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Abstract

This paper presents a damage detection technique based on operational response monitoring. The technique utilizes

finite element and linear elastic fracture mechanics (LEFM) analyses. The main novel feature of this technique is its ability

to identify structural damage completely. The technique is based on monitoring the changes in internal data variability

measured by a test statistic w20 value. Structural normality is assumed when the w20m value calculated from a fresh set of

measured data falls inside the limits prescribed by a threshold value w20TH. The extent of damage is quantified by matching

the w20m value calculated from the measured data with the corresponding w20p values predicted by using a benchmark finite

element model. The use of w20 values has been found to provide better sensitivity to structural damage than the natural

frequency shift technique. The findings are illustrated in the case of a numerical case study of a simulated steel cantilever

beam and an experimental cantilever beam. The analysis done on the numerical study showed that the sensitivity of the

proposed technique ranged from three to 1000 times as much as the sensitivity of the natural frequencies. The results

obtained from a laboratory structure showed that the extent of damage and the remaining service life could be accurately

assessed up to a crack size corresponding to 0.55 of the material’s thickness. It was observed that this crack size

corresponded to the limiting crack size for the applicability of linear elastic fracture mechanics theory.

r 2006 Elsevier Ltd. All rights reserved.

1. Introduction

The identification of structural damage is often regarded as a hierarchy of four levels [1]:
�
 Level 1: Detecting that damage is present in the structure.

�
 Level 2: Determining the geometric location of the structural damage.

�
 Level 3: Quantifying the severity of structural damage.

�
 Level 4: Predicting the remaining service life of the structure.
Many techniques have been developed for identifying structural damage, based on monitoring the global
vibration responses [2]. Most of these detection techniques monitor the changes in modal properties, such as
the natural frequencies, damping loss factors and mode shapes. These techniques mainly identify damage at
Levels 1 and 2 and, when a structural model is used, Level 3 may be attained [3,4].
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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Fig. 1. A flow chart summarizing the damage detection technique.
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The recent literature indicates that more efficient algorithms based on advanced statistical analysis tools and
artificial intelligence schemes have been developed to assist in damage identification [5–13]. These techniques
mainly address the problems of detection efficiency and reliability. Consequently, little effort has been made to
develop techniques which can identify all four levels of structural damage.

The technique presented here draws together the analyses of structural dynamics and linear elastic fracture
mechanics in order to develop a technique for identifying all four levels of structural damage. In designing the
present technique, the assumption made is that the structure cracks by tensile mode under plane strain
conditions. As a result, the crack is expected to grow in a straight path through the material thickness normal
to the plane of the opening tensile load. This assumption permits the modelling of structural damage by the
changes in crack length. Crack branching has not been considered.

In addition to the above assumption about applied loads, the assumption is made that boundary
constraints, joints and couplings are maintained in their initial state, i.e. varying load effects have not been
considered.

The proposed identification procedure is summarized in a flow chart shown in Fig. 1.
The outline of the technique shown in Fig. 1 indicates that an inverse model is determined from a finite

element model (FEM) using time-domain-based model inversion techniques [14]. Then the measured
operational responses from the real structure are applied to the inverse model to calculate the operational
forces. These forces are applied to the FEM to identify stress ‘hot spots’ whose locations on the real structure
are considered to be the likely locations for damage. Different damage scenarios are then conceived at the
identified locations. The operational responses and remaining service life are predicted for each damage
scenario. The predicted responses are statistically treated to yield test statistics denoted as w20p values, which are
matched to those calculated from the measured operational responses denoted as w20m values. The remaining
life that corresponds to the closest match to a predicted response estimates the remaining service life of the
beam.

2. Theory

The dynamics of a discrete mechanical system may be given by Eq. (1) [15]

M €x tð Þ þ C _x tð Þ þ Kx tð Þ ¼ f tð Þ, (1)
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where M, C and K are the N�N mass, damping and stiffness matrices respectively; and f(t) and x(t) are the
N� 1 force and response vectors respectively.

In the state-space form, Eq. (1) may be written as

_X ¼ EXþd, (2)

where

X ¼
x tð Þ

_x tð Þ

( )
,

E ¼
0 I

�M�1 Kð Þ �M�1 Cð Þ

" #

and

d ¼
0

M�1f tð Þ

( )
.

A numerical integration scheme may be employed to solve Eq. (2).
Structural damage is presumed to change the mass, stiffness and damping matrices of the system. However,

for a structure with surface cracking, where disintegration (resulting in mass loss) is not likely and changes in
the system damping are not considered, damage may be assumed to affect only the stiffness matrix of the
system. The influence of the crack on the system’s stiffness matrix is localized in the elements where the cracks
are located. In the present paper, a special cracked beam finite element is used for modelling the structural
damage. The element allows the direct manipulation of the stiffness matrix by a crack ratio parameter ā, which
is defined as ā ¼ a=H, where a is the length of the crack and H is the thickness of the material [16]. Fig. 2
shows a diagram of the damage modelling.

In order to relate structural damage to changes in the time responses, Eq. (2) may be differentiated in
respect of crack length a as follows:

q _X
qa
¼

q EXð Þ

qa
þ

qd
qa

. (3)

Since the mass matrix, damping matrix and force vector are not affected by changes in crack length, Eq. (3)
yields Eq. (4) upon further simplification.

q _X
qa
¼ E

qX
qa
þ E0 X , (4)
a i

a

a f

H

Fig. 2. A schematic diagram showing damage represented by crack ratios.
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where

E0 ¼

0 0

�M�1
qK
qa

0

2
4

3
5:

The forward finite difference method [17] may be used to compute qK=qa thus

qK
qa
¼

K aiþ1ð Þ � K aið Þ

aiþ1 � ai

, (5)

where i ¼ 0; 1; 2; . . .
Then the calculated change in the state vector _X with respect to the change in crack length a can be

represented by a sensitivity function s, which may be given by

s ¼
q _X
qa

. (6)

The time response at crack length ai+1 may be approximated by using a first-order Taylor series expansion as

_X aiþ1ð Þ ¼ _X aið Þ þ sda, (7)

where

da ¼ aiþ1 � ai.

2.1. Determining the test statistics

The time responses estimated by Eqs. (2) and (7) are treated statistically to determine their variations from
the response of the undamaged structure. The residues between these estimated time responses _X and the
undamaged structure’s responses _Xu are input into a statistical model which is based on the hypotheses that
test internal data variability. The hypotheses test the equality between the variances determined from the
residues of the estimated time responses and some reference residue vector. This reference residue vector could
ideally be a null vector but to avoid some numerical problems, 0.1% of the undamaged structure’s response
was arbitrarily chosen. Thus given the estimated time responses _X1; _X2; _X3; . . . ; _Xk; . . . ; _Xn, their residues may
be calculated and the following hypotheses used to test the internal variability [18]:

H2
0 : s

2
u ¼ s21 ¼ s22 ¼ s23 ¼ � � � s

2
k � � � ¼ s2n; H2

1 : s
2
uas2k;s

2
kþ1; . . . ;s

2
n, (8)

where s2u and s2k are the variances for the residues of the reference vector and the kth time response. It may be
worth noting that in the H2

1 hypothesis, where only one or a few intermediate time responses happen to satisfy
the test, it could be due to some exceptional causes like, sensor error, noise effects, variations in boundary
conditions, load fluctuations, etc.

Bartlett’s test [18] provides a procedure for testing the variability of variances among different data
sequences through a test statistic w20 value. The test statistic w20 is computed using Eq. (9):

w20 ¼ 2:3026
q

c
, (9)

where

q ¼ R� rð Þlog10 S2
p �

Xr

k¼1

nk � 1ð Þlog10 S2
k,

c ¼ 1þ
1

3 r� 1ð Þ

Xr

k¼1

nk � 1ð Þ
�1
� R� rð Þ

�1

 !
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and

S2
p ¼

Pr
k¼1

nk � 1ð ÞS2
k

R� r
,

where r is the number of data sequences being considered, R is the total number of data units in the r

sequences, nk is the number of data units in the kth data sequence. S2
p is the combined sample variance of the r

data sequences, including the reference sample variance, S2
u. S2

k is the variance of the kth response.
The test statistic w20 value is compared with a threshold w20TH value, which may be established from the

expected disturbances in the system. Since a 1% disturbance level above the response of the undamaged
structure was observed to produce detectable changes in the test statistic value, it was used in this work for the
calculation of the threshold value. Accordingly, if w20

�� ��4 w20TH
�� ��, the null hypothesis is rejected because the time

responses are not equal and therefore there is an abnormality in the test data.

2.2. Determining the remaining service life

In LEFM theory, it is assumed that there is a small plastic zone 2ry at the tip of a crack and that this zone is
surrounded by a field called the region of K-dominance. This assumption yields the following expressions for
the size of the plastic region [19,20]:

2rys ¼
1

p
K

sy

� �2

; 2rye ¼
1

3p
K

sy

� �2

, (10)

where the subscripts s and e represent the states of plane stress and plane strain respectively, and sy is the
material yield strength. K is the stress intensity factor which depends on the loading, crack size, crack shape
and geometric boundaries. The stress intensity factor K is given by [19]

K ¼ f gð Þs
ffiffiffiffiffiffi
pa
p

(11)

where s is the remote stress applied to the component, a is the crack length and f(g) is the correction factor
that depends on specific crack geometry.

In order to apply LEFM theory, the plastic zone has to be smaller than all the distances from the crack tip to
any material boundaries. Therefore the expression for the applicability of LEFM theory may be given by [20]

a; ðb� aÞ; h4
4

p
K

sy

� �2

for plane stress,

t; a; ðb� aÞ; h42:5
K

sy

� �2

for plane strain, ð12Þ

where the distances are as shown in Fig. 3.
The rate of crack growth may be given by the Paris relationship as

da

dN
¼ C DKð Þ

m, (13)

where C, m and DK are the crack growth coefficient, the crack growth exponent and the stress intensity range
respectively. The stress intensity range is given by

DK ¼ f gð ÞDs
ffiffiffiffiffiffi
pa
p

, (14)

where Ds is the effective remote stress range applied to the component.
Thus Eq. (13) can be used for obtaining the crack propagation life to failure Nf:

Nf ¼

Z af

ai

da

C DKð Þ
m (15)

where the integration limits ai and af represent an initial and a final crack size, respectively. The remaining
service life can be determined by subtracting the propagation life at each crack length from the propagation
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Fig. 3. Distances from crack tip to any material boundaries.
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life to failure:

RSLa ¼ Nf �Na, (16)

where RSLa denotes the remaining service life at a crack length a.
3. Description of the technique

The full technique comprises the following:
�
 System modelling and force identification.

�
 Modelling the structural damage.

�
 Predicting the responses.

�
 Identifying the structural damage.
The technique solves the problem of structural damage via the forward problem formulation, in which
structural damage (crack length) is determined by comparing measured changes in structural time responses
with the predicted changes in time responses. The predicted changes in structural time responses are initially
calculated from the known structural damage using the FEM. These changes are benchmarked against the
measured changes in the time responses.
3.1. System modelling and force identification

A FEM of the real structural system as given by Eq. (1) is developed. Synthetically generated excitation is
applied to the FEM to identify an autoregressive parametric model, which is subsequently converted into a
state-space model as given in Eq. (2). The state-space model is then inverted, using time-domain-based
techniques.

Then the measured operational responses are applied to the inverse model to calculate, in an offline manner,
the operational forces. The identified operational forces are applied to the FEM to identify stress ‘hot spots’ in
the structure. The locations of the stress ‘hot spots’ in the model are considered to be the likely locations of
damage.
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3.2. Modelling the structural damage

As mentioned above, structural damage is represented by a crack ratio denoted by ā. Therefore, taking the
worst-case scenario as crack ratio af/H the crack propagation space (from a virgin state to the worst case) is
scaled into convenient damage scenarios, each of which is represented by a crack ratio (Fig. 2). An assumption
is made that the crack does not branch but grows linearly and uniaxially. This assumption is basically aligned
with fractures under a plain strain state.

Then the Paris law is applied to calculate the remaining life to failure for each of the damage scenarios,
using Eqs. (15) and (16). In this way, each damage scenario is characterized by both the crack ratio and the
remaining service life.

3.3. Predicting the responses

As shown in Fig. 1, the operational responses are initially predicted at each crack ratio, using the FEM.
Then the dynamic sensitivity coefficients given by Eq. (6) are used for fine-tuning the predictions to achieve a
better fit with the operational measured responses. The first-order Taylor series expansion of Eq. (7) is
employed to estimate the responses.

3.4. Identifying the structural damage

The changes in the operational responses between the undamaged and the damaged structure are monitored
by the w20 values calculated using Eq. (9). These test statistic values are used as damage identification features.

In the following two sections, the technique is verified by means of numerical and experimental case studies.

4. Technique verification: numerical case study

In this case study, a numerical simulation of a steel cantilever beam is presented. The beam is 800mm long,
40mm wide and 10mm thick. Its Young’s modulus E, and material mass density r, are 207� 109N/m2 and
7810 kg/m3, respectively. A harmonic force F(t) ¼ 1.3 kN at a frequency of 5Hz is applied at a distance of
200mm from the fixed end for a duration of 2 s. Fig. 4 depicts a diagram of the structure.

The simulated operational responses were generated from the FEM with a fine mesh. The FEM had to
closely approximate the natural mode shapes and frequencies calculated by using exact equations of the beams
in transverse vibrations [21]. Fig. 5a indicates that an 80-element FEM satisfied this requirement reasonably
well. As a result, this model was used for calculating the simulated operational responses (referred to as
pseudo-measured responses) at six different levels of structural damage: 0.0, 0.2, 1.4, 3.3, 4.2 and 5.7mm crack
lengths.
F(t)

Cross-sectional

H =10 mm

B = 40 mm

L= 800 mm

200 mm

450 mm

x(t)

Fig. 4. Schematic diagram of beam structure.
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Fig. 5. Fit between mode shapes: (a) 80-element FEM ( ) and exact solution (——). (b) 20-element FEM ( ) and exact solution

(——).
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Subsequently, an attempt was made to identify damage using the pseudo-measured operational responses.
To this end, a working FEM of the structural beam was developed. The choice of its mesh density depended
on how accurately it approximated the simulated operational response for an undamaged structure. However,
the first mode of vibration was the most influential in causing damage because of the volume effect in fatigue
cracking (where cracking is more likely as the volume of material subjected to fatigue increases) and the
amplitude–frequency relationship in vibrating structures. Therefore the working FEM had to approximate
closely at least the first mode of vibration.

4.1. Modelling the beam

The structural beam was modelled in MATLAB 6.1 on a Pentium 4 platform with 1.7GHz and 256MB of
random access memory (RAM). The Euler–Bernoulli beam elements were used for modelling all the
undamaged parts of the structure, whereas the damaged part was modelled by a special cracked-beam element.
Fig. 5b indicates that a 20-element FEM is accurate for the first two shapes and frequencies of the flexural
bending mode. Similarly, the calculated frequency response functions in Fig. 6, and the acceleration responses
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Fig. 6. Frequency response functions for the 20-element (dashed) and 80-element (solid) FEM: (a) acceleration FRF plots and (b) phase

angle plots.

Fig. 7. Fit between acceleration responses at different frequencies—20-element (– . – . . ) and 80-element (——) FEM: (a) In the 10–90Hz

bandwidth, (b) around the first natural frequency, 13Hz and (c) around the second natural frequency, 81Hz.
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in Fig. 7, show a close correspondence between the 20- and 80-element FEM. For these reasons the 20-element
FEM was chosen as the working model.

4.2. Damage scenarios

For the uniform cross-section cantilever beam, the fixed end is the most likely damage location because the
stresses are the highest there. Hence the cracked-beam finite element is the first element of the structural FEM.
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Fig. 8. Predicted test statistic values: (a) w20 values at first natural frequency and (b) w20 values at second natural frequency.
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Since the crack is located in the middle of this element, its geometric position is 20mm from the fixed end of
the beam.

In this example the damage scenarios have been classified by the following crack ratios: 0.0, 0.1, 0.15, 0.2,
0.25, 0.3, 0.35, 0.4, 0.45, 0.5, 0.55 and 0.6. Since the beam thickness is 10mm, these crack ratios correspond to
crack lengths of: 0.0, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5 and 6.0mm deep through the beam thickness.

The corresponding time responses for the excitation force F(t) given earlier, were calculated for each crack
ratio using the 20-element FEM. The responses were band-pass-filtered around the first and second natural
frequencies so that proper comparisons could be made with the changes in the corresponding natural
frequencies. Then the root square values of the filtered responses were computed and sorted in ascending order
to provide a check on normality and data variation. The entire period of 2 s was considered.

Using Eq. (9), Bartlett’s test was applied to the root square values calculated above to predict the w20p values
for each damage scenario, where p denotes the prediction. Fig. 8 shows graphs of these values plotted against
crack lengths for the first and second natural frequencies. Both plots depict a trend typical of crack
propagation behaviour. Therefore the w20 values quite ably capture the characteristics of crack growth.

At the same time, crack propagation and the remaining service life are computed using Eqs. (15) and (16),
respectively. Fig. 9 shows the resulting curves. It was noted that when the crack length reaches the crack ratio
of 0.6, the remaining service life (for the crack to penetrate through the remaining 4mm) is half as much as
that required for the material to crack from 0.5 to 0.6 (which is only 1mm).

4.3. Damage detection

Next the intention was to identify structural damage using the simulated operational responses. The
detection scheme computes the w20m value of the pseudo-measured response signal and matches it to the
predicted w20p values. It yields the crack length that has a w20p value closest to the computed w20m value. The
subscript m is used here to represent the values calculated from the pseudo-measured responses, but in the case
of an actual experiment it would represent the values calculated from the measured responses. Therefore,
when the pseudo-measured responses were employed in the detection scheme, they yielded the results shown in
Table 1. These were regarded as the initial estimates of the actual damage level.

The resulting initial estimates provided a basis for a more refined estimation of crack length in a sensitivity-
based algorithm. The search was initialized from the time responses that corresponded to the estimated crack
lengths shown in Table 1. The second-order Taylor series expansion was used with a step size of 0.001 for the
crack ratio. The first and second derivatives were calculated numerically, using a central difference scheme. As
expected, the truncation of higher-order derivatives in the central difference scheme affected the accuracy of
the solution, especially at the end of the time span. In this case, it was noted that for crack ratios of up to 0.45,
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Table 1

Initial estimates of crack lengths and remaining service life

Actual Estimated Remaining life (cycles)

Crack w20: 13Hz w20: 81Hz Crack w20: 13Hz w20: 81Hz

0.2 0.00 0.00 0.0 0.00 0.00 8438

1.4 0.40 2.40 1.5 0.50 3.20 2981

3.3 19.00 84.30 3.0 11.30 55.30 867

4.2 115.50 273.40 4.0 80.80 213.80 361

5.7 2380.30 1485.70 5.5 1779.10 1220.00 78

Fig. 9. Predicted propagation and remaining service life curves: (a) propagation life curve and (b) remaining service life curve.
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more than a third of the data length closely matched the actual responses. Beyond this crack ratio (0.45),
higher orders in both the Taylor series expansion and central difference scheme might be required for an
accurate prediction of the time responses.

Figs. 10–12 show the correspondence between the initial and final estimates of the acceleration responses, with
the actual (pseudo-measured) acceleration responses at each damage level for three selected cases of damage. It
was noted that for 0.2, 4.2 and 5.7mm, the scheme converged after 20 iterations, whereas for 1.4 and 3.3mm,
convergence occurred after 10 backward and 30 forward iterations, respectively. When the products of the
number of iterations and step sizes were added to the initial estimates, it was found that convergence took place
at exact crack lengths. Consequently the crack lengths were identified with a high degree of accuracy. The
corresponding remaining service life can be easily read off from the remaining service life curves shown in Fig. 9.

4.4. Comparison with the changes in natural frequencies

In this section, the proposed technique is compared with the changes in natural frequencies. The changes in
the first two natural frequencies are presented in Fig. 13.

Table 2 compares the absolute changes in natural frequencies with the absolute changes in the w20 values per
millimetre of the change in crack length in each damage scenario (from 0.5 to 6mm). It is observed that at the
first natural frequency, the sensitivity of the proposed technique ranged from three times to over 1000 times
the sensitivity of the natural frequency shift technique. Around the second natural frequency, the sensitivity
ranged from four times to over 200 times that given by the natural frequency shift technique.
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Fig. 10. Initial and final estimates of the acceleration response at 1.4mm crack length: (a) initial estimate (dashed) and actual (solid) and

(b) final estimate (dashed) and actual (solid).

Fig. 11. Initial and final estimates of the acceleration response at 3.3mm crack length: (a) initial estimate (dashed) and actual (solid) and

(b) final estimate (dashed) and actual (solid).
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Fig. 14 compares the relative changes in natural frequencies and w20 values at each crack ratio up to 0.6. The
results show that the relative changes in the test statistics values lie above 30%, while those in the natural
frequencies are below 20%. Thus the proposed technique is shown to be far more sensitive than the natural
frequency shift technique.

5. Technique verification: experimental case study

In the experimental case study, a mild steel beam 1165mm long, 50mm wide and 12mm thick was clamped
at one end over a length of 125mm, leaving a cantilever length of 1040mm. The beam had the following
material and fatigue properties: Young’s modulus of elasticity E, 207� 109N/m2, mass density r, 7810 kg/m3,
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Fig. 12. Initial and final estimates of the acceleration response at 4.2mm crack length: (a) initial estimate (dashed) and actual (solid) and

(b) final estimate (dashed) and actual (solid).

Fig. 13. Relative natural frequency drop for the first ( ) and second ( ) natural frequencies.
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yield strength sy, 658� 106N/m2, crack growth coefficient C, 6.89� 10�12MPa
ffiffiffiffi
m
p

and crack growth
exponent m, 3.0 [22]. A 451 v-notch 2mm in depth was cut at a distance of 40mm from the fixed point.

Three tests were performed. In Tests 1 and 2, the structure was excited by an initial force of 1.4 kN force at a
frequency of 7Hz. This resulted in a stress level of 177.0MPa and a strain amplitude of 856.81me, which were
verified by actual strain gauge measurements [23]. A crack-measuring sensor was placed at a distance of 1mm
below the notch tip so that the total crack-measuring depth was 8.0mm. The total initial crack length was
3.0mm.

In Test 3, the excitation was lowered slightly to an initial force of 1.25 kN, which resulted in 158MPa of
stress. The crack sensor was placed 2.0mm below the notch tip, giving a total initial crack length of 4.0mm.
This enabled measurements of the crack length to be taken up to a total structural thickness of 9.0mm. In all
three tests the beam was excited at a distance of 465mm from its fixed end.
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Table 2

Sensitivity comparisons between test statistic values and natural frequencies

Crack change Frequency derivatives w20 derivatives

From (mm) To (mm) Df n=Da
�� ��

13 Hz
Df n=Da
�� ��

81 Hz
Dw20=Da
�� ��

13 Hz
Dw20=Da
�� ��

81 Hz

0.5 1.0 0.0623 0.3238 0.20 1.60

1.0 1.5 0.1012 0.5184 0.80 4.80

1.5 2.0 0.1452 0.7336 1.80 14.20

2.0 2.5 0.2008 0.9926 5.20 30.00

2.5 3.0 0.2746 1.3198 14.60 60.00

3.0 3.5 0.3782 1.7466 38.40 112.00

3.5 4.0 0.5298 2.3194 100.60 205.00

4.0 4.5 0.7632 3.0982 282.80 360.40

4.5 5.0 1.1352 4.1342 838.60 628.00

5.0 5.5 1.7302 5.3776 2275.20 1024.00

5.5 6.0 2.6154 6.4510 3579.60 1454.60

Fig. 14. Comparison of the relative changes in natural frequencies (solid) and test statistics (dashed).
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The tests were performed in displacement control using a Zonics Master Controller. The excitation was
externally generated through a CDAS system to provide better control during the actuation period. In all
these tests the actuation was performed for durations of 60 s during which measurements were taken for a
period of 10 s. The cycles were read from the cycle counter display on the Zonics Master Controller.

5.1. The measurement system

The data was obtained by using a Spider 8 measurement system through a laboratory desktop computer, as
shown in Fig. 15. A 10mV/g accelerometer, a type Y-series (1-LY11-6/120A) strain gauge and a type RDS22
series crack propagation gauge were used as sensors in the experimental case study.

The crack gauge had 50 grids of resistance circuits spanning a total width of 5mm. This yielded a
measurement resolution of 0.1mm per grid. It was used for measuring the length of the crack as the crack
spread through the material. It operates on the principle that the resistance increases as the growing crack
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Fig. 15. The measurement system and data acquisition hardware.
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breaks the grid. The change in crack length is indicated by the decrease in the voltage measured across a
resistor connected in series to it. A supply voltage of 1V was maintained throughout the testing period.

5.2. Damage scenarios

The undamaged parts of the beam were modelled by 37 Euler–Bernoulli beam elements whereas the
damaged part was modelled by the cracked-beam element. The damage scenarios for the FEM were conceived
from an initial notch depth of 2mm to a final total crack length of 7.2mm. The initial crack length
corresponded to a crack ratio of 0.167, whereas the final crack length corresponded to a crack ratio of 0.6.

The remaining service life and w20p values were predicted for each damage scenario and plotted against the
crack lengths. The resulting curves were compared with their counterparts from the measured data. The next
section presents the correspondence between the predicted curves and the curves obtained from the data
measured during the experimental study.

The validity of the LEFM assumptions was also checked for each damage scenario. Fig. 16a shows that the
LEFM assumptions made for plane strain and plane stress states are applicable up to 5.5 and 6.7mm (0.56
crack ratio) crack lengths respectively, in Tests 1 and 2. Consequently there is a transition from a plane strain
state to a plane stress state around a crack ratio of 0.46.

Test 3 indicates that the LEFM assumptions made for plane strain and plane stress states are valid for crack
lengths of up to 6.0mm (0.5 crack ratio) and 6.8mm (0.57 crack ratio) respectively (Fig. 16b). There is a
greater improvement in the limiting crack size for the plane strain state than for the plane stress state. The next
section discusses the observation that significant errors in prediction occur beyond the limiting crack size for
the plane stress state.

5.3. Results and discussions

5.3.1. The crack propagation curve

This section demonstrates how the predicted results could represent the observed behaviour of the structure
in the three tests. Firstly, the measured propagation curves were plotted over the predicted curves. The
measured propagation curves for Tests 1 and 2 as well as the predicted curves are shown in Fig. 17a.

It can be noted that the predictions fitted the results reasonably well in Test 2. Test 1 had a slight bulge
beyond a crack length of 7mm, due to problems with fluctuations in the supply voltage. The problems were
obviously exacerbated by the fact that the limit for the applicability of LEFM was exceeded at this crack size.
The power supply unit was changed in the following tests.
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Fig. 16. Limits of applicability of LEFM—crack length ( ), remaining material ( ), plane strain limit ( ) and plane stress limit

( ). (a) Tests 1 and 2. (b) Test 3. As both t and h are large, they are disregarded.
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In Test 3, the predictions showed a good correlation with the experimental results (Fig. 17b). However, the
predictions at larger crack sizes were quite poor because of the violation of LEFM theory.

The remaining service life of the beams was determined from the propagation curves, as shown in Figs. 18a
and b. The prediction errors plotted in Figs. 19a and b show that the prediction curve is able to approximate the
remaining life to within a 40% error for crack ratios of less than 0.55. These errors illustrate only the accuracy of
the FEM calculation according to LEFM. In all three tests, the results show that beyond this crack ratio it
becomes extremely difficult to obtain accurate estimates for the remaining service life of a beam. This agrees with
the calculated limits of crack sizes for the applicability of LEFM theory, as shown in Figs. 16a and b.

5.3.2. Changes in acceleration response

The FEM was used to calculate the acceleration responses for each damage scenario. These accelerations
were filtered around the 7-Hz frequency of the excitation signal. Then the root mean square values of the
accelerations were computed and plotted against the crack lengths. The trend in the plotted root mean square
values shows an increase as the crack length increases.
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Fig. 17. Correspondence between measured and predicted (——) crack propagation lives: (a) Test 1 ( ) and Test 2 ( ) and (b) Test 3.
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The root mean square values calculated from the measured data for each test were plotted over those from
the values predicted by the model. The results show that Test 1 correlated fairly well at a number of crack
lengths but correlated poorly around a crack length of 4mm (Fig. 20a). This was due to loose screws, which
eventually failed around that crack length. Fig. 20b shows that Test 2 correlated better with the predicted
curve.

Test 3 shows there was a good correlation in the initial stages of crack growth, but that the correlation
became very poor in the advanced stages (Fig. 20c) because the LEFM assumptions were severely violated at
that stage.

5.3.3. Changes in w20 values

The w20m values calculated from the measured data were plotted over the predictions w20p obtained from the
model. The results are shown in Figs. 21a, b and c. The plotted results show a good correlation between the
experimental and predicted results, especially in Test 2, and for shorter crack sizes in Test 3. The above-
mentioned problems with loose screws marred the performance of the predicted curve in Test 1.
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Fig. 18. Correspondence between measured and predicted (——) remaining service lives: (a) Test 1 ( ) and Test 2 ( ) and (b) Test 3.
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The results obtained from the three tests show that with proper control over the physical set-up, accurate
predictions can be made within the limits of LEFM theory. Therefore, as long as the crack length has not
grown beyond this limit, the proposed technique is capable of estimating the crack length and the remaining
service life of a beam within an error margin of 40%.

It was noted that after using the FEM for calculating the time responses, the rest of the process required
little computational effort. For example, determining both the propagation life curve and the w20m value curve
for each test took 106 s on a Pentium 4 personal computer with 1.7GHz and 256MB of random access
memory. Each test consisted of 32 selected responses where each response signal contained 12 000 data units.
Therefore it would take a far shorter time to process a single measured response signal.

6. Conclusion

A technique based on finite element simulation and operational time response monitoring has been shown
to provide a complete identification of structural damage. The technique involves the finite element modelling
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Fig. 19. Prediction errors of remaining service life: (a) Test 1 ( ) and Test 2 ( ) and (b) Test 3.
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of the structural system from which a multivariable state-space model is identified. The multivariable state-
space model is inverted using time-domain-based techniques so that operational forces can be determined. The
calculated operational forces are applied to the structural FEM to identify high stress spots on the real
structure.

The new technique identifies Level 1 by using changes in the measured operational responses via test statistic
values. The test statistics are compared with a threshold value which is calculated at 1% of undamaged
structure’s response. The mere change in the value of the test statistics from this threshold value is considered
to indicate the presence of structural damage.

Level 2 is identified through the locations of stress hot spots on the structural FEM. It is expected that these
hot spots are the most likely damage locations. This is considered conservative and probably more applicable
with this technique where structural operational responses are used for damage identification. Since the main
focus of the work was to extend on the existing methods to identify all the four levels, this was quite
satisfactory.

In this technique, structural damage is modelled in terms of crack length to allow for the application of
LEFM theory. Thus, several damage scenarios are input into the structural FEM in the identified damage
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Fig. 20. Predicted ( ) and measured ( ) root mean square values: (a) Test 1, (b) Test 2 and (c) Test 3.
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location. Then structural time responses are calculated for each scenario using FEM. The test statistic values
are calculated for each damage scenario. Therefore, a test statistic value obtained from each measured
response is compared with any of these calculated values to find its closest match. This identifies Level 3. Then
the Paris law is used to predict remaining service life for each damage scenario. Thus having determined the
severity of damage in Level 3, the corresponding remaining service life is simultaneously determined to identify
Level 4.

The technique has been verified through numerical and experimental case studies. Through the numerical
case study, it has been observed that more accurate estimates are obtainable by performing a sensitivity-based
procedure, which minimizes an error between the measured response and a closest match to the predicted
response. The results in both case studies show that the remaining life predictions at lower levels of structural
damage are more accurate than at larger crack lengths.

The analysis on the experimental case study showed that the predictions were accurate to within an error
margin of 40% for crack ratios of less than 0.55. This prediction error illustrates only the accuracy of the FEM
calculation according to LEFM. Additional errors should be considered when estimating crack length by
vibration measurements to illustrate the accuracy of the technique.

However, the results agreed with the observations on the limits of applicability of the LEFM theory. The
limits of applicability of LEFM theory were noted to lie between the crack ratios of 0.55 and 0.6. Since it was
also observed that the crack grew very rapidly beyond this limit, it could be considered as the transition region
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Fig. 21. Fit between predicted ( ) and measured ( ) test statistic values: (a) Test 1, (b) Test 2 and (c) Test 3.
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into unstable crack growth phase. Therefore, it can be concluded that the technique is capable of identifying
the four levels of damage identification up to the crack ratio of 0.55.

The technique has the practical attraction of requiring less computational effort during the damage
identification phase hence is suitable for continuous monitoring of structural health. A further advantage lies
in its better sensitivity to structural damage than the popularly used method of frequency shift monitoring.
Through the numerical study the proposed technique was shown to be over three times as much sensitive as
the natural frequency shift technique. A further comparison of the relative changes in the damage sensitive
features up to a crack ratio of 0.6, showed a minimum relative change of 30% for the proposed technique
against a maximum relative change of 20% for the frequency shift technique.

It is important to note some precautionary measures in the application of the technique. Since the
operational time responses are not a property of the structural system, there are a few factors which should be
considered. Firstly, the FEM must be able to predict the measured responses accurately. The force levels must
be properly controlled so that no substantial fluctuations occur. Finally, the boundary constraints, joints and
couplings must remain in their designed functional state.

It might be recommended that in identifying Level 1, thorough investigation into the threshold value of the
test statistic value be performed. In the present study purely numerical investigation was used but this could be
further enhanced by an experimental study.
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The location of damage is performed by identifying the high stress points on the structural FEM. In a more
complex structure, there would be more hot spots which might make it difficult to quantify damage and
determine remaining service life by the technique in its present state. If many hot spots appear it might be
necessary to pinpoint those which are most influential in causing the changes in the test statistics through a
sensitivity-based procedure or to reduce the damage condition into an equivalent single damage scenario.
However, the problem with this might be how to combine the different damage scenarios arising from many
hot spots into a single equivalent damage scenario so that Levels 3 and 4 could be identified.

Besides, practical structures may pose other problems like varying boundary conditions and joints. The
present technique may identify a change in the boundary conditions and joints as a potential damage location.
Thus, this situation might raise similar problems to cases of occurrence of many hot spots that are already
discussed. However, these problems might be recommended for further investigations.

The technique could prove to be useful for complete identification of damage in structures like bridges, telegraph
towers and long suspension systems where sensitivity is a real problem. In the present technique, a homogeneous
structure was studied. Therefore, for further study, I recommend that a more practical non-homogenous or
composite structure be studied. This might result in changes in some of the applied concepts (like the LEFM,
particularly the Paris law) although the fundamental procedure may remain the same. It would be interesting to
note how other structural damage concepts would work with the procedure compared to the present one.

Other important areas for future study may include investigation into development of the technique under
extreme load varying operating conditions. In the technique’s present state, it may be applicable to very
limited and highly controlled (e.g. laboratory) situations. But in most practical structural systems, the load
levels are random in nature. In addition, attention was given to the open mode of fracture (bending only or
mode I of fracture). Practical structures may not strictly fracture in this mode only. Therefore, it might be
necessary to consider developing techniques for other modes of fracture or their combinations. As a result,
techniques for identification of branched crack geometries may be developed.
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