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Abstract

Utilizing the infinite circular cylinders solution based on the technique of variables separation, a general solution is
developed to analyze the vibration of finite circular cylinders. The vibration of finite circular cylinders with different end
boundary conditions as well as the curved panels can be analyzed by the semi-analytical method developed in the present
study. In the present paper two different boundary conditions are considered, namely the free-end and fixed-end hollow
cylinders. Convergence and precision of the method are determined to calculate the natural frequencies of various
geometrical configurations. It is shown that the results obtained from the present semi-analytical method are in good
agreement with those obtained using the previously developed methods. Generality, high accuracy and good convergence
with a small sized of coefficient matrix are the merits of the present method.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Finite length hollow cylinders are indispensable in many industries such as marine structures, necessitating
the thorough comprehension of their vibration with different boundary conditions. These understanding may
be used to analyze the sound transmission through the single and multilayered finite cylinders. The earliest
investigation concerning the vibration of cylinders was performed by Pochhamer [1] and Chree [2]. The
Pochhamer—Chree solution was developed for an infinitely long solid cylinder. Greenspon [3], Gazis [4] and
Armenakas [5] studied the vibration of infinitely long traction free hollow cylinders using linear three
dimensional (3D) theory of elasticity. McNevin et al. [6] developed a three-mode theory for axisymmetric
vibrations of rods and hollow cylinders. Gladwell and Tahbildar [7] investigated axisymmetric vibrations of
cylinders using the finite-element method. The vibration of free finite length circular cylinders using the finite-
element method was analyzed by Gladwell and Vijay [8]. Hutchinson [9,10] developed a semi-analytical highly
accurate method to solve the vibrations of finite length rods and solid cylinders on the basis of linear 3D
elasticity. Hutchinson and El-Azhari [11] investigated the vibrations of free hollow finite length circular
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Nomenclature n circumferential wave number
N;, N, number of truncated series terms in z and

a, b inner and outer radii of the cylinder r directions
Ay, By, Fr, Gy, Fi,Gy, constants r, 0, z cylindrical coordinates
C;, C, propagation velocity of dilatational and t time

distortional waves u displacement vector
H ratio of the thickness with respect to the Al lame constants

mean radius 0 density
H vector potential functions c stress field
I,, K, modified Bessel functions (order v) @ scalar potential functions
Jy, Y, bessel and Neumann functions (order v) w circular frequency
/ half length of the cylinder Q = wb/C, non-dimensional natural frequency
L ratio of the length over the mean radius V2 three-dimensional Laplacian operator

cylinders using the method which had been previously reported by Hutchinson. In Hutchinson’s heretofore
studies different forms of solutions, by combining some fundamental solution forms are suggested for the
above mentioned cases. Singal and Williams [12] investigated the vibrations of thick hollow cylinders using the
energy method based on the 3D theory of elasticity. Leissa and So [13,14] studied the vibrations of free and
cantilevered solid cylinders using simple algebraic polynomials in the Ritz method. Liew et al. [15-17] studied
the free vibrations of solid and hollow cylinders with different end boundary conditions using 3D energy
displacement-based expressions. The convergence of the method and parametric investigations were
performed for different boundary conditions and cross-sections of hollow cylinders. Some studies have also
been performed on the vibrations of the cylinders that include the classification of natural frequencies or mode
shapes such as the one presented by Wang and Williams [18] using the finite element method. Modified
methods are also used to obtain more accurate and better convergence of the results, for example Zhou et al.
[19] studied 3D vibrations of the solid and hollow cylinders using the Ritz method and Chebyshev
polynomials.

In this paper a general semi-analytical solution using the technique of variables separation on the basis of
linear 3D theory of elasticity is developed which covers different cases of finite length cylinders such as rods,
solid cylinders, hollow cylinders and curved panels with various boundary conditions. In this method some of
the boundary conditions need to be approximately satisfied using orthogonalization technique while the others
to be exact. Comparing with the previously developed series solutions, high accuracy and good convergence
with a small sized of coefficient matrix are achieved in the eigenvalues estimation using the present method.

2. Formulation

The geometry of a typical hollow circular cylinder is shown in Fig. 1. An orthogonal cylindrical coordinate
(r, 0, z) system is considered as shown in this figure. The corresponding components of the displacement vector
u at a point are u,, uy and u. in the r, 6, and z directions, respectively. The displacement equations governing
the motion of an isotropic media are

aZ
Pz = KU+ (4 W)V(Va), (1)

where p is the density, Z and u are the Lame constants, and V? is the 3D Laplacian operator. The most general
solution of Eq. (1) may be obtained using Helmholtz decomposition as follows:

u=Vep+VxH 2)
with the condition of

V.H = F(r,0,z,1), (3)
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Fig. 1. A half hollow circular cylinder configuration.

where ¢ and H are scalar and vector potential functions respectively and F'is an arbitrary function that may be
taken as zero [5]. Substituting u from Eq. (2) into Eq. (1) results the following wave equations:
2

0
272
avie=za
O’H

where

A4+2
C = i ,u’
\/ P
C, = \/’7 5)
P

The constants C; and C, are the propagation velocity of dilatational and distortional waves in an infinite
medium, respectively. Employing the technique of variables separation the following general solutions in
cylindrical coordinates can be obtained

@(r,0,z,t) = [Ri(o1r)T1(812) + Ri(a17)T1(8,2)| E1 (vO)e™”,
H(r,0,z,0) = [Ro(003r) T2(0232) + Ra(d237r) T2(5232)] E2(vO)e'”,
Ho(r,0,z, 1) = [R3(023r) T3(5232) + R3(823r) T3(0232)] E5(vO)el™",
H(r,0,z,1) = [Ra(04r) T4(042) + Ray(@47) T4(542)| E4(vO)e™”, ©)
where
Ri(onr) = FiJy(ar) + G Yo (our),
Ro(o3r) = FaJyy1(023r) + G2 Y o1 (o03r) + %[(& — F2)J(023r) + (G3 — G2) Yy (037)],

v
R3(a23r) = F3J 1 (003r) + G3 Yoy 1 (o3r) + @[(Fz — F3)J(0237) + (G2 — G3) Y (e237)],

Ry(oar) = FaJ (aar) + G4 Y (a47),
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c3
cos(01z) sin(0232)

— sin(032) c08(042)
T5(623z) = { c0s(9232) }’ Ta(04z) = { sin(d4z) }’
cos(v0) sin(v0)
E\(v0) = E5(v0) = { sin(v0) }, E>(v0) = E4(v0) = { cos(v0) }

and J, and Y, denote the Bessel and Neumann functions for real arguments, or will be replaced by I, and K,
for imaginary arguments, v is a real number, F; and G, (k = 1, 2, 3, 4) are the constants and w is the circular
frequency. The second terms in Eq. (6) are added to satisfy the end boundary conditions. The functions of
Ri(ar) and Ty(9z) (k =1, 2, 3, 4) can be calculated using & and ¢ in Eq. (7) instead of « and &, respectively.
This general solution for potential functions may be used to analyze the wave propagation in infinite or finite
circular cylinders and curved panels. In comparison with those investigated by Gazis [4] for infinite circular
cylinders, the above solution provides more coefficients to evaluate the wave propagation in the finite circular
cylinders and curved panels with different end boundary conditions. Comparing with the before mentioned
Hutchinson’s studies on the vibration of free-end circular cylinders, additional terms have been included to the
solution of the infinite cylinders.

In this paper two different boundary conditions are considered. At first the free-end hollow circular cylinder
is analyzed to verify the obtained results with those performed by Hutchinson and El-Azhari [11], So and
Leissa [14] and Zhou et al. [19]. Then the fixed-end hollow circular cylinder is analyzed to present the
combination of the displacement and stress boundary conditions. The fixed-end hollow circular cylinder is
more applicable in design and analysis of industrial problems such as the analysis of the coupled structure-
acoustic models. The results obtained may be affected by scattering and transmission of sound through the
open end as provided by Lee and Kim [20]. To avoid this, the fixed-end boundary conditions are chosen in the
experiments. In addition the present method can be used to evaluate the wave propagation in the curved
panels, which will be investigated in future work.

If an isotropic elastic circular cylinder with the inner and outer radii of @ and b and finite length of 2/ is
considered, the generalized solution form (6) is reduced to a simple form with 12 independent terms by
identifying the variables as follows:

2
5§+a§=5§+a§=<w_>, (7)

v=n,

02 = 023 = 04,

=0 = op = 3 = oy,

5 =101 =25y="03=0b4,

0y = O3 = da, (®)

where 7 is circumferential wave number. Substituting from Eq. (8) into Eq. (6), and the resultant equation into
Eq. (2) leads to the following displacement components:

U, = { K;Jn(ocr) - oanH(ocr))Al + (g Y, (ar) — O‘Yn+1(ocr))B1} { cos(d;z) }’

sin(d1z)

+

n n 1 cos(072)
Oad i1 (@) A + 03 Y a1 (ar) By + {;J,l(ocr)A3 +- Yn(ocr)B_;}{ 1 H { in(6) }
— 2
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n _ _ _ n _ _ _ T -
+ [ Cn@n = 211 @0 ) s+ (2 Yo(@10) = 81 Y1 (@) ) Bat 3 1 () As

) i n. n_ 1 cos(0z) cos(nd)) .
+ (SY,H_l((XQV)Bs + {;J,,(fxzr)A6 + ; Yn(oczr)Bﬁ}{ 4 }] { Sin(é_z) }}{ 51n(n9) } e,

1 cos(d;z)
= { =2 uor) =2 ¥ (o) B { O }{ sin((sllz) }

1
1 } — (204 = (o)) 4

{ cos(072)

sin(d,z)

_|_

[52],,_;,.1 (OCV)AZ + 6, Yn+l (OCV)BQ]{

— (g Y, (ar) — OcYn+1(O”’)> B;

} " H_EJn(o?lr)/M ~ Y, (@B
r r

_ _ 1
+ 0Jpy1(002r)As + 5Yn+1(0_€2r)35}{ . } - GJn(O?zV) - o72Jn+1(0'62i’)>/16

n cos(dz) sin(nf) |
_ (; Y, (dor) — &y Yn_,_l(fizr)) Bﬁ:| { sin(é_z) }}{ cos(n0) } el )
sin(01z) sin(0,z)
u, = — {[51Jn(ocr)A1 + 9 Yn(ocr)Bl]{ cos(612) } + [ y(ar) Ay + ocY,,(ocr)Bz]{ cos(622) }

+ [6Ju(G1r)As + Y u(817) By + o u(G2r) As
i i sin(6z) 1 cos(nd) |
o Y,,(oczr)Bs] { cos(5z) } } { —1 } { sin(n0) } °

1

where

0 5 1
A1=F1,A2=F3,A3=F4+;2(F2—F3){ 1}, B]=GI,Bz=G3,B3=G4+f(G2—G3){ 1},

- _ I 1 - - - 0, = - 1
A4=F13A5=F35A6=F4+&2(F2—F3){ 1}, B4=G1,35=G3,36=G4+022(G2—G3){ 1}-

(10)

In light of Egs. (9) and (10), two forms of symmetric and antisymmetric solutions are obtained Utilizing the
strain—displacement and stress—strain relations, the relevant stress components can be obtained in a similar
form as the displacement components that are given in Appendix A. The aforementioned displacement and
stress fields satisfy the equilibrium equations, which confirms their validity. In the following sections, solutions
of the hollow circular cylinders with two different boundary conditions are performed.

2.1. Free-end hollow circular cylinder

The boundary conditions of the free-end hollow circular cylinder are defined as follows:

GrrZGrHZO'r::O at r=a,b,

(11)
0.:=0.=0p.=0 at z=-I1

Exact satisfaction of the end boundary conditions for a<r<b forces more than one relationship between the
12 independent coefficients presented in Eq. (9) and Appendix A. This implies that some of the boundary
conditions should be approximately satisfied using the orthogonalization technique. Choosing which
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boundary conditions are satisfied exactly and the others approximately is arbitrary. For example the following
boundary conditions are satisfied exactly.

0-=0 at r=a,b, =
o.=09-=0 at z=-11, (12
And the other boundary conditions are satisfied using orthogonalization technique.
o,=0,9=0 at r=a,b,
' (13)

0..=0 at z=—L1.

For the sake of brevity of calculations, the first form of the solution “symmetric mode”, is presented here.
Satisfaction of the boundary conditions (12) leads to the following expressions:
20100 sin(d;/) 20100 sin(d;/)
s T TP A sl
2610, sin(d1/) 2610, sin(d;/)
L2 —gysin(a))’ T T a2 — 5 sin(6a)”
Asi = KijAai + KoiBai + Ksidei + KaiBei,  Bsi = A1jAai + AoiBai + AsiAei + AaiBei,
(i— D=
/

where the coefficients K;; and Ay (k = 1,2,3,4) are the functions of §;, &y;, @, and given in Appendix B. To
apply the orthogonality on the second boundary conditions in Eq. (13), the following condition is considered:

J;(OCjb)Alj = — Y:«,((ij)Bljs (15)

Ay = -4,

Ay = A

5= i=1,23,..., (14)

where prime denotes differentiation with respect to the relevant argument, o; (j =1, 2, 3, ...) is the root of
P, (%a) and the orthogonal function P, (o) is defined as:

Py(oyr) = Y, (50)J, (1) — T, (20) Y u(ayr). (16)
And the orthogonality can be demonstrated as follows
, 0 for j#k,
/a P, (ocjr)P,,(ockr)rdr = % (bz —az) _i_nz(P,z,(oc/a);Pi(a/b))

o
J

for j==k. a7

Therefore, the boundary conditions (13) are satisfied using orthogonalization as follows:
f: 0--(r,0,1)Py(ajr)rdr = 0,
fé 0(r,0,2)c0s(0;z)dz=0 at r=a,b, (18)
fé o.(r,0,z)co8(0;z)dz=0 at r=a,b.

The displacement and stress fields are written in the series form with the indices i and j which are truncated

with Ny and N, terms respectively. Using Eqs. (18) and Appendix A the following linear algebraic system of
equations (N +4N,) x (N;+4N,) is obtained:

[Mitlsys[Adsxi = [0]s,:- (19)
The components of matrix and vectors in Eq. (19) are

M v N, at s=1 N, at t=1,
st [ S[’[/LX’T’T_ N> at s#1 M= N, at t#1, (20)

A= {A‘f}lePAZ = {A4/}N2x1’A3 = {B4J}N2><1’A4 = {A6f}N3><1’A5 = {Bﬁi}Nle’
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where the components of the matrix My, are given in Appendix C. Setting the determinant value of [Mj]s,s
equal to zero, the natural frequencies of the cylinder can be obtained.

2.2. Fixed-end hollow circular cylinder

In this case the combination of the displacement and stress boundary conditions are considered to show that
the present method is capable to evaluate the other boundary conditions, and to show that the accuracy of the
results is affected by the type of boundary conditions. The boundary conditions of the fixed-end hollow
circular cylinder are defined as

0n=0,9=0,.=0 at r=ab,

21
ur:uo:uZ:O at Z=—l,l. ( )
The following boundary conditions are exactly satisfied.
0-=20 at r=a,b, 2
u=uy=0 at z=-—[1. (22)
And the five remaining boundary conditions are satisfied using the orthogonalization technique.
or=0,9=0 at r=a,b,
(23)

u. =0 at z=—[1[.

For the first form of the solution “symmetric mode”, the boundary conditions (22) are employed assuming:
ocos(01]) B — B o cos(01])

Ay =4 ——— = B, — "1
2T s cos(0al) 2T TSy c08(0al)’
cos(01]) cos(011])
3 Lcos(d2l)  ° " cos(d2])°
Asi = KijAsi + KoiBui + K3iAei + K4iBoi,  Bei = A1iAsi + AoiBai + A3iAei + AaiBei,
- 2i — )=n .
5,:%, i=1,23,.., (24)

where K;; and Ay; (k=1, 2, 3, 4) are the same as those presented in Appendix B. The stresses boundary
conditions in Eq. (23) are satisfied using orthogonalization technique similar to those presented in Eq. (18) and
the displacement boundary condition in Eq. (23) is satisfied as follows:

b
/ u-(r,0,)P,(or)rdr =0, (25)

where «;(j = 1,2,3, ...) is calculated in the same way as the case of free-end cylinder. Utilizing the equations
which are obtained from the satisfaction of the boundary conditions in Eq. (23) leads to the linear algebraic
system of equations similar to that obtained in Eq. (19). The components of the matrix Mg in Eq. (19) related
to this case are given in Appendix D. In the following section the convergence, accuracy and numerical
robustness of the present method are evaluated.

3. Results and discussions

The analysis developed in the preceding sections allows the investigation of the convergence, accuracy and
robustness of the method for the explained boundary conditions.

3.1. Free-end hollow circular cylinder

The convergence of the method is evaluated for the two lowest frequencies of the symmetric and
antisymmetric modes with circumferential wave number of 0 and 1. The results are presented in Figs. 2 and 3.
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Fig. 2. Ratio of Q/Qc .t versus the number of series terms for symmetric mode (S) and antisymmetric mode (A) with H =1, L =2 and
n =0 (- - -, first natural frequency; —, second natural frequency).

1.005 | l

1.004 | l
o 1.003 t A ]
g

1.002 | |

1001 | g+, Q/Q4 0 =1.00002 |

1 . Y e -8 -
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Number of terms

Fig. 3. Ratio of Q/Q..c versus the number of series terms for symmetric mode (S) and antisymmetric mode (A) with H =1, L =2 and
n=1 (- - -, first natural frequency; —, second natural frequency).

Q is the non-dimensional natural frequency defined as
Q== (26)

where b is the outer radius and C, is the velocity of distortional wave (H is the ratio of the thickness with
respect to the mean radius and L is the ratio of the length over the mean radius). The Poisson’s ratio is taken
as 0.3 in the present work. Q2 is calculated from Eq. (26) and Q.. is the natural frequency obtained from the
series with a tolerance convergence of 0.00001. In the case of n = 0, the rate of convergence is similar to that
obtained by Hutchinson and El-Azhari [11]. In Table 1 the high precision results of the present method are
compared with those obtained by So and Leissa [14] and Zhou et al. [19]. The results are presented for the first
four natural frequencies of the circumferential wave number 0 with H = 1.4 and L = 1, 4 and 10. This table
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Table 1
Comparison between the results of the present method with those obtained by So and Leissa [14] and Zhou et al. [19] for the free-end
hollow cylinder with H =14 and n =0

L Non-dimensional natural frequency ()
Symmetric mode Antisymmetric mode
Present [14] [19] Present [14] [19]

1 3.0858 3.0858 3.0857 1.7887 1.7884 1.7883
7.2376 7.2372 7.2374 5.3172 5.3168 5.3169
7.7658 7.8200 7.8204 6.7195 6.7194 6.7195
8.9148 8.9145 8.9148 9.6716 9.6715 9.6718

4 2.0239 2.0239 2.0239 2.7783 2.7783 2.7782
2.8076 2.8076 2.8074 3.1772 3.1770 3.1769
3.4970 3.4971 3.4969 4.5259 4.5259 4.5259
4.2570 4.2568 4.2567 4.7387 4.7388 4.7386

10 0.8551 0.8551 0.8551 1.6646 1.6646 1.6646
2.3271 2.3271 2.3270 2.7274 2.7275 2.7274
2.7958 2.7953 2.7953 2.8252 2.8246 2.8245
3.0917 3.0911 3.0911 3.3404 3.3407 3.3405

shows that the obtained results are in good agreement with those given by So and Leissa [14] in some cases and
they are closer to the results obtained by Zhou et al. [19] in the other cases.

Since some of the boundary conditions are approximately satisfied such as those given in Eq. (13), the
precision of the method is evaluated by the estimation of the natural frequencies which are presented in
Table 1 and using the calculation of boundaries stresses. To evaluate the error percentage in the calculated
boundaries stresses, the stresses satisfied by the orthogonalization technique on the boundaries for the first
symmetric natural frequency are divided by the maximum value of the stresses on the normal cross-sections.
The obtained error percentage for o.., g, and o, are calculated and depicted in Figs. 4, 5 and 6, respectively.
Fig. 4 shows that the error percentage reduces as the number of terms in the series increases. In the case of ..,
increasing the number of terms from 15 to 35 in both series leads to a reduction in the minimum error
percentage from 1.2% to less than 0.5%, while a noticeable decreasing in error percentage is not obtained next
to the boundaries edges. Figs. 4 and 5 show that through the major part of the boundaries the error percentage
is less than 1% for o¢.. and less than 0.4% for o,,. Fig. 6 shows that the error percentage for g, is less than
0.02% on the major part of the inner and outer boundaries. According to the results presented in Figs. 4-6, it
is concluded that the boundary conditions satisfactions are obtained with an acceptable error percentage. It is
noted that the error percentage at the boundaries’ edges is higher in comparison with the rest of the
boundaries.

The mode shapes of the first three natural frequencies are presented in Fig. 7 to illustrate the symmetric and
antisymmetric mode shapes and the differences between them. The highly accurate first four natural
frequencies are presented in Table 2 for three values of the H = 0.2, 1 and 1.8 and three values of the L =1, 5
and 10.

3.2. Fixed-end hollow circular cylinder

In this section accuracy and convergence of the method are evaluated for a hollow circular cylinder with the
fixed-end boundary conditions. Convergence is carried out for the lowest two frequencies of the symmetric
and antisymmetric modes with circumferential wave number of 0 and 1 as illustrated in Table 3. The
convergence of the method in this case is almost the same as that evaluated in the free-end hollow circular
cylinder case. It is seen that using 15 terms in both series leads to the desirable precision in the results. The
capability of the method to satisfy the boundary conditions is re-examined for the fixed-end boundary
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Fig. 4. The error percentage of g, along the boundaries at z= —/and / for H =1, L =2 and n = 1 in the free-end case (..., 15 terms in

series; —, 35 terms in series).
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(=]
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Error Percentage of o,

—
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T

0.5 0.6 0.7 0.8 0.9 1
7l

Fig. 5. The error percentage of g, along the boundaries at r = a and b for H=1, L =2 and n =1 in the free-end case (..., r = inner

radius; —, r = outer radius).

conditions using the evaluations of u., o, and o,. The error percentages are calculated similar to
those explained in the former case except for u. in which the z-displacements on the boundaries are divided
by the maximum value of displacement on the normal cross-section. Fig. 8 shows that the error percentage
for u. decreases rapidly while the number of series terms increases to 35. For example in the case of u.
as the number of terms increases from 15 to 35 in both series, the minimum error percentage decreases
from 0.05% to less than 0.005%. At the boundaries edges, the error percentage decreases from 0.8% to
less than 0.4%. Fig. 9 shows that on the major part of the boundaries the error percentage is less than 0.3%
for a,,. Clearly, similar to the case of free-end boundary conditions the error percentage for a,¢ is almost zero
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03

02

Error Percentage of 6,4

-0.1 ¢

0.1 0.2 0.3 0.4 0.5 0.6
7l

Fig. 6. The error percentage of o,9 along the boundaries at r = a and b for H=1, L =2 and n =1 in the free-end case (..., r = inner
radius; — r = outer radius).

(b)

Fig. 7. The free-end cylinder mode shapes of the first natural frequencies for n = 0, 1 and 2, (a) symmetric mode (b) antisymmetric mode.

over the most of the boundaries as shown in Fig. 10. It can be concluded that the boundary conditions
for a fixed-end cylinder are satisfied better than those for a free-end cylinder. To verify the present
semi-analytical method in the case of fixed-end boundary conditions, the non-dimensional natural frequencies
corresponding to the mode shapes presented in Fig. 11 are compared with those provided by Zhou et al. [19]
in Table 4. It is noted that in both cases of, “symmetric” and ‘“antisymmetric” modes, there are
excellent agreements between the natural frequencies obtained using the present method with those given
by the Ritz—Chebyshev method [19]. Moreover, it may be noticed that, increasing the ratio of the length
over the mean radius leads to the decreasing in the natural frequencies. Generally, the results obtained
for a fixed-end cylinder using the present method are in better agreement with those reported in the
literatures than those obtained for a free-end cylinder. It is considered because low-order Bessel functions
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Table 2
The first four natural frequencies of the free-end hollow circular cylinders with three values of H and L, for n =0, 1 and 2

H L Non-dimensional natural frequency (£2)
n=0 n=1 n=2
Sym?* Ant® Sym?* Ant® Sym?* Ant®
1.7726 1.7447 2.4706 1.6514 0.2740 0.4467
1 2.6832 5.1756 2.7435 4.0280 29186 2.0080
5.8555 11.5393 5.6706 5.2441 3.8021 5.1297
8.3328 11.6279 7.3440 10.2811 5.6079 5.4663
1.0855 1.6827 0.6715 0.9949 0.2807 0.3016
1.7574 1.7746 1.4027 1.3223 0.4793 0.8232
0.2 5 1.8215 1.9115 1.6063 1.7685 1.2038 1.5684
1.9162 2.3472 2.0241 2.0721 1.9337 2.1105
0.5545 1.0855 0.2317 0.4905 0.2817 0.2841
1.5068 1.6830 0.7547 0.9664 0.3164 0.4007
10 1.7372 1.7614 1.1496 1.1630 0.5412 0.7139
1.8331 1.7966 1.3326 1.3229 0.8998 1.0882
2.6092 1.8191 2.8248 2.4417 1.4272 1.0899
6.6422 6.1879 6.2329 5.2108 4.0573 3.8487
1 7.0580 7.0129 6.7939 5.9905 6.5273 6.0666
8.2698 9.8304 7.3249 6.9858 6.9941 6.2521
1.4753 2.3874 1.0117 1.4856 1.4522 1.4479
1 2.4682 2.5699 2.1341 2.1347 1.6396 2.1406
5 2.8273 3.4615 2.8511 2.7819 2.7965 2.9982
3.0655 3.7091 2.9620 3.2916 3.4906 3.6202
0.7554 1.4753 0.3470 0.7434 1.4536 1.4523
10 2.0648 2.3562 1.1676 1.4818 1.7678 1.5754
2.4824 2.5123 1.7632 1.7582 2.3634 2.0387
2.6688 2.8271 2.1850 2.1392 2.9619 2.6946
3.3826 1.7459 2.7329 3.1038 2.3081 1.1037
7.8785 4.8152 5.8052 5.8001 4.1923 4.4069
1 8.7639 7.8746 6.8054 6.4918 7.0816 6.6371
9.9487 8.9141 8.7743 6.8765 8.1876 7.3547
1.8464 29192 1.4070 1.8872 2.2032 2.0531
29197 3.0698 2.6697 2.8129 2.3177 2.8377
3.6819 4.2363 2.9822 3.1516 3.5923 3.5464
1.8 5 4.1861 4.5017 3.5529 3.9416 4.3064 4.2776
0.9543 1.8465 0.5029 1.0424 2.2334 2.1217
2.5519 29195 1.6032 1.8839 2.3117 2.3140
10 2.9369 3.0336 2.2334 2.3055 2.5085 2.8311
3.3981 3.6313 2.7677 2.7540 3.1903 3.1998

#Symmetric mode.
® Antisymmetric mode.

are employed in the displacements components related to the end boundary conditions for a fixed-end
cylinder.

4. Conclusion

A general solution using the technique of variables separation on the basis of linear 3D theory of elasticity
with the minimum required coefficients is developed to analyze the vibration of finite circular cylinders. The
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Table 3
Convergence of the method in the case of fixed-end cylinder for H = 2/3 and L = 4 with equal number of terms in both of series
Number of terms Non-dimensional natural frequency (£2)
n=20 n=1
Symmetric mode Antisymmetric mode Symmetric mode Antisymmetric mode
Q] Qz .Ql Qz .Q] .Qz Q] .Qz
2 2.31685 2.87882 1.71649 2.61639 0.81449 2.52369 1.61305 2.14522
3 2.31385 2.86753 1.70361 2.56643 0.81349 2.52927 1.60685 2.13406
4 2.31308 2.87672 1.69997 2.56324 0.81522 2.52736 1.60993 2.13254
5 2.31280 2.87664 1.69796 2.56179 0.81516 2.52732 1.60975 2.13137
6 2.31264 2.87867 1.69701 2.56155 0.81549 2.52912 1.61051 2.13092
7 2.31257 2.87867 1.69642 2.56128 0.81546 2.52913 1.61049 2.13056
8 2.31251 2.87938 1.69606 2.56121 0.81556 2.52978 1.61076 2.13037
9 2.31248 2.87935 1.69582 2.56109 0.81553 2.52977 1.61075 2.13022
10 2.31245 2.87966 1.69564 2.56106 0.81557 2.53006 1.61087 2.13013
11 2.31243 2.87962 1.69553 2.56099 0.81555 2.53005 1.61085 2.13005
12 2.31241 2.87978 1.69543 2.56097 0.81557 2.53021 1.61091 2.12999
13 2.31240 2.87975 1.69536 2.56093 0.81555 2.53019 1.61089 2.12995
14 2.31239 2.87984 1.69529 2.56091 0.81555 2.53028 1.61093 2.12991
15 2.31238 2.87981 1.69525 2.56088 0.81554 2.53027 1.61092 2.12988
16 2.31237 2.87986 1.69521 2.56087 0.81554 2.53033 1.61093 2.12985

o
®

o I I
N EN [}

o

Error Percentage of u,

0.6

0.7

/b

0.9

Fig. 8. The error percentage of u. along the boundaries at z = —/and / for H =1, L = 2 and n = 1 in the fixed-end case (..., 15 terms in
series; —, 35 terms in series).

vibration of finite circular cylinders with the free-end and the fixed-end boundary conditions are evaluated by
the present method. Although the entire boundary conditions cannot be exactly satisfied and using the
orthogonalization technique leads to the acceptable results. To evaluate the precision of the present method
the natural frequencies are calculated for different geometries and compared with those reported in the
pervious studies. The results are in good agreement with the reported results in the literatures. Satisfactory
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20

Error Percentage of ,,

0.2 0.4 0.6 0.8 1
7l

Fig. 9. The error percentage of o,, along the boundaries at r = a and b for H=1, L =2 and n = | in the fixed-end case (..., r = inner
radius; — r = outer radius).

x 10

Error Percentage of 6,4

0.2 0.4 0.6 0.8 1
Yl

Fig. 10. The error percentage of o, along the boundaries at r = @ and b for H =1, L = 2 and n = 1 in the fixed-end case (..., r = inner
radius; —, r = outer radius).

convergence is also obtained with only a moderate number of terms in both series. It is shown that, the
obtained errors of the approximately satisfied boundary conditions for the fixed-end case are less than those
obtained for the free-end case. It may be because low-order Bessel functions are used in the displacement
components related to the end boundary conditions for the fixed-end cylinder. The advantages of the
proposed approach are its generality, accuracy and good convergence of the solution with a relatively small-
sized coefficient matrix.
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n=12

307

Fig. 11. The fixed-end cylinder mode shapes of the first natural frequencies for n =0, 1 and 2, (a) symmetric mode (b) antisymmetric

mode.

Table 4

Comparison between the results of the present method with those obtained by Zhou et al. [19] for the fixed-end hollow cylinder with

H= 2/3.

L Non-dimensional natural frequency ()
Symmetric mode Antisymmetric mode
Present [19] Present [19]
2.3123 2.3123 1.6949 1.6949
2.8798 2.8798 2.5607 2.5607
3.6515 3.6514 3.5883 3.5883
4.4161 4.4161 5.2166 5.2166
0.8155 0.8155 1.6109 1.6109
2.5304 2.5304 2.1297 2.1297

4 2.8947 2.8947 3.3630 3.3630
3.4641 3.4640 3.4760 3.4760
1.2396 1.2396 1.8288 1.8288
2.6408 2.6409 3.0645 3.0645
3.7995 3.7995 3.5644 3.5645
4.5121 4.5121 4.4681 4.4679
1.6432 1.6432 0.8509 0.8508
2.2846 2.2847 2.0944 2.1214
2.4041 2.4041 2.3953 2.3954
2.5794 2.5794 2.7290 2.7288
0.3395 0.3395 0.7053 0.7054
1.3338 1.1338 1.5343 1.5343

8 1.9880 1.9880 1.6318 1.6318
2.0930 2.0930 2.4485 2.4485
1.0288 1.0288 1.1746 1.1747
1.4285 1.4286 1.7648 1.7648
2.1562 2.1562 2.5796 2.5797
2.9909 2.9908 2.7846 2.7846
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Appendix A

The stress components of symmetric and antisymmetric modes are as

2
or,,=2u{[A1((”(”r Dy g (“2;52)>Jn(ur)+§fnﬂ(ar)>

I’l(}’l - 1) 2 (aZ + 5%) o 005(512)
IR

+ [A252 (“Jn(w) _nt I)JnJrl(OU’)) + By (oc Y(or) — (1) Yn+1(ocr))
1 0
+ {A3 2 ((n D Ju(or) — o‘Jn+1(O€V)> +B3— <(n D Y, (or) — ocYn+1(ocr)> }{ H { C?S( ) }
' —1 sin(d,z)
— 52 _ 52 _
A4<(n(n - 1)+5 0‘2>J”(o'61r)+ﬂJn+1(o?1r)>
r 2 r

— '2 -2 ]
+ By ( (n(nrz 1) + g 3 ) Y (ar)+— Yn+1(0511’)> + Asd (0_52-]”(0?2;’) _(n -}l: l)JnH(o'czr))

+ Bso <0<2Y (Gr) — (nj: D Yn+1(0'€27)) {AG <(n )J n(Gar) — OCan+1(szV))

n (f’l ) 1 COS(5Z) COS(I’!@) it Al
+ Bg— p < Y, (dor) — dp Y,,H(oczr)) } _q sin(gz) Sln(n@) e, (A1)

Org = ,u{ |:A1 2_” ((1 ") Ju(or) + O‘JnJrl(“r))

(1=n) 1 cos(012)
52 ( Y(ar)+aYn+1<ar)>] 1Y sinom

1
+ [{Azaz (a.fn(ocr) St 1)Jn+1(ocr>) + Body (a Volor) ~ 2D Yn+1(ocr>) }{ }

+

—1

0
+ A3 (( 2 2nln - 1)> Ju(ar) — Z_aJnH(ocr)) + B3 (( 2 2nln 1)) Yn(“”)—% Yn+1(°“’)>} { C~0S(~22) }
2 P 2 r sin(0,2)

|:{A42—n<(1 )J (OC]F)+061JH+1(O(1V)> +B4— <(1 p )Y,,(ohr)+oh Yn+1(o?1r)>

_ _ 1
+ Aso (@Jn(ﬁizr) - 2(n;k 1)Jn+1(0?2V)> + Bs5<0?2 Yu(@r) — Z(n;l— D Yn+1(0'62r)) }{ }

-1
+A6<(_2 @)Jn( or )——Jn+1(u27‘))

o 2=, 2 \]fcos(@)]] fsine0)
+Bs (( 5 ) Y (@r) — = Yn+1(oc2r))] { Sin(5) costnt) (€ (A.2)
) i | $in(3,2)
Or = [ {2/1151(—;J,,(ocr)+oc]n+1(ocr)) +23151(—;Yn(OCV)+5Yn+l(O”’)>} 1 cos(9,2)
— I

N HA2 (_ ?Jn(ocr) . 5%)Jn+1(“r)) + B, (—? Yu(or) + (o — 83) Y,1+1(ocr)) }{ 11 }
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sin(3,z)

— A37J (ar)— B3 n(OC ):|{ } + [{2A45(—’:Jn(o?1r)+o'clJ,,+1(o'clr))

cos(0,2)

+2B45 (% ¥, — 2 n+1(o<1r>)+A5(——J (ar) + (35 — 52>Jn+1(ozzr>)

1
+Bs (- % Y (@or) + (075 - 52) Yn+1(072")) }{ 1 } — A nTJ"(OZZr)

5 ns _ sin(5z) cos(nf) o N
I n(ozzr)} { cos(0z2) }}{ sin(n0) }e ’ (A-3)
in(o
oo, = #{2”_(31(A11 () + B Y. (ocr)){ sl 12)}
cos(d1z)

—+ [Az (TJ,I(O(I’) — 5%],14-1(0(7')) + BZ (? Yn(O(V) - 5% Y,,+1(O(r)>
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+ B;s (V Yn(O_Qr) — 5 Yn+l(022r)> + {A65(;Jn(o_‘2r) - OZZJH-H((ZZV))

1 sin(0z) sin(nf) \
+Bﬁ ( Y (OCQV) — Otz Y,,_H(OCQV)) }{ 4 }] { COS(SZ) }}{ COS(nO) }elwt (A4)

cos(01z) }

2
azzzzu{(“ %) (4, (ar)+31Y(ar)>{. ‘
sin(0z)

c0s(0;2)
— a02(AzJ p(or) + Ba Yn(W)){ ) } +

(o?% o )(Au (@) + B Y (@1n)

sin(d,z)
- cos(0z) cos(nf))
— 528(Asd(Gar) + Bs Yn(ow))] { 4in(6) } } { sin(nf) }e (A5)

Appendix B

The coefficients K;; and A_;; (k = 1,2,3,4,5) of the expression of As; and Bs; versus Ay;, Bai, Aesiy Bes;i as

Kii = (INi(@)¥2i(b) — I'1i(b) ¥21(a)) /(P2 @) 2i(b) — I'ai(a) ¥2i(D)), (B.1)
Ko = (V1i(@)P2i(b) — ¥1:(0) V2:(@)) [ (Pai(@)"2i(b) — I'ai(a) ¥2i(D)), (B.2)
Ksi = (I'si(@)¥2i(b) — I'3i(b) ¥2i(@)) [(W2i(@)2i(b) — Iai(@) ¥2:(b)), (B.3)
Kui = (V3 @)V2:(b) — ¥3i(0)V2:(a)) [ (Par(@)"2i(b) — I'ai(a) ¥2i(D)), (B.4)
Ari = (i@ I2i(b) + T'i(D) (@) /[ (Pai(@)] 2i(b) — Tai(a) V2i(D)), (B.5)
Aoi = (P1i(@)2i(b) + P1i(b)2i(@) /(F2i(@)2i(b) — ai(a) ¥2i(b)), (B.6)

Az = (T3i(@)i(b) + T'3i(b)i(a)) /(Wai(@)2i(b) — I'ri(a)P2i(b)), (B.7)
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Agi = (V3:(a)T2i(b) + V3i(b) (@) /(W2(a) 2i(b) — I'i(a)V2i(b)),

where
Fir) = 25,(= 2 1) + G Gam))
V1i(r) = 28,(= 2 V(@) + @1 Vs (Gair))
I(r) = — <@ Ju(@air) + (5,2 - O'éi) Jn+1(0_€2ﬂ’)>,
¥au(r) = — (”fz“ Y3 + (5 - 33) Ynﬂ(ozzl-r)),
I5(r) = _HT&Jn(OzZir)s
¥si(r) = — n75, Y (dir)
and
y o}
5? +ay; = (Ff)’
5+ a2 = (2—2)
2
Appendix C

The components of Mg for the first form solution of the Free-end circular cylinder:

2 252

o .
M = []fb)cos(élﬂ) + 251_752jocf sin(dy;/) cot(ézjl)], i=1,2,3..N,

; J=1,2,3..N,,
o

<1 l(bz 2y 4 ) — Pﬁ(ocjb»]
2 b
J

Ny 4 52 + &2 _ -
My, = z:(—l)l_1 [<&%i - ITZI I j (o, 81;) — K60 01 5 (o, Gai) — Aviaididl y (o, do;)
p)

2

N, . 52 + 62 _ -
Mz = z:(—l)h1 l(oﬁi — 2N Ty (o, 617) — KaibioiSill (04, Gar) — Anidiaidi Iy (24, ;)

i=1

N;
My = Z(—l)l_l [—K3i02:0,11 (0, Gai) — A3iGai0ilT y (e, 3a)],
p)

Ny
Mis; = 'Z(—l)lf1 [—K4iG2:0,11 (07, Gn) — AuiGini0ill y (o, 0a7)],

i=1

(B.8)

(B.9)

(B.10)

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)
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where
bJ'(Bb)P,(b) — aJ (Ba)P,
(0, ) = ﬁ( A(Bb) (Ofuz) - Zz (Ba) (oca)),
bY' (Bb)Py(ab) — aY'(Ba)P,
My(a, p) = [g< Y, (Bb)P. (0;2)_ ZzY (Ba)P (OCa)>’
S - 21 2 .
My ;= 21: [(O‘./2 —03) ( (n(na2 1) + 03— o - 21) P(ja) + % Qn(ogja)>
=
sin((5; — 51)0)  sin((5; + 61,)]) sin@yl) ((ni—1) |
X ( 2(5,— — 51]_/) + 2(5—1_ n 51]_]) ) + 20102 Sin(52;1) (( P (xj>Pn((xja)
%0 (x sin((J; — dx)0) | sin((6; + )1
+ a Qn(aja)) X ( 2(5—1 — 62/) + 2(5-1 + 52/) )] s
where

0,(y1) = Y, (;0)T p1 (1) — T (050) Y 1 (957,

2
-1 &-&&2 X1
(n(n )+ i “21> Ja(G1;0) +O%Jn+1(0_€1ia),

M=
Y a? 2

n+1)

+ K15 (O'Czifn(o_fzia) - Jn+1(0_€2ia)>, e=1 for o;#0,

+41:0; (O'Czi Y, (qa) — (nj; D Yn+l(&2ia)>] <821> e=2 for o;=0,

2
nn—1 0 — @3, &1 _
Mo = ( ( 2 )+ l > 2’) Y, (&;a) +71 Y, 1(éa)
e _ n—+1 -
+ K»i9; (flzi-]n(“zia) - ujn-&—l (9621'61))
< (. _ n+1 _ el
+45;9; <062i Y (Gra) — ( P ) Yn+l(a2ia)>‘| <§>
nn—1 néiy; _
Moy = [% Jn(Gia) — 721 nt1(02;a)
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+ K3,0; (O_CZiJn(O_CZia) _ )Jn+1(0?2ia)>
< (. _ n+1 _ el
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nn—1 néy;
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(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)
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Ny _
M31’ij = Z |:2n <(n a l)Pn(OCjCl) - O{an(OCja)>

=
2 o [sin(@: = di)D | sin((5; + 81)))
((% 52.1‘)( 2(8; — 1) * 2(6; + 1)) >
o sin(dy)) (sin((d;i = 92)D) | sin((S; + 52)])
+ 251/52]sin(52j1)< 2(6; — 6) " 2(0; + ) ))] )

a

M3z = {—7211 ((n — 1)Jn(5iﬂ) - 5iJn+1(5iﬂ))

- 2 1
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- 2 1 [
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+ K»i6; (O'CziJ w(doia) — (n+ )J el (O_Czia)>
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+ad () - 2D )| (5): (€19)
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My ; and Moy ;; (k = 1,2,3,4,5) can be calculated by replacing a with b in M ; and M3 ;, respectively.

Appendix D

The components of M, for the first form solution of the Fixed-end circular cylinder are as follows:

o?
Mll,ij = <5—;/ COS(&]jl)tal’l(ézjl) + 51/‘Si1’1(51j1)> , = 1, 2, 3...N2,
1 ) o nz(Pz(ocja) — Pz(ocjb)) .
x5 b —a)+ f " f , j=1,2,3..Ny, (D.1)
J
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M= z:(—l)H1 [0:11 (o, 017) + K 110001 5 (07, 6oi) + AvitinidT y (o, )| (D.2)
p
NZ . -
My = Z(—l)F1 [6:0 y (o7, 617) + KoiGioiI1 5 (01, 0i) + AniiaiT y (07, i) ] (D.3)
ps
N A
Mgy = Z(—l)l_] (K 3i80i11 5 (01, Ga)+ A3i80i T y (o, )] (D.4)
i1
N> )
Misj = Z(— 1! [KaiGiaill (o, Gni) + AuiGiaiT y (07, G2i) ] (D.5)

i=1

Ny 2 2
nn—1 o + 05; o
MZ],ij: E (}”2 )_i_éi— J 2 2j Pn(o(ja)+7an(OCja)
=

Sin((é_i — o)) Sin((é_i +01))) cos(61;/) ) nn—1) '
2Wi—op) | 2G4y ) cos@y) ((“f : )P"(“f“)

sin((0; — 62)0)  sin(d; + 527)/)
2(0; — %) 2(0; + 62)

=2 Q,(a) : (D.6)

Ni [ _ . < A
Mg = 0| 2 (O 0 - 0,000 ) (He o2

2| 2(5; — 617)
sin((Ji +31)) | _ cos(@yl) (sin((6; — o)1) sin((3; + ) (D.7)
2(5; + d1) cos(dyl) \  2(5; — ) 2(0; + 93) .

My and M3y ; (k= 2,3,4,5) can be calculated the same as given in Appendix C.
My ; and Ms; ; (k = 2,3,4,5) can be calculated by replacing a with b in M5 ; and M3, ;, respectively.
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