-ply laminated cylindrical shell stiffened with an outer ring and an inner ring, respectively, are
depicted in Figs. 1(a) and (b). The coordinate system and the displacements of the mid-surface of the
laminated shell are depicted in Fig. 2. The stacking sequence and one lamina coordinate system of the
laminated shell are depicted in Figs. 3(a) and (b), respectively. The laminated shell has mean radius a,
thickness h. The length of the ith span is Li. The displacements of the middle surface of the ith shell span along
the principal axes are denoted as u(i), v(i) and w(i), respectively. Further, fðiÞx fðiÞy are the respective rotation
angles of the cross-section along the x-axis and the y-axis. The displacement fields at a distance x from the
middle surface in the span are

uðiÞn ¼ uðiÞ � xfðiÞy ; vðiÞn ¼ vðiÞ þ xfðiÞx ; wðiÞn ¼ wðiÞ. (1)

By performing the similar procedures described by Kraus [10], the strains are obtained as the forms

�ðiÞx ¼ �
ðiÞ
x0 þ xkðiÞx ; �ðiÞy ¼ �

ðiÞ
y0 þ xkðiÞy ; gðiÞxy ¼ gðiÞxy0 þ xkðiÞxy,

gðiÞxn ¼
qwðiÞ

qx
� fðiÞy ; gðiÞny ¼
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Fig. 1. A laminated cylindrical shell stiffened with a circumferential ring: (a) outer ring and (b) inner ring.
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Fig. 2. Geometry and displacements of a laminated cylindrical shell.
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Fig. 3. (a) The stacking sequence and (b) one lamina coordinate system of the laminated shell.
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where

�ðiÞx0 ¼
quðiÞ

qx
; �ðiÞy0 ¼

1

a
wðiÞ þ

qvðiÞ

qy

� �
; gðiÞxy0 ¼

qvðiÞ

qx
þ

1

a

quðiÞ

qy
; kðiÞx ¼ �

qfðiÞy
qx

kðiÞy ¼
1

a

qfðiÞx

qy
; kðiÞxy ¼

qfðiÞx

qx
�

1

a

qfðiÞy
qy

. ð3Þ

The stresses in the kth ply of the orthotropic material in the symmetric and cross-ply laminate are [11]
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, (4)

where Q̄lj denotes the stiffness.
The in-plane stress resultants nðiÞx , n

ðiÞ
y and n

ðiÞ
xy, the stress-couple resultants mðiÞx , m

ðiÞ
y and m

ðiÞ
xy, and the

transverse stress resultants qðiÞx , q
ðiÞ
y in the laminated shell span are

nðiÞx

n
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where
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in which hk�1 and hk are the coordinates of the bottom and top surface of the kth ply along the normal
direction of laminated shell, respectively.

2.2. Ring

The geometry of displacements of the circumferential ring is depicted in Fig. 4. The ring is assumed to be
homogeneous and isotropic, and has density rr, Young’s modulus Er, shear modulus Gr, shear coefficient kr,
radius R, rectangular cross-sectional area A with width cr and thickness b, the second moments of area Ix and

In, torsion coefficient kt [12] and torsional rigidity Dr ¼ ktGrc
3
r b

� �
. The displacements on the central line of the

ring along the principal axes are denoted as u(3), v(3) and w(3). Further, fð3Þx and fð3Þy are the respective angles of

the cross-section along the principal x-axis and y-axis. The displacements u(3)*, v(3)* and w(3)* at any point in
the ring along the principal axes are

uð3Þn ¼ uð3Þ � xfð3Þy ; vð3Þn ¼ vð3Þ þ xfð3Þx ; wð3Þn ¼ wð3Þ þ xfð3Þy . (7)

The stress resultants qð3Þx , q
ð3Þ
y and qð3Þn , and stress-couple resultants mð3Þx , m

ð3Þ
y and mð3Þn of the ring about the

principal axes are [13]
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R
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, ð8Þ

where R ¼ aþ 0:5ðbþ hÞ for the outer ring, R ¼ a� 0:5ðbþ hÞ for the inner ring.
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Fig. 4. (a) Displacements and (b) stress resultants of one segment of the circumferential ring.
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3. Equations of motion

The strain energy S̄ and kinetic energy T of the ring-stiffened cross-ply laminated shell are

S̄ ¼
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y

Dr

( )�����
x¼L
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T ¼
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i¼1
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:
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where I( ¼ h3/12) is the area moment of the cross-section of the laminated shell about the mid-surface. The
work P done on the laminated shell by the external forces fx, fy and fn is

P ¼
X2
i¼1

Z L

0

Z 2p

0

f x uðiÞ � 0:5hfðiÞy
� �

þ f y vðiÞ þ 0:5hfðiÞx

� �
þ f nwðiÞ

h i
ady dx. (9c)

Performing Hamilton’s principle yields the following five equations of motion of the cross-ply laminated
shell

af x þ a
qnðiÞx

qx
þ

qn
ðiÞ
xy

qy
¼ rah

q2uðiÞ

qt2
, (10a)

af y þ a
qn
ðiÞ
xy

qx
þ

qn
ðiÞ
y

qy
þ q
ðiÞ
y ¼ rah

q2vðiÞ

qt2
, (10b)

af n þ a
qqðiÞx

qx
þ

qq
ðiÞ
y

qy
� n
ðiÞ
y ¼ rah

q2wðiÞ

qt2
, (10c)

�
ah

2
f x � a

qmðiÞx

qx
�

qm
ðiÞ
xy

qy
þ aqðiÞx ¼ raI

q2fðiÞy
qt2

, (10d)

ah

2
f y þ a

qm
ðiÞ
xy

qx
þ

qm
ðiÞ
y

qy
� aq

ðiÞ
y ¼ raI

q2fðiÞx

qt2
; i ¼ 1; 2, (10e)

and the boundary conditionsZ L

0

n
ð1Þ
xy d uð1Þ þ n

ð1Þ
y d vð1Þ þ q

ð1Þ
y dwð1Þ �m

ð1Þ
xy df

ð1Þ
y þm

ð1Þ
y dfð1Þx

� �����
2p

0

dx ¼ 0, (11a)

Z L

0

n
ð2Þ
xy d uð2Þ þ n

ð2Þ
y d vð2Þ þ q

ð2Þ
y dwð2Þ �m

ð2Þ
xy df

ð2Þ
y þm

ð2Þ
y dfð2Þx

� �����
2p

0

dx ¼ 0, (11b)

Z 2p

0

�a nð1Þx d uð1Þ þ n
ð1Þ
xy d vð1Þ þ qð1Þx dwð1Þ �mð1Þx dfð1Þy þm

ð1Þ
xy df

ð1Þ
x

� �h i����
x¼0

dy ¼ 0, (11c)
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Z 2p

0

a nð2Þx d uð2Þ þ n
ð2Þ
xy d vð2Þ þ qð2Þx dwð2Þ �mð2Þx dfð2Þy þm

ð2Þ
xy df
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x

� �h i����
x¼L2
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xy df
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x

� ����
x¼0

dy

þ
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0

�
qqð3Þx

qy
þ rrAR

q2uð3Þ

qt2

� �
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ð3Þ
y

qy
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dwð3Þ þ Rqð3Þn �

qmð3Þx

qy
þ rrIxR

q2fð3Þx

qt2

 !
dfð3Þx

þ �mð3Þn �
qm
ð3Þ
y

qy
þ rrJR

q2fð3Þy
qt2
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dy ¼ 0. ð11eÞ

The displacements continuity at the connection of the two-span laminated shell and the ring are

fð1Þx

��
x¼L1
¼ fð2Þx

��
x¼0
¼ fð3Þx ; fð1Þy

���
x¼L1
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���
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¼ wð3Þ, ð12aÞ

uð3Þ ¼ uð1Þ � r0f
ð1Þ
y

� ����
x¼L1

; vð3Þ ¼ vð1Þ þ r0f
ð1Þ
x

� ���
x¼L1

, (12b)

where r0 ¼ 0:5ðbþ hÞ for the outer ring and r0 ¼ �0:5ðbþ hÞ for the inner ring. Employing Eqs. (12a) and
(12b) into Eq. (11e) yields the following system of equations of force balances at the conjunction of the ring
and the two laminated shells as

a nð1Þx

��
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� nð2Þx

��
x¼0

� �
�

qqð3Þx

qy
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�a mð1Þx

��
x¼L1
�mð2Þx

��
x¼0

� �
� r0 �

qqð3Þx

qy
þ rrAR

q2uð3Þ

qt2

� �
�mð3Þn �

qm
ð3Þ
y

qy
þ rrJR

q2fð3Þy
qt2
¼ 0, (13d)

m
ð1Þ
xy

���
x¼L1

�m
ð2Þ
xy

���
x¼0

� �
þ r0 �qð3Þn �

qq
ð3Þ
y

qy
þ rrAR

q2vð3Þ

qt2

 !
þ Rqð3Þn �

qmð3Þx

qy
þ rrIxR

q2fð3Þx

qt2
¼ 0, (13e)

where

q
ð3Þ
y ¼

ErA

R

q
qy

vð1Þ þ r0f
ð1Þ
x

� �
þ wð1Þ

� 	����
x¼L1

; qð3Þx ¼
krGrA

R

q
qy

uð1Þ � r0f
ð1Þ
y

� �����
x¼L1

,

qð3Þn ¼ krGrA fð1Þx �
1

R
vð1Þ þ r0f

ð1Þ
x

� �
þ

1

R

qwð1Þ

qy

� 	����
x¼L1

,



ARTICLE IN PRESS
R.-T. Wang, Z.-X. Lin / Journal of Sound and Vibration 295 (2006) 964–987970
mð3Þx ¼
ErIx

R

qfð1Þx

qy

�����
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; m
ð3Þ
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R
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qy

�����
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ErIn

R
fð1Þy

���
x¼L1

. (14)

The cross-ply laminated shell is simply connected. Therefore, Eqs. (11a) and (11b) are automatically
satisfied. Eqs. (10a)–(10e) constitute the equations of motion of the cross-ply laminated shell with Eqs. (11c)
and (11d) being the boundary conditions at two ends. Eqs. (13a)–(13e) describe the forces balance at the
connection of the two spans and the ring. Further, Eqs. (12a) and (12b) describe the displacement continuity at
the connection of the two spans and the ring.

4. Modal frequencies

To calculate the modal frequencies of the ring-stiffened cross-ply laminated shell, the responses of the ith
span shell and those of the ring support are denoted as

uðiÞ wðiÞ fðiÞy nðiÞx n
ðiÞ
y qðiÞx m

ðiÞ
y mðiÞx

h i
ðx; y; tÞ

¼ sinðotÞ cosðjyÞ



U
ðiÞ
j W

ðiÞ
j FðiÞyj N

ðiÞ
xj N

ðiÞ
yj Q

ðiÞ
xj M

ðiÞ
yj M

ðiÞ
xj

h i
ðxÞ

þ sinðjyÞ Ū
ðiÞ

j W̄
ðiÞ

j F̄ðiÞyj N̄
ðiÞ

xj N̄
ðiÞ

yj Q̄
ðiÞ

xj M̄
ðiÞ

yj M̄
ðiÞ

xj

h i
ðxÞ
o
.

þ vðiÞ fðiÞx n
ðiÞ
xy q
ðiÞ
y m

ðiÞ
xy

h i
ðx; y; tÞ ¼ sinðo tÞ sinðjyÞ V

ðiÞ
j FðiÞxj N

ðiÞ
xyj Q

ðiÞ
yj M

ðiÞ
xyj

h in
ðxÞ ð15aÞ

cosðjyÞ V̄
ðiÞ

j F̄ðiÞxj N̄
ðiÞ

xyj Q̄
ðiÞ

yj M̄
ðiÞ

xyj

h i
ðxÞ
o
, (15b)

uð3Þ wð3Þ fð3Þy q
ð3Þ
y mð3Þx mð3Þn

n o
ðy; tÞ

¼ sinðo tÞ cosðjyÞ U
ð3Þ
j W

ð3Þ
j Fð3Þyj Q

ð3Þ
yj M

ð3Þ
xj M

ð3Þ
nj

� �n
þ sinðjyÞ Ū

ð3Þ
j W̄

ð3Þ
j F̄ð3Þyj Q̄

ð3Þ

yj M̄
ð3Þ
xj M̄

ð3Þ
nj

h io
, ð15cÞ

vð3Þ fð3Þx qð3Þx qð3Þn m
ð3Þ
y

h i
ðy; tÞ ¼ sinðotÞ sinðjyÞ V

ð3Þ
j Fð3Þxj Q

ð3Þ
xj Q

ð3Þ
nj M

ð3Þ
yj

h in
þ cosðjyÞ V̄

ð3Þ
j F̄ð3Þxj Q̄

ð3Þ

xj Q̄
ð3Þ

nj M̄
ð3Þ
yj

h io
, ð15dÞ

where the superscript (i) indicates the ith span, the superscript ð3Þ indicates the ring, the subscript j is the
number of circumferential waves in the mode shape, o is the circular frequency and

N
ðiÞ
xj ðxÞ ¼ A

ðiÞ
11

dU
ðiÞ
j

dx
þ A

ðiÞ
12

1

a
W
ðiÞ
j þ jV

ðiÞ
j

� �
; N

ðiÞ
yj ðxÞ ¼ A

ðiÞ
12

dU
ðiÞ
j

dx
þ A

ðiÞ
22

1

a
W
ðiÞ
j þ jV

ðiÞ
j

� �
,

N
ðiÞ
xy jðxÞ ¼ A

ðiÞ
66

dV
ðiÞ
j

dx
�

j

a
U
ðiÞ
j

 !
; Q

ðiÞ
xj ðxÞ ¼ kA

ðiÞ
55

dW
ðiÞ
j

dx
� FðiÞy j

 !
,

Q
ðiÞ
y jðxÞ ¼ kA

ðiÞ
44 FðiÞxj �

1

a
V
ðiÞ
j þ jW

ðiÞ
j

� �� �
; M

ðiÞ
xj ðxÞ ¼ �D

ðiÞ
11

dFðiÞy j

dx
þD

ðiÞ
12

j

a
FðiÞxj ,

M
ðiÞ
y jðxÞ ¼ �D

ðiÞ
12

dFðiÞyj

dx
þD

ðiÞ
22

j

a
FðiÞxj ; M

ðiÞ
xy jðxÞ ¼ D

ðiÞ
66

dFðiÞxj

dx
þ

j

a
FðiÞy j

 !
, (16)

Q
ð3Þ
xj ¼ �

krGrA

R
jU
ð3Þ
j ; Q

ð3Þ
yj ¼

ErA

R
jV
ð3Þ
j þW

ð3Þ
j

� �
,
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Q
ð3Þ
nj ¼ krGrA Fð3Þxj �

V
ð3Þ
j

R
�

j

R
W
ð3Þ
j

 !
; M

ð3Þ
xj ¼

ErIx

R
jFð1Þxj ðL1Þ,

M
ð3Þ
y j ¼ �

Dr

R
jFð1Þy j ðL1Þ; M

ð3Þ
nj ¼ �

ErIn

R
Fð1Þy j ðL1Þ, (17)

in which

U
ð1Þ
j ðL1Þ ¼ U

ð2Þ
j ð0Þ; V

ð1Þ
j ðL1Þ ¼ V

ð2Þ
j ð0Þ; W

ð1Þ
j ðL1Þ ¼W

ð2Þ
j ð0Þ ¼W

ð3Þ
j ,

Fð1Þxj ðL1Þ ¼ Fð2Þxj ð0Þ ¼ Fð3Þxj ; Fð1Þy j ðL1Þ ¼ Fð2Þy j ð0Þ ¼ Fð3Þy j ,

U
ð3Þ
j ¼ U

ð1Þ
j � r0F

ð1Þ
yj

� �
ðL1Þ; V

ð3Þ
j ¼ V

ð1Þ
j þ r0F

ð1Þ
xj

� �
ðL1Þ. (18)

Substituting Eqs. (15a) and (15b) into Eqs. (10a)–(10e) yields

�a
dN
ðiÞ
xj

dx
� jN

ðiÞ
xy j ¼ ro2ahU

ðiÞ
j ; �a

dN
ðiÞ
xy j

dx
þ jN

ðiÞ
yj �Q

ðiÞ
yj ¼ ro2ahV

ðiÞ
j , (19a,b)

�a
dQ
ðiÞ
xj

dx
� jQ

ðiÞ
y j þN

ðiÞ
y j ¼ ro2ahW

ðiÞ
j , (19c)

a
dM

ðiÞ
xj

dx
þ jM

ðiÞ
xy j � aQ

ðiÞ
xj ¼ ro2aIFðiÞy j, (19d)

�a
dM

ðiÞ
xy j

dx
þ jM

ðiÞ
y j þ aQ

ðiÞ
y j ¼ ro2aIFðiÞxj . (19e)

Further, Eqs. (13a)–(13e) can be expressed as

�N
ð2Þ
xj ð0Þ ¼ �N

ð1Þ
xj ðL1Þ þ

1

a
jQ
ð3Þ
xj þ rrARo2U

ð3Þ
j

� �
, (20a)

�N
ð2Þ
xy jð0Þ ¼ �N

ð1Þ
xy jðL1Þ þ

1

a
�jQ

ð3Þ
y j þQ

ð3Þ
nj þ rrARo2V

ð3Þ
j

� �
, (20b)

�Q
ð2Þ
xj ð0Þ ¼ �Q

ð1Þ
xj ðL1Þ �

1

a
Q
ð3Þ
y j � jQ

ð3Þ
nj � rrARo2W

ð3Þ
j

� �
, (20c)

M
ð2Þ
xj ð0Þ ¼M

ð1Þ
xj ðL1Þ �

r0

a
rrARo2U

ð3Þ
j þ jQ

ð3Þ
xj

� �
þ

1

a
M
ð3Þ
n j þ rrJRo2Fð3Þy j þ jM

ð3Þ
y j

� �
. ð20dÞ

�M
ð2Þ
xyjð0Þ ¼ �M

ð1Þ
xyjðL1Þ þ

r0

a
rrARo2V

ð3Þ
j þQ

ð3Þ
nj � jQ

ð3Þ
y j

� �
�

1

a
RQ
ð3Þ
nj � rrIxRo2Fð3Þxj þ jM

ð3Þ
xj

� �
. ð20eÞ

In the section the operators N1–N17 are listed in Appendix A. Substituting the system of Eqs. (15a), (15b)
and (16) into Eqs. (19a)–(19e) yields

N1 U
ðiÞ
j

� �
þ j A

ðiÞ
12 þ A

ðiÞ
66

� � dV
ðiÞ
j

dx
þ A

ðiÞ
12

dW
ðiÞ
j

dx
¼ 0, (21a)
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�j A
ðiÞ
12 þ A

ðiÞ
66

� � dU
ðiÞ
j

dx
þN2 V

ðiÞ
j

� �
�

j

a
kA
ðiÞ
44 þ A

ðiÞ
22

� �
W
ðiÞ
j þ kA

ðiÞ
44F
ðiÞ
xj ¼ 0, (21b)

�A
ðiÞ
12

dU
ðiÞ
j

dx
�

j

a
A
ðiÞ
22 þ kA

ðiÞ
44

� �
V
ðiÞ
j þN3 W

ðiÞ
j

� �
� akA

ðiÞ
55

dFðiÞyj

dx
þ jkA

ðiÞ
44F
ðiÞ
xj ¼ 0, (21c)

�akA
ðiÞ
55

dW
ðiÞ
j

dx
þN4 FðiÞy j

� �
þ j D

ðiÞ
12 þD

ðiÞ
66

� � dFðiÞxj

dx
¼ 0, (21d)

�kA
ðiÞ
44V

ðiÞ
j � jkA

ðiÞ
44W

ðiÞ
j � j D

ðiÞ
12 þD

ðiÞ
66

� � dFðiÞyj

dx
þN5 FðiÞxj

� �
¼ 0. (21e)

The solutions U
ðiÞ
j ; V

ðiÞ
j ; W

ðiÞ
j ; F

ðiÞ
y j and FðiÞxj of the system of Eqs. (21a)–(21e) can be obtained and arranged as

the vector form

U
ðiÞ
j ;V

ðiÞ
j ;W

ðiÞ
j ;F

ðiÞ
yj ;F

ðiÞ
xj

n o
ðxÞ ¼

X10
l¼1

a
ðiÞ
lj glj ; ḡlj ; ~glj ; hlj ; h̄lj


 

ðxÞ, (22)

where a
ðiÞ
lj , l ¼ 1�10, are constants, and the function gljðxÞ; ḡljðxÞ; ~gljðxÞ; hljðxÞ and h̄ljðxÞ are the solutions of

the following equations:

N14N172N15N16ð ÞgljðxÞ ¼ 0; N16ðgljÞ þN17
d

dx
ḡlj

� �
¼ 0, (23a,b)

~glj ¼ �c4ḡlj �
1

A
ðiÞ
12

Z
N1ðgljÞdx, (23c)

hljðxÞ ¼ c3glj þ

Z
�N6ðḡljÞ þN7ð ~gljÞ
� �

dx; (23d)

h̄ljðxÞ ¼ c1
d

dx
glj �

1

kA
ðiÞ
44

N2ðḡljÞ þ c2 ~gljðxÞ, (23e)

in which the coefficients c1–c4 also are listed in Appendix A. Substituting Eq. (22) into Eq. (16) yields

N
ðiÞ
xj ;N

ðiÞ
y j ;N

ðiÞ
xy j ;Q

ðiÞ
xj ;Q

ðiÞ
y j

n o
ðxÞ ¼

X10
l¼1

a
ðiÞ
lj plj ; p̄lj ; ~plj ; qlj ; q̄lj

n o
ðxÞ,

M
ðiÞ
xj ;M

ðiÞ
yj ;M

ðiÞ
xyj

n o
ðxÞ ¼

X10
l¼1

a
ðiÞ
lj rlj ; r̄lj ; ~rlj


 

ðxÞ; i ¼ 1; 2, (24)

where

pljðxÞ ¼ A
ðiÞ
11

dglj

dx
þ A

ðiÞ
12

1

a
~glj þ jḡlj

� �
; p̄ljðxÞ ¼ A

ðiÞ
12

dglj

dx
þ A

ðiÞ
22

1

a
~glj þ jḡlj

� �
,

~pljðxÞ ¼ A
ðiÞ
66

dḡlj

dx
�

j

a
glj

� �
; qljðxÞ ¼ kA

ðiÞ
55

d ~glj

dx
� hlj

� �
,

q̄ljðxÞ ¼ kA
ðiÞ
44 h̄lj �

1

a
ðj ~glj þ ḡljÞ

� �
; rljðxÞ ¼ �D

ðiÞ
11

dhlj

dx
þD

ðiÞ
12

j

a
h̄lj,

r̄ljðxÞ ¼ �D
ðiÞ
12

dhlj

dx
þD

ðiÞ
22

j

a
h̄lj ; ~rljðxÞ ¼ D

ðiÞ
66

dh̄lj

dx
þ

j

a
hlj

� �
. (25)
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Setting x ¼ L1 in Eq. (22), then substituting the result into two systems of Eqs. (18) and (17), and arranging
the results in two vector forms yield

U
ð3Þ
j ;V

ð3Þ
j ;W

ð3Þ
j ;F

ð3Þ
yj ;F

ð3Þ
xj

n o
¼
X10
l¼1

a
ð1Þ
lj clj ; c̄lj ; ~gljðL1Þ; hljðL1Þ; h̄ljðL1Þ

 


; (26a)

Q
ð3Þ
yj ;Q

ð3Þ
xj ;Q

ð3Þ
nj ;M

ð3Þ
xj ;M

ð3Þ
yj ;M

ð3Þ
nj

n o
¼
X10
l¼1

a
ð1Þ
lj ~clj ; dlj ; d̄ lj ; ~dlj ; elj ; ~elj


 

, (26b)

where

clj ¼ glj � r0hlj

� �
ðL1Þ; c̄lj ¼ ḡlj þ r0h̄lj

� �
ðL1Þ,

~clj ¼
ErA

R
~gljðL1Þ þ jc̄lj

� �
; dlj ¼ �

krGrA

R
jclj ,

d̄ lj ¼ krGrA h̄ljðL1Þ �
1

R
c̄lj þ j ~gljðL1Þ
� �� 	

; ~dlj ¼
ErIx

R
jh̄ljðL1Þ,

elj ¼ �
Dr

R
jhljðL1Þ; ~elj ¼ �

ErIn

R
hljðL1Þ. (27)

Similarly, the following five equations are obtained:

Ū
ðiÞ

j ;�V̄
ðiÞ

j ; W̄
ðiÞ

j ; F̄
ðiÞ

yj ;�F̄
ðiÞ

xj

n o
ðxÞ ¼

X10
l¼1

b
ðiÞ
lj glj ; ḡlj ; ~glj ; hlj ; h̄lj


 

ðxÞ; (28a)

N̄
ðiÞ

xj ; N̄
ðiÞ

yj ;�N̄
ðiÞ

xyj ; Q̄
ðiÞ

xj ;�Q̄
ðiÞ

yj

n o
ðxÞ ¼

X10
l¼1

b
ðiÞ
lj plj ; p̄lj ; ~plj ; qlj ; q̄lj

n o
ðxÞ, (28b)

M̄
ðiÞ

xj ; M̄
ðiÞ

yj ;�M̄
ðiÞ

xyj

n o
ðxÞ ¼

X10
l¼1

b
ðiÞ
lj rlj ; r̄lj ; ~rlj


 

ðxÞ, (28c)

Ū
ð3Þ
j ;�V̄

ð3Þ
j ; W̄

ð3Þ
j ; F̄

ð3Þ
yj ;�F̄

ð3Þ
xj

n o
¼
X10
l¼1

b
ð1Þ
lj clj ; c̄lj ; ~glj ; hlj ; h̄lj


 

ðL1Þ; (28d)

Q̄
ð3Þ

yj ;�Q̄
ð3Þ

xj ;�Q̄
ð3Þ

nj ; M̄
ð3Þ
xj ;�M̄

ð3Þ
yj ; M̄

ð3Þ
nj

n o
¼
X10
l¼1

b
ð1Þ
lj ~clj ; dlj ; d̄ lj ; ~dlj ; elj ; ~elj


 

ðL1Þ. (28e)

The sign conventions for displacements and applied forces at two ends of the ith span are expressed as

fDLg
ðiÞ
j ¼ U

ðiÞ
j V
ðiÞ
j W

ðiÞ
j FðiÞyj F

ðiÞ
xj

n oT

ð0Þ, (29a)

fFLg
ðiÞ
j ¼ �N

ðiÞ
xj �N

ðiÞ
xyj �Q

ðiÞ
xj M

ðiÞ
xj �M

ðiÞ
xyj

n oT

ð0Þ, (29b)

fDRg
ðiÞ
j ¼ U

ðiÞ
j V

ðiÞ
j W

ðiÞ
j FðiÞyj F

ðiÞ
xj

n oT

ðL1Þ, (29c)

fFRg
ðiÞ
j ¼ N

ðiÞ
xj N

ðiÞ
xyj Q

ðiÞ
xj �M

ðiÞ
xj M

ðiÞ
xyj

n oT

ðL1Þ, (29d)

fD̄Lg
ðiÞ
j ¼ Ū

ðiÞ

j � V̄
ðiÞ

j W̄
ðiÞ

j F̄ðiÞyj � F̄ðiÞxj

n oT

ð0Þ, (30a)
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fF̄ Lg
ðiÞ
j ¼ �N̄

ðiÞ

xj N̄
ðiÞ

xyj � Q̄
ðiÞ

xj M̄
ðiÞ

xj M̄
ðiÞ

xyj

n oT

ð0Þ, (30b)

fD̄Rg
ðiÞ
j ¼ Ū

ðiÞ

j � V̄
ðiÞ

j W̄
ðiÞ

j F̄ðiÞyj � F̄ðiÞxj

n oT

ðL1Þ, (30c)

fF̄ Rg
ðiÞ
j ¼ N̄

ðiÞ

xj � N̄
ðiÞ

xyj Q̄
ðiÞ

xj � M̄
ðiÞ

xj � M̄
ðiÞ

xyj

n oT

ðL1Þ. (30d)

Substituting Eqs. (22) and (25) into Eqs. (29a)–(29d) and arranging the results yield the following two
symbolic forms:

DL

FL

( )ðiÞ
j

¼ ½Bj �fag
ðiÞ;

DR

F R

( )ðiÞ
j

¼ ½Gj�fag
ðiÞ, (31a,b)

where fagðiÞ ¼ a
ðiÞ
1j ::::::::::a

ðiÞ
10j

n oT

. Similarly, the following two equations are obtained

D̄L

F̄L

( )ðiÞ
j

¼ ½Bj �fbg
ðiÞ;

D̄R

F̄ R

( )ðiÞ
j

¼ ½Gj�fbg
ðiÞ, (32a,b)

where fbgðiÞ ¼ b
ðiÞ
1j ::::::::::b

ðiÞ
10j

n oT

. Solving fagðiÞ into terms of fDLg
ðiÞ
j and fFLg

ðiÞ
j from Eq. (31a) then substituting

the result into Eq. (31b) yields

DR

FR

( )ðiÞ
j

¼ ½Hj�
DL

FL

( )ðiÞ
j

, (33)

where ½Hj� ¼ ½Gj�½Bj�
�1. Similarly, the following equation is obtained

D̄R

F̄R

( )ðiÞ
j

¼ ½Hj�
D̄L

F̄L

( )ðiÞ
j

. (34)

Substituting Eqs. (18) and (17) into the system of Eqs. (20a)–(20e) and employing the notations fF Lg
ð1Þ
j , fFRg

ð2Þ
j

and fDRg
ð1Þ
j into the result yield the symbolic form

fF Lg
ð2Þ
j ¼ �fFRg

ð1Þ
j þ ½K�jfDRg

ð1Þ
j , (35)

in which the arrays of the matrix [K]j are listed in Appendix B.
The system of Eq. (18) of displacement continuity at the conjunction of the first span shell and the second

span shell is

fDLg
ð2Þ
j ¼ fDRg

ð1Þ
j . (36)

Combining Eq. (36) of displacement continuity and Eq. (35) of force balances at the right end of the first shell
span, the left end of the second shell span and the ring support yields the symbolic form

DL

FL

( )ð2Þ
j

¼
I5�5 O

Kj �I5�5

" #
DR

FR

( )ð1Þ
j

. (37)

Substituting Eq. (33) into Eq. (37) yield

DL

FL

( )ð2Þ
j

¼ ½Zj�
ð1Þ

DL

F L

( )ð1Þ
j

, (38)
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where the transfer matrix [Zj]
(1) is

½Zj �
ð1Þ ¼

I5�5 O

Kj �I5�5

" #
½Hj�. (39)

Similarly, the following equation is obtained

D̄L

F̄ L

( )ð2Þ
j

¼ ½Zj�
ð1Þ

D̄L

F̄ L

( )ð1Þ
j

. (40)

Therefore, the response relations at both ends of the entire laminated shell structure are

DR

FR

( )ð2Þ
j

¼ ½ ~Zj�
ð1Þ

DL

FL

( )ð1Þ
j

;
D̄R

F̄R

( )ð2Þ
j

¼ ½ ~Zj�
ð1Þ

D̄L

F̄L

( )ð1Þ
j

, (41a,b)

where

½ ~Zj�
ð1Þ ¼ ½Hj�½Zj�

ð1Þ. (42)

Performing similar procedures of calculation described by Wang and Lin [14], we can obtain the ljth modal

frequency oij and the corresponding modal shape functions U
ðiÞ
lj ; V

ðiÞ
lj ; W

ðiÞ
lj ; C

ðiÞ
lj ; F

ðiÞ
lj ; N

ðiÞ
xlj ; N

ðiÞ
xylj ; N

ðiÞ
ylj ;

Q
ðiÞ
xlj ; Q

ðiÞ
ylj ; M̄

ðiÞ

xlj ; M
ðiÞ
ylj ; M

ðiÞ
xylj ; Ū

ðiÞ

lj ; V̄
ðiÞ

lj ; W̄
ðiÞ

lj ; C̄
ðiÞ

lj ; F̄
ðiÞ

lj ; N̄
ðiÞ

xlj ; N̄
ðiÞ

xylj ; N̄
ðiÞ

ylj ; Q̄
ðiÞ

xlj ; Q̄
ðiÞ

ylj ; M̄
ðiÞ

xlj ; M̄
ðiÞ

ylj and M̄
ðiÞ

xy lj for

the ith shell span and U
ð3Þ
lj ; V

ð3Þ
lj ; W

ð3Þ
lj ; C

ð3Þ
lj ; F

ð3Þ
lj ; Q

ð3Þ
xlj ; Q

ð3Þ
ylj ; Q

ð3Þ
nlj ; M

ð3Þ
xlj ; M

ð3Þ
ylj ; M

ð3Þ
nlj , Ū

ð3Þ
lj ; V̄

ð3Þ
lj ; W̄

ð3Þ
lj ; C̄

ð3Þ

lj ;

F̄ð3Þlj ; Q̄
ð3Þ

xlj ; Q̄
ð3Þ

ylj ; Q̄
ð3Þ

nlj ; M̄
ð3Þ
xlj ; M̄

ð3Þ
ylj ; and M̄

ð3Þ
nlj ; for the ring.
5. Orthogonality

By performing a similar procedure to that described by Wang and Lin [9], the following four equations are
obtained:

X2
i¼1

a

Z Li

0

r h U
ðiÞ
lj U

ðiÞ
kj þ V

ðiÞ
lj V
ðiÞ
kj þW

ðiÞ
lj W

ðiÞ
kj

� �
I FðiÞyljF

ðiÞ
ykj þ FðiÞxljF

ðiÞ
xkj

� �h i
dx

(

þ rrR A U
ð3Þ
lj U

ð3Þ
kj þ V

ð3Þ
lj V

ð3Þ
kj þW

ð3Þ
lj W

ð3Þ
kj

� �
þ JFð3ÞyljF

ð3Þ
ykj þ IxF

ð3Þ
xljF

ð3Þ
xkj

h i)
¼ 0, ð43aÞ

a
X2
i¼1

Z Li

0

A
ðiÞ
22N

ðiÞ
xljN

ðiÞ
xkj þ A

ðiÞ
11N

ðiÞ
yljN

ðiÞ
ykj � A

ðiÞ
12 N

ðiÞ
xljN

ðiÞ
ykj þN

ðiÞ
xkjN

ðiÞ
ylj

� �
A
ðiÞ
11A
ðiÞ
22 � A

ðiÞ2
12

8<
:

þ
N
ðiÞ
xyljN

ðiÞ
xykj

A
ðiÞ
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þ
Q
ðiÞ
xljQ

ðiÞ
xkj

kA
ðiÞ
55

þ
Q
ðiÞ
yljQ

ðiÞ
ykj

kA
ðiÞ
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þ
M
ðiÞ
xyljM

ðiÞ
xykj

D
ðiÞ
66

þ
D
ðiÞ
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ðiÞ
xljM

ðiÞ
xkj þD

ðiÞ
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ðiÞ
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ðiÞ
ykj �D

ðiÞ
12 M

ðiÞ
xljM

ðiÞ
ykj þM

ðiÞ
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ðiÞ
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� �
D
ðiÞ
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ðiÞ
22 �D
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9=
;dx

þ R
M
ð3Þ
xljM

ð3Þ
xkj

ErIx

þ
Q
ð3Þ
xljQ

ð3Þ
xkj þQ

ð3Þ
nlj Q

ð3Þ
nkj
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þ

M
ð3Þ
ylj M

ð3Þ
ykj
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þ
Q
ð3Þ
ylj Q

ð3Þ
ykj
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þ

M
ð3Þ
nlj M

ð3Þ
nkj

ErIn

( )
¼ 0, ð43bÞ
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X2
i¼1

a

Z Li

0

r h Ū
ðiÞ

lj Ū
ðiÞ

kj þ V̄
ðiÞ

lj V̄
ðiÞ

kj þ W̄
ðiÞ

lj W̄
ðiÞ

kj

� �
þ I F̄ðiÞyljF̄

ðiÞ

ykj þ F̄ðiÞxljF̄
ðiÞ

xkj

� �h i
dx

þ rrR A Ū
ð3Þ
kj Ū

ð3Þ
kj þ V̄

ð3Þ
lj V̄

ð3Þ
kj þ W̄

ð3Þ
lj W̄

ð3Þ
kj

� �
þ JF̄ð3Þylj F̄

ð3Þ
ykj þ IxF̄

ð3Þ
xljF̄

ð3Þ
xkj

h i
¼ 0, ð43cÞ

a
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Z Li

0

A
ðiÞ
22N̄
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xljN̄
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xkj þ A
ðiÞ
11N̄

ðiÞ

yljN̄
ðiÞ

ykj � A
ðiÞ
12 N̄

ðiÞ

xljN̄
ðiÞ

ykj þ N̄
ðiÞ
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ðiÞ

ylj

� �
A
ðiÞ
11A
ðiÞ
22 � A

ðiÞ2
12

8<
:

þ
N̄
ðiÞ

xyljN̄
ðiÞ

xykj

A
ðiÞ
66

þ
Q̄
ðiÞ

xljQ̄
ðiÞ

xkj

kA
ðiÞ
55

þ
Q̄
ðiÞ

yljQ̄
ðiÞ

ykj

kA
ðiÞ
44

þ
M̄
ðiÞ

xyljM̄
ðiÞ

xykj

D
ðiÞ
66

þ
D
ðiÞ
22M̄

ðiÞ

xljM̄
ðiÞ

xkj þD
ðiÞ
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ðiÞ

yljM̄
ðiÞ

ykj �D
ðiÞ
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ðiÞ

xljM̄
ðiÞ

ykj þ M̄
ðiÞ

xkjM̄
ðiÞ

ylj

� �
D
ðiÞ
11D
ðiÞ
22 �D

ðiÞ2
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9=
;dx

þ R
M̄
ð3Þ
xljM̄

ð3Þ
xkj

ErIx

þ
Q̄
ð3Þ

xlj Q̄
ð3Þ

xkj þ Q̄
ð3Þ

nlj Q̄
ð3Þ
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þ

M̄
ð3Þ
ylj M̄

ð3Þ
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Dr

þ
Q̄
ð3Þ

ylj Q̄
ð3Þ

ykj

ErA
þ

M̄
ð3Þ
nlj M̄

ð3Þ
nkj

ErIn

( )
¼ 0, ð43dÞ

for lak. Eqs. (43a)–(43d) indicate that corresponding sets of mode shape functions of any two distinct modal
frequencies are orthogonal. Further, the ljth modal frequency olj is obtained as

o2
lj ¼ Slj=Mlj , (44)

where the ljth modal mass Mlj and modal stiffness Slj are

Mlj ¼
X2
i¼1

a

Z Li

0

r h U
ðiÞ2
lj þ V

ðiÞ2
lj þW

ðiÞ2
lj

� �
þ I FðiÞ2ylj þ FðiÞ2xlj

� �h i
dx

þ rrR A U
ð3Þ2
lj þ V

ð3Þ2
lj þW

ð3Þ2
lj

� �
þ JFð3Þ2ylj þ IxF
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xlj

h i

¼
X2
i¼1

a

Z Li

0

r h Ū
ðiÞ2
lj þ V̄

ðiÞ2
lj þ W̄

ðiÞ2
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� �
þ I F̄ðiÞ2ylj þ F̄ðiÞ2xlj

� �h i
dx

þ rrR A Ū
ð3Þ2
lj þ V̄

ð3Þ2
lj þ W̄

ð3Þ2
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� �
þ JF̄ð3Þ2ylj þ IxF̄

ð3Þ2
xlj

h i
, ð45aÞ

Slj ¼ a
X2
i¼1

Z Li

0
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ðiÞ
22N

ðiÞ2
xlj þ A

ðiÞ
11N

ðiÞ2
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12N
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ylj
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þ
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þ
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þ
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þ

M
ð3Þ2
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þ
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þ
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ARTICLE IN PRESS
R.-T. Wang, Z.-X. Lin / Journal of Sound and Vibration 295 (2006) 964–987 977
6. Forced vibration

While examining the forced vibration, the responses of the ring-stiffened cross-ply laminated shell can be
expressed by the mode superposition in the following forms:

uðiÞ wðiÞ fðiÞy nðiÞx n
ðiÞ
y qðiÞx m

ðiÞ
y mðiÞx

n o
x; y; tð Þ

¼
X

l¼1;j¼0

CljðtÞ cosðjyÞ U
ðiÞ
lj W

ðiÞ
lj FðiÞylj N

ðiÞ
xlj N

ðiÞ
ylj Q

ðiÞ
xlj M

ðiÞ
ylj M

ðiÞ
xlj

h i
ðxÞ

n

þ C̄ljðtÞ sinðjyÞ Ū
ðiÞ

lj W̄
ðiÞ

lj F̄
ðiÞ

ylj N̄
ðiÞ

xj N̄
ðiÞ

ylj Q̄
ðiÞ

xlj M̄
ðiÞ

ylj M̄
ðiÞ

xlj

h i
ðxÞ
o
, ð46aÞ

vðiÞ fðiÞx n
ðiÞ
xy q
ðiÞ
y m

ðiÞ
xy

n o
ðx; y; tÞ

¼
X

l¼1;j¼0

CljðtÞ sinðjyÞ V
ðiÞ
lj FðiÞxlj N

ðiÞ
xylj Q

ðiÞ
ylj M

ðiÞ
xylj

h i
ðxÞ

n

þC̄ljðtÞ cosðjyÞ V̄
ðiÞ

lj F̄ðiÞxlj N̄
ðiÞ

xylj Q̄
ðiÞ

ylj M̄
ðiÞ

xylj

h i
ðxÞ
o
, ð46bÞ

for the ith shell span and

uð3Þ vð3Þ wð3Þ fð3Þy fð3Þx qð3Þx q
ð3Þ
y qð3Þn m

ð3Þ
y mð3Þx mð3Þn

n o
ðy; tÞ

¼
X

l¼1;j¼0

CljðtÞ cosðjyÞ U
ð3Þ
lj V̄

ð3Þ
lj W

ð3Þ
lj Fð3Þylj F̄

ð3Þ
xlj Q̄

ð3Þ

xlj Q
ð3Þ
ylj Q̄

ð3Þ

nlj M̄
ð3Þ
ylj M

ð3Þ
xlj M

ð3Þ
nlj
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þC̄ljðtÞ sinðjyÞ Ū
ð3Þ
lj V

ð3Þ
lj W̄

ð3Þ
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ð3Þ
xlj Q

ð3Þ
xlj Q̄

ð3Þ

ylj Q
ð3Þ
nlj M

ð3Þ
ylj M̄

ð3Þ
xlj M̄

ð3Þ
nlj

h io
, ð46cÞ

for the ring. Clj(t) and C̄ljðtÞ are the ljth modal amplitudes of the entire structure. Performing similar
procedures to those described by Wang and Lin [14] and employing the orthogonality of any two distinct sets
of mode shape functions into the results yields

Mlj
€Clj ;

€̄Clj

� �
þ Slj Clj ; C̄lj

� �
¼ F lj ; F̄ lj

� �
ðtÞ, (47)

in which (d) indicates the differentiation with respect to time, the ljth modal excitations Flj(t) and F̄ ljðtÞ, and
the initial conditions Cij(0), _Cljð0Þ, C̄ljð0Þ and

_̄Cljð0Þ are given, respectively, as

F ljðtÞ ¼
1

p

X2
i¼1

Z Li

0

Z 2p

0

a cosðjyÞ f xU
ðiÞ
lj þ f nW

ðiÞ
lj �

h

2
f xF

ðiÞ
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� ��

þ sinðjyÞ V
ðiÞ
lj þ

h

2
FðiÞxlj

� �
f

	
dydx, ð48aÞ

F̄ ljðtÞ ¼
1

p

X2
i¼1

Z Li

0

Z 2p

0

a sinðjyÞ f xŪ
ðiÞ

lj þ f nW̄
ðiÞ

lj �
h

2
f xF̄

ðiÞ

ylj

� ��

þ cosðjyÞ V̄
ðiÞ

lj þ
h

2
F̄ðiÞxlj

� �
f y

	
dydx, ð48bÞ
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Ckjð0Þ ¼
1

pMkj

Z 2p

0

r
X2
i¼1

a

Z Li

0

h uðiÞU
ðiÞ
kj cosðjyÞ þ vðiÞV

ðiÞ
kj sinðjyÞ þ wðiÞW

ðiÞ
kj cosðjyÞ

h in

þ I fðiÞy FðiÞykjcosðjyÞ þ fðiÞx FðiÞxkjsinðjyÞ
h io���

t¼0
dxdy

þ
1

pMkj

Z 2p

0

rrR A uð3ÞU
ð3Þ
kj cosðjyÞ þ vð3ÞV

ð3Þ
kj sinðjyÞ þ wð3ÞW

ð3Þ
kj cosðjyÞ
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þ Jfð3Þy Fð3ÞykjcosðjyÞ þ Ixf

ð3Þ
x Fð3ÞxkjsinðjyÞ

o���
t¼0

dy, ð49aÞ

_Ckjð0Þ ¼
1

pMkj

Z 2p

0

r
X2
i¼1

a

Z Li

0

h _uðiÞU ðiÞkj cosðjyÞ þ _v
ðiÞV

ðiÞ
kj sinðjyÞ þ _wðiÞW ðiÞ

kj cosðjyÞ
h in

þ I _f
ðiÞ

y FðiÞykjcosðjyÞ þ
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ðiÞ

x FðiÞxkjsinðjyÞ
h io���

t¼0
dxdy

þ
1

pMkj

Z 2p

0

rrR A _uð3ÞU ð3Þkj cosðjyÞ þ _v
ð3ÞV

ð3Þ
kj sinðjyÞ þ _wð3ÞW ð3Þ
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h in

þ J _f
ð3Þ

y Fð3ÞykjcosðjyÞ þ Ix
_f
ð3Þ
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t¼0
dy, ð49bÞ

C̄kjð0Þ ¼
1

pMkj

Z 2p

0

r
X2
i¼1

a

Z Li

0

h uðiÞŪ
ðiÞ

kj sinðjyÞ þ vðiÞV̄
ðiÞ
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ðiÞ
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t¼0
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1
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0
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ð3Þ
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ð3Þ
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ð3Þ
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t¼0

dy, ð49cÞ

_̄Ckjð0Þ ¼
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kj sinðjyÞ
h in

þ I _f
ðiÞ

y F̄ðiÞykjsinðjyÞ þ _f
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x F̄ðiÞxkjcosðjyÞ
h io���

t¼0
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1
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Fig. 5. A concentrated force acts on the laminated cylindrical shell stiffened with a circumferential ring: (a) outer ring and (b) inner ring.
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A concentrated transient load magnitude of F0 acting at the point ðy ¼ 0; x ¼ 0:5L1Þ of the first shell span is
displayed in Fig. 5. The form of the load is

f nðtÞ ¼
F0dðx� L1=2; yÞsinðptÞ; 0ptp1 s;

0; 1 spt:

(
(50)

Substituting Eq. (50) into Eqs. (48a) and (48b) yields the respective histories of F̄ ljðtÞ and FljðtÞ. The respective
histories of CljðtÞ, _CljðtÞ, C̄ljðtÞ and

_̄CljðtÞ can be obtained by substituting F̄ ljðtÞ and FljðtÞ into Eq. (47) then
performing similar procedures to those described by Wang [15].
7. Examples and discussion

In this section, the constants E11 ¼ 150GPa, E22 ¼ E33 ¼ 9GPa, G23 ¼ 2:5GPa, G12 ¼ G13 ¼ 7:1GPa,
u12 ¼ u31 ¼ u23 ¼ 0:3, longitudinal tensile strength X t ¼ 1:5GPa, longitudinal compressive strength
X c ¼ 1:6GPa, transverse tensile strength Y t ¼ 44:5MPa, transverse compressive strength Y c ¼ 253MPa,
shear strength S ¼ 41:4MPa and r ¼ 1:6Mg=m3 of T300/976 graphite-epoxy [16] for the cross-ply laminated
shells ðL ¼ 5m; h ¼ 3 cm;L1 ¼ L2 ¼ 205mÞ are considered. Further, the constants Er ¼ 70GPa; Gr ¼

2:6GPa, rr ¼ 2:71Mg=m3; kt ¼ 0:23 and kr ¼ 0:833 of 6061-T6 aluminum rings are also considered.
The magnitude of the concentrated transient force is F0 ¼ 1N. The laminated shells have both ends being
fixed. The loading point ðy ¼ 0; x ¼ 1:25mÞ is considered in the analysis of forced vibration for the ring-
stiffened laminated shell. Further, the stresses distribution in each ply along the line of acting force is
considered.
7.1. Without ring

The lowest four circumferential modes of the [0/90/0]s laminated shell are depicted in Fig. 6. The lowest
axial modes of the cross-ply laminated shell are displayed in Fig. 7. The cross-section is uniformly expanded or
contracted for j ¼ 0, and is in the state of rigid body motion for j ¼ 1. Further, the cross-section will be
deformed for j being greater than 1. The cross-section of the laminated shell is in the state of rigid-body
motion for the modes (1, 1), and (2, 1). In the situation, the laminated shell behaves like a hollow beam.
Moreover, the radius of the laminated shell will be the radius of gyration of a hollow beam. Therefore, the
larger radius implies larger o11 and o21 of the laminated shell as indicated in Table 1. The cross-section of the
laminated shell is deformed for the modes (1, 2) and (2, 2). The larger radius induces the less coupling between
W or V and U of the laminated shell. Therefore, results in Table 1 indicates that the larger radius implies less
o12 and o22.
1j = 2j = 3j =

0j =

Fig. 6. The lowest four circumferential mode shapes of the [90/0/90]s laminated cylindrical shell (a ¼ 30 cm).
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1l = 2l = 3l =

Fig. 7. The lowest three axial mode shapes of the [90/0/90]s laminated cylindrical shell (a ¼ 30 cm).

Table 1

The radius a (cm) effect on the comparison of the modal frequencies (rad/s) of the [90/0/90]s laminated shell (L ¼ 5m, h ¼ 3 cm)

a o10 o11 o21 o12 o22

30 3754.9 725.4 1542.0 2143.2 2257.9

35 3756.1 768.8 1592.4 1610.9 1778.7

40 3756.7 801.1 1633.1 1269.8 1496.8

1l =

2l =

3l =

1l =

2l =

3l =(a) (b)

Fig. 8. The lowest three axial mode shapes of the [90/0/90]s laminated cylindrical shell (a ¼ 30 cm) with an outer stiffening ring: (a) j is an

even number and (b) j is an odd number.

Table 2

The layers effect on the comparison of the modal frequencies (rad/s) of the laminated shell (L ¼ 5m, h ¼ 3 cm, a ¼ 30 cm)

Layer o10 o11 o21 o12 o22

[0/90/0]s 4906.7 805.1 1655.0 1427.8 1653.7

[90/0/90]s 3754.8 725.4 1542.0 2143.2 2257.9
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The shape of cross-section of the cross-ply laminated shell ða ¼ 30 cmÞ does not change for the modes (1, 0),
(1, 1) and (2, 1) (Fig. 8). Further, the laminated shell is in the state of bending modes along the axial direction
for these modes. However, the cross-section of the laminated shell is deformed for the modes (1, 2) and (2, 2).
The shell with the [0/90/0]s lamination gives a larger bending rigidity, however, smaller transverse
shear stiffness than the shell with the [90/0/90]s lamination does. Therefore, the [0/90/0]s laminated shell
has larger o10, o11 and o21, however, less o12 and o22 than those of the [90/0/90]s laminated shell as indicated
in Table 2.

In the following sections, the mean radius a ¼ 30 cm of the cross-ply laminated shells is considered. Results
obtained by the method of modal analysis converge rather fast. Therefore, it is sufficient to employ o10, o11,
o21, o12, o22 and their corresponding sets of mode shape functions of the cross-ply laminated shell with a
stiffening ring in the method of modal analysis in the numerical computation.
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Table 3

The thickness b (cm) effect of outer ring (cr ¼ 3 cm) on the comparison of the modal frequencies (rad/s) of the ring-stiffened [90/0/90]s
laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

b o10 o11 o21 o12 o22

1 3745.3 723.1 1544.7 2147.3 2263.4

2 3731.6 720.2 1549.2 2161.9 2268.7

3 3717.4 717.2 1553.7 2182.7 2273.7

Table 4

The width cr (cm) effect of outer ring (b ¼ 3 cm) on the comparison of the modal frequencies (rad/s) of the ring-stiffened [90/0/90]s
laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

cr o10 o11 o21 o12 o22

3 3717.4 717.2 1553.7 2182.7 2273.7

6 3676.5 708.6 1565.3 2194.2 2283.1

9 3636.3 700.3 1575.2 2196.7 2288.8

Table 5

The layers effect on the comparison of the modal frequencies (rad/s) of the laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm) with an

outer stiffening ring (b ¼ 3 cm, cr ¼ 6 cm)

Layer o10 o11 o21 o12 o22

[0/90/0]s 4695.2 787.1 1667.7 1530.2 1673.0

[90/0/90]s 3676.5 708.6 1565.3 2194.2 2283.1
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7.2. Outer ring

The fundamental three axial modes along the axis of the [90/0/90]s laminated shell with an outer stiffening
ring for j being an even number and an odd number are depicted in Figs. 8(a) and (b), respectively. These
figures show the ring induces a constraint on the transverse deformation of the shell. Therefore, the effects of
width and thickness of a stiffening ring on the modal frequencies of the combined structure are studied. The
comparisons of modal frequencies of the [90/0/90]s laminated shell with an outer stiffening ring ðcr ¼ 3 cmÞ of
three different thicknesses are listed in Table 3. The comparisons of modal frequencies of the [90/0/90]s
laminated shell with an outer stiffening ring ðb ¼ 3 cmÞ of three different widths are listed in Table 4. The
shape of cross-section for both the laminated shell and the ring does not change for the mode (1, 0). The cross-
section of both the laminated shell and the ring for the mode (1, 1) is in the state of rigid body motion. In this
situation, the ring adds a mass to the combined structure. As a result, either the thicker ring or the wider ring
imply both smaller o10 and o11 of the combined structure. Although the ring is located at the nodal line of the
laminated shell for the modes (2, 1) and (2, 2), the ring induces a countered moment at the connection of ring
and laminated shell. As a result, the laminated shell stiffened with either the wider ring or the thicker ring is
more difficult to be deformed in the transverse direction for i ¼ 2. Therefore, either the thicker ring or the
wider ring implies both larger o21 and o22. Either the thicker ring or the wider ring gives a more constraint on
the deformation of cross-section of the laminated shell for the mode (1, 2). Therefore, either the thicker ring or
the wider ring implies larger o12.

The comparisons of two different lamination schemes [0/90/0]s and [90/0/90]s on the modal frequencies
of the laminated shell with an outer stiffening ring ðb ¼ cr ¼ 3 cmÞ are displayed in Table 5. The [0/90/0]s
laminated shell has larger bending rigidity, however, smaller transverse shear stiffness than the [90/0/90]s
laminated shell does. Therefore, the [0/90/0]s laminated shell with an outer stiffening ring has both larger
o11 and o21, however, both smaller o12 and o22 than those of the [90/0/90]s laminated shell with an outer
stiffening ring.
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Fig. 9. The stress distributions in thickness along the line of an acting force on the [90/0/90]s laminated shell (a ¼ 30 cm) with an outer

stiffening ring: (a) s1, (b) s2, (c) t23, and (d) t31.
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The stress distributions in the [90/0/90]s laminated shell with an outer stiffening ring are plotted in
Figs. 9(a)–(d) for s1, s2, t23 and t31, respectively. The stress distributions in the [0/90/0]s laminated shell with
an outer stiffening ring are displayed in Figs. 10(a)–(d) for s1, s2, t23 and t31, respectively. Results listed
in Figs. 9(a)–10(d) demonstrate that the [0/90/0]s laminated shell bears greater maximum stresses than the
[90/0/90]s laminated shell does. Based on the failure criteria of maximum stress, the first failure will occur at
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Table 7

The width cr (cm) effect of inner ring (b ¼ 3 cm) on the comparison of the modal frequencies (rad/s) of the ring-stiffened [90/0/90]s
laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

cr o10 o11 o21 o12 o22

3 3724.6 718.8 1548.1 2205.0 2260.7

6 3690.8 711.7 1556.9 2230.3 2268.9

9 3657.6 704.8 1567.9 2242.9 2279.4

Table 8

The layers effect on the comparison of the modal frequencies (rad/s) of the laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm) with an

inner stiffened ring (b ¼ 3 cm, cr ¼ 6 cm)

Layer o10 o11 o21 o12 o22

[0/90/0]s 4737.2 790.4 1662.0 1559.7 1658.6

[90/0/90]s 3690.8 711.7 1556.9 2230.2 2268.9

Table 6

The thickness b (cm) effect of inner ring (cr ¼ 3 cm) on the comparison of the modal frequencies (rad/s) of the ring-stiffened [90/0/90]s
laminated shell (L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

b o10 o11 o21 o12 o22

1 3746.9 723.4 1543.4 2151.3 2259.6

2 3735.6 721.0 1546.0 2173.0 2260.4

3 3724.6 718.8 1548.1 2205.0 2260.7
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the sixth ply of the [0/90/0]s laminated shell and at the fifth ply of the [90/0/90]s laminated shell due to s2.
Further, the sixth ply of the [0/90/0]s laminated shell is easier than the fifth ply of the [90/0/90]s laminated shell
to be broken down.

7.3. Inner ring

The comparisons of modal frequencies of the [90/0/90]s laminated shell with an inner stiffening ring ðcr ¼

3 cmÞ of three different thicknesses are listed in Table 6. The comparisons of modal frequencies of the [90/0/
90]s laminated shell with an inner stiffening ring ðb ¼ 3 cmÞ of three different widths are listed in Table 7.
Results of Tables 6 and 7 indicate that either the thicker ring or the wider ring will imply both smaller o10 and
o11, however, larger o12, o21 and o22 of the combined structure.

The comparison of two different lamination schemes [0/90/0]s and [90/0/90]s on the modal frequencies of
laminated shell with an inner stiffening ring ðb ¼ cr ¼ 3 cmÞ is displayed in Table 8. The [0/90/0]s laminated
shell has larger bending rigidity, however, smaller transverse shear stiffness. Therefore, the [0/90/0]s laminated
shell with an inner stiffening ring has larger o10, o11 and o21, however, smaller o12 and o22 than those of the
[90/0/90]s laminated shell with an inner stiffening ring.

The comparison of two kinds of stiffening rings on the modal frequencies are listed in Tables 9 and 10 for
the ring-stiffened [90/0/90]s laminated shell and the ring-stiffened [0/90/0]s laminated shell, respectively. A
stiffening ring adds a mass to the to the laminated shell for the modes (1, 0) and (1, 1). Further, an inner ring
adds a smaller mass to the laminated shell for the modes (1, 0) and (1, 1). Therefore, both o10 and o11 of the
laminated shell stiffened with an inner ring are greater than those of the same shell with an outer ring. Results
of both tables also indicate that both outer ring and inner ring give a better effect on stiffening the laminated
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Table 10

The rings (b ¼ 3 cm, cr ¼ 6 cm) effect on the comparison of the modal frequencies (rad/s) of the ring-stiffened [0/90/0]s laminated shell

(L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

Ring o10 o11 o21 o12 o22

No 4906.7 805.1 1655.0 1427.8 1653.7

Outer 4695.2 787.1 1667.7 1530.2 1673.0

Inner 4737.2 790.4 1662.0 1559.7 1658.6
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Fig. 11. The stress distributions in thickness along the line of an acting force on the [90/0/90]s laminated shell (a ¼ 30 cm) with an inner

stiffening ring: (a) s1, (b) s2, (c) t23, and (d) t31.

Table 9

The rings (b ¼ 3 cm, cr ¼ 6 cm) effect on the comparison of modal frequencies (rad/s) of the ring-stiffened [90/0/90]s laminated shell

(L1 ¼ L2 ¼ 2.5m, a ¼ 30 cm, h ¼ 3 cm)

Ring o10 o11 o21 o12 o22

No 3754.8 725.4 1542.0 2143.2 2257.9

Outer 3676.5 708.6 1565.3 2194.2 2283.1

Inner 3690.8 711.7 1556.9 2230.2 2268.9
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shell for the modes (2, 1), (1, 2) and (2, 2). The outer ring gives a more constraint on countered moment than
the inner ring does. Therefore, the outer ring gives a better effect on stiffening the laminated shell for the
modes (2, 1) and (2, 2). However, the inner ring gives a more constraint on the transverse deformation of
the laminated shell for the modes (1, 0), (1, 1) and (1, 2). Consequently, the inner ring gives a better effect than
the outer ring on stiffening the laminated shell for the modes (1, 0), (1, 1) and (1, 2).

The stress distributions in an inner ring-stiffened [90/0/90]s laminated shell are plotted in Figs. 11(a)–(d) for
s1, s2, t23 and t31, respectively. The stress distributions in an inner ring-stiffened [0/90/0]s laminated shell are
displayed in Figs. 12(a)–(d) for s1, s2, t23 and t31, respectively. Results listed in Figs. 11(a)–12(d) demonstrate
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that the [0/90/0]s laminated shell bears greater maximum stresses than the [90/0/90]s laminated shell does.
Based on the failure criteria of maximum stress, the first failure will occur at the sixth ply of the [0/90/0]s
laminated shell and at the fifth ply of the [90/0/90]s laminated shell due to s2. Further, the sixth ply of the [0/
90/0]s laminated shell is easier than the fifth ply of [90/0/90]s laminated shell to be broken down.

8. Conclusions

Based on the present modal analysis for the vibration of ring-stiffened cross-ply laminated cylindrical shells,
the following conclusions can be made: (1) adding a ring to the shell will soften the combined structure for the
modes (1, 0) and (1, 1); (2) adding a ring to the shell will stiffen the combined structure for the modes (2, 1),
(1, 2) and (2, 2); (3) an outer ring gives a better effect than the inner ring on stiffening the combined structure
for the modes (2, 1) and (2, 2); (4) an inner ring gives a better effect than the outer ring on stiffening the
combined structure for the mode (1, 2); (5) the first failure is easier to occur in the ring-stiffened [0/90/0]s shell;
and (6) the first failure is easier to occur in the [0/90/0]s shell with an inner stiffened ring.
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Appendix A. List of operators N1–N17

N1 ¼ aA
ðiÞ
11

d2

dx2
�

j2

a
A
ðiÞ
66 þ raho2, (A.1)

N2 ¼ aA
ðiÞ
66

d2

dx2
�

1

a
j2A
ðiÞ
22 þ kA

ðiÞ
44

� �
þ raho2, (A.2)
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N3 ¼ akA
ðiÞ
55

d2

dx2
�

1

a
j2kA

ðiÞ
44 þ A

ðiÞ
22

� �
þ raho2, (A.3)

N4 ¼ �aD
ðiÞ
11

d2

dx2
þ

j2

a
D
ðiÞ
66 þ akA

ðiÞ
55 � raIo2, (A.4)

N5 ¼ �aD
ðiÞ
66

d2

dx2
þ

j2

a
D
ðiÞ
22 þ akA

ðiÞ
44 � raIo2, (A.5)

N6 ¼
j

akA
ðiÞ
55

1

a
A
ðiÞ
22 þ kA

ðiÞ
44

� �
þN2

� �
; N7 ¼

1

akA
ðiÞ
55

jkA
ðiÞ
44c2 þN3

� �
, (A.6,7)

N8 ¼ c1N5 � jc3 D
ðiÞ
12 þD

ðiÞ
66

� �h i d

dx
, (A.8)

N9 ¼ j D
ðiÞ
12 þD

ðiÞ
66

� �
N6 � kA

ðiÞ
44 �

1

kA
ðiÞ
44

N2N5, (A.9)

N10 ¼ c2N5 � jkA
ðiÞ
44 � j D

ðiÞ
12 þD

ðiÞ
66

� �
N7, (A.10)

N11 ¼ j D
ðiÞ
12 þD

ðiÞ
66

� �
c1

d3

dx3
þ c3N4

d

dx
, (A.11)

N12 ¼ �N4N6 �
j D

ðiÞ
12 þD

ðiÞ
66

� �
kA
ðiÞ
44

N2
d2

dx2
, (A.12)

N13 ¼ j D
ðiÞ
12 þD

ðiÞ
66

� �
c2 � akA

ðiÞ
55

h i d2

dx2
þN4N7, (A.13)

N14 ¼ N8
d

dx
�

1

A
ðiÞ
12

N10N1; N15 ¼ N9 � c4N10, (A.14,15)

N16 ¼ N11
d

dx
�

1

A
ðiÞ
12

N13N1; N17 ¼ N12 � c4N13, (A.16,17)

in which

c1 ¼ j
A
ðiÞ
12 þ A

ðiÞ
66

kA
ðiÞ
44

; c2 ¼ j
A
ðiÞ
22 þ kA

ðiÞ
44

akA
ðiÞ
44

; c3 ¼
jkA

ðiÞ
44c1 � A

ðiÞ
12

akA
ðiÞ
55

; c4 ¼ j
A
ðiÞ
12 þ A

ðiÞ
66

A
ðiÞ
12

.

Appendix B. Arrays of the matrix [K]j

k11 ¼
A

aR
rrR

2o2 � j2krGr

� �
; k14 ¼ k41 ¼ �r0k11,

k22 ¼
A

aR
rrR

2o2 � j2Er � krGr

� �
; k23 ¼ k32 ¼ �

jA

aR
Er þ krGrð Þ,

k25 ¼ k52 ¼
krGrA

a
þ r0k22; k33 ¼ k11 �

ErA

aR
; k35 ¼ k53 ¼ j

krGrA

a
þ r0k32,
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k44 ¼ �r0k14 þ
1

aR
rrJR2o2 � j2Dr � ErIn

� �
,

k55 ¼ r0k25 þ
A

aR
ðr0 � RÞkrGrRþ rr

Ix

A
R2o2 � j2

ErIx

A

� �
,

and others being zeros.
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