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Abstract

Waves can propagate freely without reflection in a certain class of non-uniform one-dimensional waveguides even
though the properties of the waveguide vary rapidly. In these cases, the amplitude of the wave changes as a function of
position but the power associated with the wave is preserved along the waveguide as in uniform waveguides. A generalised
wave approach based on reflection, transmission and propagation of waves is used for the analysis of such non-uniform
waveguides. The positive- and negative-going wave motions are separated so that the problem is always well-posed.
Examples include longitudinal motion of bars and bending motion of Euler—Bernoulli beams, where the cross-section
varies as a power of the length. The energy transport velocity, which is the velocity at which energy is carried by the waves
in these waveguides, is derived using the relationship between power and energy. It is shown that this energy transport
velocity depends on position as well as frequency and differs from the group velocity. Numerical results for wave
transmission through a rectangular connector with linearly tapered thickness and constant width are obtained in a
straightforward manner without approximation errors and at a low computational cost, irrespective of frequency.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamic behaviour of a structure may be described in terms of waves and their propagation, reflection
and transmission. This is especially suitable in the high-frequency region since it does not require powerful
computing resources and is well conditioned. Of particular concern in this paper are non-uniform waveguides
that have continuous variation in geometric and/or material properties.

When the degree of non-uniformity is relatively small compared to a wavelength, waves can propagate
along the structure with negligible reflection as shown by Lighthill [1]. Langley [2] studied wave propagation
along a slowly varying one-dimensional waveguide with deterministic, periodic and random variation using a
perturbation method. He showed that the power associated with a wave component is preserved along the
waveguide, while the amplitude of the wave changes as a function of position. This, however, does not happen
in a general non-uniform waveguide since the energy of one wave component is transferred to another, e.g. a
positive-going wave is reflected to produce a negative-going, back-scattered wave.
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Nomenclature oy taper rate for the second moment of
area, real and positive
a amplitude of wave y Euler’s constant, y & 0.577216
a, b, ¢, d vectors of amplitudes of waves 0 phase difference between two waves
A cross-sectional area U flaring index of a non-uniform beam,
¢ phase velocity of longitudinal wave real and non-negative constant
Cp phase velocity of bending wave v v=(u-1)/2
c* energy transport velocity I power carried by a wave
D dynamic stiffness matrix for spectral 0 density
element T power transmission coefficient
E modulus of elasticity (] internal force matrix
& energy density, § =7 + 7~ b 4 displacement matrix
f vector of generalised internal forces w angular frequency
Jext amplitude of external force 0 null matrix
foxt vector of amplitudes of external forces
F propagation matrix Superscripts
h thickness
1 the second moment of area + denote positive-going direction in x-axis
I identity matrix - denote negative-going direction in x-axis
ky longitudinal wavenumber N combined with R and T, denote the
ky, flexural wavenumber case where waves are incident from the
Kp,m effective flexural wavenumber of a right-hand side
section
K external dynamic stiffness Subscripts
Kex¢ external dynamic stiffness matrix
L length 0,1,2 denote position x = xq 2, respectively
M bending moment a the left-hand side of a discontinuity
P longitudinal force b denote bending motion or the right-
q vector of amplitudes of waves induced hand side of a discontinuity
by external forces / denote longitudinal motion
(0] shear force N denote nearfield wave
R reflection matrix
t time Special functions
T kinetic energy density
T transmission matrix H(? Hankel functions of first and second
u longitudinal displacement kind of order u
' potential energy density K,1, modified Bessel functions of order p
w flexural displacement
w vector of generalised displacements Operators
X position along waveguide axis
X0 position where excitation is applied ()" transpose
o 4 taper rate for cross-sectional area, real Re(-) real part of a quantity
and positive €D time averaged

For non-uniform waveguides whose properties vary rapidly, wave motion can be difficult to interpret
because of this reflection. However, there is a class of non-uniform waveguides, where reflection does not
occur. For example, it is well-known that the governing equation of an acoustic horn can be solved for several
specific shapes—the so-called Salmon’s family [3]—which includes conical, exponential and catenoidal horns.
Nagarkar and Finch [4] studied a bell and suggested that a sinusoidal horn could also be included in the
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family. As a more general case, wave propagation in a horn where the area varies as a power of the length can
be described in terms of Bessel functions [5]. The results for non-uniform acoustic waveguides can be equally
applied to structural waveguides with the same variation undergoing longitudinal or torsional motion, since
their governing equations all have the same mathematical form [6]. Kumma and Sujith [7] used the results to
determine natural frequencies of the longitudinal vibration of some non-uniform bars.

In a class of non-uniform beams undergoing bending motion, waves can also propagate without reflection.
Cranch and Adler [8] considered the case of non-uniform Euler—Bernoulli beams of rectangular cross-section.
They found that when the thickness varies with position x along the beam as x, x> or x* while the width varies
as an arbitrary power of x, the motion can be exactly described in terms of Bessel functions. When the cross-
sectional area and moment of inertia of a non-uniform beam vary together as x*, the equation of motion can
be transformed into the wave equation [8,9]. It has also been found that the motion of non-uniform beams
with exponentially varying properties can be expressed simply in terms of exponential functions [8,10]. These
analytical solutions have been used to obtain natural frequencies for beams with various boundary conditions
and with intermediate constraints [11-16]. Banerjee and Williams [17] used the solutions to obtain the exact
dynamic stiffness matrices of some non-uniform beams. Petersson and Nijman [18] studied the dynamic
characteristics of the bending wave horn, featured by a broad-banded transition from vibrations governed by
the properties at the mouth to vibrations governed by those at the throat. Krylov and Tilman [19] showed that
the incident flexural waves are trapped near the edge of the wedges, the thickness of which varies as a power of
x, and the waves are therefore never reflected back.

The aim of this paper is to use a wave approach for the analysis of non-uniform waveguides whose
properties vary rapidly but deterministically and where no wave conversion occurs. This approach facilitates
physical insight into the dynamic behaviour of such waveguides, which is discussed following a description of
the methodology in Section 2. Examples include longitudinal motion of non-uniform bars and bending motion
of non-uniform Euler—Bernoulli beams, considered in Sections 3 and 4, respectively. For simplicity, the
waveguides considered here have only geometric variation as shown in Fig. 1; the material properties are
constant and damping is neglected. The response to external excitation and the spectral elements for the
waveguides are derived in a systematic way. The energy transport velocity, which is the velocity at which
energy is carried by the waves in these structures, is also found. Finally, numerical results are presented for the
transmission of waves through a tapered connector in Section 5.

2. A generalised wave approach

In this section, a generalised approach based on reflection, transmission and propagation of waves for the
analysis of one-dimensional waveguides is reviewed. The systematic formulation for the approach described
here is an extension of the work of Harland et al. [20].

2.1. Representation of wave motion

Consider a one-dimensional structural waveguide lying along the x-axis. At any point, the waves can be
separated into two groups according to the direction in which they travel, i.e. positive- and negative-going
waves. The waves either transport energy in the corresponding direction or, if no energy flow is associated with
the wave its amplitude will decay in that direction (e.g., for nearfield waves). The wave amplitudes are grouped

A(x), 1(x)

Fictitious : _____ -
vertex

Fig. 1. Section of a non-uniform waveguide.
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into two vectors a* and a~ where the superscripts ‘+’ and ‘= denote the corresponding direction of
propagation (a list of symbols is given in Nomenclature). Throughout this paper the time dependence of the
motion is assumed to be of the form e'® with angular frequency w, but the explicit time dependence is
suppressed for clarity.

In general, the motion in the waveguide is described by a partial differential equation of order 2n. The
solution gives n pairs of positive- and negative-going wave components, so that a’ and a~ are n x 1 vectors.

Two illustrative examples are considered: bars undergoing longitudinal motion and Euler—Bernoulli beams
undergoing bending motion. A bar is a single-mode system (i.e. n = 1) where only one propagating wave is
associated with each direction; if the amplitudes of the two waves are given by ¢ and a~, the wave vectors
will be a™ = {a¢"} and a~ = {a~}. A beam is a two-mode system (n = 2) where a propagating wave and a
nearfield wave are associated with each direction; now a* =[a* ay, 1" and a~ =[@¢  ay]', where the
subscript N denotes a nearfield wave.

The relationship between the state vector in the physical domain and the state vector in the wave domain is

given by [20]
w ¥t P | (at
{f}z ot @ {a} M

where w and f are n x 1 vectors of generalised displacements and internal forces, respectively, and ¥ and ® are
n x n displacement and internal force matrices describing the transformation. This transformation can always
be normalised such that the elements of the first row of W¥ are all unity. For a uniform bar, where the sign
convention of the physical quantities is defined as in Fig. 2(a), w = {u} and f = {P}, and the displacement and
internal force matrices are

Y =11], Yo =[]

®F = [-iEdk)], ® =[iEAk], (2a—d)

where k; = \/pw?/E is the longitudinal wavenumber. For a uniform Euler—Bernoulli beam, where the sign
convention is defined as Fig. 2(b), w=[w 0w/0x]T and f =[Q M ]", and the matrices are [20]

v 11 v 11
= | Sk, —kp |’ = liky k|’

o 5 —ikd K o 5 ik k3 (3a=d)
| -k k| T -k k|

where k, = \/pAw?/EI is the flexural wavenumber. For a uniform waveguide the elements of ¥ and ® are
invariant of x, which is not the case for a non-uniform waveguide.

Consider two points x; and x», a distance L apart, on a waveguide as shown in Fig. 3. If there is no wave
mode conversion, the amplitudes of the waves at the two points are related by

a+(x2) F+ 0 a+(x1)
{a(xl)} - l 0 F‘]{a(xz)}’ @

where 0 is the null matrix, and F is diagonal and is termed the propagation matrix. If the waveguide is
reciprocal, there is a simple relation between the positive and negative propagation matrices. Furthermore, if

w
@ o) N
I S—— -] o
I e 4 ] Ag o
M

Fig. 2. Sign convention: (a) longitudinal motion, (b) bending motion.
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Fig. 4. A waveguide excited by local harmonic forces: (a) applied at a point, (b) applied at left-hand end, (c) applied at right-hand end.

the amplitudes of waves are normalised with respect to the power associated with the waves, then the diagonal
elements of F¥ have magnitudes, which are either constant or decrease monotonically as L increases. This
arises from simple conservation of energy considerations. Thus, the analysis can be posed in a well-
conditioned way. For example, the propagation matrices for a wuniform bar and beam are, respectively,
given by

+ i, L + el 0
— —1K —
F= =[], F= 0 ekl | (5a,b)

For a uniform waveguide the elements depend only on the distance between the two points and the
wavenumber, which is independent of position so that the positive and negative propagation matrices are the
same.

2.2. Wave generation by local excitation or discontinuities

Consider a point on the waveguide excited by local harmonic forces f., e’ as shown in Fig. 4(a). Waves of
amplitudes q " and q~ are then induced in the positive and negative directions, respectively. Applying
continuity and equilibrium conditions to Eq. (1) results in

Yrqt=¥q, -®q"+® q =f. (6a,b)
Consequently ¢ © and q~ are given by

" =[O "+ O (¥) ¥ e, q =[® — TP Y] ey (7a,b)
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Fig. 5. Reflection and transmission of waves at a local discontinuity.

If the forces are applied at a free boundary of the waveguide as shown in Fig. 4(b.c), then waves will be
induced in one direction only. The amplitudes of these waves can be obtained from Eq. (6b) by setting q © or
q~ to zero as appropriate, to give

0" = F(OF) ey, (8a,b)

If there is a point discontinuity in the propagation path, waves incident on the discontinuity may be
reflected and transmitted. The amplitudes of the reflected and transmitted waves are then obtained by
considering the continuity and equilibrium conditions at the point. For example, consider the situation in
Fig. 5, where two coaxial waveguides with different properties are joined together and there are external
components, represented by the dynamic stiffness matrix K.y;. The continuity and equilibrium conditions at
the point are given by

Wy = Wp, _fa + fb = Kextwaa (9aab)
where the subscripts a and b denote the left- and right-hand waveguides, respectively. Note that Egs. (9a,b) do
not cover all possible situations—for example, a junction between two waveguides with different numbers of
wave modes [20], or a beam with a simple support. Let the amplitudes of the incident, reflected and

transmitted waves, respectively, be a*, a~ and b" as shown in the figure. Combining Egs. (9a,b) with
Eq. (1) gives

Yiat+ ¥, a” =¥/b", —®rat —®;a" + @b =K ¥V;b". (10a,b)

Thus, the amplitudes of the reflected and transmitted waves are given by
a- =Ra", bT =Ta", (11a,b)

where R and T are reflection and transmission matrices, and are given by

R= —[Ke¥, — ®F(¥;) ¥, + O] [Ke¥] — O () "W + @],

T = [Ke'¥) + @, (¥,) "V — /] [@,(¥,) 'V} — ] (12a,b)
If the system is symmetric about the discontinuity, R=Rand T = T, where - denotes the case where waves
are incident from the right-hand side of the junction. If the discontinuity represents a boundary, so that there

are no transmitted waves, the reflection matrix at the boundary can be obtained from Eq. (12a) by setting the
terms with the subscript b to zero.

2.3. Spectral element

A spectral element is a finite (or semi-infinite) section of a structure described by a dynamic stiffness matrix,
which relates the displacements and internal forces at the ends of the element [21]. Consider again the two
points x; and x, on the waveguide in Fig. 3. The displacements at these points are related to the amplitudes of
the waves by

wi=Yal +¥ra;, w,=W¥yal +¥;a;, (13a,b)
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where the subscripts 1 and 2 denote the positions. Since the amplitudes of the waves are related by the
propagation matrices as in Eq. (4), Egs. (13a,b) can be written as

Wi Y W F | (af
A DA (14)
W) Y5 F Y, a,

Similarly, the internal forces at the two points are given by

f, ®F ®F ] (af

£, (" |®IF" @) a; [ (15)
—f] Wi
£, =D w (- (16)

where D is the dynamic stiffness matrix for the section of the waveguide and is given by

Combining Egs. (14) and (15) gives

D:

—o; —@oF | [ ¥ wF ]
. (17)

OIFT @ 20 R O

For a semi-infinite element (referred to as a “throw-off”” element in Ref. [21]), the dynamic stiffness matrix
(spectral element) is

D™ = FOH(¥*) (18a,b)

where ¥ and ® are now the displacement and internal force matrices at the boundary of the semi-infinite
waveguide, with the superscript denoting the appropriate direction.

3. Longitudinal waves in a non-uniform bar

In this section, the wave approach described in Section 2 is used in the analysis of the longitudinal wave
motion in a non-uniform bar where the area varies as a power of the length. Note again that the vectors and
matrices for this case consist of only one element.

3.1. Representation of wave motion

Consider the waveguide in Fig. 1 as a non-uniform bar undergoing longitudinal motion. The displacement
u(x,t) for free vibration is governed by [7]

EA—| = pA—. (19)
Ox

0 du Q’u
ox or?

The material properties £ and p of the bar are assumed to be constant while the cross-sectional area A4 varies
with x as
A(x) = o qxt, (20)

where o4 >0, x>0 is the position from the fictitious vertex, and x>0 is the flaring index. When u = 0,1,2, the
bar could be uniform, linearly tapered in thickness, and conical, respectively. Assuming an €'’ time
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dependence, substituting Eq. (20) into Eq. (19) gives

d>u  udu
— 4= —+ku=0. 21
dx2+)cdx+ u=0 0

The bar is undamped so that k; is real.

Eq. (21) is a form of Bessel’s equation, so the general solution can be expressed by a linear combination of
Hankel functions of the first and second kinds of order v = (u — 1)/2 with argument kx, i.e. Hf,l’z)(k;x) [5].
Since the terms H' 51’2)(k1x) represent negative- and positive-going waves, respectively, the displacement is given
by

ux)=a*t +a, (22)

where a™ = x7"H (vz)(k/x)C randa” =x"H g,l)(klx)Cz, and where C; and C, are arbitrary constants. Note that
the amplitudes of waves are defined such that the displacement is determined directly from the amplitudes, i.e.
a® represent the amplitude of a displacement wave. The axial force P is then given by

H(z) k H(l) k
P(x) = —EAk; 7“3( X i+ Ear, 7‘;;( LI 23)
H7(kix) H,(kix)
Noting that w = {u}, f = {P}, a* = {¢"} and a— = {a "}, the displacement and internal force matrices for the
non-uniform bar are given by
v=[1], ¥ =1
H® k H(,l) k o
O = | —Edk 2 —— 1) . @® = |-Edk—t— MG (24a=d)
HP(k;x) H(k;x)

Using the asymptotic behaviour of Bessel functions given in Appendix A, it can be shown that the internal
force matrices asymptote to those for the uniform bar given by equations (2¢,d) when kx>1 (i.e. the
frequency is such that x> A;/2n, where 4, is the wavelength).

The propagation matrices F¥ between two points x and x+ L are given by

. _ ( x ) HP(kix + k(L) _ (x + L> " HV (k) (25a.b)
x+L HP(kix) | x ) HP(gx+kiL)| ’
When kx> 1, the matrices asymptote to
2 N2
F+ ~ < i > [e= %] F ~ (x + ) [e~ ki, (26a,b)
x+ L X

This indicates that, at high frequencies, waves in the non-uniform bar propagate as they do in the uniform bar
but with their amplitudes scaled by the square root of the ratio of the characteristic impedances (defined by
AL/Ep) at each end of the section.

3.2. Wave generation by local excitation

Consider a non-uniform bar with the cross-sectional area varying as Eq. (20), one end (at x = x;) of which is
excited by the longitudinal force &'’ as shown in Fig. 4(b,c). When the left-hand end is excited (i.e. for the
gradually increasing bar), the amplitude of the positive-going wave induced by the force is obtained by
substituting equation (24c) into Eq. (8a) to give

1 H(z)(kle)

+ y

q = fex > (27
{EAokz H (kpxo) |

where x, is the distance from the fictitious vertex to the end at which the force is applied and A4y = A(xy).
Similarly, when the right-hand end is excited (i.e. for the gradually decreasing bar), the negative-going wave
induced by the force is obtained by substituting Eq. (24d) into Eq. (8b).
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Fig. 6. Longitudinal wave generation in the non-uniform bar with ¢ = 1 when an end is excited: (a) ratio of magnitude of induced wave to
that in the uniform bar, (b) phase of induced wave; ——, left-hand end excited; ------ , right-hand end excited.

When p = 2 (i.e., a “conical” bar), Eq. (27) for the gradually increasing bar simply reduces to

+ _ X0 2
1 {EA() ikixo + 1 } extr 28)

Compared to the case of the uniform bar where q* = f,,/(iEAok;), the non-uniformity of the bar introduces a
stiffness-like term EA(/x as well as the damping-like term iEAok;. This stiffness-like term becomes dominant
when k;xo<1. When kjxo> 1, the stiffness-like term becomes negligible and the amplitude asymptotes to that
of the uniform bar. Meanwhile, for the gradually decreasing bar, the wave amplitude is

_ X0
q {EA() lk[.Xo— 1} ext- (29)

Now the sign of the additional term due to the non-uniformity changes so that the response shows mass-like
behaviour at low frequencies.
When p =1 (i.e. a bar whose cross-sectional area increases linearly) and kxg<1, Eq. (27) reduces to

o ~ {_ = (15 + ki) +7 = n2) } o (30)
where y ~ 0.577 ... 1is Euler’s constant. The real part of the amplitude is positive; therefore, the response shows
stiffness-dominant behaviour. Fig. 6 shows the amplitudes of the waves induced in the non-uniform bar with
1 = 1 when the left- and right-hand ends of the bar are excited, respectively. The magnitude is normalised by
the magnitude of the wave that would be induced in the uniform bar, i.e. f,/EAk;. The magnitudes in the two
cases are equal but the phases are symmetric about —n/2. When k;xo< 1, for the gradually increasing bar the
phase asymptotes to zero (i.e. is stiffness-dominant) while for the gradually decreasing bar the phase
asymptotes to —n (i.e. mass-dominant).

Now consider a non-uniform bar excited at a internal point at x = x, by a longitudinal force as shown in
Fig. 4(a). The amplitudes of the positive- and negative-going waves induced by the force are now identical and

+_ ] ™0 Ho 2 | fext
0 = { P P 61
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0
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Fig. 7. (a) Response of the non-uniform bar with u = 1 due to external force: ——, displacement at time ¢ = 2nn/w; ------ , magnitude.
(b) Response of the non-uniform beam with p = 1 due to external force: ——, displacement at time ¢ = 2nn/w; ------ , magnitude.

The response is purely imaginary in this case, which indicates that the reactive elements cancel each other and
the response is dominated only by the damping-like term as with a uniform bar. Fig. 7(a) shows the response,
normalised with respect to f ., /2EAok;, of the gradually increasing bar with y = 1 to the harmonic force. The
solid line shows the displacement at time ¢ = 2nn/w for n =0,1,2.... The dashed lines show the magnitude,
which decreases as the cross-sectional area increases.

3.3. Spectral element

Following the procedure in Section 2.3 the dynamic stiffness matrix for a semi-infinite gradually increasing
bar element can be determined by substituting Egs. (24a,c) into Eq. (18a) to give

H? (k
D = EAOk,M]. (32)

H® (kixo)

Similarly, the dynamic stiffness matrix for a finite non-uniform bar can be obtained by using Eqs. (24a—d) and
(25a,b) to give the dynamic stiffness matrix in Eq. (17), which is reported in Ref. [17].

3.4. Propagation of energy

For longitudinal motion of a bar the kinetic and potential energies per unit length are, respectively, given by
T = 0.5pA{Re(Qu/01)}* and ¥~ = 0.5EA{Re(du/0x)}? [22], where Re( -) denotes the real part. If there is only a
positive-going wave with amplitude a*, the displacement will be u(x) = @ thus the time-averaged energy
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Fig. 8. Ratio of energy transport velocity of longitudinal wave to the phase velocity: ——, u=1; ------ L U=2; e, =3,

densities associated with the wave are given by

H(z)l(klx)

HP ) ()

1 1
(T) = ZpAw2|a+|2, (1) = ZpAw2|a+|

where { - > indicates a time-averaged quantity. Note that, when u = 0 (i.e., a uniform bar), the kinetic and
potential energy densities are the same but, for the other cases, (¥7)> (7 ) in the region of k;x<m. As kxx
increases, the energy densities become the same. The total energy density is given by

S IHO () + 1HP  (kyx) 2

v+1
|HP (ki x)|? ' G4

1
(EY=(T)+ (V) = ZpAw2|a+|

The time-averaged power for longitudinal motion of a bar is given by (IT) = —<Re(P) . Re(@u/@t)> [22];
therefore, the power associated with the positive-going wave is

() = pAo?la P o IO (I, (35)

where ¢; = w/k; is the phase velocity of the longitudmal wave. Noting that a* = x*"Hﬁz)(klx)Cl, it follows
that the power is constant along the bar. This is of course obvious from conservation of energy considerations.
In terms of the total energy density and the power, the energy transport velocity is given as ¢ = (IT) /(&) [1],
thus

46[

of =— (IH(Z)(k/X)|2 +HD, (k)" (36)

Specifically, when pu = 2, Eq. (36) reduces to
A
1+ (V2kx) 2

The energy transport velocity is generally different to the group velocity, which is formally defined by
¢y = dw/dk (for real wavenumbers). Note that, for a non-uniform bar, ¢, = ¢;. The energy transport velocity
associated with the negative-going wave is the same as that associated with the positive-going wave as would
be expected from physical considerations. Fig. 8 shows the energy transport velocity, normalised with respect
to the longitudinal velocity ¢;, for a non-uniform bar with three different values of u. It can be seen that the
velocity decreases as u increases, i.e. as the degree of non-uniformity increases. When k;x < 1, the velocity is
approximately proportional to (k;x)". The velocity increases as k;x increases and finally asymptotes to that of a
uniform bar.

(37)
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4. Bending waves in a non-uniform beam

In this section, the wave approach is applied to bending motion of a non-uniform Euler—Bernoulli beam for
which the cross-sectional area and the second moment of area vary as A(x) o x* and I(x) o x**2, respectively.
The development is similar to that described for a non-uniform bar in the previous section. However, the
displacement, internal force and propagation matrices for the non-uniform beam are of order 2 x 2.

4.1. Representation of wave motion

Consider the waveguide shown in Fig. 1 as a non-uniform Euler-Bernoulli beam undergoing bending
motion. The lateral displacement w(x,?) for free vibration is governed by [8]
o { 62 62w

The material properties of the beam are assumed to be constant while the cross-sectional arca 4 and the
second moment of area [ vary as

A(x) = ox®,  I(x) = ogx*t2, (39a,b)
where oy is positive. When p = 1 and the cross-section is rectangular, the beam has linearly varying thickness
and constant width. Substituting Egs. (39a,b) into Eq. (38) and assuming an '’ time dependence gives

2 d*w d*w
e +2(n+ 2)x s+ @+ D+ 2) — kjx*w =0, (40)

where k;(x) = +/pA(x)w?/EI(x). It can be noted that k,, is proport10nal to v/o/x in this case. Hereafter, if
there is no specific indication, k;, means the wavenumber k;,(x) at position Xx.

Eq. (40) can be factorised into the product of the Bessel equation and the modified Bessel equation [8] so
that the general solution can be expressed by a linear combination of Hankel functions of order u with
argument 2k,x, H Ll’z)(2kbx), and modified Bessel functions, YH(Zkbx) and / H(2kbx). The terms H &1’2) represent
negative- and positive-going propagating waves, respectively, and the terms K, and I, the positive- and
negative-going nearfield waves, respectively. Thus the solution of Eq. (40) is given by

w(x)=a" +al+a +ay, (41)
where a™, ay;, a~ and ay are the amplitudes of the four waves at position x. They are given by
at = x”‘/zHif)kax)Cl, al = x’”/zKﬂ(2k;,x)C2,
a” =x"PHDQkyx)Cs,  ay = x"*1,(2kyx)Ca, (42a—d)

where C) 34 are arbitrary constants. The shear force and bending moment can also be expressed in terms of
the amplitudes of the waves in a straightforward manner.

Noting thatw = [w dw/dx|T, f=[Q M]' at =[a" aj]"anda~ =[a day]", the displacement and
internal force matrices for the non-uniform beam are given by

1 1 1 1

v = Hffll(zkbx) K Qkpx) |, ¥ = Hf}ll(zkbx) L k) |,
" HO 2k x) " K, (2kpx) "HOQkyx)  1u(2kx)
H(z)l(zkbx) oK a1 (2kpx) CSHLCk) L k)
"HQkyx) " Ku(2kpx) " HD(2kyx) P 1(2kpx)
o = EI (2) , ® =EI "
2H,l+2(2kbx) szH+2(2kbx) JH 1 (2kpx) kzlﬂ+2(2k;,x)
"HQQkyx) " Ku(2kpx) H;P(zkbx) b T, (2kpx)

(43a—d)
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When 2k,x> 1, the matrices for the non-uniform beam asymptote to those for the uniform beam given by Eqs.
(3a—d).

Using the expressions for the wave amplitudes together with Eq. (4) the propagation matrices F* between
two points x and x+ L are found to be

[ H (2ky\/x(x + L)) .
() e
e 0 K, (2ks/5C 5 D)
K, (2kpx)
[ HD k) .
g PP HD (2K X+ D)
F= (44a, b)
* 0 1,(2kyx)
I, (Zkb m)
When 2k,x> 1, the positive- and negative-going propagation matrices asymptote to
X ((u/2)/(1/4) [ g=ikpmL 0
Ft ~
(x + L) 0 e—komL
L ((/‘/2)/(1/4)) efiklumL 0
F ~ <X+ ) ’ (45a,b)
X 0 e komL
where k;,,, 1s given by
1 1 1 1
Kpm 2 + : 46
kb,m 2 (kb(X) kb(x + L)) ( )

The wavenumber k; , is the effective flexural wavenumber in the section between the two points. Thus, the
effective wavelength is simply the average of the wavelengths at each end of the section. Egs. (45a,b) indicate
that, for high wavenumbers or when the position is far away from the fictitious vertex, waves propagate as if in
a uniform beam. However, they have an effective wavenumber given by Eq. (46) and their amplitudes are
scaled by the square root of the ratio of the characteristic impedances (defined by 2EIk;’7 /o) at each end of the
section.

4.2. Wave generation by local excitation

Consider a non-uniform beam with geometric variation satisfying Eq. (39), one end (at x = xg) of which is
excited by the lateral force f€® as shown in Fig. 4(b,c). When the left-hand end is excited (i.e. for the
gradually increasing beam), the amplitudes of the induced positive-going waves are found by substituting Eq.
(43c) into Eq. (8a). The external force vector in this case is foy = [fexx  0]T; therefore,

_ Kyui2(2kpx)
k[zj Kﬂ(Zkbx)
+ _
T = De@n) | Hih@ko (fov @0
H'2(2kyx)

where x is the distance from the fictitious vertex to the end, ko = kp(xo), 1o = I(xp), and

H)\ (ke 0x0)K 122k 0x0) + H ') 52k 0%0)K i 1(2kes0%0)

H ) (2k,0x0) K (2kp,0X0)

Det(®") = —Elk;,,
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When u = 1 and 2k, 0xp < 1, using the asymptotic behaviour of Bessel functions given in Appendix A, it can be
shown that Eq. (47) asymptotes to

1
q+ ~ X02 { }fext ) (48)
Eljd, 1] 2

Eq. (48) indicates that the propagating and nearfield components represent frequency dependent stiffness- and
mass-like responses, respectively, with equal magnitude. The displacement asymptotes to

x(3) T 1
WA — El, s+ 2| In(kpoxo) + 7 — 1) (fe (49)

which is consistent with the point mobility given in Ref. [18].
If the right-hand end of the beam is excited (i.e. for the gradually decreasing beam), the amplitudes of the
negative-going waves induced by the force are obtained by substituting Eq. (43d) into Eq. (8b). When u =1

(A) B)

4 .
\
(A.a) '\ (B.a)
\
3t AN
AN
N
%) ) N
E E S~
S =) S
s] o] ~_
= = R
1 L
1 1 1 O 1 1 1 1 1
0 /2 T 3n/2 2n 0 /2 T 3n/2 2n
ky 0%o ky0%o
b ' b '
(A.b) (B.b)
/2 ] w2 b
g g
3 0 PR
2] <
2 £
/2 t -/2 t
0 /2 T 3n/2 2n 0 /2 T 3n/2 2n
ky o%o Ky, 0%o

Fig. 9. Bending wave generation in the non-uniform beam with g = 1 when (A) the left- or (B) the right-hand end is excited: (a) ratio of
magnitude of induced wave to that in the uniform beam, (b) phase of induced wave; ——, propagating component; ------ , nearfield
component.
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and 2kb,ox0 <1,

B | (kp0x0)* /6
R — fext- (50)
Eloky,, | —2/(keox0)

It can be seen that the propagating component is negligible compared to the nearfield component and the
response exhibits rigid body motion with a mass equal to pAyxo/2.

Fig. 9A and B, respectively, show the waves induced in the non-uniform beam with ¢ = 1 when the left- and
right-hand end of the beam are excited by a lateral force. In the figure, the magnitude is normalised by
Sext/ V2EI 0k13>,0> and kp0xo for the horizontal axis is proportional to /wxo. When the right-hand end is excited,
it is seen that the magnitude of the nearfield wave becomes large when 2k 9xo < 1. Such limiting behaviour is
consistent with the discussion above.

Now consider a non-uniform beam excited at an internal point x = x, by a lateral force as shown in
Fig. 4(a). The amplitudes of the positive- and negative-going waves induced by the force are now identical and

+ X0 { iTClHLz)(zkb,OXO)lz }fext

- 4K ,(2kp0x0)] u(2kpoxo) [ 4

-0 51
Elyky, D

q
The propagating component is now purely imaginary representing damping-like behaviour while the nearfield
component is negative-real representing mass-like behaviour. Fig. 7(b) shows the response, normalised with
respect to «/2f ext /4E10k,3,70, of the gradually increasing beam with u = 1 to the harmonic force. The solid line
shows the displacement at time ¢ = 2nn/w for n=0,1,2... and the dashed lines show the magnitude.
Compared to Fig. 7(a), the dependence of the phase change on the position can easily be noticed. The nearfield
effect around the excitation point can also be seen.

4.3. Spectral element

Substituting Eqgs. (43a,c) into Eq. (18a) gives the dynamic stiffness matrix at the boundary for the semi-
infinite gradually increasing beam such that

El, | D11 D
pro - Elo | P P ’ (52)
4 | Dy Dy
where
A= H), (2kp0x0)K i(2k10%0) — K i1 (2k0%0) HP (ks 0x9).
Dy = — 2k o H\Z) (2kn0x0)K 12k 0X0),
D1y = Doy = —ki o 1H) (2 0%0) K (2K10%0) + K i1 (2k050) H'P 2k 0%0)}
Dy = ko {H') 2k 0%0)K 12kt 0%0) — K jusa (ke 0x0) H (2K 0X0)}. (53a—d)
When 2kp9x0> 1, the matrix asymptotes to that of the semi-infinite uniform beam, i.e.
—(1 —1i)k; ik;
D ~ EI, ¢ N (54)

ik (1 + kpo

The dynamic stiffness matrix for the finite non-uniform beam can be also obtained in a similar way to that
described for the uniform bar to give the result in Ref. [17].

4.4. Propagation of energy
The kinetic and potential energy densities for bending motion of a beam are, respectively, given by J =

0.5pA{Re(@w/01))* and v = 0.5EI {Re(@zw/éxz)}2 [22]. If there is only the propagating component of the
positive-going waves in the non-uniform beam, i.e. at =[at 0]T, the displacement of the beam will be
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2
1.5
e 1
05
O 1 1 1
0 /2 b4 3n/2 2n
ke
Fig. 10. Ratio of energy transport velocity of a bending wave of a non-uniform beam to the phase velocity: ——, u=1; ------ L, u=2;

e, =30

w(x) = a*t. For time harmonic motion, the time-averaged energy densities associated with this component are

| | |H?,(2kpx)?
g\ & 2 +2 _ - 20 412 T pt2
(7) = gpAc’la P, (1) = g pderia’] HOGkF (55a,b)

Note that (¥7) > (), especially, in the region of k;x <m. As k;x increases, the energy densities become the
same. The total energy density is then

1

61 = Lo g Hi QR0 1 1H kP
T4

u+

[HO 2k x)

(56)

The time-averaged power for bending motion of a beam is given by (II) = —(Re(Q) - Re(0w/0f) + Re(M) -
Re(0/01(0w/0x))) [22]. Thus, the energy flow associated with the propagating wave component is

C -
() = pAe?la* o | HID Qlep) 2, (57)

where ¢, is the phase velocity of the bending wave at x. Noting that ¢ is given by Eq. (42a), it follows again
that the power is constant along the beam. Finally, the energy transport velocity for the bending wave is found
by combining Egs. (56) and (57) with ¢£ = (II) /(&) to give
4Ch
E _
% = nkyx

The energy transport velocity associated with the propagating positive-going wave component is the same as
that associated with the negative-going wave component.

Fig. 10 shows the energy transport velocity, normalised with respect to ¢, for the non-uniform beam with
three different values of u. The behaviour is similar to that of the longitudinal wave described in Section 3.4.
When 2k,x<1, the velocity is approximately proportional to (kyx)****. When 2kpx>1, the velocity
asymptotes to the group velocity of the uniform beam, i.e. ¢f = 2¢;.

(HQ Qkpx)* + |H) y2kyx) )7 (58)

5. Numerical example

In this section, the propagation of waves through a rectangular non-uniform waveguide of length L
sandwiched between two semi-infinite uniform rectangular waveguides as shown in Fig. 11 is considered. The
non-uniform element has constant width but tapered thickness and the semi-infinite waveguides have the same
width but thicknesses, /; and /,. Numerical results are presented for the transmission of longitudinal and
bending waves through the tapered waveguide using the results of Sections 3 and 4. For simplicity, the
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Junction 2

Junction 1

> X
(incident) at--ccwi-co—» bt
(reflected) —a~ <----i<----'b~
-— L —_—
X=X X=X
Fig. 11. A rectangular connector tapered in thickness.
(A) (B)
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Fig. 12. Transmission of the propagating component of (A) longitudinal and (B) bending wave through the connector: (a) power
transmission coefficient 7, (b) phase difference 6 between incident and transmitted propagating wave components, plus the mean phase
change in the connector; ——, hy/hy = 2; ------ o/ =45 - - s/l =8 ... , b/l = 16.

material properties of the connector and the waveguides are assumed to all be the same. The thickness of the
connector varies with x as

h(x) = hyx/xi, (59)

where x>x; and x; = h;L/(hy — hy) is the position from the vertex to junction 1.
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Consider waves a” incident on the connector from the left-hand uniform waveguide. As shown in Fig. 11
the waves at the junctions are denoted by b™, ¢ and d; the relationships between the waves are

b* =Tia* +Rb-, ¢* =F'b*, ¢ =Roct, b-=F ¢, a =Ra"+Tb", d*=Twet, (60a—f)

where R;, T, etc., are the reflection and transmission matrices at the junctions, and F* and F~ are the
propagation matrices between the junctions. These matrices can be obtained from the results of the previous
sections. Rearranging Eq. (60) in terms of the incident waves a™ yields [23]

a~ = [Ri + TF R.F*[I — RF R F*]"' T Ja",
d* = [T,F[I — R, F-R,FH] T ]a*, (61a,b)

where I is the identity matrix. The reflected waves a~ have components from the direct reflection of the
incident waves (R;a "), while the remaining components arise from waves which are initially transmitted
through the junction 1 and are then subsequently reflected back-and-forth at the two junctions. The net
reflected waves are thus the superposition of the direct and subsequent reflected components. Similarly, the
transmitted waves d* consist of the direct components transmitted through the two junctions (T,F™T;a™),
and the components from the subsequent reflections between the two junctions.

Suppose that a propagating wave component of amplitude a™ is incident on the connector, i.e.a” = {a "} for
longitudinal motion and at =[a® 0]" for bending motion. Fig. 12 shows numerical results for the
transmission through the connector. When kL>1 (k; for the longitudinal and k;,, given by Eq. (46) for the
bending, respectively), the power transmission coefficient T — 1, i.e. the power incident on the connector is totally
transmitted when frequency increases or the non-uniformity decreases. The phase difference 0 between the
incident and transmitted propagating components then asymptotes to —kL. When kL < 1, the results asymptote
to those of the case where the two uniform waveguides are directly connected without the connector [22].

6. Concluding remarks

A wave approach based on reflection, transmission and propagation of waves has been used for the analysis
of non-uniform waveguides, where the properties vary rapidly but where no wave mode conversion occurs. It
was demonstrated for longitudinal motion of bars and bending motion of Euler—Bernoulli beams, where the
cross-section varies as a power of the length. The state vector in the physical domain was transformed to the
wave domain using the displacement and internal force matrices. The wave amplitudes at one point were
related to those at another point by the diagonal propagation matrix. Since the positive- and negative-going
wave motions are separately considered in the approach, the problem is always well-posed even when nearfield
waves exist.

The response to external excitation and the spectral element for the waveguides were obtained in a
systematic way. The energy transport velocity, which is the velocity at which energy is carried by the waves in
these waveguides, was also derived using the relationship between power and energy. It was shown that this
energy transport velocity depends on position as well as frequency and differs from the group velocity. Finally,
numerical results for wave transmission through the tapered connector were obtained in a straightforward
manner without approximation errors and at a low computational cost, irrespective of frequency.

Appendix A. Asymptotic behaviour of Bessel functions

For large argument |z|>1 and —n<arg(z) <2n, the Hankel functions of order v asymptote to [24]
HOG) ~ |2 dm g0y~ [ L iCrdm, (A.la,b)
nz nz

H)LG) o HLG o HLE Hi)H@)
HYz) 7 O HO() 7 HO() HO(2)

Thus, it follows that

(A.2a—d)

5 5
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When z is real, the modified Bessel functions K,(z) and I,(z) asymptote to

Kv(z)%\/ge_z, 1,(z) ~ \/?25 (A.3a,b)

Thus, it follows that
Ki11(2) ~ Kii2(2) ~ 1p11(2) ~ 1,15(2) ~

Ko KG LG 4O (Adad)
For |z] <1, the Hankel functions asymptote to, when v = 0, [24]
2
H{() ~ —H() ~ i~ (In(2) +7 = In()), (A.5a,b)
where y &~ 0.577... is Euler’s constant. When Re{v}>0,
r 2\"
HOG) ~ ) ~ i) (—) , (A.6a.b)

where I'(v) is the gamma function with argument v, and

~ F(V) 2 v » 1 Z\V )
KV(Z) ~ T <E> 5 I‘y(Z) ~ m (E) . (A7d,b)
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