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Abstract

The object of this paper is to present a moving mass element so that one may easily perform the dynamic analysis
of an inclined plate subjected to moving loads with the effects of inertia force, Coriolis force and centrifugal
force considered. To this end, the mass, damping and stiffness matrices of the moving mass element, with respect
to the local coordinate system, are derived first by using the principle of superposition and the definition of
shape functions. Next, the last property matrices of the moving mass element are transformed into the global co-
ordinate system and combined with the property matrices of the inclined plate itself to determine the effective overall
property matrices and the instantaneous equations of motion of the entire vibrating system. Because the property matrices
of the moving mass element have something to do with the instantaneous position of the moving load, both the property
matrices of the moving mass element and the effective overall ones of the entire vibrating system are time-dependent. At
any instant of time, solving the instantaneous equations of motion yields the instantaneous dynamic responses of the
inclined plate. For validation, the presented technique is used to determine the dynamic responses of a horizontal
pinned—pinned plate subjected to a moving load and a satisfactory agreement with the existing literature is achieved.
Furthermore, extensive studies on the inclined plate subjected to moving loads reveal that the influences of moving-load
speed, inclined angle of the plate and total number of the moving loads on the dynamic responses of the inclined plate are
significant in most cases, and the effects of Coriolis force and centrifugal force are perceptible only in the case of higher
moving-load speed.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

The reports concerning the dynamic behaviour of horizontal plates due to moving or stationary dynamic
loads are abundant [1-13], however, the literature regarding those of inclined plates subjected to moving loads
is limited. Since the existing technique for the moving-load-induced vibrations of horizontal plates cannot be
directly applied to the title problem, this paper aims to extend the technique for those of one-dimensional
inclined beams [14] to the two-dimensional inclined plates, so that the dynamic characteristics of the inclined
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plates undergoing moving loads, with the effects of inertia force, Coriolis force and centrifugal force
considered, can be easily determined.

First, under the assumption that each moving load is always in contact with the inclined plate, the property
matrices of moving mass element, with respect to the local (xyz) coordinates of the plate element on which the
moving load applies, are derived. Next, the last property matrices are transformed into the ones with respect to
the global (xjZ) coordinates of the entire vibrating system and added to the overall mass, damping and
stiffness matrices of the inclined plate itself. Thus, the effects of inertia force, Coriolis force and centrifugal
force, induced by the moving load, can be easily taken into account. Finally, the equations of motion are
solved to yield the dynamic responses of the inclined plate due to moving loads, and the influence of some
factors relating to the title problem are investigated.

2. Moving mass element

With respect to the local coordinates xyz of the inclined plate element on which the moving concentrated
load with mass m, is located, as shown in Fig. 1, the in-plane forces (F;, and Fp,) and out-of-plane force (F7.)
at the contact point 7 induced by m,, due to vibration and curvature of the plate element, are, respectively,
given by [6]

Fre = meiiyy, (la)
Fly = mci/ziya (lb)

Fr. = m[V2 ™ 4+ 2V o Ve + 2V il + 2V i),
+ ngu{zy + Vmcu?z + chui; + 7./iiz]a (IC)

where u;., u; and u;. are the displacements of point i in x, y and z directions, while V., and V,, are the
velocities of the moving load m, in x and y directions, respectively. The superscripts x, y and the overhead dot
represent the derivatives with respect to x, y and time ¢, respectively.

The equivalent nodal forces at the four nodes of the plate element due to the last three inertial forces, Fp,,
Fy, and Fp., at point 7, are given by [15,16]

fi=0Fn (k=1,7,13,19), fi=¢Fp (k=28,14,20), f, =0 (k=06,12,18,24), (2a)

fo=¢Fr (k=3,4,59,10,11,15,16,17,21,22,23), (2b)

fis fir

Fig. 1. Equivalent nodal forces of the inclined plate element due to a moving mass m,.
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where ¢, (k =1-24) are the shape functions, and those associated with the non-zero equivalent nodal forces
are given by [12,16]

br=¢r=0=0—n, ¢3=(>1+2)1— (1 +2n(1 —n),

by =142 =Pl —n)’b, ¢s=—(1—c c(1+2N(1 —n’a, ¢;=dg=(1-0on,
b9 = (1421 = ’B=2mn*,  $io=—(1 + 21 —)*(1 — b,

b= —c(1—oPCG-2nr'a, ¢y=du=an ¢5=0C-297C— 2,

b6 = — (B =203 —m*h, ¢ =1 =B —2mn’a, P9 = g = (1 — 1),
by = (B =207 A+ 201 =), by =B =201 — )b, ¢y = (1 — )1+ 2n)(1 —n)’a, (3a)
_Xi W
c=— =7 (3b)

In the last expressions, a and b, respectively, represent the width and length of the plate element (see Fig. 1),
while x; and y, represent the x and y coordinates of the moving mass m,, respectively.
Based on the definition of shape functions [16], one obtains

Ui = P u1 + Pquz + G3uiz + ¢iottrg, (4a)
Uiy = Qotis + Pguus + Pr4ut1a + Poglio, (4b)

Uiz = P3u3 + Pauts + Gsus + Potg + Pott1o + Py U
+ Qys5tt1s + Pigttic + P17 + Poguar + Gaptiar + Pazuns, (40)

where u; (i =1, 2, ...) are the nodal displacements of the plate element.
Introducing Egs. (1) and (4) into Eq. (2), and writing the resulting expressions in matrix form, one obtains

U} = [mld} + [ela} + [K)u}, (5)
Fy=11 fooooo S faul', liy=[i i ... iy ],

(y=[tmn ... i3 i)', {wy=[w w ... uxn uxnll (6)

In Eq. (5), all the coefficients of [m]o4 « 24, [c]24 x 24 and [k]4 « 24 are equal to zero except

Myp =meQ,pp (o, f=1,7,13,19), my=mp,¢p (o, =2,8,14,20), (7a)
myp = mep,pp (,f=3,4,59,10,11,15,16,17,21,22,23), (7b)
Cup = 2mcV exp, dp + 2m, ch(b“(b% (o, p = 3,4,5,9,10,11,15,16,17,21,22,23), (7¢)

k“ﬁ = me V%xqsqu/:x + 2}’}’1(- V(’x V('yqﬁa((rb;;y + me V%yqba(qs%y + me VCXd)o:qsz + me V")’(bad)%
(o, f = 3,4,5,9,10,11,15,16,17,21,22,23). (7d)
In Eq. (5), [m], [c] and [k] are, respectively, the mass, damping and stiffness matrices of moving mass element
with effects of inertia force, Coriolis force and centrifugal force induced by the moving mass mi,. considered.

From Eq. (7) and the shape functions, ¢, (k =1-24), one finds that the last property matrices are time-
dependent.

3. Transformation of moving mass element

From Ref. [17], one can obtain the relation between the local nodal displacements u; (i =1-24) and the
global ones i7; (i =1-24) of the plate element on which the moving concentrated mass m,. applies

{u} = [THa}, ®)
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where
(wy=[w w ... wy un]", @=[m @& ... @3 iyl (9a)
(TI=TA A AALA LA (9b)
with
% Pr Dy
L= lay By vy,
o B0
Ax . Ay Az B, B, By

OCX:T’ ﬁx— Ls y)(:f’ “}'Zfa ﬂy:§7 ’yy_Fa
% = :Bxyy - yxﬁyﬂ :Bz = Vx% — chyy’ Yz = Ox y ﬁxay’
Ax = Xy — X1, Ay = Ju — Vs> Az =Zy — Zy,

L= \/AX? + Ay? + AZ2,

By = AsAz — A3Ay, By = AsAx — A1Az, B3 = A1Ay — AyAx, B=/B}+ B3+ B3,
Ay = AyAzg — AzAy,, Ay = AzZAx; — AxAz;, Az = AxAy, — AyAx;,
Axs = X — X1, Ays = )732 _)751’ AZS =Zp — Zg. (10)
In Eq. (9b), the symbol [ ] denotes a diagonal matrix and in Eq. (10), Xk, 7, and Zx, respectively, represent
the global %, 7, and Z coordinates for node k (k = s1,s2, s4) of the plate element (see Fig. 1), while [7] is the
transformation matrix between the local coordinates xyz and the global coordinates (¥jZ).
Similarly, the relationship between the nodal forces in local coordinates xyz, f; (i = 1—24), and those in
global coordinates (Xj2), f; (i = 1—24), is given by

Y=Yy =TI fr - T fal™ (11)

Time derivatives of Eq. (8) lead to

{ay = [TWa}, (@) = [THa). (12)
Introducing Egs. (8), (11) and (12) into Eq. (5) leads to
() = balti) + [l + [k](a@), (13a)
where
() = [T]' [m][T], (13b)
[@] = [T]" [T, (13c)
(] = [T]'[KI[T]. (13d)

In Eqs. (13b)~(13d), [171], [¢] and [k] are, respectively, the mass, damping and stiffness matrices of the moving

mass element with respect to the global (£7Z) coordinates of the entire vibrating system. Because [m], [¢] and [k]
are time-variant, so are [/7], [¢] and [k].

4. Equations of motion of the entire vibrating system

The equations of motion for a damped inclined plate undergoing moving loads take the form

(MG} + [CNG) + [K1(G) = {F), (14)
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where [M ], [C] and [IA(] are the instantaneous overall mass, damping and stiffness matrices, respectively; {é}, {&}
and {g} are the acceleration, velocity and displacement vectors, respectively; while {F} is the instantaneous
external force vector.

5. Instantaneous overall property matrices of the entire vibrating system

The instantaneous overall mass, damping and stiffness matrices, [M],[C] and [K], appearing in
Eq. (14) are obtained by adding the mass, damping and stiffness matrices of the moving mass

element, [m),[¢] and [k], to the overall mass, damping and stiffness matrices of the inclined plate itself,
[M,],[C)] and [K,], i.e.,

[M]nxn = [Mp]nxn + [H_’l]24><24, [é]nxn = [CP]nxn + [5]24><243 [k]nxn = [Kp]nxn + [k]24><24a (15)
where
Mj=M,;, Ci=C,j, Kj=K,; (i,j=1-n), (16)

except that

Ms,-s/ = Mp,s,-sj + n-/lij, és,-s, = Cp,s,-sj + C-!‘/‘, IA{SI'S, = Bpss; + IE!-/‘ (i,j = 1_24) (17)
In the last expressions, n represents the total degree of freedom (dof) of the entire vibrating system and the

subscripts s; (i =1-24), respectively, represent the numberings for the 24 dof of the four nodes of the plate

element on which the moving load m, applies at time ¢. The overall damping matrix [C,] of the plate itself is

determined by using the theory of Rayleigh damping [18]

[C,] = &1[M] + &[K], (18a)
20,0/(E,Q; — &0
& = ’éf _’Qf-’ ), (18b)
'j i
e =M, (18¢)

2 2
Q — &

where ¢; and ¢; are damping ratios corresponding to any two natural frequencies of the entire vibrating
system, €; and ;.

6. Equivalent nodal forces and overall external force vector

Referring to Fig. 1, one has the external force vector P due to the moving mass n1,
P=Pi+Pj+ Pk (19)
with
Py =—megy,, Py=-myy, P.=-megy., (20)

where 7, fand k are, respectively, the unit vectors in x, y and z directions, 7., y, and y. are given by Eq. (10)
and g is the acceleration of gravity.
For the finite element analysis, the last force vector P must be replaced by an equivalent nodal force vector

A VAL S AP 4 4 1)
In Eq. (21), the non-zero coefficients are given by

O = g Py (k=1,7,13,19), 22
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Y — P, (k=2,8,14,20), (22b)

W = ¢, P. (k=3,4,59,10,11,15,16,17,21,22,23), (22¢)

where the superscript s refers to the numbering of the plate element.
Eq. (21) denotes the nodal force vector in local xyz coordinates, therefore, the corresponding one in global
(X¥92) coordinates is given by

=" B S ST =T ) = T ), 23)

Since all nodal forces of the entire vibrating system are equal to zero except those at the four nodes of the
sth plate element on which the moving mass m, applies, the overall external force vector {F} in Eq. (14) takes
the form

(Fy=10 ... /7 A o (24)

where fﬁ” are the s; coefficients of {F} with s; (i =1-24) denoting the numberings for the 24 dof of the plate
element.

7. Dynamic responses of the inclined plate due to moving loads

First, the finite element model of the inclined plate is established and the natural frequencies and mode
shapes of the inclined plate itself are calculated by using the Jacobi method [18]. Next, the instantaneous mass,
damping and stiffness matrices, [171], [¢] and [k], of the moving mass element are calculated using Eq. (13), and
then the instantaneous overall mass, damping and stiffness matrices, [M], [C] and [K], and the instantaneous
overall force vector {F} of the entire vibrating system at time ¢ are determined using Eqs. (15)—(18) and
Egs. (19)—(24), respectively. Finally, the Newmark direct integration method [18] is used to solve the equations
of motion, Eq. (14), to determine the dynamic responses of the inclined plate due to moving loads at time ¢.
Repeating the last steps, one may obtain the responses of the vibrating system at time instants ¢t = ¢ +j x At
G=1,2,3, ..., etc.).

8. Numerical results

The dimensions and physical properties of the pinned—pinned (P-P) rectangular plate studied are (see Fig. 2
with the two opposite sides, AB and CD, pinned): length L, =1.0m, width L,,=0.5m, thickness
L,. =0.01m, mass density p, = 7820 kg/m?, modulus of elasticity E, =206.8 GN/m” and Poisson’s ratio
v =0.29. The entire plate is modelled with 32 identical 0.125m x 0.125m rectangular plate elements and

Fig. 2. A horizontal pinned—pinned rectangular plate subjected to a load with mass m,. = 2.3 kg moving from side AB to side CD with a
constant speed V., = 10.0m/s.
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45 nodes. All results are obtained with acceleration of gravity g = 9.81 m/s% time interval Az = 0.001s,
damping ratios &; = & = 0.005 (corresponding to natural frequencies Q; and ).

8.1. Validation

In this subsection, the dynamic analysis of the horizontal P-P plate (inclined angle 6 = 0°) subjected to a
moving load with mass m. = 2.3 kg moving from side AB to side CD with a constant speed V.. = 10.0m/s

2.0E-005

1.0E-005 ———O—— Presented technique (Moving mass) /3
—+——— Reference [1] (Moving mass)
0.0E+000 <+ — — ©— — Presented technique (Moving force)
v — — 4 — — Reference [1] (Moving force)
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0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 O0.1

Time (sec)

Fig. 3. Time histories for the vertical (2) central displacements of the horizontal pinned—pinned (P—P) plate under a moving load with mass
m. = 2.3kg and V., = 10.0m/s.

G A
0.01m

Fig. 4. An inclined P-P plate subjected to a concentrated load m, = 2.3 kg moving from lower-side AB to upper-side CD of the plate with
a constant speed V..
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(see Fig. 2) is performed. Fig. 3 shows the time histories for the vertical (2) displacements of the central
point of the horizontal plate. In which, the solid curve with circles (—O—) and dashed curve with circles
(--O--), respectively, represent the responses due to a moving mass and a moving force obtained from
this paper, while the solid curve with crosses (—+—) and dashed curve with crosses (--+--),

4.0E-005
3.0E-005

———— V=h.0mis
2.0E-005 O—6—© V=100 mis
4+—4—+F V,=200mis

1.0E-005
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point of the inclined plate (m)
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(b) point of the inclined plate (m)

Fig. 5. Influence of moving speed (V) on (a) vertical (£) and (b) horizontal (£) central displacements of the inclined plate (0 = 40°) due to
a moving load with mass m. = 2.3 kg and constant moving speeds V., = 5.0, 10.0 and 20.0m/s.
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respectively, represent those obtained by using the theory of Ref. [1]. In view of the good agreement between
the dashed curves (--O-- and --+--) and small differences between the solid curves (—O— and —+—), it is
believed that the presented theory is reliable. Since the effects of Coriolis force and centrifugal force of the
moving mass are neglected in Ref. [1] and they are considered in this subsection, the solid curves are not very
close to each other.
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0.0E+000 4
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Fig. 6. Influence of inclined angle (0) on (a) vertical (2) and (b) horizontal (¥) central displacements of the inclined plate due to a load with
m. = 2.3kg and V., = 10.0m/s.



382

J.-J. Wu | Journal of Sound and Vibration 299 (2007) 373-387

8.2. Influence of moving-load speed

In this subsection, all conditions for the P-P plate and the moving load are exactly the same as those of the
last subsection except that the plate is inclined an angle 6 = 40° (cf. Fig. 4) and the load m, = 2.3 kg moves
from the lower-side AB to the upper-side CD of the plate with constant speeds V.. = 5.0, 10.0 and 20.0 m/s,
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Fig. 7. Influence of Ciriolis force on the vertical (£) central displacements of the inclined plate (0 = 40°) due to a moving load with
m. = 2.3kg for: (a) V.. =5.0m/s, (b) V.. = 10.0m/s and (¢) V., = 20.0m/s.
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respectively. The time histories for the vertical (£) and horizontal (X) displacements of the central point of the
inclined plate are, respectively, shown in Figs. 5(a) and (b). From the figures, one sees that the moving-load speed
has significant influence on the maximum vertical (£) and horizontal (¥) central displacements of the inclined plate.

8.3. Influence of the inclined angle of the plate

Three inclined plates, iplate0, iplate20 and iplate40, with inclined angles 0 = 0°, 20° and 40°, respectively, are
studied here. The load with mass m. = 2.3 kg moves from side AB to side CD of the plate with a constant
speed V.. =10.0m/s (cf., Fig. 4). Figs. 6(a) and (b) show the vertical (£) and horizontal (X) central
displacements of the plate, respectively. It is seen that the vertical (2) central displacements of the plate
decrease with increasing the inclined angle 6 and this trend is reversed for the horizontal (X) central
displacements of the plate.

8.4. Influence of Coriolis force

Since the effect of Coriolis force due to moving mass appears in the damping matrix [¢] of the moving mass
element as seen from Section 2, this effect will disappear if [¢] = [0]. The same plate as that of the last
subsection is investigated here and the vertical (£) and horizontal () central displacements of the inclined plate
are shown in Figs. 7 and 8, respectively. From the last figures, one sees that the influence of Coriolis force on
the vertical (2) and horizontal (X) central displacements of the inclined plate increases with increasing the
moving-load speed. This is because the magnitude of Coriolis force appearing in the damping matrix [c] of the
moving mass element is proportional to the moving-load speed V (see Eq. 7(c)).

8.5. Influence of centrifugal force

Similarly, one can ignore the effect of centrifugal force due to moving mass by setting the stiffness matrix of
the moving mass element to be zero, i.e., [k] =[0]. The same example as that of the last subsection is
investigated and the vertical (Z) and horizontal (X) central displacements of the inclined plate are shown in
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Fig. 8. Influence of Ciriolis force on the horizontal (%) central displacements of the inclined plate (6 = 40°) due to a moving load with
m, = 2.3kg for: (a) V.. =5.0m/s, (b) V., =10.0m/s and (c) V., = 20.0m/s.
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Figs. 9 and 10, respectively. From the last two figures, one sees that the influence of centrifugal force on the
vertical (Z) and horizontal (¥) central displacements of the inclined plate also increases with increasing the
moving-load speed, because the magnitude of centrifugal force appearing in the stiffness matrix [k] of the
moving mass element is proportional to the moving-load speed (see Eq. (7d)).

8.6. Dynamic responses due to one, two and three moving loads

The dynamic analysis of the iplate40 subjected to one (m.,), two (m.; and m.3) and three (m,1, m and m.3)
identical loads and, respectively, moving from the side AB to the side CD of the inclined plate (see Fig. 11) is
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Fig. 9. Influence of centrifugal force on the vertical (2) central displacements of the inclined plate (0 = 40°) due to a moving load with
m. = 2.3kg for: (a) V.. =5.0m/s, (b) V.. = 10.0m/s and (¢) V., = 20.0m/s.
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Fig. 11. An inclined P-P plate (0 = 40°) subjected to three concentrated loads (. = m., = m.3 = m, = 2.3kg) moving from the lower-
side AB to the upper-side CD of the plate with identical speed Vi = Vo = Vs = Ve = 10.0m/s.

performed here. For each moving load, the mass is m. = myp = ms =m, = 2.3kg and the speed is
Vext = Vo = Vers = Vex = 10.0m/s. The global coordinates for the initial positions of the three
moving loads are: (X.1,7.,Z1) = (0.0m, 0.125m, 0.0 m), (X2,7.,Zx)=(0.0m, 0.250m, 0.0 m) and
(X3, 7,3,23) = (0.0m, 0.375m, 0.0m), while those for the final positions are: (Xc,7,,Zc1)=
(1.0 x cos 40°m, 0.125m, 1.0 x sin 40°m), (2,7 2,2 c2) = (1.0 x cos 40°m, 0.250m, 1.0 x sin 40° m)
and (¥ 3,7 3, 2¢3) = (1.0 x cos 40°m, 0.375m, 1.0 x sin 40° m).

Figs. 12(a) and (b), respectively, show the time histories of the vertical (2) and horizontal (X) displacements
of the central point of the iplate40. From the figures, one finds that the ratio between the corresponding
dynamic responses of the plate induced by the single moving load (im.,), the two moving loads (., and m.3)
and the three moving loads (m.;,m., and m.3) is about 1:2:3. This is a reasonable result, because the ratio
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Fig. 12. Time histories for (a) vertical (£) and (b) horizontal (X) central displacements of the inclined plate (6 = 40°) subjected to one (m,,),
two (m,; and m.3) and three (m,, m» and m3) moving loads, respectively, with m. =mo =mg =m, =23kg and Vi = Ven
=Vea=V,= 100m/s

between the total magnitudes of the moving load(s) for the last three cases is 1:2:3 and the path(s)
of the moving load(s) for each case is along or symmetric with respect to the centreline of the inclined plate in
the x-direction.
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9. Conclusions

Using the theory for moving mass element presented in this paper, one can easily study the influence of
moving-load-induced inertia force, Coriolis force and centrifugal force on the dynamic behaviour of the
inclined plates subjected to moving loads. Numerical results reveal that the influences of moving-load speed,
inclined angle of the plate and total number of moving loads on the vertical and horizontal dynamic responses
of the inclined plate are significant in most cases, but the effects of Coriolis force and centrifugal force are
perceptible only in the case of higher moving-load speed. It has been found that the influences of Coriolis force
and centrifugal force on the vertical (2) and horizontal (X) central displacements of the inclined plate increase
with increasing the moving-load speed.
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